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Our aim in the present paper is to introduce and study new types of fuzzy retractions of fuzzy open flat Robertson-Walker W*
model. New types of the fuzzy deformation retracts of W* model are obtained. The relations between the fuzzy foldings and the
fuzzy deformation retracts of W* model are deduced. Types of fuzzy minimal retractions are also presented. New types of homotopy
maps are deduced. New types of conditional fuzzy folding are presented. Some commutative diagrams are obtained.

1. Introduction and Background

Robertson-Walker space represents one of the most intrigu-
ing and emblematic discoveries in the history of geometry.
Although if it were introduced for a purely geometrical pur-
pose, they came into prominence in many branches of math-
ematics and physics. This association with applied science
and geometry generated synergistic effect: applied science
gave relevance to Robertson-Walker space and Robertson-
Walker space allowed formalizing practical problems [1-6].
As is well known, the theory of retractions is always one
of interesting topics in Euclidian and Non-Euclidian spaces
and it has been investigated from the various viewpoints by
many branches of topology and differential geometry [7-11].
There are many diverse applications of certain phenomena
for which it is impossible to get relevant data. It may not be
possible to measure essential parameters of a process such
as the temperature inside molten glass or the homogeneity
of a mixture inside some tanks. The required measurement
scale may not exist at all, such as in the case of evaluation
of offensive smells, evaluating the taste of foods or medical
diagnoses by touching [7, 8, 12-18]. The aim of the present
paper is to describe the above phenomena geometrically,
specifically concerned with the study of the new types of fuzzy
retractions, fuzzy deformation retracts, and fuzzy folding
of fuzzy open flat Robertson-Walker W* model. A fuzzy
manifold is manifold which has a physical character. This

character is represented by the density function y, where
p€10,1][7, 8,12].

A fuzzy subset (A, u) of a fuzzy manifold (M, y) is called
a fuzzy retraction of (M, y) if there exist a continuous map 7 :
(M, u) — (A, p)suchthat? (a, u(a)) = (a, u(a)), forall ae
A, pel0,1] [7,8,12].

A fuzzy subset (M, i) of a fuzzy manifold (M, p) is
called a fuzzy deformation retract if there exists a fuzzy
retraction 7 : (M,u) — (M, i) and a fuzzy homotopy F :
(M, u)x1 — (M,p) [7,13, 14] such that

F(op).0)= (o),
F((xu)1)=7(xp), ~ <M @

F((a,u),t) = (a,p), forall (a,pu) € M, t € I, u € [0,1],
where 7(x, p) is the retraction mentioned above.

Topological folding of fuzzy open flat Robertson-Walker
space W* model [7, 8]. A map % : W* > W is said to be
an isometric folding of W* model into itself if and only if for
any piecewise fuzzy geodesm pathy : J — W* the induced
path F oy : ] — W*isa piecewise fuzzy geodesic and of
the same length as y, where J = [0, 1]. If § does not preserve
lengths, then & is a topological folding of fuzzy Robertson-
Walker space W* model [12-14].

The fuzzy folding of | J M; < W* model is a folding f :
U M, — |J M, such that f(M) = M and any M, belong to
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the upper hypermanifolds 3 M j down M such that y; = U
for every corresponding points, that is, u(a;) = p(a;) [15]. See
Figure 1.

2. Main Results

Theorem 1. The fuzzy retractions of W* model are the fuzzy
unit hyperboloid, fuzzy hyperbolic, fuzzy hypersphere, fuzzy
circle, and fuzzy minimal manifolds.

Proof. Consider the W* model with metric

ds” (u) = dy* () + sinh®x (p)

X (d92 (1) + sin®6 () do* (y)) , pelo1].

)
The coordinate of W* model is
%, = sinh y (1) sin 0 (4) cos 0 (1)
%, = sinh x () sin 6 () sin 0 (u) , o

X3 = sinh x () cos 6 (u) ,
X, = cosh x (),
where the ranges are 0 < y(¢) < 00,0 < 0(u) < m, and

0 <0(u) < 2m.
Now, we use Lagrangian equations:

d( or oT
d _ =0, i=1,234 (4
ds <aq/(y)i ) oy (u);

To find a fuzzy geodesic which is a fuzzy subset of W* model,
since

T == {§* () +sinh®y () (6% () + sin’6 () * () )},

©)

N =
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then the Lagrangian equations for W* model are

9 () - (sinh x (1) coshy ()

x (92 (1) + sin®6 (u) 0° (y))) =0,

p \ (6)
— (sinh (1) 0 (1))
— (sinh®x () sin 6 () cos 6 (u) 0 () = 0,
% (sin’x (g) sin”6 () 0 () = 0, )
= (X (u)) + (sinh x () cosh x (u) 67 ()
+sinh’x () 0 (1))

+ (sinh x (1) cosh y () sin®0 () 0* (1)  (8)
+ sinh®y (1) sin 0 () cos 0 () 0° (1)

+sinh’y (i) sin®6 () 0 (y)) =0.

From (7) we obtain sinh? X(y)sinzﬂ(y)ﬁ(y) = constant, say f3;,
if 8, =0, we obtain the following cases.

If initially 0 equal 77/6 or 1/4 and /3 hence we obtain the
following fuzzy geodesics of fuzzy unit hyperboloid H;, H;,
and ﬁ; , respectively. Also, if @ = /2, hence we obtain the
following coordinates of W* model given by

%, = sinh y (@) cos 0 (p),

X, = sinh x (¢) sin 0 (), o)

% =0,
X, = cosh x (1),

which is a fuzzy hyperbolic 7, —%; + %, + %5 + 56% = -1, which
is a fuzzy geodesic retraction. Now, If § = /6 ormr/4and /3
hence we get the fuzzy unit hyperboloid retractions H,, F z
and, H, in W* model, respectively. Also, in a special case
if @ = /2 or 7 and 371/2 hence we get the fuzzy hyperbolic
geodesics H, Hz, and H; in W* model, respectively. In a
special case if y = 7/2, hence we get the coordinates of W*
model represented by

X, =sin0 (u)cos0 (),
X, = sinf (u) sin 0 (u),
(10)
X; = cos 0 (u)

X, =0,

P R =2, =2 =2, =2 :
which is a fuzzy sphere Sj, —X; + X] + X; + X5 = —1, which
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is a fuzzy geodesic retraction. Also, If @ = 90, and y = 90
we obtain the fuzzy retraction, S' = (0, sin 0(u), cos O(w), 0),
which is a fuzzy circle S'. Again, If y = 7, we get the
following minimal fuzzy geodesic W° (0,0,0, 1) in W* model.

In what follows, we present some cases of fuzzy deforma-
tion retracts of W* model. The fuzzy deformation retract of
W*modelisn: W*xI — W*, where I is the closed interval
[0, 1], present as

7Gx, h) - fsinh x () in 0 (1) cos 0 (4)
sinh x (1) sin 6 () sin 0 (),
sinh x () cos @ (). cosh y (4)} x 1
o finhy (@) sin0 (@) cos0 (),
sinh y () sin 0 () sin 0 (),
sinh x (1) cos 0 (). cosh x (1)}
The fuzzy deformation retract of W* model into the fuzzy
minimal geodesic W is
7 (m,h) = (1 + h) {sinh y () sin O () cos @ (1),
sinh y (¢) sin 0 (¢) sin 0 (p),

sinh y (u) cos @ (u) , cosh x (u)} (12)

h
+tanﬂ7{0,0,0,1},

where

77 (m,0) = {sinh x (¢) sin 0 () cos 0 (u),
sinh y (@) sin 0 (@) sin @ () , sinh y () cos 6 (1),

cosh x ()},

7(m,1) = {0,0,0,1}.
(13)

The fuzzy deformation retract of W* model into the fuzzy
hyperboloid H; is

. mh .

7 (m, h) = cos > {sinh y () sin @ (u) cos 0 () ,

sinh y (@) sin 0 () sin 0 (),
sinh y (p) cos O (u),coshy ()} (14)

+sin %h {sinh y (4) cos @ (), sinh x (1)

xsin@ (u),0,cosh y (u)}.

Now, we are going to discuss the fuzzy folding & of W*
model. Let § : W* — W*, where

8 (%), %, %5, %,) = (%), %, | %], &) - (15)

An isometric fuzzy folding of W* model into itself may be
defined by

& : {sinh y () sin 0 (1) cos @ (), sinh x (1) sin O ()
xsin@ (u), sinh y (4) cos 0 () , cosh x ()}
— {sinh y (¢) sin O () cos 0 (p) , sinh x (1) sin 6 (u)

xsin @ (u) , |sinh y () cos 0 (u)], cosh y (u)} .
(16)

The fuzzy deformation retract of the fuzzy folded F(W*)
model into the fuzzy folded geodesic F(W?) is

g + {sinh y (¢) sin© (1) cos 0 () , sinh y (p) sin 6 ()
sin@ (u) , [sinh x () cos 0 ()], cosh x ()} x I
— {sinh x () sin 6 () cos 0 () , sinh x () (17)
x sin 6 () sin 0 (), [sinh y (p) cos 6 ()|,
cosh x ()}

with
T (m,h) = (1 + h) {sinh x (¢) sin 6 (1) cos 0 (1) ,
sinh x () sin 0 () sin 0 () ,

[sinh y (4) cosB ()], cosh x ()}

h
+ tan HT {0,0,0,1}.
(18)

The fuzzy deformation retract of the fuzzy folded 5(6\74)
model into the fuzzy folded geodesic &(H7) is

fi (m, h) = cos %h {sinh y () sin @ (u) cos 0 () ,

sinh y (u) sin @ (p) sin 0 (p),

|sinh y (¢£) cos 6 ()], cosh x ()}
+ sin %h {sinh x () cos® (u),

sinh x (¢) sin@ (), 0, cosh x (u)}.
(19)

Then, the following theorem has been proved. O



Theorem 2. Under the defined fuzzy folding and any fuzzy
folding homeomorphic to this type of fuzzy folding, the fuzzy

deformation retract of the fuzzy folded F(W*) model into the
fuzzy folded geodesics is the same as the fuzzy deformation
retract of W* model into the fuzzy geodesics.

Proof. Now, let the fuzzy folding be defined by F* : W* —
W*, where

g* (X1 %, X3, %) = (|551| EAESENP (20)
The isometric fuzzy folded %" (W*) model is
R = {Jsinh y () sin (1) cos 0 (u)],
sinh x () sin 0 () sin 0 () , (21)
sinh x () cos 6 (), cosh x (p)} .

The fuzzy deformation retract of the fuzzy folded &*(W*)
model into the fuzzy folded geodesic F*(S?) is

e (m,h) = (1 - h)
x {[sinh y (1) sin @ (1) cos 0 ()],

sinh y (4) sinf () sin0 (u),
s 1 () cos (). cosh (1)}

+tan %h {|sin@ () cos 0 (u)|,

sin 6 () sin 0 (u), cos 0 (u) , 0}
(22)

The fuzzy deformation retract of the fuzzy folded &F*(W*)
model into the fuzzy folded geodesic &*(Hz) is

— h . .
fig- (m, h) = cos ﬂ? {|sinh y () sin 6 (u) cos @ (u)],

sinh y (p) sin 0 (u) sin @ (),
sinh x (¢) cos 0 (¢), cosh x (1)}

+sin %h {|sinh x () sin 6 (1], 0,

sinh y (¢) cos @ (i), cosh x (u)} .
(23)

Then, the following theorem has been proved. O

Theorem 3. Under the defined fuzzy folding and any fuzzy
folding homeomorphic to this type of fuzzy folding, the fuzzy

deformation retract of the fuzzy folded F* (W*) model into the
fuzzy folded geodesics is different from the fuzzy deformation

retract of W* model into the fuzzy geodesics.
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Theorem 4. Let H> ¢ W* be a fuzzy hyperboloid in W* model
which is homeomorphic to {D*~B} ¢ R?, and?, : H — H’a
fuzzy retraction. Then, there is an induced fuzzy retraction 7, :
{D* - B} — D' such that the following diagram is commutat-
ive:

~

e~ Py o
H> cw! D2y c R
~ #
n (24)
P, N
~ ~ 1 3
HZ c W4 D' CR

Proof. Under the condition 6 = 7/2, then 7,: H> — H” is
defined as 7, {sinh y(u) sin0(y) cos O(y), sinh y(¢) sin O(y)

sin @(p), sinh y(¢) cosO(u), cosh y(p)}={sinh y(u) cos (u),
sinh x(u) sin @(u), 0, cosh x(u)} also under the condition 6 =

7/2, then 7, : (D> - Bl - D' is defined as 7, {{sin O(u)
cos O(p), sin O(p) sin @(u), cosO(u),0} — E} = {cos@(y),
sin @(u), 0,0}. Under the homeomorphism map P, : H®> ¢
W* - (D*-B} cR*and B, : H> c W* — D' c R’ This
proves that the diagram is commutative.

Also, the corresponding relations are described as that is,

Bebi=pefi (29
=

Theorem 5. Let H> ¢ W* be a fuzzy hyperboloid which is
homeomorphic to {D* - B} ¢ R®, andlim,, _, ., 7, : H® — H*
a limit fuzzy retraction. Then, there is an induced limit fuzzy
retraction lim,, _, . ,7,,, : {D° — B} — D" such that the
following diagram is commutative:

~

Py
3 c Wi (D*-pyck
limy, — o ?n limy+1—o0Prt1
2 c P2 bl cR
(26)
Proof. Sincelim, , ., 7,: H — H”andlim,,, ., 7., :

{D*-pB} — D', under thehomeomorphism map P, : H°
c W' - (D’-fB} ¢ RRandB,:H*> ¢ W* — D' ¢
R®. This proves that the diagram is commutative. Also, the
corresponding relations are presented as

lim r,.,0p, = p,o lim r
i Tppr© P = Ppo M T,

(27)

lim oDy =pye lim 7,
n+1—>oor”Jrl h=p i 'n =
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Theorem 6. If the fuzzy deformation retract of the fuzzy
hyperboloid H> ¢ W*is D : H>xI — H?, the fuzzy retraction
of H* c W*is7: H — H?, and the limit of the fuzzy folding
of H is lim,, _,  f, : H — H? Then there are induced
fuzzy deformation retract, fuzzy retraction, and the limit of the
fuzzy foldings such that the following diagram is commutative.

Proof. Let the fuzzy deformation retractof H> ¢ W*beD, :
H> xI — Hthe fuzzy retraction of H? x Iis defined
byr: (H*x I) — H*xIlim, _ f,: D,H xI) —
H?, the fuzzy deformation retract of 7,(H> x 1) is D,
7(H?> x I) — H? the fuzzy retraction of lim,, _, ., f,, -
(D (H® x 1)) is glven by 75 limméoofm(ﬁ (H® x 1) —
H', and lim,,,; _, o fos1 : D(F(H> xI)) — H', H'isa
1-dimensional space. Hence, the following diagram is com-
mutative,

(3 x1) a2 x1 i
ﬁl J/ J/limmﬂ—oo]?mﬂ
o e —~ H2 — )agl
limy— oo fm n (28)
thatis, lim,,,,; e ey © Dy o 7, (> X I) = 7 o lim,,, , oo fi ©

D, 0

Theorem 7. Let H> ¢ W* be the fuzzy hyperboloid, then the
relation between the fuzzy folding f : H> — H° and the limit

of the fuzzy retractions lim,, _, . ,7,, : H — His discussed
from the following commutative dzagram.

Proof. Let the fuzzy foldingis f, : H® — H?, the limit of
the fuzzy retractions of H> and f,(H>) are lim,,HOO L H
— H? and limerl e 2 HHY) — H% and f, :

(lim,, _, 7,,(H)) — H. Then, the following diagram is
commutative:

H3 fl
B3
lirm— oo o LMy 1— oo Pt 1
H? "2
f2 (29)

that is, lim,,,; _ ooFmss © fL(H’) = fp o lim,, o 7,,(H?), and
the corresponding relations between the two chains of fuzzy
folding and the limit of fuzzy retraction are given by

5
lim r,,, f1 f2 ° hm T
m+1— 00
o (30)
erllm_}oo w1 o f1= 1o °m1£noo”m- 0
Theorem 8. Let the fuzzy retraction of H> is ¥ : H® —

H?, H* c H, and the fuzzy folding of H® isf : H — H°,
then

(i) fooF(H) = 7, f(H)

(ii) 5n+1~ ° (limiaoo(fz;‘ ° in—l)g"'(ﬁ; ° 73(~JF2 °
71(H3))) ) = (lim; _, (7 © fzgl)("'(ﬂ ° f3(72 °
AE))) ) 6.

Proof. (i) Let the fuzzy retraction of the fuzzy hyperboloid in
H? ¢ W* model be ZE B — H% fl B > B,
the fuzzy retraction of f,(H?) is folding of 7,(H") is f, :
71(ﬁ3) - 7, :fl(ﬁ3) — H?, and the fuzzyﬁz. 'Ihenf2 °
) =70 fL(H). B

(ii) Let fy; o Ty and 7; o f,;_, are the compositions
between the fuzzy retractions and the fuzzy foldings of H’
into itself. Also, 67 are the homeomorphisms. Then

Z o AN lim(fz‘()?z;l)
~ or ~ h i 1
H? fon Hl3 fiofs H; Hi 1 B2

I

BN e i)

}irg(rZiOfZi—l)
O

Theorem 9. Given the fuzzy deformation retract of H> ¢ W*
model is D : H> x I — H?; the limit of the fuzzy folding of
H? x ILislim,, o f,,: H xI — H* x L. Then, the following
diagram is commutative.

Proof. Let the limit of the fuzzy folding of (H® x I) is
lim,, , o fm : H>xI — H?xI, the fuzzy deformation retract
of H® ¢ W* onto H? is 51(H3 x I) = H?, the limit of the
fuzzy folding of D, (H>xI)islim,,,; _, o foues : Dy (H>XI) —

H', and the fuzzy deformation retract of lim,, _, . f,,(H> x I)
onto H' is D,(lim,, _, ., f,,(H> x I)) = H'. Hence
1Moo f N
H X1 o) H?x1I
ﬁl ﬁZ
A2 jag!
limy41-c0 fm+1
(32)
that is, Dyo lim,, _, o frs (H> X I) = lim,,,, | _, o finss © Dy (H> X
I) O



Theorem 10. The composition of fuzzy deformation retracts of
fuzzy hyperboloid H® ¢ W* model is a minimal retraction.

Proof. Now consider the following fuzzy continuous map 7 :
H® x [0,1] — H®, such that 7(%,5) = f(%, (5/(1 - 5))), then
it is easy to see that

7 (%,0) = B(%,0) =

-5

s —
7(x1)= hm[3<x, ) =Sic i, (33)
. (- S S
7(55) = ﬁ(y, 1—_5) =8 s
The fuzzy deformation retract of the fuzzy circle S' ¢ S

onto minimal fuzzy retraction ((0, 1), ) is given in polar
coordinates by

a(r(we)

. n
7ol (1= ()6 |0( )| > 34)
= 70— (-0} g <Ou)<n
; rr
el 0w+t 0} 7 < 9 (4) < -5
that is, 7 o 7] is a fuzzy minimal retraction. O

Theorem 11. Let I ¢ W bea fuzzy hyperboloid in W*
model which is homeomorphic to {D* — B} ¢ R, P:H —
{D* - B}, the fuzzy retraction 7, : H — H?, and the limit
fuzzy folding of D* islim,,_, ., f, : {D*—p} — D'. Then
there are induced fuzzy retraction, limit fuzzy folding, and
homeomorphism map such that the following diagram is
commutative:

1 r
Hcwt————

B, J
{1’32 _ E} limy— fn ~
_—

Bl R limy41- oo fN-nH ~
C —_—>

3 DO

(35)

Proof. Let the homeomorphism map, P, : H> — {D* -}
and7, : H® — H?%also,lim,  , f,: {D*-fB} — D',
the fuzzy retraction of 7, (H’) be 7, : H> — H'; the
limit fuzzy foldmg of lim, ., f,({D* — B}) is given by
lim,,, o fu :D" — D%andP,: 77 (H?) — D'
This proves that the diagram is commutative. O

Theorem 12. If the limit fuzzy folding of the fuzzy hyperboloid
H c Whislim,_, f, : H — H> the fuzzy retraction of

H c Whis7, : H — H? and the homeomorphism map of
H* c W*isP, : H* — D'. Then there are induced limit fuzzy
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retractions, limit fuzzy folding, and homeomorphism map such
that the following diagram is commutative:

Ny e 71 N limy— 0 7
H3CW“%H2CW4 mmeHICW4

limy— ﬁ,J/ JPZ

~

N P
H? ' ol

limrﬁ-laoo fn+1 50
R AN

(36)

Proof. Consider the limit fuzzy folding of the fuzzy hyper-
boloid H® ¢ W'is lim, | f, : H® — H? the fuzzy
retraction of H> ¢ W' is 7, : H® — H? and the
homeomorphism map of H*> ¢ W*is P, : H> — D', the
limit fuzzy retraction of 7,(H?) is lim,, _, 7, : H2 - H H'
the limit fuzzy folding of P,(H?) is lim,,,, _, o foe1 -
D% and P, : lim,, , 7, (7,(H’)) — D°. This proves that the
diagram is commutative. O

Theorem13. LetD-R: H>xI — H’and7, : H’xI —
H? be a fuzzy retraction, and also f : H> x I — H® x
I a fuzzy folding. Then, there is induced limit fuzzy folding

im,_,f, : H — H?* such that the following diagram is

commutative
D-R
B <1 i
f limy,— ]7,, (37)
B x1 " Jag

Proof. Let D-R : H> x I — H°, and the fuzzy folding f :
H’xI — H’xI,also7, : H xI — H?, and the limit fuzzy
foldinglim, _, f, : H> — H?. This proves that the diagram
is commutative. O

Theorem 14. If the fuzzy retraction of the fuzzy hyperboloid
H cW'is7: H xI — H*x1I, thefuzzy deformation
retract of H> x I ¢ W*is D, : H> x I — H?, and the fuzzy
deformation retract of H* is D, : H> x I — H?”. Then there
are induced end limit fuzzy retractions and fuzzy folding such
that the following diagram is commutative.

Proof. Let?, : H> xI — H* xIandD,: H> xI —
Halso, D, : 7,(H’ x I) — H?; the end limits fuzzy retrac-
tions of D, (H> xI) areend lim 7, : D,(H> x I) — 0;the
end limits fuzzy retractions of 52(H2 x I) are end limr, :
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Dy(H*x 1)) - 0,and f :end lim 7(D,(H* xI) — 0,
then the following diagram is commutative,

@ xn P g endlimf

# f (38)

~ ~. endlim7;
B2 x1 2 j2g 20

thatis, f o(end lim 7,0D,(H>xI)) = end lim 7,0(D,o7)).
Also, the corresponding relation is described by the two
induced chains, that is,

?o( end lim 7, oD, (ﬁ3 X I))=endlim?20(52 o?l),
I

o(end lim 7, oD, (IA:I3 ><I)) =endlim72<>(52 071).
(39)
O

Theorem 15. Let H> ¢ W* be the fuzzy hyperboloid, then
the relations between the fuzzy deformation retract and the
limit fuzzy folding is discussed from the following commutative
diagram.

Proof. Let the fuzzy deformation retract D, : H> x I —
H; the limit fuzzy folding of H® and D,(H’ x 1) is
limm_,oof:n . H®> xI — H? xIandlim f,
D,(H’ xI') — H%andD,: (lim,,_, . f.,
H?. Then, we have the following diagram,

m+1 —>oofm+1

(H*x 1) —

D .
Bx] ———

limyp— o fm limyp 41— o0 j?mﬂ
(40)
H2 <1 N—)PNIZ
D,
thatis, lim, ., _, o finey © D1 (H>xI) = D, o lim,,_, . f,,(H>x

I).
Also, the corresponding relations are described by the two
induced chains, that is,

lim fm+1 c’Dd_lzpDv_Zo HHT—}.m’

m+1 — oo m— 00
(41)
T oD =Dy i f

3. Conclusion

In the present paper, we obtain and study new types of fuzzy
retractions of W* model. Also, we deduced new types of fuzzy

deformation retract of W* model. The relations between
the fuzzy folding and the fuzzy deformation retracts of W*
model is obtained. New types of minimal fuzzy retraction

of W* model is also presented. New types of homotopy
maps are described. The isometric and topological fuzzy
folding in each case and the relation between the fuzzy
deformation retract after and before fuzzy folding have been

obtained. Types of conditional fuzzy folding of W* model are
described.
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