
Research Article
The Slow SpinningMotion of a Rigid Body inNewtonian Field and
External Torque

A. I. Ismail 1,2

1Department of Mechanics, College of Engineering and Islamic Architecture, Umm Al-Qura University, P.O. Box 5555,
Mecca, Saudi Arabia
2Department of Mathematics, Faculty of Science, Tanta University, P.O. Box 31527, Tanta, Egypt

Correspondence should be addressed to A. I. Ismail; aiismail@uqu.edu.sa

Received 27 June 2020; Revised 7 August 2020; Accepted 12 August 2020; Published 15 October 2020

Guest Editor: Gang Zhang

Copyright © 2020 A. I. Ismail. &is is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

In this paper, the problem of the slow spinning motion of a rigid body about a point O, being fixed in space, in the presence of the
Newtonian force field and external torque is considered. We achieve the slow spin by giving the body slow rotation with a
sufficiently small angular velocity component r0 about the moving z-axis. We obtain the periodic solutions in a new domain of the
angular velocity vector component r0⟶ 0, define a large parameter proportional to 1/r0, and use the technique of the large
parameter for solving this problem. Geometric interpretations of motions will be illustrated. Comparison of the results with the
previous works is considered. A discussion of obtained solutions and results is presented.

1. Introduction

In [1], the problem of rigid body dynamics is considered.
&e author in [2] gave important space applications to this
problem. In [3], the authors presented valuable and im-
portant studies for the evolution of motions of a rigid body
about its mass center. In [4], the authors introduced a new
procedure for solving Euler–Poisson equations (of a ro-
tatory rigid body over a fixed point). &e author in [5]
constructed periodic solutions for Euler–Poisson equations
utilizing power series expansion containing a small pa-
rameter proportional to the inverse of sufficiently high
angular velocity component. In [6], the author studied
many perturbation techniques for solving the linear and
nonlinear systems of ordinary and partial differential
equations such as Poincare’s method, KBM method,
Poincaré–Lindstedt method, and multiple scales method.
&e authors in [7] studied new types of integrable two-
variable systems with quartic second integrals. &e study in
[8] presented the motion for the rigid body in the presence
of a gyrostatic momentum in cases of external effects and
without external effects.&e author considered the fast spin

motion of a rigid body and achieved a small parameter
proportional to the inverse of high angular components
about the z-axis. &e author applies the small parameter of
Poincare’s method for solving this problem. In [9], the
author investigated the motion over the fixed point O of a
fast spinning heavy solid in a uniform gravity field (the
classical problem). He assumed fast spinning of the body,
achieved a small parameter, and used Poincare’s method
for the solution. In all previous works, the rotary motion for
a fast-spinning body with gyro moments was studied.
Initially, the authors assumed that the body rotates with a
sufficiently large angular velocity component ro about the
moving z-axis which moves with the body. &e authors
achieved a small parameter proportional to 1/r0 and used
the small parameter technique to solve the considered
problems in the domain (t, ro⟶∞, ε⟶ 0). &e fact of
slow motion of that body which must be achieved on a new
parameter named the large parameter and must be solved
using a new procedure named the large parameter tech-
nique was not considered, although this motion saves high
energy given at the initial moment of the body and can
solve the problem in a new domain (t, ro⟶ 0, ε⟶∞).
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2. Equations ofMotion andChange of Variables

Consider a rigid body of massM [10], with arbitrary ellipsoid
of inertia surface, rotating about a fixed point O in the
presence of the Newtonian force field O1 under the influence
of the external torque vector about the moving axes
ℓ � ℓ1i + ℓ2 j + ℓ3 k . Let the attracting center O1 lie on the
Z-axis which is fixed in space. Let the element dm lie on the
body at the point p (x, y, z) and have a position vector ρ from
O and a position vector r from O1. Equations of motion and
their first integrals are achieved and solved with a sufficiently
large parameter proportional to 1/r0, where r0 is sufficiently
small. We deduce the system of equations of motion and
their first integrals of the considered problem and use the
large parameter method for solving it.

&e differential equations of motion and their first in-
tegrals are obtained [10]. Let ho be the angular momentum
vector which rotates in space at the same angular velocity ω
of the rigid body and k � (c, c′, c″) be the unit vector fixed
in space in the direction of the downward Z-axis, so

ho � Ap + ℓ1( i + Bq + ℓ2(  j + Cr + ℓ3(  k , (1)

ω � pi + q j + r k , (2)

where A, B, andC are the body’s principal moments of
inertia in the moving frame. &e six nonlinear equations of
motion for this case are obtained in the following form:

dho

dt
� A

zp

zt
+(C − B)qr i + B

zq

zt
+(A − C)pr  j

+ C
zr

zt
+(B − A)pq  k ,

(3)

d K

dt
�

z K

zt
+ ω∧ K � 0 . (4)

&ese equations have three first integrals named as
follows:

(a) &e Jacobi-integral

T + V � const, (5)

where T is the kinetic energy of the body and V is the
potential one.

(b) &e angular momentum integral

ho. K � const. (6)

(c) &e geometric integral
K . K � 1. (7)

Equations (3) and (4) are nonlinear differential equa-
tions for the motion of a rigid body around a fixed point in
the field of Newtonian force with the presence of rotary

torque vector ℓ(ℓ1, ℓ2, ℓ3), around the x-axis, the y-axis, and
the z-axis, respectively.

&ese equations are of first order in unknown variables
p, q, r, c, c′, and c″. &e quantities A, B, C, ℓ1, ℓ2, and ℓ3 are
constants. &e integration of such equations gives the so-
lutions p, q, r, c, c′, and c″ as functions in time t and the
rigid body parameters.

&e equations of motion for a coherent object around a
fixed point in the asymmetric attraction field [5, 9] and their
three initial integrals result as special cases from equations
(3), (4), (5), (6), and (7).

Let (x0, y0, z0) be the center of mass in the moving
coordinate system (Oxyz); R is the distance from the fixed
point O to the attracting center O1; p0, q0, r0, c0, c0′, and c0″
are the initial values of the corresponding variables. Initially,
let the body rotate about the z-axis with a sufficiently small
angular velocity component r0 such that the z-axis makes an
angle θ0 ≠ 0.5nπ(n � 0, 1, 2, . . .) with Z-axis being fixed in
space.

Without a loss of generality, we choose the positive z-
axis, and the x-axis does not make an obtuse angle with Z-
axis. According to this restriction, we obtain [9]

c0 ≥ 0, 0< c0″ < 1. (8)

Assume the parameters as follows:

a �
A

C
, (ab),

c
2

�
Mgℓ

C
,

ε �
c

��

c0″


r0
,

x0 � ℓx0′, xoyozo( ,

ℓ2 � x
2
0 + y

2
0 + z

2
0,

(9)

where ε is large since r0 is small and symbols such as (abc)
mean cyclic permutations and indicate equations which are
omitted.

Introducing new variables as follows:

p � c

��

c0″


p1,

r � r0r1,

c � c0″c1, pq, cc′c″( ,

k �
3g

R
c

− 2
,

t �
τ
r0

.

(10)
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Substituting equation (10) into equations (3) to (7) when
ℓ1 � ℓ2 � 0, we obtain

_p1 + A1q1r1 + A
− 1

r
− 1
0 q1ℓ3 � ε− 1

a
− 1

y0′c1″ − z0′c1′+ kaA1c1′c1″( ,

(11)

_q1 + B1p1r1 − B
− 1

r
− 1
0 p1ℓ3 � ε− 1

b
− 1

z0′c1 − x0′c1″+ kbB1c1c1″( ,

(12)

_r1 � ε− 2
− C1p1q1 + x0′c1′ − y0′c1 + kC1c1c1′( , (13)

_c1 � r1c1′ − ε− 1
q1c1″, (14)

_c1′� ε− 1
p1c1″ − r1c1, (15)

_c1″� ε− 1
q1c1 − p1c1′( , .≡

d
dτ

 , (16)

r
2
1 � 1+ ε− 2

S1, (17)

r1c1″� 1+ ε− 1
S2, (18)

c
2
1 + c
′2
1 + c
″2
1 � c0″( 

− 2
, (19)

where

S1 � a p
2
10 − p

2
1  + b q

2
10 − q

2
1 

− 2 x0′ c10 − c1(  + y0′ c10′ − c1′(  + z0′ 1 − c1″(  

+ k a c
2
10 − c

2
1  + b c

′2
10 − c

′2
1  + 1 − c

″2
1  ,

S2 � a p10c10 − p1c1(  + b q10c10′ − q1c1′(  +
1 − c1″( ℓ3
Cc

��

c0″


 

.

(20)

3. Reduction of the Equations of Motion to a
Quasi-Linear Autonomous System

In this section, we reduce the equations of motion to a quasi-
linear autonomous system [11]. From equations (17) and
(18), we obtain

r1 � 1 + 0.5ε− 2
S1 + 2z0′ 1 − c1″(  − k 1 − c

″2
1   + · · · ,

c1″ � 1 + ε− 1
S2 − 0.5ε− 2

S1 + 2z0′ 1 − c1″(  − k 1 − c
″2
1   + · · · .

(21)

Differentiating equations (11) and (14) and using (21),
one obtains

p1 + ω′2p1 � ε− 1
z0′ a

− 1
− A1b

− 1
 c1 + A1b

− 1
x0′ + k ω2

− A1 c1 + b
− 1

x0′ − z0′c1(  − kB1c1 A
− 1

r
− 1
0 ℓ3 

+ ε− 2
 − ω2

p1S1 + A1b
− 1

x0′S2 + A1C1p1q
2
1 − A1q1x0′c1′ − y0′c1 + a

− 1
y0′ q1c1 − p1c1′(  − a

− 1
z0′p1 

+ A1k p1 1 − c
′2
1  + q1 1 − C1( c1c1′ − S2 1 + B1( c1  + 0.5r

− 1
0 ℓ3p1 A

− 1
B1 − A1B

− 1
 

× S1 + 2z0′ 1 − c1″(  − k 1 − c
″2
1   + A

− 1
r

− 1
0 ℓ3 b

− 1
x0′ − kb1c1 S2

+ ε− 3 0.5z0′ a
− 1

− A1b
− 1

 c1 S1 + 2z0′ 1 − c1″(  − k 1 − c
″2
1  

+ 0.5A
− 1

r
− 1
0 ℓ3 kB1c1 − b

− 1
x0′  S1 + 2z0′ 1 − c1″(  − k 1 − c

″2
1   + p1S2 2kA1 − a

− 1
z0′  + · · · ,

(22)

c1 + c1 � ε− 1 1 + B1(  − B
− 1

r
− 1
0 ℓ3 p1

+ ε− 2
− S1c1 + 1 + B1( p1S2 + 1 − C1( p1q1c1′ + x0′c

′2
1 + x0′b

− 1
− c1 y0′c1′ + z0′b

− 1
+ q

2
1  + k C1c

′2
1 − B1 c1′ 

+ ε− 3 2b
− 1

x0′ − c1 b
− 1

z0′ + 2kB1  S2 + · · · ,

(23)

where

ω2
� − A1B1 �

(A − C)(B − C)

AB
�

(a − 1)(b − 1)

ab
,

ω′2 � ω2
− A

− 1
B1 − A1B

− 1
 r

− 1
0 ℓ3.

(24)

We note that ω2 > 0 when A<B<C or A>B>C but
ω′2 > 0 when A<B<C only.

In caseA>B>C, we find that the term (A− 1B1 − A1B
− 1)

is positive and since ro is sufficiently small; that is, the term
(A− 1B1 − A1B

− 1)r− 1
0 ℓ3 tends to infinity, and ω′2 is negative.

Solving equation (11) for q1 and equation (14) for c1′, we
obtain
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q1 � A
− 1
1 r

− 1
1 1 − A

− 1
A

− 1
1 r

− 1
0 ℓ3r

− 1
1 + · · · 

· − _p1 + ε− 1
a

− 1
y0′c1″ − z0′c1′ + kaA1c1′c″(  ,

(25)

c1′ � r
− 1
1 _c1 + +ε− 1

q1c1″ . (26)

Making use of equations (21) and (26) into equations
(22) and (23), we obtain a quasi-linear autonomous system
with two degrees of freedom and depend on
p1, _p1, c1, _c1, p10, _p10, c10, and _c10.

Introducing the new variables as follows:

p2 � p1 − ε− 1 χ + χ1c2( ,

c2 � c1 − ε− 1]p2,
(27)

where

χ � x0′ bω′2 
− 1

A1 + A
− 1

r
− 1
0 ℓ3 ,

] � 1 − ω′2 
− 1

1 + B1 − B
− 1

r
− 1
0 ℓ3 ,

χ1 � 1 − ω′2 
− 1

− z0′ a
− 1

− A1b
− 1

  + k A1 − ω2
 

+ A
− 1

r
− 1
0 ℓ3 b

− 1
z0′ + kB1 .

(28)

Using equations (27), (21), and (26), we obtain

Si � Si1 + 22− iε− 1
Si2 + · · · , (i � 1, 2), (29)

where

S11 � a p
2
20 − p

2
2  + bχ23 _p

2
20 − _p

2
2  − 2x0′ c20 − c2(  − 2y0′ _c20 − _c2  + k a c

2
20 − c

2
2  + b _c

2
20 − _c

2
2  ,

S12 � a χ p20 − p2(  + χ1 p20c20 − p2c2(   − bχ23 a
− 1

y0′ _p20 − _p2  − χ2 _p20 _c20 − _p2 _c2   − ]x0′ p20 − p2( 

− y0′]1 _p20 − _p2  + z0′ − k( S21 + k ]a p20c20 − p2c2(  + ]1b _p20 _c20 − _p2 _c2  ,

S21 � a p20c20 − p2c2(  − bχ3 _p20 _c20 − _p2 _c2 ,

S22 � a ] p
2
20 − p

2
2  + χ c20 − c2(  + χ1 c

2
20 − c

2
2   + bχ3 − ]1 _p

2
20 − _p

2
2  + a

− 1
y0′ _c20 − _c2  − χ2 _c

2
20 − _c

2
2   −

S21ℓ3
Cc

��

c0″


 

,

(30)

where

χ3 � A
− 1
1 1 − A

− 1
A

− 1
1 r

− 1
0 ℓ3 ,

χ2 � χ1 + a
− 1

z0′ − kA1,

]1 � ] − χ3.

(31)

Formulas (21) and (29) lead to

r1 � 1 + 0.5ε− 2
S11 + ε− 3

S12 − z0′S21 + kS21(  + · · · ,

c1″ � 1 + ε− 1
S21 + ε− 2

S22 − 0.5S11( 

− ε− 3
S12 − z0′S21 + kS21(  + · · · .

(32)

In terms of p2 · c2, and the rigid body parameters, we
find that

q1 � − χ3 _p2 + ε− 1χ3 a
− 1

y0′ − χ2 _c2  + ε− 2 χ3]1 _p2 kA1 − a
− 1

z0′  + S11 _p2 χ3 − 0.5A
− 1
1  +χ3S21 kA1 _c2 + a

− 1
y0′  + · · · ,

c1′ � _c2 + ε− 1]1 _p2 + ε− 2 χ3 a
− 1

y0′ − χ2 _c2 − S21 _p2  − 0.5S11 _c2  + · · · .
(33)

Substituting equations (27), (29), (30), (32), and (33) into
equations (23) and (24), we obtain a quasi-linear autono-
mous system of two degrees of freedom in the following
form:

€p2 + ω′2p2 � ε− 2
F p2, _p2, c2, _c2, ε

− 1
 ,

€c2 + c2 � ε− 2ϕ p2, _p2, c2, _c2, ε
− 1

 ,
(34)

where
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F � F2 + ε− 1
F3 + . . . , ϕ � ϕ2 + ε− 1ϕ3 + . . . ,

F2 � f2 − ]χ1 1 − ω′2 p2, ϕ2 � φ2 + ] 1 − ω′2  χ + χ1c2( ,

F3 � f2 − χ1φ2 − ]χ1 1 − ω′2  χ + χ1c2( , ϕ3 � φ3 − ]f2 + ]2χ1 1 − ω′2 p2,

f2 � − ω2
S11p2 + A1x0′ b

− 1
S21 + χ3 _c2 _p2  + A1C1χ

2
3p2 _p

2
2

− y0′χ3c2 _p2 A1 + a
− 1

  − a
− 1

p2 z0′ + y0′ _c2(  + A1k 1 − _c
2
2 p2 + C1 − 1( χ3c2 _c2 _p2

− 1 + B1( S21c2 + 0.5r
− 1
0 ℓ3 2p2 A

− 1
B1 − A1B

− 1
 S11 + A

− 1
b

− 1
x0′ − kB1c2 S21 ,

f3 � − 2ω2
p2S12 + χ + χ1c2(  − ω2

S11 − a
− 1

z0′ + y0′ _c2(  + A1 C1χ
2
3 _p

2
2 + k 1 − _c

2
2   + A1b

− 1
x0′S22

+ A1χ3 _p2 x0′]1 _p2 − y0′]p2(  − p2 _p2 a
− 1

y0′ ]1 + ]χ(  + 2A1k]1 _c2 

+ χ3 _p2 ]1c2 _p2 + ] _c2p2(  C1 − 1(  − 1 − B1(  ]S21p2 + S22c2( 

+ 0.5z0′ a
− 1

− A1b
− 1

 c2S11 + 2kA1 − a
− 1

z0′ p2S21 + χ3 a
− 1

y0′ − χ2 _c2 

× − A1 2C1χ3p2 _p2 + x0′ _c2(  + y0′c2 A1 + a
− 1

  + c2 _c
2
2 1 − C1(  

+ 0.5r
− 1
0 ℓ3 A

− 1
B1 − A1B

− 1
  2p2 S12 − z0′S21 + kS21(  + χ + χ1c2( S11  + 2A

− 1
b

− 1
x0′ − kB1c2 S22 − kB1]S21p2 

+ A
− 1

kB1c2 − b
− 1

x0′ S11,

φ2 � 1 + B1( S21 − 1 − C1( χ3 _c2 _p2 p2 + x0′ b
− 1

+ _c
2
2  + k C1 _c

2
2 − B1  − y0′ _c2 − z0′b

− 1
− χ23 _p

2
2 − S11 c2,

φ3 � 1 + B1(  p2S22 + χ + χ1c2( S21  + χ3 1 − C1(  × a
− 1

y0′ − χ2 _c2  _c2p2 − _p0 ]1p2 _p2 + χ + χ1c2(  _c2  

− 2c2S12 − ]p2S11 + 2x0′]1 _c2 _p2 − y0′ ]1c2 _p2 + ] _c2p2(  − ]p2 b
− 1

z0′ + χ23 _p
2
2  + 2χ23 a

− 1
y0′ − χ2 _c2  × c2 _p2

+ k 2C1]1c2 _c2 _p2 + ] C1 _c
2
2 − B1 p2  + 2b

− 1
x0′ − b

− 1
z0′ + 2kB1 c2 S21.

(35)

System (34) has the first integral obtained from equa-
tions (17)–(19) as follows:

c
2
2 + _c

2
2 + 2ε− 1 ]c2p2 + ]1 _c2 _p2 + S21  + ε− 2 ]2p2

2 + 2χ3 _c2 a
− 1

y0′ − χ2 _c2 − S21 _p2  − 1 + _c
2
2 S11 + 2S22  + · · · � c0″( 

− 2
− 1.

(36)

We aim to find the periodic solutions for system (36)
under the condition A<B<C (ω′2 is positive) [12]. In this
case, the body rotates about the minor axis of the ellipsoid of
inertia surface [13] with initial sufficiently small angular
velocity r0.

4. Formal Construction of the
Periodic Solutions

Without a loss of generality, since the system (34) is au-
tonomous, we assume that [14]

p2(0, 0) � 0,

_p2(0, 0) � 0,

_c2 0, ε− 1
  � 0.

(37)

&e generating system of equation (34) is

€p
(0)

2 + ω′2p(0)
2 � 0,

€c
(0)

2 + c
(0)
2 � 0,

(38)

which has periodic solutions as follows:
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p
(0)
2 � M1 cosω′τ + M2 sinω′τ,

c
(0)
2 � M3 cos τ,

(39)

with a period T0 � 2πn, where Mi, i � (1, 2, 3), are constants
to be determined. Consider the required periodic solutions
of system (34) in the following form:

p2 τ, ε− 1
  � M1 + β1( cosω′τ + M2 + β2( sinω′τ

+ 

∞

k�2
ε− k

Gk(τ),

c2 τ, ε− 1
  � M3 + β3( cos τ + 

∞

k�2
ε− k

Hk(τ),

(40)

with a period T(ε− 1) � T0 + α(ε− 1). &e quantities
β1,ω′β2, and β3 represent the deviations of solutions
p2, _p2, and c2 at any ε from their initial values when
ε⟶∞. Let the initial condition of system (40) be of the
following form:

p2 0, ε− 1
  � M1 + β1,

_p2 0, ε− 1
  � ω′ M2 + β2( ,

c2 0, ε− 1
  � M3 + β3,

_c2 0, ε− 1
  � 0.

(41)

Consider the new function as follows:

U � u +
zu

zM1
β1 +

zu

zM2
β2 +

zu

zM3
β3 + 0.5

z
2
u

zM
2
1
β21 + · · · ,

U � Gk, Hk

u � gk, hk

⎛⎝ ⎞⎠,

(42)

such that

gk(τ) �
1
ω′


τ

0
Fk
′ t1( sinω′ τ − t1( dt1,

hk(τ) � 
τ

0
ϕk
′ t1( sin τ − t1( dt1 (k � 2, 3),

(43)

where

Fk
′(τ) �

1
(k − 2)!

dk− 2F

dε2− k
 

β�ε− 1�0
,

ϕk
′(τ) �

1
(k − 2)!

dk− 2ϕ
dε2− k

 
β�ε− 1�0

.

(44)

We note that the right-hand sides of (34) begin with
terms of order ε− 2 and so

Fk
′(τ) � Fk p

(0)
2 , _p

(0)
2 , c

(0)
2 , _c

(0)
2  ≡ F

(0)
k ,

ϕk
′(τ) � ϕk p

(0)
2 , _p

(0)
2 , c

(0)
2 , _c

(0)
2  ≡ ϕ(0)

k , k � 2, 3.
(45)

Now, we find the expressions of ϕ(0)
k and F

(0)
k . Periodic

solutions (39) are reformulated in the following form:

p
(0)
2 � E cos ω′τ − η( ,

c
(0)
2 � M3 cos τ,

(46)

where E �

���������

M 2
1 + M 2

2



and η � tan− 1(M2/M1).
Using equations (29) and (39), we obtain

S
(0)
ij � S

(0)
ij p

(0)
2 , _p

(0)
2 , c

(0)
2 , _c

(0)
2  (i, j � 1, 2),

S
(0)
11 � E

2
a cos2 η − 0.5  + bχ23ω′

2 sin2 η − 0.5  + 0.5 bχ23ω′
2

− a cos 2 ω′τ − η(  

− 2M3 x0′(1 − cos τ) + y0′ sin τ  − 0.5kM
2
3C1(1 − cos 2 τ),

S
(0)
21 � M3E a cos2 η + 0.5 bω′χ3 − a( cos ω′ − 1( τ − η  − 0.5 bω′χ3 + a( cos ω′ + 1( τ − η  ,

S
(0)
12 � aE χ3 cos η − cos ω′τ − η(   + χ1M3 cos η − cos τ cos ω′τ − η(    − bχ23E cos η − cos ω′τ − η(  

+ χ2M3 sin τ sin ω′τ − η( 

− ]x0′E cos η − cos ω′τ − η(   + kEM3 ]a cos η − cos τ cos ω′τ − η(   − ]1b sin τ sin ω′τ − η(   + z0′ − k( S
(0)
21 ,

S
(0)
22 � a ]E

2 cos2 η − cos2 ω′τ − η(   + χM3(1 − cos τ) + χ1M
2
3sin

2 τ 

+ bχ3 a
− 1

y0′M3 sin τ − ]1E
2ω′2 sin2 η − sin2 ω′τ − η(   + χ2M

2
3sin

2 τ  − S
(0)
21 ℓ3/ Cc

��

c0″


 .

(47)
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Substituting equations (46) and (47) into equation (35),
we obtain

F
(0)
2 � M1L ω′( cosω′τ + M2L ω′( sinω′τ + · · · ,

ϕ(0)
2 � M3N ω′( cos τ + · · · ,

(48)

L ω′(  � ω2
− aM

2
1 + bω′2χ23M

2
2  + bω′2χ23 M

2
1 + M

2
2  

+ A1C1ω′
2χ23 M

2
1 + M

2
2  + 2M3x0′ω

2
+ k A1 + 0.5M

2
3ω

2
C1  − z0′a

− 1
+ ]χ1 1 − ω′2  

+ 0.5r
− 1
0 ℓ3 A

− 1
B1 − A1B

− 1
  aM

2
1 + bω′2χ23M

2
2 − bω′2χ23 M

2
1 + M

2
2  − 2M3x0′ − 0.5kM

2
3C1,

(49)

N ω′(  � − aM
2
1 + bω′2χ23M

2
2  − M

2
1 + M

2
2  aB1 + ω′2χ23(1 − b) 

+ 2M3x0′ − z0′b
− 1

− ]χ1 1 − ω′2   +k M
2
3C1 − B1 .

(50)

From equations (33), (49), and (50), we obtain

g2 T0(  � − πn ω′( 
− 1

M2L ω′( , _g2 T0(  � πnM1L ω′( ,

h2 T0(  � 0, _h2 T0(  � πnM3N ω′( ,

(51)

where the constants M1,ω′M2, andM3, the deviations
β1(ε− 1),ω′β2(ε− 1), and β3(ε− 1), and the correction of the
period α are determined from the periodicity conditions and
their derivatives:

ψ1 � p2 T0 + α, ε− 1
  − p2 0, ε− 1

  � 0,

ψ2 � _p2 T0 + α, ε− 1
  − _p2 0, ε− 1

  � 0,

ψ3 � c2 T0 + α, ε− 1
  − c2 0, ε− 1

  � 0,

ψ4 � _c2 T0 + α, ε− 1
  − _c2 0, ε− 1

  � 0.

(52)

Due to the existence of first integral (36) for system (34),
the condition ψ3 � 0 is not independent [15]; then, integral
(36) becomes

c
2
2 T0 + α, ε− 1
  + _c

2
2 T0 + α, ε− 1
  + 2ε− 1 ]c2 T0 + α, ε− 1

 p2 T0 + α, ε− 1
  + ]1 _c2 T0 + α, ε− 1

  × _p2 T0 + α, ε− 1
  + S21 T0 + α, ε− 1

  

+ ε− 2 ]2p2
2 T0 + α, ε− 1
  + 2χ3 _c2 T0 + α, ε− 1

  a
− 1

y0′ − χ2 _c2 T0 + α, ε− 1
  − S21 T0 + α, ε− 1

  _p2 T0 + α, ε− 1
  

− S11 T0 + α, ε− 1
  1 + _c

2
2 T0 + α, ε− 1
   +2S22 T0 + α, ε− 1

  + . . .

� c
2
2 0, ε− 1
  + _c

2
2 0, ε− 1
  + 2ε− 1 ]c2 0, ε− 1

 p2 0, ε− 1
  + ]1 _c2 0, ε− 1

  _p2 0, ε− 1
  + S21 0, ε− 1

  

+ ε− 2 ]2p2
2 0, ε− 1
  + 2χ3 _c2 0, ε− 1

  a
− 1

y0′ − χ2 _c2 0, ε− 1
  − S21 0, ε− 1

  _p2 0, ε− 1
   − S11 0, ε− 1

 

· 1 + _c
2
2 0, ε− 1
   + 2S22 0, ε− 1

  + . . . .

(53)

Using condition (41) and equation (52), we obtain

ψ2
3 + 2 M3 + β3( ψ3 + ε− 1φ1 ψ1,ψ2,ψ4, ε

− 1
  � 0, (54)

where φ1 is an entire function in their variables and
φ1(0, 0, 0, ε− 1) � 0; then if M3 ≠ 0, form (54) gives

ψ3 � f1 ψ1,ψ2,ψ4, ε
− 1

 , (55)

where f1 is an entire function in all their arguments and
f1(0, 0, 0, ε− 1) � 0; then, the condition ψ3 � 0 in (52) is
satisfied with the following condition:

ψ1 � ψ2 � ψ4 � 0. (56)

Substituting initial conditions (41) into equation (56)
with τ � 0, we obtain

M
2
3 + 2M3β3 + β23 + 2ε− 1]M3 M1 + β1(  + · · · � c0″( 

− 2
− 1.

(57)

Assume that c0″ does not depend on ε; we obtain that

M
2
3 � c0″( 

− 2
− 1,

β23 + 2M3β3 + 2ε− 1]M3 M1 + β1(  + · · · � 0.
(58)
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From (58) and (8), we obtain

M3 �

���������

1 − c″20 



c0″
, 0<M3 <∞,

β3 � − ε− 1] M1 + β1(  + · · · ,

(59)

where c0″ is an arbitrary parameter and M3 is the arbitrary
constant.

&is means that periodic solutions (40) depend on ar-
bitrary constant M3 and the function β3(ε− 1) which is equal
to 0 when ε⟶∞. Independent periodic solutions (52) are
expanded in a power series of α (neglecting terms of ε− 2α);
then, we obtain

p2 T0, ε
− 1

  + α _p2 T0, ε
− 1

  + . . . � p2 0, ε− 1
 ,

_p2 T0, ε
− 1

  + α€p2 T0, ε
− 1

  + . . . � _p2 0, ε− 1
 ,

_c2 T0, ε
− 1

  + α€c2 T0, ε
− 1

  + . . . � _c2 0, ε− 1
 .

(60)

Using initial values (41) in the above relations, we put
independent periodicity conditions (56) in the following
form:

p2 T0, ε
− 1

  + αω′ M2 + β2(  � M1 + β1( ,

_p2 T0, ε
− 1

  − ω′ M2 + β2(  � αω′ M1 + β1( ,

_c2 T0, ε
− 1

  � α M3 + β3( .

(61)

Using equations (40), (59), and the last equation of (61),
we obtain the following function:

α ε− 1
  � ε− 2

M3 + β3( 
− 1 _H2 T0(  + ε _H3 T0(  + . . . .

(62)

&us, neglecting the terms of order α2 and ε− 2α in (61),
we find that the terms of the order ε− 4 are neglected. Using
equations (37) and (41), we obtain the periodic solutions
with basic amplitudes equal to zero, that is [16],

M1 � M2 � 0. (63)

Substituting equations (62), (63), and (40) into the first
two equations from (61), we obtain the following system for
determining β1 and β2:

G2 T0(  + ε− 1
G3 T0(  + ω′β2 M3 + β3( 

− 1 _H2 T0(  + ε− 1 _H3 T0(   + ε− 2
(. . .) � 0,

_G2 T0(  + ε− 1 _G3 T0(  − ω′2β1 M3 + β3( 
− 1 _H2 T0(  + ε− 1 _H3 T0(   + ε− 2

(. . .) � 0.
(64)

Due to (51), the above system becomes

− πnβ2 ω′( 
− 1

L1 ω′(  − ω′2N1 ω′(   + ε− 1
G3 T0(  + . . .  � 0,

πnβ1 L1 ω′(  − ω′2N1 ω′(   + ε− 1 _G3 T0(  + . . .  � 0,

(65)

where L1(ω′) and N1(ω′) are obtained from (50) replacing
M1, M2, M3 by β1, β2, andM3 + β3. Making use of equations
(24), (28), (31), and (49), we obtain

L1 ω′(  − ω′2N1 ω′(  � β21 +β22 W1 ω′(  + z0′W2 ω′( 

+ kW3 ω′(  + W4 ω′( ,
(66)

where

W1 ω′(  � d1 + d2 + d3( r
− 1
0 ℓ3,

W2 ω′(  � d4 − d5d6d7(  + r
− 1
0 ℓ3 d5d6 d8 + d9(  + B

− 1
d7 − d10 1 + a

− 1
d6d7  ,

W3 ω′(  � d5d6d11 + d12(  + r
− 1
0 ℓ3 d5 d13 − d14(  − B

− 1
d11 +b

− 1
d10 a

− 1
d6d11 + d15  r

− 1
0 ℓ3,

W4 ω′(  � − 0.5ad10 β21 +
a − 1
b − 1

 β22 r
− 1
0 ℓ3,

d1 � b
− 1

(a − 1)(2a − b − 1),

d2 � b
− 2

[b(a − b) +(a − 1)] aA
− 1

(a − 1)(1 − b)
− 1

+ bB
− 1

 ,
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d3 � 0.5A
− 1

(1 − A) ab
− 1

(1 − a)(1 − b)
− 1

+ AB
− 1

 ,

d4 � a
− 1 1 − b

− 2
(a − 1)(b − 1) ,

d5 � (ab)
− 2

[ab +(a − 1)(b − 1)],

d6 � b
− 1

(a + b − 1),

d7 � (ab)
− 1

(2b − 1)[ab +(a − 1)(b − 1)],

d8 � (Ab)
− 1

[ab +(a − 1)(b − 1)],

d9 � (ab)
− 1

(2b − 1) A
− 1

a(a − 1) + B
− 1

b(b − 1) ,

d10 � (Ab)
− 1

(a − 1) +(aB)
− 1

(b − 1),

d11 � (ab)
− 1

(1 − b)(a + b − 1)[ab +(a − 1)(b − 1)],

d12 � ab
2

 
− 1

(1 − b) b
2

− (a − 1)
2

+ 0.05b(a − 1)(b − a)M
2
3 ,

d13 � (Ab)
− 1

(a − 1)[ab +(a − 1)(b − 1)],
(67)

d14 � (ab)
− 1

(1 − b)(a + b − 1) aA
− 1

(a − 1) + bB
− 1

(b − 1) ,

d15 � 0.75b(b − a)M
2
3 − (a − 1).

(68)

Since the z-axis is oriented towards the minor axis of the
ellipsoid of inertia for the body, then W1(ω′)> 0 for all ω′
under consideration. Assume that [17]

z0′W2 ω′(  + kW3 ω′( ≠ 0. (69)

Using (65), the expressions for β1 and β2 are obtained in
the form of power series expansions beginning with terms of
order greater than ε− 2. So, we obtain the first terms of the
required periodic solutions and the correction of the period
α(ε− 1) in the following forms:

p1 � ε− 1
− x0′(a − 1)

− 1 1+ bB
− 1

(a − 1)
− 1

r
− 1
0 ℓ3  + χ1M3 cosτ  + · · · , (70)

q1 � ε− 1
a(1 − b)

− 1
y0′a

− 1
+ χ2M3 sinτ − A

− 1
(1 − b)

− 1
r

− 1
0 ℓ3 y0′+ z0′ − kaA1( M3 sinτ+ ad5 kb(1 − b)d6 − z0′(2b − 1)    + · · · ,

(71)

r1 � 1 − ε− 2
M3 x0′(1 − cosτ) + y0′sinτ+0.25M3C1(1 − cos2τ)  + · · · , (72)

c1 � M3 cosτ+ · · · , (73)

c1′� − M3 sinτ+ · · · , (74)

c1″� 1+ ε− 2
(1 − b)

− 1
M3y0′sinτ+(1 − a)

− 1
M3x0′(1 − cosτ) − 0.5b

− 1
(1 − b)

− 1
d7M

2
3z0′(1 − cos2τ)

+0.25M
2
3k 2abd5d6 + C1( (1 − cos2τ)

+ r
− 1
0 ℓ3 − abA

− 1
(1 − B)

− 2
M3y0′sinτ+ abB

− 1
(a − 1)

− 2
M3x0′(1 − cosτ) +0.5b

− 1
(1 − b)

− 1
× z0′M

2
3(1 − cos2τ)

· A
− 1

a
2
bd5(1 − b)

− 1 2b
2

− 2b +1  + d9 

+0.5k(1 − b)
− 1

M
2
3(1 − cos)τ) b

− 1
d13 − aA

− 1
d11(1 − b)

− 1
− (1 − b)(2b − 1)

− 1
d6d9  + · · · ,

(75)

α ε− 1
  � ε− 2πn M3x0′ − z0′b

− 1
+(ab)

− 1
kd11 − z0′d7( d6 + k M

2
3C1 − B1  +(ab)

− 1
r

− 1
0 ℓ3 z0′ d6 d8 + d9(  + d7B

− 1
 

+ k d6 d13 − d14(  − d11B
− 1

  + . . . .
(76)
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New solutions (70)–(76) are obtained in terms of the
large parameter ε and a sufficiently small angular velocity
component ro about the minor axis of the ellipsoid of inertia.
&e case of the motion of the body with a sufficiently small
angular velocity component ro about the major axis of the
ellipsoid of inertia is considered in a separate paper since ω′2

is negative in this case. &e motion considered here is a

generalization of many problems studied in a previous work
[18]. &at is, the obtained solutions give many special cases
for gyroscopic problems with new treatment by the large
parameter technique [19] which saves high energy given for
the body at the initial motion. &e correction terms in our
solutions in terms of the parameter ε are

△p1 � ε− 1
x0′b

− 1
B

− 1
1 1 − ω2ω′− 2

  + ω′− 2
A

− 1
r

− 1
0 ℓ3  + χ − χ ∗1( M3 cos τ  + · · · ,

△q1 � ε− 1
− y0′ aAA

2
1 

− 1
r

− 1
0 ℓ3 + A

− 1
1 M3 sin τ χ1 − χ ∗1 − χ2A

− 1
A

− 1
1 r

− 1
0 ℓ3   + · · · ,

△r1 � ε− 3
[0] + . . . ,△c1 � ε− 1

[0] + . . . ,△c1′ � ε− 1
[0] + · · · ,

△c1″ � ε− 2
aM3 χ − χ∗( (1 − cos τ) − bM3y0′ aAA

2
1 

− 1
r

− 1
0 ℓ3 sin τ

+ 0.5M
2
3(1 − cos 2τ) a(1 − b)

− 1 χ1 − χ ∗1(  − χ2b AA
2
1 

− 1
r

− 1
0 ℓ3  + · · · ,

Δα ε− 1
  � ε− 2πn 1 − B1(  χ1 − χ ∗1(  − B

− 1χ1r
− 1
0 ℓ3  + · · · .

(77)

Also,

Δp11 � Δp1 + ε− 1 χ ∗1 − χ ∗∗1( M3 cos τ + · · · ,

Δq11 � Δq1 + ε− 1
A

− 1
1 M3 χ ∗1 − χ ∗∗1 − kA1( sin τ + · · · ,

Δr11 � − 0.25ε− 2
M

2
3C1(1 − cos 2τ) + · · · ,

Δc11 � ε− 1
[0] + . . . ,Δc11′

Δc11″ � Δc1″ + ε− 2 0.25kM
2
3C1(1 − cos 2τ) + 0.5M

2
3(1 − cos τ) a(1 − b)

− 1 χ ∗1 − χ ∗∗1(  − kb   + · · · ,

Δα1 ε− 1
  � Δα + ε− 2πn z0′(2 − b)

− 1
+ k M

2
3C1 − B1  + χ ∗1 1 + B1(   + · · · ,

(78)

where

χ∗ � A1x0′ bω2
 

− 1
,

χ ∗1 � 1 − ω2
 

− 1
k A1 − ω2

  − z0′ a
− 1

− A1b
− 1

  ,

χ ∗∗1 � − z0′ 1 − ω2
 

− 1
a

− 1
− A1b

− 1
 .

(79)

5. Geometric Interpretation of Motion

In this section, we explain the geometric interpretation of
motion using Euler’s angles θ,ψ, andφ [20] which are de-
termined from the obtained periodic solutions. Since the
initial system is autonomous, the periodic solutions remain
so, if the time t is replaced by (t + t0), where t0 is the arbitrary
interval time. So, Euler’s angles for this problem are given by

cos θ � c″,

dψ
dt

�
pc + qc′( 

1 − c″
2

 

,

tanφ0 �
c0

c0′
,

dφ
dt

� r − cos θ
dψ
dt

 .

(80)

Substituting equations (70)–(76) into equation (80) in
which t is replaced by (t + t0) and using the relations (10),
the following expressions for Euler’s angles θ,ψ, andφ are
obtained:
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φ0 �
π
2

  + r
− 1
0 t0 + · · · ,

θ0 � tan− 1
M3,

θ � θ0 − ε− 2 θ1 t + t0(  − θ1 t0(  ,

ψ � ψ0 + ε− 1
c cosec θ0

�����

cos θ0


ψ1 t + t0(  − ψ1 t0(  ,

φ � φ0 + r
− 1
0 t − ε− 1

c cot θ0
�����

cos θ0


φ1 t + t0(  − φ1 t0(  

− ε− 2 tan θ0 φ2 t + t0(  − φ2 t0(  ,

(81)

where

θ1(t) � a1 sin r
− 1
0 t − a2 cos r

− 1
0 t − a3 tan θ0 cos 2r

− 1
0 t,

ψ1(t) � a4r
− 1
0 sin r

− 1
0 t + a5r

− 1
0 cos r

− 1
0 t + 0.5 χ1 − a6( tan θ0

+ 0.25r
− 1
0 χ1 − a6( tan θ0 sin 2r

− 1
0 t,φ1(t) � ψ1(t),

a1 � (1 − b)
− 1

y0′ 1 − abA
− 1

(1 − b)
− 1

r
− 1
0 ℓ3 ,

a2 � (1 − a)
− 1

x0′ 1 + abB
− 1

(1 − a)
− 1

r
− 1
0 ℓ3 ,

a3 � 0.5z0′b
− 1

(1 − b)
− 1

r
− 1
0 ℓ3 a

2
bd5A

− 1
(1 − b)

− 1 2b
2

− 2b + 1  + d9  − d7 

+ 0.25k 2abd5d6 + C1(  + 2(1 − b)
− 1

r
− 1
0 ℓ3 b

− 1
d13 − aA

− 1
(1 − b)

− 1
d11 +(b − 1)(2b − 1)

− 1
d6d9  ,

a4 � − x0′(a − 1)
− 1 1 + bB

− 1
(a − 1)

− 1
r

− 1
0 ℓ3 ,

a5 � (1 − b)y0′ − aA
− 1

(1 − b)
− 2

r
− 1
0 ℓ3 y0′ + ad5 kb(1 − b)d6 − z0′(2b − 1)  ,

a6 � a(1 − b)
− 1 χ2 − aA

− 1
r

− 1
0 ℓ3(1 − b)

− 1 χ2 − χ1(  ,

a7 � x0′ + 0.25kC1 tan θ0.

(82)

6. Comparison between the Previous Problems
and the Considered Problem

In this section, we make a comparison between the previous
works and the considered work through Table 1.

7. Conclusions

From this study, we treat the problem of the slow spinning
motion about the minor axis of the ellipsoid of inertia of a
rigid body to find the periodic solutions and the correction

Table 1: &e differences between the previous works and the considered work.

Ser. &e previous problems &e considered problem
1 &e body rotates fast &e body rotates slow
2 ro is sufficiently high ro is sufficiently small
3 ε⟶ 0 ε⟶∞
4 Poincare’s method is used for solving the problems &e large parameter method is used for solving the problem
5 High kinetic energy is required for the motions Low kinetic energy is required for the motion
6 &e domain of the solutions F (t, ro⟶∞, ε⟶ 0) &e domain of the solutions F (t, ro⟶ 0, ε⟶∞)
7 θ,ψ, andφ have the domain G (t, ro⟶∞, ε⟶ 0) θ,ψ, andφ have the domain G (t, ro⟶ 0, ε⟶∞)
8 ω′2 is positive for A<B<C or A>B>C ω′2 is positive for A<B<C and negative for A>B>C
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of the period of the equations of motion of it in the presence
of Newtonian force field and an external torque. &is
problem is solved in a new domain of the angular velocity
component ro⟶ 0.

&e well-known Poincare’s method [5] cannot solve this
problem because we cannot achieve the small parameter
which must be proportional to a sufficiently high angular
velocity component ro⟶∞. So we must search other
techniques that come from the sufficiently small assumption
of ro and depend on achieving large parameter instead of a
small one. &is technique is named the large parameter
method. &e advantage of this method is as follows: as-
suming low energy at the initial instant instead of high
energy, obtaining a slow periodic motion instead of a fast
periodic one, and giving the solutions in a new domain of
motion ro⟶ 0 and ε⟶∞. &e case when A<B<C [21]
cannot be solved here since ω′2 is negative in this case. So we
will treat this case separately in the future, in shaa Allah. &e
correction terms for our solutions are given in terms of ro

and ε. &e geometric interpretation of motions is given to
describe the orientation of the motion at any instant of time.
&e cases of gyroscopic motions and regular precession are
obtained as special cases from this study when we apply the
symmetry conditions. &e practical importance of this work
is very wide since it is used in many applications of life such
as military life and civil one. &e case of the gyro motion
which is symmetric about the z-axis, i.e., A � B<C, is ob-
tained as a special case from our work [22]. &ere are many
interesting space applications of these problems in [2].
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