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Several essential properties of the linear canonical transform (LCT) are provided. Some results related to the sampling theorem in
the LCT domain are investigated. Generalized wave and heat equations on the real line are introduced, and their solutions are
constructed using the sampling formulae. Some examples are presented to illustrate our results.

1. Introduction

The linear canonical transform (LCT) is one of nontrivial
generalizations of the Fourier transform (FT). Recently, the
LCT has been investigated extensively both in theory and
applications. In the connection with the LCT theory, many
interesting papers on this topic have been already available
in the literature (see [1–5]). From the applied point of view,
the LCT also has been widely used in various areas such as
optics, radar system analysis, phase retrieval, pattern recogni-
tion, and many other applications (see [6–8]).

It is known that the wave and heat equations are important
in mathematical physics, applied mathematics, and engineer-
ing. Commonmethods to solve these equations are the Fourier
and Laplace transforms, which give their exact solutions. The
other techniques to have the solutions of these equations are
the variation iteration method and the domain decomposition
method, which coresponds to the adomian decomposition
method [9]. Recently, the fundamental solution of the general-
ized wave equation was obtained using the fractional Fourier
transform (FrFT) by [10]. Since the LCT is a general form of
the FrFT and also it is closely related to the FT, it is possible
to extend wave and heat equations into the LCT domain. How-
ever, as far as we observe, up to now, the solution of generalized
heat equation using the sampling formulae and the LCT has
not yet been published in the literature.

Therefore, in the present article, we provide useful
properties and examples of the LCT. We will consider the
wave equation in the LCT domain, and we will explore the
solution of this equation using the LCT as exact analytic tool
for solutions. We find a relation that the solution of the wave
equation using the FT and the FrFT is a special case of the
solution of these generalized wave equation. We explicitly
discuss a generalized version of the heat equation in the
LCT domains. Based on the sampling formulae related to
the LCT, we further derive its solution followed by using
the LCT. We emphasize that our solutions are nontrivial
generalizations of the solutions of the heat equation
using the sampling formulae and FT methods. For imple-
mentations, we finally provide a few examples to illus-
trate our results.

The remnants of the article are organized as follows: Sec-
tion 2 introduces definitions and examples of the LCT, which
will be needed in the sequel. The useful properties of the LCT
are presented in Section 3. Some results related to the sam-
pling theorems are demonstrated in Section 4. A general
form of wave equation in the LCT domain is provided in Sec-
tion 5. A general form of heat equation in the LCT domain
and its solution using the sampling formulae are presented
in Section 6. Its solution using LCT is discussed in detail in
Section 7. Finally, Section 8 concludes our article.

Hindawi
Abstract and Applied Analysis
Volume 2020, Article ID 1273194, 11 pages
https://doi.org/10.1155/2020/1273194

https://orcid.org/0000-0003-4807-4300
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2020/1273194


2. Linear Canonical Transform

Stuart A. Collin [11] introduced the linear canonical transforms
(LCTs) during the early 1970s in paraxial optics. Independently,
Moshinsky andQuesne [12] studied LCTs in quantummechan-
ics. Recently, Wolf [13] discussed in detail the development of
LCTs including several complex extensions of the LCTs.

Let us start with the definition of the several dimensional
linear canonical transform:

Definition 1. (see [12, 13]). For an arbitrary 2N × 2N sym-
plectic matrix

E =
a b
c d

" #
, EΩET =Ω, Ω =

0 1N
−1N 0

" #
, ð1Þ

theN-dimensional of the linear canonical transform (LCT) is
then defined as

LE ff g ξð Þ =
ð
ℝn
f tð ÞKE ξ, tð Þ dt, ð2Þ

where

KE ξ, tð Þ = 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πið ÞN det b

q e
i
2 ξTb−1dξ−ξTb−1t+1

2tTab
−1tð Þ, ð3Þ

where i2 = −1. Here, E is invertible and its inverse is given by

E−1 =
a b
c d

" #−1
=ΩETΩT =

dT −bT

−cT aT

" #
: ð4Þ

Secondly, let us introduce the inversion formula. Because of

KE ξ, tð Þå = KE−1 t, ξð Þ, ð5Þ

then, inversion formula of (2) has the following form:

f tð Þ =
ð
ℝn
LE ff g ξð ÞKE−1 t, ξð Þ dξ: ð6Þ

To solve the generalized wave and heat equations, we will
only deal with the case that N = 1. When N = 1, Definition 1
mentioned above becomes

LE ff g ξð Þ = FE ξð Þ =

ð
ℝ
f tð ÞKE ξ, tð Þ dt, b ≠ 0,
ffiffiffi
d

p
ei cd/2ð Þξ2 f dξð Þ, b = 0,

8><
>: ð7Þ

where KEðξ, tÞ is so-called kernel of the LCT given by

KE ξ, tð Þ = 1ffiffiffiffiffiffiffiffiffi
2πbi

p e1/2 a/bð Þt2− 2/bð Þtξ+ d/bð Þξ2ð Þ, ð8Þ

and the matrix parameter E =
a b

c d

" #
satisfies det ðEÞ = ad

− bc = 1, that is, E ∈ Slð2,ℝÞ, which denotes the special linear
group over ℝ.

Based on (5), the LCT kernel (8) satisfies

KE−1 t, ξð Þ = KE ξ, tð Þ★ = 1ffiffiffiffiffiffiffiffiffiffiffiffi
−2πbi

p e−i/2 a/bð Þt2− 2/bð Þtξ+ d/bð Þξ2ð Þ,

ð9Þ

where f ★ stands for the complex conjugation of f . Equation
(7) implies that for b = 0, the LCT of a signal is essentially a
chirp multiplication. Therefore, we only consider the case

of b ≠ 0 in this work. In the special case where E =

0 1
−1 0

" #
, the LCT mentioned above reduces to the Fourier

transform (FT), that is,

LE f tð Þf g ξð Þ = 1ffiffi
i

p F f tð Þf g ξð Þ: ð10Þ

Here, the FT and its inverse are defined by (see [14–16])

F f tð Þf g ξð Þ = 1ffiffiffiffiffiffi
2π

p
ð
ℝ
f tð Þe−itξ dt, f tð Þ

= 1ffiffiffiffiffiffi
2π

p
ð
ℝ
F f tð Þf g ξð Þeitξ dξ,

ð11Þ

provided that the integral exists. The connection between the
FT and LCT is given by

LE f tð Þf g ξð Þ = 1ffiffiffiffi
ib

p e id/2bð Þξ2F e ia/2bð Þt2 f
n o ξ

b

� �
: ð12Þ

An application of (9), we get the inverse transform of the
LCT, that is,

LE−1 LE ff g½ � tð Þ = f tð Þ = lim
l→∞

ðl
−l
LE ff g ξð ÞKE−1 t, ξð Þ dξ

=
ð
ℝ
LE ff g ξð ÞKE−1 t, ξð Þ dξ:

ð13Þ

Or, equivalently,

f tð Þ = 1ffiffiffiffiffiffiffiffiffiffiffiffi
−2πbi

p
ð
ℝ
LE ff g ξð Þ e−i/2 a/bð Þt2− 2/bð Þtξ+ d/bð Þξ2ð Þ dξ:

ð14Þ

Definition 2. For every E =
a b
c d

" #
∈ Slð2,ℂÞ, the complex

LCT is defined by

LE ff g zð Þ =
ð
ℝ
f xð ÞKE z, xð Þdx, ð15Þ
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where

KE z, xð Þ = 1ffiffiffiffiffiffiffiffiffi
2πbi

p ei/2 a/bð Þx2− 2/bð Þxz+ d/bð Þz2ð Þ, ð16Þ

provided Reðia/bÞ < 0. For a is a real number, b must satisfy
−π < arg b < 0. For an example, taking a = 2−1/2 = d, b = i
2−1/2 = c, we obtain (compare to [17])

KE z, xð Þ = π−1/22−1/4e−1/2 x2+z2ð Þ+21/2xz: ð17Þ

The next, following [13], we have.

Remark 3. When E =
1 −2it
0 1

" #
, we obtain

KE ξ, xð Þ = 1ffiffiffiffiffiffiffi
4πt

p e− x−ξð Þ2/4t , t > 0: ð18Þ

This form is often so-called heat kernel or Gauss’s kernel.

Definition 4. The inversion formula of the complex LCT is
defined as in [13, 17].

f xð Þ =
ð
ℂ
LE ff g zð ÞK−1

E x, zð Þ d2μ z, zå
� �

, d2μ z, zå
� �

= vm z, zå
� �

d Rezð Þd Imzð Þ,
ð19Þ

where

vm z, zå
� �

=
ffiffiffiffiffi
2
πv

r
e1/2v uz2−2zzå+uåzå2

� �
, u = aåd − båc, v = 2Imabå > 0:

ð20Þ

Example 5. (Dirac delta function). The Dirac delta function
δðtÞ is a generalized function satisfying the following:

δ tð Þ = 0f ort ≠ 0, δ 0ð Þ =∞,
ð
ℝ
δ tð Þ dt = 1: ð21Þ

By applying (7) to δðtÞ, we obtain

LE δ tð Þf g ξð Þ =
ð
ℝ
δ tð ÞKE ξ, tð Þ dt = KE ξ, 0ð Þ = 1ffiffiffiffiffiffiffiffiffi

2πbi
p eid/2bξ

2
:

ð22Þ

Example 6. (Gaussian function). The Gaussian function is
defined by

g tð Þ = e−kt
2 , k > 0: ð23Þ

The LCT of the Gaussian function gðtÞ is given by (see
[1])

LE e−kt
2

n o
ξð Þ = 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a + 2kbi
p e c+2kdi/2 2kb−aið Þð Þξ2 : ð24Þ

Let us introduce the convolution of two complex func-
tions in the LCT domain and the relationship between the
convolution and its LCT (see [5, 18–20]).

Definition 7. Let f , g ∈ L1ðℝÞ. Then, the convolution opera-
tor associated with the LCT is given by

f ∗ gð Þ xð Þ =
ð
ℝ
e
it t−xð Þa

b f tð Þg x − tð Þ dt: ð25Þ

The LCT of the convolution of f and g is given by

1ffiffiffiffiffiffiffiffiffi
2πbi

p ei dξ2/2bð ÞLE f ∗ gf g ξð Þ = LE ff g ξð ÞLE gf g ξð Þ: ð26Þ

3. Useful Properties of LCT

The following Theorem 8 describes the LCT of the derivative
of a function (see [21]). It is very useful to solve partial differ-
ential equations related to the LCT.

Theorem 8. Let f ðtÞ ∈ L1ðℝÞ. Assume that LEfðdn/dtnÞf ðtÞ
gðξÞ exist. Then, we have

LE
dn

dtn
f tð Þ

	 

ξð Þ = −cξi + a

d
dξ

� �n

LE f tð Þf g ξð Þ: ð27Þ

Let us give a simple application of Theorem 8.

Example 9. (Mexican hat wavelet). The Mexican hat wavelet
is defined by (see [22])

M tð Þ = 1 − t2
� �

e−t
2/2: ð28Þ

The alternative form of (28) is

M tð Þ = −
d2

dt2
e−t

2/2: ð29Þ

The LCT of (28) is given by

LE M tð Þf g ξð Þ = −
1ffiffiffiffiffiffiffiffiffiffiffi
a + bi

p ehξ
2
−ica + 6ha2ξ − 4hica + c2

� �
ξ2 + 4h2a2ξ3

� �
:

ð30Þ

Let us give a sketch of the proof of (30) below.
By applying Theorem 8 with n = 2 and Example 6, we get

LE M tð Þf g ξð Þ = −LE
d2

dt2
e−t

2/2
�( )

ξð Þ

= − −cξi + a
d
dξ

� �2
LE e−t

2/2
�n o

ξð Þ

= − −cξið Þ2 − icaξ
d
dξ

− ica
d
dξ

ξ + a2
d2

dξ2

 !
1ffiffiffiffiffiffiffiffiffiffiffi
a + bi

p e c+di/2 b−aið Þð Þξ2 :

ð31Þ
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By algebraic simplifications, we obtain

LE M tð Þf g ξð Þ = −
1ffiffiffiffiffiffiffiffiffiffiffi
a + bi

p −c2ξ2 − icaξ
d
dξ

− ica
d
dξ

ξ + a2
d2

dξ2

 !
e1/2 ac+bdð Þi−1/a2+b2ð Þð Þξ2 :

ð32Þ

Now, setting h = 1/2ðððac + bdÞi − 1/a2 + b2ÞÞ, we get

LE M tð Þf g ξð Þ = −
1ffiffiffiffiffiffiffiffiffiffiffi
a + bi

p −c2ξ2 − icaξ
d
dξ

− ica
d
dξ

ξ + a2
d2

dξ2

 !
ehξ

2

= −
1ffiffiffiffiffiffiffiffiffiffiffi
a + bi

p −c2ξ2ehξ
2
− icaξ

d
dξ

ehξ
2
− ica

d
dξ

ξehξ
2 + a2

d2

dξ2
ehξ

2
 !

= −
1ffiffiffiffiffiffiffiffiffiffiffi
a + bi

p −c2ξ2ehξ
2
− 2hicaξ2ehξ2 − ica 1 + 2hξ2

� �
ehξ

2�

+ a2
d
dξ

1 + 2hξ2
� �

ehξ
2
�

= −
1ffiffiffiffiffiffiffiffiffiffiffi
a + bi

p −c2ξ2ehξ
2
− 2hicaξ2ehξ2 − ica 1 + 2hξ2

� �
ehξ

2�
+ a2 4hξ + 1 + 2hξ2

� �
2hξ

� �
ehξ

2�
= −

1ffiffiffiffiffiffiffiffiffiffiffi
a + bi

p ehξ
2
−c2ξ2 − 2hicaξ2 − ica − 2hicaξ2
�

+ 4ha2ξ + 2ha2ξ + 4h2a2ξ3
�

= −
1ffiffiffiffiffiffiffiffiffiffiffi
a + bi

p ehξ
2
−ica + 6ha2ξ − 4hica + c2

� �
ξ2 + 4h2a2ξ3

� �
:

ð33Þ

Definition 10. The Schwartz space SðℝÞ of rapidly decaying
functions is defined by a collection of complex valued func-
tions such that

S = ψ tð Þ ∈ C∞ ℝð Þ: sup
t∈ℝ

∣ tmDnψ tð Þ∣<∞,∀m, n ∈ℕ
	 


,

ð34Þ

where D = d/dt.

The generalization of the Schwartz space in the LCT
domain is described in the following.

Definition 11. ([21]). The Schwartz space SEðℝÞ of rapidly
decaying functions associated with the LCT is defined by a
collection of complex valued functions such that

SE = ψ tð Þ ∈ C∞ ℝð Þ: sup
t∈ℝ

∣ tmDn
Eψ tð Þ∣<∞,∀m, n ∈ℕ

	 

,

ð35Þ

where DE = d/dt − iða/bÞt.

From the above definition, we obtain the following
important result (see [21]).

Theorem 12. Let KEðξ, tÞ be the LCT kernel and �DE = −d/dt
− iða/bÞt. Then, we have

Dn
EKE ξ, tð Þ = −i

ξ

b

� �n

KE ξ, tð Þ,∀n ∈ℕ,

LE �Dn
Eψ tð Þ� �

ξð Þ = −i
ξ

b

� �n

LE ψ tð Þf g ξð Þ,∀n ∈ℕ and ψ ∈ SE:

ð36Þ

4. Sampling Theorem in LCT Domain

The sampling theorem [23] states that a class of functions
can be determined perfectly from samples taken at equal
interval. In this part, we investigate some results of sam-
pling theorem associated with the LCT. We first introduce
the following result, which was investigated in [24, 25].

Theorem 13. Suppose that f is band limited toΩE in the LCT
domain. Then, for every x and b > 0, one has

f xð Þ = 〠
n=∞

n=−∞
e−i a/2bð Þx2 f nTð Þei a/2bð Þ nTð Þ2 sinc ΩE x − nTð Þ

bπ


 �
:

ð37Þ

Here, T = πb/ΩE, and it is the sampling period.
This gives the following theorem which is very useful to

obtain the solution of heat equation in the LCT domain.

Theorem 14. Under assumptions as in Theorem 13, we have

LE ff g ξð Þ =H0 ξ +ΩEð Þ −H0 ξ −ΩEð Þ

� π
ffiffiffiffiffiffi
bπ

p

ΩE

ffiffiffiffi
2i

p ei d/2bð Þξ2 〠
n=∞

n=−∞
f nTð Þei a/2bð Þ nTð Þ2 e−inTξ/b,

ð38Þ

where the step function is defined by

H0 ξ +ΩEð Þ −H0 ξ −ΩEð Þ =
1 if ΩE < ξ <ΩE

0 otherwise:

( 

ð39Þ

Proof. Substituting (37) into the LCT definition, it is not dif-
ficult to arrive at
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LE ff g ξð Þ =
ð
ℝ
f xð Þ 1ffiffiffiffiffiffiffiffiffi

2πbi
p ei/2 a/bð Þx2− 2/bð Þxξ+ d/bð Þξ2ð Þ dx

=
ð
ℝ

〠
n=∞

n=−∞
f nTð Þei a/2bð Þ nTð Þ2 sinc ΩE x − nTð Þ

bπ


 �

� 1ffiffiffiffiffiffiffiffiffi
2πbi

p ei/2 − 2/bð Þxξ+ d/bð Þξ2ð Þ dx

= 1ffiffiffiffiffiffiffiffiffi
2πbi

p ei d/2bð Þξ2 〠
n=∞

n=−∞
f nTð Þei a/2bð Þ nTð Þ2

ð
ℝ
sinc

� ΩE x − nTð Þ
bπ


 �
e−i xξ/bð Þ dx

= 1ffiffiffiffiffiffiffiffiffi
2πbi

p ei d/2bð Þξ2 〠
n=∞

n=−∞
f nTð Þei a/2bð Þ nTð Þ2

ð
ℝ
sin

� ΩE/bπð Þx − ΩET/bπ2� �
nπ

ΩE/bπð Þx − ΩET/bπ2ð Þnπ

 �

e−i xξ/bð Þ dx

=H0 ξ +ΩEð Þ −H0 ξ −ΩEð Þei d/2bð Þξ2 〠
n=∞

n=−∞
f

� nTð Þei a/2bð Þ nTð Þ2 bπ
ΩE

e−inTξ/b
ffiffiffiffiffiffi
π

2bi

r
=H0 ξ +ΩEð Þ −H0 ξ −ΩEð Þ

� π
ffiffiffiffiffiffi
bπ

p

ΩE

ffiffiffiffi
2i

p ei d/2bð Þξ2 〠
n=∞

n=−∞
f nTð Þei a/2bð Þ nTð Þ2e−inTξ/b:

ð40Þ

This is the desired result.

5. Generalized Wave Equations in Linear
Canonical Transform Domain

In the present section, we study how the LCT can be applied
to solve partial differential equations. In particular, we are
going to obtain the solution of generalized wave equation.
In [26], the author have obtained the solution of wave equa-
tion using the LCT. Therefore, in this part, we propose a dif-
ferent way to obtain the solution of wave equations related to
the LCT. We also provide a simple example to illustrate the
result. Let us therefore introduce the generalized wave equa-
tion in the LCT domain.

Consider the following generalized one-dimensional
wave equation associated with the LCT:

∂2ϕ x, tð Þ
∂t2

= k2 �D2
Eϕ x, tð Þ, −∞ < x <∞, t > 0, ð41Þ

with the initial condition:

ϕ x, 0ð Þ = f xð Þ,  ∂ϕ x, tð Þ
∂t

����
t=0

= g xð Þ, −∞ < x <∞, ð42Þ

where k is a positive constant and f ðxÞ, gðxÞ ∈ L1ðℝÞ. Note
that �DE = −d/dx − iða/bÞx. The solution of the generalized
one-dimensional wave equation mentioned above is given by

ϕ x, tð Þ = sgn bð Þ e
−i a/2bð Þx2

2 ×  f x + ktð Þei a/2bð Þ x+ktð Þ2
h

+ f x − ktð Þei a/2bð Þ x−ktð Þ2 + 1
k

ðx+kt
x−kt

g ξð Þei a/2bð Þξ2 dξ
�
:

ð43Þ

Note that, in the case when E =
0 1
−1 0

" #
, the solution

(43) becomes the well-known d’Alembert solution of the
classical wave equation, that is,

ϕ x, tð Þ = 1
2 f x + ktð Þ + f x − ktð Þ + 1

k

ðx+kt
x−kt

g ξð Þ dξ

 �

: ð44Þ

When E =
cos α sin α

−sin α cos α

" #
, (43) leads to

ϕ x, tð Þ = sgn sin αð Þ e
−i cot α/2ð Þx2

2 f x + ktð Þei cot α/2ð Þ x+ktð Þ2
h

+ f x − ktð Þei cot α/2ð Þ x−ktð Þ2 + 1
k

ðx+kt
x−kt

g ξð Þei cot α/2ð Þξ2 dξ
�
,

ð45Þ

which is the solution of the generalized wave equation using
the FrFT (compare to [10]). Therefore, (43) can be seen as
follows:

For fixed t, applying the LCT on both sides of (41) and
using Theorem 12, we obtain

∂2ϕE ξ, tð Þ
∂t2

= k2 −i
ξ

b

� �2
ϕE ξ, tð Þ, ð46Þ

where ϕEðξ, tÞ = LEfϕðx, tÞg is the LCT of ϕðx, tÞwith respect
to x only. The solution of equation (46) takes the form:

ϕE ξ, tð Þ = PE ξð Þe ik/bð Þξt +QE ξð Þe− ik/bð Þξt : ð47Þ

Differentiating (47) with respect to t, we have

ϕtE ξ, tð Þ = k
b
ξiPE ξð Þe ik/bð Þξt −

k
b
ξiQE ξð Þe− ik/bð Þξt: ð48Þ

Now, we use the notation

FE ξð Þ = LE f xð Þf g ξð Þ = LE ϕ x, 0ð Þf gξÞ = ϕE ξ, 0ð Þ, ð49Þ

GE ξð Þ = LE g xð Þf g ξð Þ = LE ϕt x, 0ð Þf gξÞ = ϕtE ξ, 0ð Þ: ð50Þ
Consequently, we obtain

FE ξð Þ = ϕE ξ, 0ð Þ = PE ξð Þ +QE ξð Þ, ð51Þ

GE ξð Þ = ϕtE ξ, 0ð Þ = k
ξ
ξi PE ξð Þ −QE ξð Þð Þ: ð52Þ

From equations (51) and (52), we get

PE ξð Þ = 1
2 FE ξð Þ + b

ikξ
GE ξð Þ

� �
, ð53Þ

QE ξð Þ = 1
2 FE ξð Þ − b

ikξ
GE ξð Þ

� �
: ð54Þ
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Substituting (54) in (47) yields

ϕE ξ, tð ÞÞ = 1
2 FE ξð Þ e ik/bð Þξt + e− ik/bð Þξt

� �
+ b
2ikξGE ξð Þ e ik/bð Þξt − e− ik/bð Þξt

� �
:

ð55Þ

Now, applying inverse transform of the LCT defined by
(14) into both sides of (55), we immediately get

ϕ x, tð Þ = 1ffiffiffiffiffiffiffiffiffiffiffiffi
−2πbi

p
ð
ℝ

1
2 FE ξð Þ e ik/bð Þξt + e− ik/bð Þξt

� ��


+ b
2ikξGE ξð Þ e ik/bð Þξt − e− ik/bð Þξt

� ��

× e−i/2 a/bð Þx2− 2/bð Þxξ+ d/bð Þξ2ð Þ�dξ
= 1ffiffiffiffiffiffiffiffiffiffiffiffi

−2πbi
p

ð
ℝ

1
2

1ffiffiffiffiffiffiffiffiffi
2πbi

p
ð
ℝ
f εð Þei/2 a/bð Þε2− 2/bð Þεξ+ d/bð Þξ2ð Þ dε

�


� e ik/bð Þξt + e− ik/bð Þξt
� �

+ b
2ikξ

� 1ffiffiffiffiffiffiffiffiffi
2πbi

p
ð
ℝ
g εð Þei/2 a/bð Þε2− 2/bð Þεξ+ d/bð Þξ2ð Þ dε

� e ik/bð Þξt − e− ik/bð Þξt
� �

Þe−i/2 a/bð Þx2− 2/bð Þxξ+ d/bð Þξ2ð Þ�dξ

= 1ffiffiffiffiffiffiffiffiffiffiffiffi
−2πbi

p 1ffiffiffiffiffiffiffiffiffi
2πbi

p
ð
ℝ

1
2

ð
ℝ
f εð Þei/2 a/bð Þε2− 2/bð Þεξ+ d/bð Þξ2ð Þ dε

�


� e ik/bð Þξt + e− ik/bð Þξt
� �

 

+ b
2ikξ

ð
ℝ
g εð Þei/2 a/bð Þε2− 2/bð Þεξ+ d/bð Þξ2ð Þ dε

� e ik/bð Þξt − e− ik/bð Þξt
� �

Þe−i/2 a/bð Þx2− 2/bð Þxξ+ d/bð Þξ2ð Þ�dξ

= 1
2π ∣ b ∣

ð
ℝ

1
2

ð
ℝ
f εð Þei/2 a/bð Þε2− 2/bð Þεξð Þ




� e ik/bð Þξt + e− ik/bð Þξt
� �

e−i/2 a/bð Þx2− 2/bð Þxξð Þ dε

+ b
2ikξ

ð
ℝ
g εð Þei/2 a/bð Þε2− 2/bð Þεξð Þ

� e ik/bð Þξt − e− ik/bð Þξt
� �

e−i/2 a/bð Þx2− 2/bð Þxξð Þ dε�dξ

= e−i a/2bð Þx2

2π ∣ b ∣

ð
ℝ

1
2

ð
ℝ
f εð Þei/2 a/bð Þε2− 2/bð Þεξð Þ




� e ik/bð Þξt + e− ik/bð Þξt
� �

e−i/2 − 2/bð Þxξð Þ dε

+ b
2ikξ

ð
ℝ
g εð Þei/2 a/bð Þε2− 2/bð Þεξð Þ

� e ik/bð Þξt − e− ik/bð Þξt
� �

e−i/2 − 2/bð Þxξð Þ dε�dξ

= e−i a/2bð Þx2

2π ∣ b ∣

ð
ℝ

1
2

ð
ℝ
f εð Þei a/2bð Þε2e− iεξ/bð Þ




� e ik/bð Þξt + e− ik/bð Þξt
� �

e−i/2 − 2/bð Þxξð Þ dε

+ b
2ikξ

ð
ℝ
g εð Þei a/2bð Þε2e− iεξ/bð Þ

� e ik/bð Þξt − e− ik/bð Þξt
� �

e−i/2 − 2/bð Þxξð Þ dε
i
dξei a/2bð Þε2e− iεξ/bð Þ:

ð56Þ

Set ��f ðεÞ = f ðεÞeiða/2bÞε2 , ��gðεÞ = gðεÞeiða/2bÞε2 , and v = ξ/b,
then we have

ϕ x, tð Þ = be−i a/2bð Þx2

2
ffiffiffiffiffiffi
2π

p
∣ b ∣

ð
ℝ

1ffiffiffiffiffiffi
2π

p
ð
ℝ

��f εð Þe−ivε dε



� eikvt + e−ikvt
� �

eixv + 1
ikv

� 1ffiffiffiffiffiffi
2π

p
ð
ℝ

��g εð Þe−ivε dε eikvt − e−ikvt
� �

eixv
�
dv:

ð57Þ

By using the FT definition (11), we immediately obtain

ϕ x, tð Þ = b
2 ∣ b ∣

e−i a/2bð Þx2ffiffiffiffiffiffi
2π

p
ð
ℝ

F ��f
n o

vð Þ eiv x+ktð Þ + eiv x−ktð Þ
� �h

+ b
ikv

F ��gf g vð Þ eiv x+ktð Þ − eiv x−ktð Þ
� ��

dv

= sgn bð Þ
2

e−i a/2bð Þx2ffiffiffiffiffiffi
2π

p
ffiffiffiffiffiffi
2π

p ��f x + ktð Þ + ��f x − ktð Þ
� �h

+ 1
k

ð
ℝ
F ��gf g vð Þ

ðx+kt
x−kt

eivα dα
� �

dv
�

= sgn bð Þ
2

e−i a/2bð Þx2ffiffiffiffiffiffi
2π

p
ffiffiffiffiffiffi
2π

p
f x + ktð Þei a/2bð Þ x+ktð Þ2
�h

+ f x − ktð Þei a/2bð Þ x−ktð Þ2
�
+ 1
k

ðx+kt
x−kt

�
ð
ℝ
F ��gf g vð Þeivα dv

� �
dα
�

= sgn bð Þe−i a/2bð Þx2

2 f x + ktð Þei a/2bð Þ x+ktð Þ2
h

+ f x − ktð Þei a/2bð Þ x−ktð Þ2 + 1
k

ðx+kt
x−kt

� 1ffiffiffiffiffiffi
2π

p
ð
ℝ
F ��gf g vð Þeivα dv

� �
dα
�

= sgn bð Þe−i a/2bð Þx2

2 f x + ktð Þei a/2bð Þ x+ktð Þ2
h

+ f x − ktð Þei a/2bð Þ x−ktð Þ2 + 1
k

ðx+kt
x−kt

��g αð Þ dα
� ��

= sgn bð Þe−i a/2bð Þx2

2 f x + ktð Þei a/2bð Þ x+ktð Þ2
h

+ f x − ktð Þei a/2bð Þ x−ktð Þ2 + 1
k

ðx+kt
x−kt

g αð Þei a/2bð Þα2 dα
� ��

,

ð58Þ

as claimed in (43). For different values of (43) is shown in
Figures 1 and 2.

For an illustration, we provide the following simple
example.
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Example 5.1 Let us consider the following initial wave
equation:

∂2ϕ x, tð Þ
∂t2

= 0:25�D2
Eϕ x, tð Þ, −∞<x<∞, t > 0

ϕ x, 0ð Þ = e− 1/2ð Þx2 ,  ∂ϕ x, tð Þ
∂t

����
t=0

= e− 1/2ð Þx2 :

8>>><
>>>:

ð59Þ

According to (43), we get the solution in the form:

ϕ x, tð Þ = sgn bð Þ
2 e−i a/2bð Þx2 e−1/2 x+0:5tð Þ2ei/2 x+0:5tð Þ2

h
+ e−1/2 x−0:5ð Þ2ei/2 x−0:5tð Þ2

+ 2
ðx+0:5t
x−0:5t

e− 1/2ð Þξ2ei a/2bð Þξ2 dξ
�
:

ð60Þ

On the other hand, for a = b = 1, we get
ðx+0:5t
x−0:5t

e− 1/2ð Þξ2ei a/2bð Þξ2 dξ =
ðx+0:5t
x−0:5t

e−1/2 1−ið Þξ2 dξ

=
ðx+0:5t
x−0:5t

e−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1/2ð Þ 1−ið Þξ

pð Þ2 dξ:
ð61Þ

Setting u =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1/2Þð1 − iÞξp

, then

ðx+0:5t
x−0:5t

e− 1/2ð Þξ2ei a/2bð Þξ2 dξ = 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1/2 1 − ið Þp ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1/2ð Þ 1−ið Þ
p

x+0:5tð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1/2ð Þ 1−ið Þ

p
x−0:5tð Þ

e−u
2
du

= 2ffiffiffiffiffiffiffiffiffiffiffi
2 − 2i

p
ð1/4 ffiffiffiffiffiffiffiffiffi

2−2ið Þ
p

2x+tð Þ

1/4
ffiffiffiffiffiffiffiffiffi
2−2ið Þ

p
2x−tð Þ

e−u
2
du

=
ffiffiffi
π

pffiffiffiffiffiffiffiffiffiffiffi
2 − 2i

p 2ffiffiffi
π

p
ð0
1/4

ffiffiffiffiffiffiffiffiffi
2−2ið Þ

p
2x−tð Þ

e−u
2
du

 

+ 2ffiffiffi
π

p
ð1/4 ffiffiffiffiffiffiffiffiffi

2−2ið Þ
p

2x+tð Þ

0
e−u

2
du

!

=
ffiffiffi
π

pffiffiffiffiffiffiffiffiffiffiffi
2 − 2i

p 2ffiffiffi
π

p
ð1/4 ffiffiffiffiffiffiffiffiffi

2−2ið Þ
p

t−2xð Þ

0
e−u

2
du

 

+ 2ffiffiffi
π

p
ð1/4 ffiffiffiffiffiffiffiffiffi

2−2ið Þ
p

2x+tð Þ

0
e−u

2
du

!

=
ffiffiffi
π

pffiffiffiffiffiffiffiffiffiffiffi
2 − 2i

p erf 1
4
ffiffiffiffiffiffiffiffiffiffiffi
2 − 2i

p
−2x + tð Þ

� ��

+ erf 1
4
ffiffiffiffiffiffiffiffiffiffiffi
2 − 2i

p
2x + tð Þ

� ��
:

ð62Þ

It means that equation (60) takes the form

ϕ x, tð Þ = e− i/2ð Þx2

2 e−1/2 x+0:5tð Þ2ei/2 x+0:5tð Þ2
h

+ e−1/2 x−0:5tð Þ2ei/2 x−0:5tð Þ2 

+ 2 ffiffiffi
π

pffiffiffiffiffiffiffiffiffiffiffi
2 − 2i

p erf 1
4
ffiffiffiffiffiffiffiffiffiffiffi
2 − 2i

p
−2x + tð Þ

� ��

+ erf 1
4
ffiffiffiffiffiffiffiffiffiffiffi
2 − 2i

p
2x + tð Þ

� ��
�,

ð63Þ

where the error function is defined by

erf xð Þ = 2ffiffiffi
π

p
ðx
0
e−t

2
dt, for all x: ð64Þ

In particular, if gðxÞ = 0, the above expression becomes

ϕ x, tð Þ = ei t2/8ð Þ
2 e−1/2 x+0:5tð Þ2ei0:5xt + e−1/2 x−0:5tð Þ2e−i0:5xt

h i
:

ð65Þ

6. Solution of Generalized Heat Equation Using
Sampling Formulae

Let us consider the following generalized one-dimensional
heat equation associated with the LCT:

∂φ x, tð Þ
∂t

= k2�D2
Eφ x, tð Þ, −∞ < x <∞, t > 0, ð66Þ

with the initial condition:

φ x, 0ð Þ = f xð Þ, ð67Þ

where k ≠ 0 is a constant and �DE = −d/dx − iða/bÞx.

Theorem 15. Assume that f ðxÞ in (67) is band limited to ΩE
in the LCT domain. Then, the solution of (66) is given by

φ x, tð Þ = π

ΩE
e−i a/2bð Þx2 〠

n=∞

n=−∞
f nTð Þei a/2bð Þ nTð Þ2

ðΩE

−ΩE

e− k2/b2ð Þξ2t cos

� ξ
nT
b

−
xξ
b

� �� �
dξ:

ð68Þ

Proof. Applying the LCT to both sides of (66) yields

∂φE ξ, tð Þ
∂t

= −
k2

b2
ξ2φE ξ, tð Þ: ð69Þ

This gives

φE ξ, tð Þ = FE ξð Þe− k2/b2ð Þξ2t , ð70Þ

where FEðξÞ is defined by (49). Taking the inverse transform
of the LCT in (70), it is easy to obtain
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φ x, tð Þ = LE−1 FE ξð Þe− k2/b2ð Þξ2th i
= 1ffiffiffiffiffiffiffiffiffiffiffiffi

−2πbi
p

ð
ℝ
FE ξð Þe− k2/b2ð Þξ2tei/2 a/bð Þx2− 2/bð Þxξ+ d/bð Þξ2ð Þ dξ:

ð71Þ
Because f ðxÞ is band limited toΩE, then LEf f gðξÞ = 0 for

∣ξ ∣ >ΩE . Applying this fact and then substituting (38) in (71),
we obtain

The proof is complete.

7. Solution of Generalized Heat Equation
Using LCT

The purpose of this part is to solve (66) using the LCT. We
prove the following result.

Theorem 16. Assume that f ðxÞ in (67) belong L1ðℝÞ. Then,
the solution of (66) is given by

φ x, tð Þ = 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−4πk2t

p
ð
ℝ
eiu u−xð Þa/b f uð Þe1/2 −b2c−2ak2it/2k2btð Þ x−uð Þ2 du:

ð73Þ

Proof. By using the inverse transform of the LCT (14), we
have

φ x, tð Þ = 1ffiffiffiffiffiffiffiffiffiffiffiffi
−2πbi

p e−i a/2bð Þx2
ð
ℝ
e−i d/2bð Þξ2FE ξð Þe− k2/b2ð Þξ2te−i xξ/bð Þ dξ

= 1ffiffiffiffiffiffiffiffiffiffiffiffi
−2πbi

p e−i a/2bð Þx2
ðΩE

−ΩE

e−i d/2bð Þξ2ei d/2bð Þξ2 〠
n=∞

n=−∞
f nTð Þei a/2bð Þ nTð Þ2 π

ffiffiffiffiffiffi
bπ

p

ΩE

ffiffiffiffi
2i

p e−i nTξ/bð Þe− k2/b2ð Þξ2te−i xξ/bð Þ dξ

= 1ffiffiffiffiffiffiffiffiffiffiffiffi
−2πbi

p e−i a/2bð Þx2
ðΩE

−ΩE

〠
n=∞

n=−∞
f nTð Þei a/2bð Þ nTð Þ2 π

ffiffiffiffiffiffi
bπ

p

ΩE

ffiffiffiffi
2i

p e−i nTξ/bð Þe− k2/b2ð Þξ2te−i xξ/bð Þ dξ

= 1ffiffiffiffiffiffiffiffiffiffiffiffi
−2πbi

p e−i a/2bð Þx2 〠
n=∞

n=−∞
f nTð Þei a/2bð Þ nTð Þ2 π

ffiffiffiffiffiffi
bπ

p

ΩE

ffiffiffiffi
2i

p
ðΩE

−ΩE

e− k2/b2ð Þξ2te−iξ nT/bð Þ− xξ/bð Þð Þ dξ

= π

2ΩE
e−i a/2bð Þx2 〠

n=∞

n=−∞
f nTð Þei a/2bð Þ nTð Þ2

ðΩE

−ΩE

e− k2/b2ð Þξ2te−iξ nT/bð Þ− xξ/bð Þð Þ dξ

= π

ΩE
e−i a/2bð Þx2 〠

n=∞

n=−∞
f nTð Þei a/2bð Þ nTð Þ2

ðΩE

−ΩE

e− k2/b2ð Þξ2t cos ξ
nT
b

−
xξ
b

� �� �
dξ:

ð72Þ

LE−1 e− k2/b2ð Þξ2th i
= 1ffiffiffiffiffiffiffiffiffiffiffiffi

−2πbi
p

ð
ℝ
e− k2/b2ð Þξ2te−i/2 a/bð Þx2− 2/bð Þxξ+ d/bð Þξ2ð Þ dξ

= e− ia/2bð Þx2ffiffiffiffiffiffiffiffiffiffiffiffi
−2πbi

p
ð
ℝ
e − k2/b2ð Þt−di/2bð Þξ2e −iξx/bð Þ dξ

= e− ia/2bð Þx2ffiffiffiffiffiffiffiffiffiffiffiffi
−2πbi

p
ð
ℝ
e 2k2t−idb/2b2ð Þ ξ2−2ibξx/2k2t−idbð Þ dξ

= e− ia/2bð Þx2ffiffiffiffiffiffiffiffiffiffiffiffi
−2πbi

p
ð
ℝ
e 2k2t−idb/2b2ð Þ ξ2−2ibξx/2k2t−idbð Þ+ ibx/2k2t−idbð Þ2− ibx/2k2t−idbð Þ2

� �
dξ

= e− ia/2bð Þx2ffiffiffiffiffiffiffiffiffiffiffiffi
−2πbi

p e 2k2t−idb/2b2ð Þ − ibx/2k2t−dbið Þ2
� �ð

ℝ
e 2k2t−dbi/2b2ð Þ ξ2−2ibξx/2k2t−dbið Þ+ ibx/2k2t−idbð Þ2

� �
dξ

= e− ia/2bð Þx2ffiffiffiffiffiffiffiffiffiffiffiffi
−2πbi

p ex
2/4k2t−2dbi

ð
ℝ
e− dbi−2k2t/2b2ð Þ ξ−ibx/2k2t−idbð Þ2 dξ:

ð74Þ
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Based on Gaussian integral and basic property of matrix
parameter of the LCT, we obtain

Put hðx, tÞ = e1/2ð−b
2c−2ak2it/2k2bt−ib2dÞx2 . Then, we get

LE

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b

2k2ti + db2

r
h x, tð Þ

( )
= e− k2/b2ð Þξ2t: ð76Þ

From (70), we obtain

φ x, tð Þ = LE−1 FE ξð Þe− k2/b2ð Þξ2th i
: ð77Þ
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Figure 1: Real and imaginary parts of solution of (43) for a = b = 1, k = 1/2, t = 1, t = 2, t = 4, t = 5, t = 7, and gðxÞ = 0.
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Figure 2: Real and imaginary parts of solution of (43) for a = 1/2, b = 2, k = 3/2, t = 1/2, t = 3/2, t = 5/2, t = 5, t = 8, and gðxÞ = signumðxÞ.

LE−1 e− k2/b2ð Þξ2th i
= 1ffiffiffiffiffiffiffiffiffiffiffiffi

−2πbi
p e− a 4k2t−2dbið Þ/2b 4k2t−2dbið Þð Þx2ie2bx2/2b 4k2t−2dbið Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2b2π

dbi − 2k2t

s

=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b

2k2ti + db2

r
e −4k2tai−2adb+2b/2b 4k2t−2dbið Þð Þx2

=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b

2k2ti + db2

r
e −4k2tai−2b2c/2b 4k2t−2dbið Þð Þx2

=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b

2k2ti + db2

r
e1/2 −2k2tai−b2c/2k2bt−db2ið Þx2 :

ð75Þ
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By inserting (76) in (77), it is easy to see that

φ x, tð Þ = LE−1 LE f xð Þf gLE
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b

2k2ti + db2

r
h x, tð Þ

( )" #

=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b

2k2ti + db2

r
LE−1 LE f xð Þf gLE h x, tð Þf g½ �

=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b

2k2ti + db2

r
LE−1

1ffiffiffiffiffiffiffiffiffi
2πbi

p ei dξ2/2bð ÞLE f ∗ hf g

 �

:

ð78Þ

For simplicity, let us assume ~E =
a b

c 0

" #
. Then, the

above identity takes the form:

φ x, tð Þ =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b/2k2ti

p
ffiffiffiffiffiffiffiffiffi
2πbi

p L~A
−1 L~A f ∗ hf g½ �: ð79Þ

Applying the convolution theorem for the LCT defined
by (25), we obtain

φ x, tð Þ = 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−4πk2t

p L~A
−1 L~A f ∗ hf g½ �

= 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−4πk2t

p
ð
ℝ
e iu u−xð Það Þ/b f uð Þh x − u, tð Þ du

= 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−4πk2t

p
ð
ℝ
e iu u−xð Það Þ/b f uð Þe1/2 −b2c−2ak2it/2k2btð Þ x−uð Þ2 du,

ð80Þ

as claimed in (73).

This solution of (73) with initial conditions f ðxÞ =
e−ð1/2Þx

2
and the Heaviside step function

f xð Þ = u xð Þ =
0 x < 0,
1 x ≥ 0,

(
ð81Þ

is described in Figures 3 and 4, respectively.

Remark 17. Notice first that, when E =
0 1
−1 0

" #
, (73) will

lead to

φ x, tð Þ = 1
ik
ffiffiffiffiffiffiffi
4πt

p
ð
ℝ
f uð Þe x−uð Þ2/4tk2 du: ð82Þ

The above identity is solution of the classical heat
equation.

Let us consider

G x − u, tð Þ = 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−4πk2t

p e iu u−xð Það Þ/be1/2 −b2c−2ak2it/2k2btð Þ x−uð Þ2 :

ð83Þ

Then, the solution of heat equation associated with the
LCT (73) reduces to the form:

φ x, tð Þ =
ð
ℝ
f uð ÞG x − u, tð Þ du: ð84Þ
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Figure 3: Real and imaginary parts of solution of (73) for a = b = c = 1, k = 1/2, t = 1/2, t = 2, t = 3, t = 5, t = 10, and f ðxÞ = e−ð1/2Þx
2
.
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Figure 4: Real and imaginary parts of solution of (73) for a = 1/3, b = 1/2, c = 5/2, k = 1, t = 1/2, t = 2, t = 3, t = 5, t = 10, and f ðxÞ = uðxÞ.
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When f ðxÞ = δðxÞ, (84) becomes

φ x, tð Þ = 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−4πk2t

p e1/2 −b2c−2ak2it/2k2btð Þx2 : ð85Þ

8. Conclusion

We have established the solution of generalized wave equa-
tion using the lCT and obtained the solution of heat equation
using the sampling formulae of band limited function related
to the LCT. The solutions have been obtained by applying the
properties of the LCT and the relationship between the FT
and the LCT. It is found that the solutions are general form
of the solutions of the classical wave and heat equations.
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