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The notion of an Almost Distributive Lattice (ADL) is a common abstraction of several lattice theoretic and ring theoretic
generalizations of Boolean algebra and Boolean rings. In this paper, the set of all L-fuzzy prime ideals of an ADL with truth values
in a complete lattice L satisfying the infinite meet distributive law is topologized and the resulting space is discussed.

1. Introduction

The concept of prime ideal is vital in the study of structure
theory of distributive lattices in general and of Boolean
algebras in particular [2]. In this context, we recall the work
of Stone [1] on the representation of distributive lattices by
algebra of sets. In fact, he proved that a lattice L is dis-
tributive if and only if any ideal of L is the intersection of all
prime ideals containing it. Also, he introduced a topology on
the set of all prime ideals of a given Boolean algebra B in such
a way that B is isomorphic with the Boolean algebra of cl-
open subsets of resulting space.

Swamy and Rao [2] have introduced the notion of an
Almost Distributive Lattice (ADL) which is algebra
(A, A, V,0) of type (2,2,0) satisfying all the axioms of a
distributive lattice with zero except A commutative, V
commutative, and right distributivity of V over A.In fact, in
any ADL, three conditions are equivalent.

Next, Rosenfold [3] introduced the notion of fuzzy groups;
many researchers are turned into fuzzifying various algebra.
Santhi Sundar Raj et al. [4-6] have introduced the concepts of
tuzzy prime ideals of an ADL and studied them deeply.

In this paper, we introduce a topology on the set of all
L-fuzzy prime ideals of an ADL A and the resulting space is
called the L-fuzzy prime spectrums of A, denoted by
F spec(A) or X. For an L-fuzzy ideal A of A, open subset of
X is of the form X(A)={peX:A¢u} and
V(A) = {u € X: A<y} is a closed set. In particular, we prove

that {X (a): a € S} is a base for a topology on X. Further-
more, it is proved that the space F spec (A) is compact and it
contains a subspace homeomorphic with the spectrum of A
which is dense in it. Also, it is proved that the space X is a
Hausdorff space if and only if the space is a T,-space and,
further, it is noted that the space X isa T, -space if and only if
every L-fuzzy prime ideal is an L-fuzzy maximal ideal and
L-fuzzy minimal prime ideal of A. Finally, it is proven that if
A and B are isomorphic ADLs, then the space F;spec(A) is
homeomorphic with the space F;spec(B).

Throughout this paper, A stands for an ADL (A, A, V,0)
with a maximal element and L stands for a complete lattice
(L, A, V,0, 1) satistying the infinite meet distributive law; that
is, (xA (V) = V g (xAy)forany SCL and x € L.

2. Preliminaries

In this section, we recall some definitions and basic results
mostly taken from [2, 4].

Definition 1. An algebra A = (A, A, V,0) of type (2,2,0) is
called an Almost Distributive Lattice (abbreviated as ADL) if
it satisfies the following conditions for all a,b and ¢ € A:

1)o0Aa=0

2)av0=a

(3)an (bvc)=(anb)Vv (anc)
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(4) av (bAc) = (avb)A (aVe)

(5) (avb)Ac= (anc)V (bAc)

(6) (avb)nb=b

Any bounded below distributive lattice is an ADL. Any
nonempty set X can be made into an ADL which is not a

lattice by fixing an arbitrarily chosen element 0 in X and by
defining the binary operations A and V on X by

0, ifa=0,
anb =
b, ifa+0,
. (1)
b, ifa=0,
avb=
a, ifa+0.

This ADL (X, A, V,0) is called a discrete ADL.

Definition 2. Let A = (A, A, V,0) bean ADL. For any a and
be A definea<bifa=anb(eavb=">). Then < is a
partial order on A with respect to which 0 is the smallest
element in A.

Theorem 1. The following hold for any a,b and c in an ADL
A:
(1) an0=0=0Aaandav0=a=0Va
(2)ana=a=aVa
(3) anb<b<bva
(4) anb=a<avb=">b
(5) anb=bcaVvb=a
(6) (anb)Ac=an (bAc) (ie, N is associative)
(7) av (bva)=aVvb
(8 asb=—anb=a=bAha(=aVvb=b=bVa)
(9) (anb)Ac= (bAa)Ac
(10) (avb)Anc= (bVa)Ac
(11) anb=bAhacaVvb=bVa

(12) anb = inf{a,b} &< anb=bAa
& aVb=sup{a,b}

Definition 3. Let I be a nonempty subset of an ADL A. Then
Tiscalledanidealof Aifa,b e I=>avb e IandaAx € I for
all x € A.

As a consequence, for any ideal I of A,xAa €I for all
a € Iand x € A. An element m € A is said to be maximal if,
for any x € A, m <x implies m = x. It can be easily observed
that m is maximal if and only if m A x = x for all x € A.

Definition 4. Let L= (L, A, V) and M = (M, A, V) be
lattices and let f: L — M be a mapping. Then f is called
(1) an order homomorphism (or isotone) if a<b in
L=f(a)< f(b) in M and (2) a lattice homomorphism if,
for any a,be L, f(anb)= f(a)Af(b) and f(aVb)=
F@Vf®).

Theorem 2. Let L and M be lattices and let f: L — M bea
bijection. Then f is a lattice isomorphism if and only if both f
and f~! are order homomorphisms.
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Definition 5. Let (A, A, V,0)and (A’, A', v',0") be ADLs.

A mapping f: A — A’ is called a homomorphism if the

following are satisfied for any x and yeA: (1)

;Ex)w) —FEV L) @) f(xAy) = FEOA F(3). ()
0)=0"

Definition 6. Let X and Y be topological spaces and let
f: X — Y be a mapping; then f is said to be continuous if
and only if inverse image of every open set in Y is open in X.

Definition 7. Let X and Y be topological spaces and let
f: X — Y be a mapping; then f is said to be open if and
only if image of every open set in X is open in Y.

Definition 8. Let X and Y be topological spaces; then a
bijection ¢: X — Y is said to be a homeomorphism ifitis a
continuous open mapping.

Definition 9. An L-fuzzy subset A of A is said to be an
L-fuzzy ideal of A, if 1(0) =1 and A(xV y) = A(x) AA(y),
for all x,y € A.

Theorem 3. Let A be an L-fuzzy subset of A. Then A is an
L-fuzzy ideal if and only if (1)A(0)=1, (2)A(xVy) =A
() AA(y), and (B)A(xAy)2A(x)VA(y), for all x,y € A.

Definition 10. Let xg denote the characteristic function of
any subset S of an ADL A; that is,

1, ifxes,

X (%) = {0, ifx¢s. 2

Definition 11. A proper L-fuzzy ideal A of A is called an
L-fuzzy prime ideal of A if, forany x, y € A,A(x A y) = A(x)
or A(y).

Theorem 4. Let A be a proper L-fuzzy ideal of A. Then the
following are equivalent to each other: (1) For each « € L,
Ay = Aor ), is a prime ideal of A. (2) A is an L-fuzzy prime
ideal of A. (3) For any x,y € A, A(x A y) <A(x)VA(y) and
either A (x) <A(y) or A(y) <A(x).

Theorem 5. Let A be an L-fuzzy prime ideal of A and let 0 be
a prime element in A. Then A is an L-fuzzy minimal prime
ideal of A if and only if A, is a minimal prime ideal of A, for all
ac€lL.

Definition 12. A proper L-fuzzy ideal A of A is called an
L-fuzzy maximal ideal of A if, for each « € L, either 1, = A
or A, is a maximal ideal of A.

3. Topological Space on L-Fuzzy Prime Ideals

In this section, we introduce the Zariski topology on the set
of L-fuzzy prime ideals of an Almost Distributive Lattice A.
Our definition of L-fuzzy prime ideal offers us an appro-
priate setting to introduce a topology on the set of L-fuzzy
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prime ideals of A. A topology is introduced on the set of all
L-fuzzy prime ideals of A to obtain the space called the hull-
kernel topology on the set of all L-fuzzy prime ideals and
denoted by F;spec(A) or X. First, we have the following.

Theorem 6. Let A and B be ADLs. Let p: A— B be a
lattice  homomorphism and p(0)=0. If .+ A— L
and y: B — L are L-fuzzy ideals of A and B, respectively,
then (1) p~'(u) is an L-fuzzy ideal of A, (2)p(A) is
an L-fuzzy ideal of B if p is an epimorphism, and
(3 plp ! () = p

Proof. Define p~'(y): A— L and p(A): B— L as
p‘1 (W) (x) =p(p(x)) for each xe€A and p(A)(y)=
Sup{A(x): p(x) = y,x € A} for each y € B. Then,

@) p~ 1 (w)(0) = u(p(0)) = u(0) = 1, as u is an L-fuzzy
ideal of B. Let x, y € A. Then,
P (xVy) = u(p(xVvy)
=u(p(x)vp(y)

- (since pislattice homomorphism)

=u(px)Au(p(y))

- (since pisan L — fuzzy ideal)

=p ' WEAP (W)
(3)

Also, let x <y in A. As p is homomorphism, we get
p(x)<p(y). But then u(p(x))=u(p(y)) (since u
is an L-fuzzy prime ideal). That is, p~'(u)
(x)=p ' (u)(y). Therefore, p~'(u) is antitone.
Thus, p~! (u) is an L-fuzzy ideal of A.

(2) Clearly, p(1)(0) =1. Let p: A— B be a lattice
epimorphism. Let a,b € B. Then there exists x, y € A

such that p(x)=a and p(y)=>b. Thus,

p(xVvy)=px)Vp(y)=aVvb. Now,

pA)(avb) =Sup{A(z): p(z) =aVvb,z e A}
= vV o A(2)

zep~!(aVvb)

> \Y AlxV
= xep~1(a),yep=1(b) (x }/)
> A A
2 e iayeriy A (4)

- (since Aisan L — fuzzy ideal)

=( Vv /\(x))/\( Y, A(y))
xep~!(a) yep~t(b)

=p)(@)npd)(b),

Thus, pA)(avb)=pA)(a)Ap(A)(b). Similarly,
pAM)(anb)=pA)(a)Vvp(A)(b). Let a<b in B.
Then, aVvb =b. Therefore, whenever p(x) =a and
p(b) =y, we have p(xVy)=px)Vp(y)=aVvb.
Now,

P()l)(a)/\P(/\)(b)=( v /\(C))/\( \ l(d))
cep~!(a) dep=1(b)

= \% A(c)AL(d)
cep~1(a),dep=(b)

A(cvd)
cvdep1(b)

- (since Aisan L — fuzzy ideal)

P Q) (),

(5)

This shows that p (1) (b) < p(A) (a). Thus, p(A) is an
antitone map. Therefore, p (1) is an L-fuzzy ideal of
A.

(3) Let b € B. Then,

-1 _ -1
ple )® = v ()
= pteo) (6)
=u(b).
Thus, p(p™' () = p. O

Theorem 7. If an L-fuzzy subset A of A is an L-fuzzy prime
ideal of A, then A is a homomorphism from (A, A, V,0) to
(L, Vv, N).

Proof. As A is an L-fuzzy ideal, then
A(0) =1,

(7)
Axvy) =A(x)AA(y),

forall, x, y € A.

Since A is an L-fuzzy prime ideal of A, we have A (x A y) =
A(x) or A(x A y) = A(y). In either case, we get

A(xA ) <A VA(). (8)

Also, x Ay < yand y Ax<x and A is antitone (being an
L-fuzzy ideal) implying that A(y)<A(xAy) and
A(x)<A(yAx) =A(xAy). Thus,

AX)VA(Y)SA(xA ). 9)
From (8) and (9), we have
Ax)VA(Y) =A(xAp). (10)

Therefore, from (7) and (10), A is a homomorphism from
(A, A, V,0) to (L, V, A).

In Theorem 6, we have proved that inverse image of an
L-fuzzy ideal of an ADL A is an L-fuzzy ideal again. In the
case of L-fuzzy prime ideals, we have the following. O

Theorem 8. Let A and B be ADLs. Let p: A— B be a
lattice homomorphism. If A is an L-fuzzy prime ideal of B,
then p~'(A) is an L-fuzzy prime ideal of A.

Proof. By Theorem 6, p~!(A) is an L-fuzzy ideal of A. Let
x, y € A. Then,



P (xAY) =A(p(xAy))
=A(p(x)Ap(¥)
= 1(p(x)), orA(p(»))
=p ') (x), orp LD ().

Therefore, p~! (1) is an L-fuzzy prime ideal of A. O

(11)

Theorem 9. Let A and B be ADLs. Let p: A— B be a
lattice isomorphism. If A is an L-fuzzy prime ideal of A, then
p(A) is an L-fuzzy prime ideal of B and p~' (p (1)) = A.

Proof. By Theorem 6 (2), p(A) is an L-fuzzy ideal of B. Let
a,b € B. Then, a = p(x) and b = p(y), for some x, y € A.
Therefore, p(x A y) = anb. Now, if t € p~' (a), then p(¢) =
a = p(x) implies that t = x (since p is injective).

Therefore,
p (1) (a) = Sup{A(t): p(t) =a,t € A}
EPRINAC) (12)
= A(x),

Similarly, p(A)(b) = A(y) and if z € p~'(aAb), then
z = x A y. Thus,

p(V)(anb) =Sup{A(2): p(z) =aAnb,z € A}
= Vo A(z)
zep~1(anb) (13)
=A(xAy)

= A(x), orA(y).

Thus, p(A) is an L-fuzzy prime ideal of B. Also, let x € A.
Then,

P (P (%) = p(V) (p(x))
= Sup{A(y): p(y) = p(x), y € A}

= Vv A(y), (since pisinjective)
xep~t(p(y)
= A (x).
(14)
Therefore, p~! (p (1)) = A. O

Example 1. Consider the lattice A ={0,a,b,c,1} whose
Hasse diagram is given below:
1
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and let B={0,a,b,c} and let v and A be binary

operations on B defined
by

Vv 0 a b c A 0 a b c

0 0 a b c 0 0 0 0 0

a a a a a a 0 a b c

b b b b b b 0 a b c

c c a b c c 0 [ c c

Then, (B, A, V,0) is an ADL, which is not a lattice
(anb#+bAa). Let L = [0, 1] be the closed unit interval of real
numbers. Then L is a frame with respect to the usual ordering.
Define L-fuzzy subsets 4 and A of A and B, respectively, by
u(0)=1 and u(x)=0.5 for all x#0; A(0)=1, A(a)=A
(b) =0, and A (c) = 0.5; and define a function p: A — B by
p(0)=0,p(b) =b,p(c) = ¢,p(a)= p(1) =a. Then, we
observe that y, = A if 0<a<0.5 and y, = {0} if 0.5<a< 1.
Thus, by Theorem 4, p is an L-fuzzy prime ideal of A. Also,
Aos = {0,c}and A, = {0} are prime ideals of B. Therefore, A is an
L-fuzzy prime ideal of B (by4). For any x and y € A,

p(0) =0,
p(xVvy)=px)Vp(y), (15)
p(xAy)=px)Ap(y).

Thus, p is a lattice homomorphism. Also,
x<y=p(x)<p(y). Thus, p is isotone and, for each y € B,
there exists x € A such that p(x) = y. Hence, p is a bijection
map. Therefore, p is a lattice isomorphism. By the above
Theorems 6 and 8, p (1) and p~! (u) are L-fuzzy prime ideals of
A and B, respectively, since A and y are L-fuzzy prime ideals.

In the following, we obtain a topological space by in-
troducing Zariski topology on the set of L-fuzzy prime ideals
of ADLs.

Definition 13. Let A = (A, A, V,0) be anontrivial ADL and
let X be the set of all L-fuzzy prime ideals of A. For any
L-fuzzy subset ® of A, we define

V(@) ={leX: @<\,

(16)
X(©)={l € X: @A} = X -V (©).

The complement of V(®) in X = X (0).
Now, we prove some properties of V and X.

Theorem 11. Let ® and o be L-fuzzy subsets of A. Then, we
have the following: (1) if ® <o, then V(0)CV(®) and
X(@®)<X(0); 2)V(o)uV(®)<CV(eA®) and X(o)u
X(®)<c X (o AB); 3)V(0) =V ((O)) and
X(®) = X({O)), where {®) is the smallest L-fuzzy ideal
containing ® (4)V (x,)) = X and V() = @.
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Proof

@)
peVio)=o<u
=0 < u(since®<0) (17)
=u eV (0).

Therefore, V (0) CV (®). Also,

vé¢ X(o)=0<y
=0 <7 (since®@ <o) (18)
=7 ¢ X(0),

Therefore, X (®) € X (0).
(2)
pueV()uV(®)=u eV (o),

=0<U,

ory € V(0),
or®<y
=0N0O <y,
- (since o< y=>0 ANO<UNO®<p),
(19)

Similarly,

O<u=0cNO<oAu<su,
U U= (20)
=ucV(on0O),

Therefore, V(o) UV (®)CV (c A®).

(3) Clearly V ({®)) <V (@), since ® <{0®) and by (1).
On the other hand, let y € V(®). Then ® <y; it
follows that (@) <u. Hence, y € V({(®)). There-
fore, V(@) =V ({(O)). Also, clearly
X (0) <X ({®)), since ® <({®) and by (1). On the
other hand,

p € X(£0))=(0)tu

=0%u (21)
=u € X(0),
It follows that X ({(®))<X(®). Therefore,

X(0) = X({0)).
(4) Let A € X. Then A(0) = 1. Therefore, V (y,) = X
and V (x;,)) = @ (as A is an L-fuzzy prime ideal). [

Remark 1. In general, equality does not hold in Theorem
7. Equality holds if ® and ¢ are crisp ideals of A. The
following example shows that, in a case of L-fuzzy subsets
of A, equality does not hold even if ® and o are L-fuzzy
ideals.

Example 2. Let A={0,a,b,c} and L = {0,s,t,1} with 0<s
<t<1 and let V and A be binary operations on A defined

v |0 a b c A 0 |a | b c

0 0 a b c 0 0 0 0 0
by

a a a a a a 0 a b c

b b a b a b 0|b | b 0

c c a a c c 0 c 0 c

Then, (A, A, V,0)isan ADL. Now defineA\: A — Lby
A(0)=1,A(a) =A(b) =0 and A(c) =s. Then
Ay = A A, ={0,c}, and A, ={0} are prime ideals of A.
Therefore, A is an L-fuzzy prime ideal of A. Define
®A—L and o0:A—L as ©(0)=1,0(a)=
0,0(b) =0(c)=s,and 0(0) =1,0(a) =o(b) =s,0(c) =t.
Clearly, ©® and o are L-fuzzy ideals of A and © <o¢. Then,
V(o) ={(0,1)} and V (®) = {(0, 1), (a,0), (c,s)}. From this,
V(o) <V (0®). Also, cA® ={(0,1), (a,0), (b,s), (c,s)} and
hence V(6A®)=V(0). Now, V(o)uV(®)= {0,1),
(a,0), (c,s)} <V (6 A®) but {(c,s)} ¢ V(0)UV (0). Hence,
V(o)uV(®) c V(o AB).

Recall that if T is an ideal of A, then the characteristic
function y; of I is an L-fuzzy ideal of A. For such L-fuzzy
ideals, we have the following.

Theorem 12. Let I and ] be ideals of A. Then,
(1)V(X1) UV(X]) = V(Xm]) and (Z)X(XI) UX(X]) =
X(Xm])~

Proof

(1) Since INJ <1, ], x;ny <Xp X;- Then, by Theorem 7
(2), we have V (x;) UV (x;) €V (xn)- On the other
hand, let y € V (x;;). Then, y;; <u, and it follows
that p(x) = 1, for each x € INJ. If x;¢u and x;£p,
then there exists x € I, y € J such that y(x)+#1 and
u(y)#1.But,asxAyelIn], then y(xAy)=1. As
y is an L-fuzzy prime ideal of A, then
l=u(xAy)<u(x)vu(y). It follows that
u(x)Vu(y) = 1. This implies that either y(x) = 1 or
u(y) = 1, which gives a contradiction with the choice
of x and y. So, y; < or x; <. Therefore, u € V (y;)
or u € V(x;) and hence y € V(x) UV (x).

(2) Clearly, X(x;;)) SX(x;)UX(x;)- On the other
hand,
neX()uX(xy)=p e X(y) orueX(y)
=Xt ory it
=X N Xt (22)
=XinyE

>u € X(ij)-



Therefore, X (x;) U X (x;) € X (x1n))- O

Corollary 1. For any subsets S of an ADL A and letting
a,beA

(1) V(xs) = 0{V (x0): a € S}

2) V) UV Op) =V Kiansy)

Theorem 13. For any subsets S of an ADL A, we have the
following:

@) (Dxs = YaesXiay

2) () s = Ky

(3) (3) Nwy? = X(a) Jor every a € A

(4) (4) X (s) = X (1)

(5) G)Vixs) =V (xe)

Proof. Clearly yg < x (- Let A be an L-fuzzy ideal of A such
that yg <A. Then, A (a) = 1, for alla € S. Now, we shall prove
that y (g <A. For any t € A, we have

t e (S]=t :<il/1 ai>/\x,
forsomex € Aanda,,a,,...,a, € Sand x4 (t) = L.
(23)
Now,
10 =2((f) )
:)L(l\z/1 a; A x) )
= /Z\lxl(a AX)
> i\l (A(a)VA(x), (by..))
=(A(a) VA())A (A(ay) VA(x))A -+ A (A(a,) VA(x))
=(IVAxX)A(AVAX))A --- A(1VA(x))
=1AIA---A1=1
(24)
Therefore, A(t)>1 and hence A(t) =1. Therefore,

X (s} <A. This shows that x ) is the smallest L-fuzzy ideal of A
containing . Thus, {xs) = x(g- O

Theorem 14. If {A;},., is a family of L-fuzzy subsets of A,
then

V(igA)t,) = iQAV(Ai). (25)
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Proof

J7RS V(igAAi) — igA/\i <u,

=\ <y, foreachi € A (26)
< ueV()), foreachi € A
e iQAV()Li).

This shows that V(U ;aA;) = N;caV(4). O

Theorem 15. Let 7 = {X (®): @isan L — fuzzy subset of A}.
Then the pair (X, 1) is a topological space.

Proof. Consider L-fuzzy subsets of A defined by o(x) =0
and O(x)=1, for al xeA Then, V(o)=
{A € X: 0 <A} = X. Therefore, X (0) = X —V (0) = &. Also,
V(O)=AeX:®<A} =&. 'Therefore, X(0®)=X-V
(@) =X. Let p and v be L-fuzzy subsets of A. Then,
V(@ uVv () =V{w)uV () =Vu A). Now,
XWnX(=X-V()nX-V(»)
=X-(V(uv)
=X-(Vw)uV(»)) (27)
=X - (Vw A7)
=X (WA e
Also, let {);: i € I} be nonempty collection of L-fuzzy

ideals of A. Then,wehave V (U{A;: i € I}) = nV ({A;: i € I})
(by the above theorem). Now,

'LEJIX(/\,-) =Y (X-V(L)=X- .QIV()H‘)
(28)

- X- V( u A) (AUI/\,).
Therefore, (X, 1) is a topological space. O

Definition 14. The topological space (X, ), as in Theorem
15, is called L-fuzzy prime spectrum of an ADL A and is
denoted by F;spec(A) or X.

In the following section, we introduce base of F; spec (A).

Definition 15. Let A = (A, A, V,0) be anontrivial ADL and
let X be the set of all L-fuzzy prime ideals of A. For any
a € A, we define X (a) = X (x,,)- That is,

X(a) ={1 € X: y,y£A}, (29)
and hence

V(a) ={1 € X: <AL (30)

Theorem 16. Let X be the set of L-fuzzy prime ideals of an
ADL A. Then the following hold for any a and b € A:
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(1) X(a)cX(b) = (a]l]< (b] =bAha=a
(2) X(a) =X(b)e=a~be (a] = (b]

3) X(a)=@F=a=0

(4) X (a) = X & a is maximal element in A
(5) X(a)n X (b) = X(anb) = X(bAa)

(6) X(a)UX(b) = X(avb)=X(bVa)

Proof
X(a)=0=X-X(a)=X

SX(@ <A foreveryd € X

=1<A(a) (31)
=A(a) =1

=ael,, foreveryle X.

Let P be a prime ideal of A. Then, x, is an L-fuzzy prime
ideal of A. Put y = yp. Then, y, = P. Therefore, a € P, for
every prime ideal P of A. Hence, a € |J P = {0}. Therefore,
a = 0. Conversely, if a = 0, then there is no ideal not con-
taining 0. It follows that there is L-fuzzy prime ideal A not
containing x( and hence X(y;)=@. Therefore,
X(0)=g.

(4) Suppose that a is maximal in A. Then, x; = X4-
Then, no proper L-fuzzy ideal contains y, and hence
X (X(a) = X(xa) = X. Conversely,

X(a) = X=y %L foreveryd € X

=1£A(a) (32)
=a ¢ A,.

Let P be a prime ideal of A. Then, x, is an L-fuzzy prime
ideal of A and let A=yp. Then A, =P and hence
a ¢ |J{P: Pisaprimeideal of A}. Therefore, a is maximal.

(5)

ALeX(a)NX(b) = yy#A andyq, €A
& 1¢A(a), and1£A(b)
=ab¢)
< aAb¢d, (sincel isprimeidealof A)
& 1¢A(anbd)
= XannFA

—AeX(anb).

(33)
Thus, X(a)nX((b)=X(anb)=X(bAa) (since
aAb~bAa).
(6)

7
LeX(@UX((b) =y tA oryy#A,
> 1¢£A(a), orlgA(b)
—a¢l, orb¢l
1 1 (34)
avb¢l
S X avp FA
< AeX(avb).
Thus, X(a)uX(b)=X(avb)=X(bVa) (since
aVvb~bVa). O

Theorem 17. For any subset S of an ADL A and
X = Fyspec(A), we have the following:

(D) (D)X (xs) = UIX(a): a € S}

(2) )Vixs) = N{V(a): a €S}

Proof

(1) A € X (xs). Then,A € X and y 5#A and, hence, 1£A (¢),
for some te (S]. Since te (S],t=(VL)A
x, forsomex €  Aandaj;,a,,..., a,€S. Let
a= VI, a; Then, a € (S]. Now, we shall prove that
X (@A Clearly, t € (a] and hence y, () = 1£A(t).
Therefore, x(,#A and hence A € X (a). On the other
hand, let A € X such that y , €A, for some a € S. Then,
1£A(#) for some ¢ € (a]. This implies that y £ and
hence A € X (xs). Thus, X (xg) = U X (a).

(2)
V(Xs) =X- X(Xs)
=X - U{X(a): a € 8}, (sinceby (1))
N{X-X(a):acs}
N{V(a): a € S}

(35)

O

Theorem 18. {X (a): a € S} is a base for a topology on X.

Proof. By Theorem 16 (4), X (m) = X, for any maximal
element m of A. Therefore, X =|J{X(a): a € A}. Let
a,b € A. Then, for any A € X, we have

Le X(@)NnX(b) = xtA andy,£A,
— 1£A(a), and1£A(b)
—ab¢l
& aAb¢d, (sincel isprimeidealof A)
— 1£A(anb)
S Xanb A

e X(anb).
(36)
Thus, X(a)NnX((b)=X(anb)=X(DbAa) (since

aAb ~bAa). Therefore, {X (a): a € A} form a base for a
topology on X. O



Theorem 19. Let A be an ADL and X = Fyspec(A). Then,
any closed subset of X is of the form h (y;) for some ideal I of A
and any open subset of X is of the form X (x;) for some ideal I
of A.

Proof. For each a € A, X(a) is open in X and X(y,) =
{A e X: x;£A} = U ;X (a) and hence X (y;) is open in X.
Since h(y;) = X — X (x,), it follows that & (y;) is closed in X.
On the other hand, let Y be a closed subset of X. Then, X - Y
isopenin X and hence X - Y = U (X (a) for some subset S
of A, since {X (a): a € A} is a base for a topology on X. If
I=(S], the ideal generated by S in A, then
Xs <A &y <Aforevery A € X. Now, we shall prove that
X -Y = X (x;)- Let 1 € X. Then,

X1EA=xs#A
=1£A(a),
:X{a};{A

forsomea € A
(37)

On the other hand,
ALeX-Y=Ae X(a), forsomea €S,

=Xt

=xstA, (sincexs = Ugeskia))

=X £A

=y A

=1 € X(x;)-

(38)

Therefore, X —Y = X (x;) and hence Y = h(x,). O

Theorem 20. Let A be an ADL and X = Fyspec(A). Then,
forany Y € X, Y is a compact open subset of X if and only if
Y = X (a) for some a € A.

Proof. Suppose that Y is compact open. Since Y is open,
Y = U, X (a) for some SCA. Also, Y is compact and
{X(a):aeS} is a cover of Y. Then, there exists
a,,d,,...,a, €S such that Y =X (a,)UX(a,) U---UX
(a,) = X(a), where a = VI a,.

Conversely, suppose that Y = X (a) for some a € A.
Therefore, Y is open. Now, we prove that X (a) is compact.
Suppose that X (a)< U, X (b), forsomeSCA. Then
a € (S]; otherwise, if a ¢ (S], then there exists a prime ideal
Pof Asuchthat (S]cPanda ¢ P.LetA = y_{_P}. Then, Ais
an L-fuzzy prime ideal of A, since P is prime and also A, = P.
Since a ¢ A, 1£A(a), it follows that y_{_(a]}#¢A and hence
A€ X(a) but A ¢ X (b), for every b € S, which is a contra-
diction to our assumption. Therefore, a € (S] and hence
a= (VL b)Ax, forsomex € Aandb,,b,,...,b, €S. This
implies that X (a) € UZ, X (b;). Thus, X (a) is compact. O

Corollary 2. Every basic open set X (a) in Fyspec(A) is
compact.
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Corollary 3. Let A be an ADL. Then, Fyspec(A) is compact if
and only if A has a maximal element.

Proof. Let X = F;spec(A). Suppose that X is compact. Then,
X = X (a) for some a € A (by Corollary 2) and hence a is
maximal element in A. On the other hand, if A has a
maximal element, say m, then X = X (m), which is compact
(by 2). O

Theorem 21. For any subset S of A, S is closed in Fyspec (A) if
and only if there exists T € A such that S =V (xp).

Proof. Suppose that S is closed in X. Then, X — S is open in
X and

X-S U{X(X{t})lteT}, forsomeT C A,

UAX = V(i )l € T}
= X =0 {V(x)it € T}
=X -V (xr)

Therefore, S=V (y;), for some T CA. Conversely,
suppose that S =V (y,), for some subset T of A. Then,
V(xr) =V (Userxy) = UserV (xgy) and hence V(yp) is
closed in Fyspec(A), as V (x,) is closed in S. Therefore, the
subset S of A is closed in F;spec(A). O

(39)

Theorem 22. Let & denote the set of all prime ideals of A.
Then the set D = {Xp: pe 9”} is dense in Fyspec(A).

Proof. Let P be a prime ideal of A.Then ,, is an L-fuzzy
prime ideal of A. Then D € X. LetA € X — D. Let X (x,) bea
basic open subset of X containing A. Now,

A e X(xq)=M @) #1

=a ¢ (40)
=11, € X(Xia))

Thus, x, € D, since A, is a prime ideal of A. Therefore,
X (x(q) contains a point of D. Thus, every member of X — D
is a limit point of D. Thus, D = X. O

Theorem 23. For any subset S of X, 8 =V (y5), where
T =n{A: A, €S}
Proof. Let u € S. Then,
xr(@a)=1=a¢eT
=ae
# (41)
=u(a) =1
=xr <.

Therefore, u € V (x7). Thus, SSV (x). But then V' (x;) is
closed set containing S. Hence, SCV (y;). On the other
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hand, letA € V' (y7). Let A ¢ S. Let X (x,,;) be a basic open set
containing A. Then,

e X(xa)=2 ¢ V(Kws)
=A(a)+1
=xr(a)#1, (sinced € V(xr))
=a¢T=n{o:0, €8} (42)
=v(a)+1,
=7 ¢ V(tia)
=7 € X(X{a})-

Thus, v € (X (X{a} NS)) — {A}. This shows that A is a limit
point of S. Thus, V (y;) €S. Therefore, & =V (x5). O

forsome v € S=y, £v

Corollary 4. For any subset S € X, {X} =V(xy,) for any
wv € X, {a} = (0} if and only if u, = ;.

First, let us recall that a topological space X is said to be
T,—space if, for any x# y € X, there exists an open set
containing x and not containing y or vice versa, that X is
called a T', —space if, for any x # y € X, there exists open sets
G and H in X such that x € G- H and y € H — G, and that
X is called a Hausdorff space (T,-space) if, for any
x#y € X, there exist disjoint open sets G and H in X
containing x and y, respectively.

Theorem 24. For any ADL A, Fyspec(A) is a Ty—space.

Proof. Let u#A € Fyspec(A). That is, y and A are distinct
L-fuzzy prime ideals of A. Then, either y£A or A£u. Suppose
that ug\. Then, there exists x, € y such that y,,£A. Then
A e X(a) and u ¢ X (a). Also, each X (a) is open set con-
taining A but not y. On the other hand, if A£y, then there
exists an open set containing y but not A. Therefore,
F spec(A) is a T,—space. O

Theorem 25. Let A be an ADL with maximal elements. Then
the following are equivalent to each other:

(1) Fyspec(A) is a T,— space (or a Hausdorff space)

(2) Fyspec(A) is a T |- space

(3) Every L-fuzzy prime ideal of A is an L-fuzzy maximal
ideal of A

(4) Every L-fuzzy prime ideal of A is an L-fuzzy minimal
prime ideal of A

Proof

1) (1)=1(2): clear.

(2) (2)=(3): suppose that F; spec(A) is a T;—space and
¢ is an L-fuzzy prime ideal of A. Since {u} is closed in
Fyspec(A), {a}={u}. By Theorem 19, we have
{a} = h(y,) = {4}, which implies that there is no
L-fuzzy prime ideal of A containing y other than y
itself. That is, ¢ is an L-fuzzy maximal ideal of A.

(3) (3)=(4): suppose that every L-fuzzy prime ideal of A
is an L-fuzzy maximal ideal of A. Suppose that 4 is an
L-fuzzy prime ideal of A. Let A be an L-fuzzy prime
ideal of A such that A <y. By assumption, A = p.
Therefore, y is an L-fuzzy minimal prime ideal of A.

(4) (4)=(1): suppose that every L-fuzzy prime ideal of
A is an L-fuzzy minimal prime ideal of A. Let
u#A e Frspec(A). That is, y and A are distinct
L-fuzzy prime ideals of A. Then, either ygA or Ap.
Suppose that u#A. Then, there exists y, € 4 such
that y(, #A. Then, A € X (a) and p ¢ X (a). Also, each
X (a) is open set containing A but not y. On the other
hand, if A£y, then there exists an open set containing
u but not A. Hence, a €y, and a ¢ A,. By the
minimality of u,, there exists b ¢y, such that
aAb=0. Therefore, X(a)NnX(b)=X(anb)=0.
Hence, Fyspec(A) is a Hausdorft space. O

Theorem 26. Let A and B be ADLs and let p: A — Bbea
lattice homomorphism. Define g: Fyspec(B) — Fyspec(A)
by g(A) = p~ 1 (L), for each A € Fyspec(B). Then, (1) g is
continuous mapping. (2) If p is onto, then g is one-to-one.

Proof. Clearly g is a well-defined map.

(1) Let h(yy,) be any basic closed set in Fyspec(A) and
t € A. Then,

9" (hxiy)) = {1 € Fuspec(B)lg (1) € h(xiy )}
={1 € Fyspec(B)ly,y <g (L)}
= {1 € Fyspec(B)lg () (1) = 1}
={} € Fyspec(B)p™ (M (1) = 1
={X € Fyspec(B)IM(p (1)) = 1}

= {)L € FLspec(B)l)({P(t)} sA}

- h<X{p(t)}>'

Therefore, inverse image under g of any basic open
set in Fyspec(A) is a closed set in Fspec(B) and
hence g is continuous.

(2) Let p be onto and A,u € Fyspec(B) such that
g(A) = g(y). Then, for each a € A,

gM)(a) = g(u)(a)
=p M@ =p ' (W(a)

(43)

(44)
=A(p(a)) = u(p(a))
=1 =pu
Therefore, g is a one-to-one map. O

Theorem 27. Let p: A — B be an isomorphism. Then, the
space Fyspec(A) is homeomorphic with the space Fyspec(B).
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Proof. Let p: A— B be an isomorphism. Define the
function g: Fyspec(B) — Fyspec(A) by g(u) = p~ ' (u),
for each p € Fyspec(B), and f: Fyspec(A) — Fyspec(B)
by f(A) = p(A), for each A € Fyspec(A). Then, g and f are
well defined and inverse of each other (by Theorems 8 and
9). Thus, by the above theorem, f and g are continuous.
Therefore, Fyspec (A) and Fyspec(B) are homeomorphisms
(by Definition 12). O
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