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In this work, the purpose is to discuss the homotopy analysis method (HAM) for the use of intuitionistic fuzzy differential
equations with the linear differential operator. Furthermore, a numerical example is presented to shed light on the capability of the
present method, and the numerical results illustrated by adopting the homotopy perturbation method (HPM) are compared with
the exact solution to ensure the validity of our outcomes.

1. Introduction

Intuitionistic fuzzy sets theory plays a major key role in
different domains such as industry, audiovisual systems,
robotics, the control of complex processes, the transmis-
sion of energy in a material medium in various forms, and
the evolution of certain populations and organisms. The
notion of intuitionistic fuzzy theory (IFT) was first men-
tioned by Atanassov [1-3] as a generalization of Zadeh’s
tuzzy sets [4]. The concept of the intuitionistic fuzzy metric
space was introduced by Melliani et al. [5]. The authors in
[6] constructed the existence and uniqueness theorem of a
solution to the nonlocal intuitionistic fuzzy differential
equation. The study of numerical methods for solving
intuitionistic fuzzy differential equations has been rapidly
growing in recent years. It is difficult to obtain exact so-
lutions for intuitionistic fuzzy DEs, and hence, some nu-
merical methods presented in [7-11]. In [12-14], the
authors gave a thorough and systematic introduction to the
latest research achievement on the theories of interval-
valued intuitionistic fuzzy sets and their applications to
multiattribute group decision-making (MAGDM). Also,
some arithmetic aggregation operators for the triangular
Atanassov intuitionistic fuzzy number (TAIFN) are defined

in [15]. The first publication on intuitionistic fuzzy partial
differential equations was [23].

In this paper, we well resolve the intuitionistic fuzzy dif-
ferential equation using an analytical method called homotopy
analysis method (HAM). This approach was first set by Liao in
1992 [18, 19]. Numerous authors used this method to resolve
different linear and nonlinear differential equations for the
benefit of many practical use cases in scientific and engineering
problems [19-23], and the homotopy analysis method rapidly
converges in many linear and nonlinear problems. The prin-
cipal benefit of the homotopy analysis method (HAM) is the
applicability to give an approximate and exact solution to linear
and nonlinear problems, without the necessity of discretization
and linearization as in the numerical methods. The structure of
this paper is organized as follows.

After discussing the motivation behind this research in
the introduction section, Section 2 is intended to give the
basic notion of intuitionistic fuzzy sets (IFS) and intui-
tionistic fuzzy numbers (IFN). Section 3 is dedicated to
present some basic notions about the homotopy method. For
the sake of clarity, the homotopy perturbation method for
the use of resolving the intuitionistic fuzzy differential
equations with the linear differential operator is presented.
In Section 4, we give an example to illustrate the capability
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and flexibility of the proposed method, and finally, con-
clusion is given in Section 5.

2. Preliminaries

In this section, we present the necessary definitions and
notations that will be used in this work as follows.

2.1. Intuitionistic Fuzzy Sets. An intuitionistic fuzzy set
A € X is given by

A={(xx,4(x), w0, (x)lx € X}, (1)
where the function x4 (x), w4 (x): X — [0, 1] defines, re-
spectively, the degree of membership and degree of non-
membership of the element x € X to set A, which is a subset

of X, which satisfies for every x € X, 0<x(x) + w(x) < 1.
For the sake of clarity, every fuzzy set has the form

{(x, 54 (%), K4 (%)% € X} (2)
For each intuitionistic fuzzy set A € X, we will call

Ta(x) =1-1x,4(x) — wy (%) (3)
The intuitionistic fuzzy index of x € A verifies that

0<m,(x)<1.

2.2. Intuitionistic Fuzzy Numbers. An element {x, w) of F, is
said to be an intuitionistic fuzzy number if it satisfies the
following conditions:
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(i) {x,w) is normal, i.e., there exist x,, x; € R such that
k(xy) =1and w(x;) =1
(ii) The membership function x is fuzzy convex, i.e.,
k(nx; + (1 - n)x,) 2min (k(x;), x(x,))
(iii) The nonmembership function w is fuzzy concave,
ie, w(nx; + (1 - n)x,) <max(w(x;), w(x,))
(iv) k is upper semicontinuous, and w is lower
semicontinuous
(v) Supp<{x, w) = cl{x € R: |w(x) <1} is bounded
So, we denote the collection of all intuitionistic fuzzy
numbers by F;.
For a € [0,1] and (x,w) € F', the upper and lower
a-cuts of (x,w) are defined by

[k, w)]* ={x e R: w(x)<1-a},

(4)
[{x, w)], ={x € R: x(x)=a}.

Remark 1. If {x,w) € F,, we can see [{x,w)], as [x]" and
[{x, w)]”" as [1 — w]” in the fuzzy case.

We define 0, ) € F; as

(1,0), t=0,

000 () :{ (0,1), t+#0. ®)

Let {x,w), (x',w') € F, and 7 € R; we define the fol-
lowing operations by

({x, wye(x',w')) (z) = sup min (x(x),«’ (y)),zizgclfy max (w(x), 0 (),

z=x+y

1<K, w) =<[
0(1,0)

For (x,w), {x,¥) € F, and 5 € R, the addition and
scalar multiplication are defined as follows:

[ Y@y, W1 = [, w1 + [, W15,
(<6 Y1 = 16 P17,

[<r, wyaxy, ¥ 1, = [Kx, w) ], + [ ¥ o
(<6 210 = 16 ¥ o

(7)

[{x, w)];r () = inf{x € R|x(x) = a},

(nK, nwy

if 40, (6)
ity=0.

Definition 1. Let {x,w) be an element of F, and « € [0.1];
we define the following sets:

[{x, w)]: (a) = sup{x € R|x(x) = a} [{x, w)]; («) = inf{x € Rlw(x)<1 - a}, (8)
[{x, w)], («) = sup{x € Rlw(x) <1 - a}.

Remark 2. [{x,w)], = [[{x, w)]] (@), [{x,w)]} ()] and
[, w)]* = [[{x, W]} (@), [{x, 0], ()]

Proposition 1. For all o, € [0,1] and {x,w) € F,,
(i) [{r, w0}y € [{r,w0)]*
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(ii) [{x,w)], and [{x,w)]* are nonempty compact
convex sets in R

(iii) If “Sf) then
[k, w)]" € [{x, w}]*

(v) If a,/a, then [{x,w)],= N, ‘0>]a,, and
[k, w)]* = N, [k, w)]*™

Let H be any set and a € [0, 1]; we denote by
H,={x e R: x(x)>a},
H={xeR: w(x)<1-al

[{xw)]p € Kk, w)],  and

9

Lemma 1. Let {H,, «a € [0,1]} and {H* a € [0,1]} be two
families of R satisfying (i)-(iv) in Proposition I; if k and w are
defined by

0, if x ¢ Hy,
Kk (x) =
supfa € [0,1]: x € H,}, ifx € Hy, (10)
1, ifx ¢ Hy,
w(x) =
1-supfa € [0,1]: x € H*}, ifx € H,,

then {x,w) € F,.

Lemma 2. A mapping d: F; xF, — R is said to be an
intuitionistic fuzzy metric on [, if it satisfies the following
conditions:
1) d(<K1) w1>: <K2a 0)2>) >0, V<K1: w1>) <K2a w2> € [Fl
(2) d({Ky, 01, <Ky, w3)) = 0 iff (K1, 1) = <Ky, W)
(3) d(Kiep, ), Ky, w,)) = d ({Ky, w30, Ky, 1))V
<K1> w1>’ <K2’ w2> € [F1
(4) d({xp, ), ks, w3)) <d (K, ), Ky, wy)) +
d(<K2: w2>, <K3’ w3>)) V<K1> ‘U1>) <K2, w2>> <K3, w3>

F'(xq+h)—F"(x;) _

hlﬂlo h i —r)
or

lim F'(x0) = F" (%, + h) - lim

h—0 —h h—0
or

lim F'(xy) - F" (xy — h) _

h—0 h h—0

On the space [F,, we will consider the following metric:

do, (Ci6, @), ¥)) = }1 sup || (e, ) (@) = ¥ ()]

0<a<l1

42 sup < @] (@) = G W] (@)

4 O<a<l

+5 sup [ @y (@)~ (oW, (@]

0<a<l

+ 2 sup [ @)y (@) = (W] ()]

0<a<l1
(11)

>

where || - || denotes the usual Euclidean norm in R”.
Proposition 2 (see [24]). ([Fl,dp) is a metric space.

Definition 2. The generalized Hukuhara difference of two
fuzzy numbers {x,w), {x',w') € F, is defined as follows:

(6, 0y, (i, @'y =¥, x)
{ (K, wy =K', 0"y +{V, x)
&

or {x', 0"y = {x, ) + (1), .
(12)

Definition 3 (see [25]). Let F: (a,b) — W! and
Xy € (a,b). It is said that F is strongly generalized differ-
entiable on x, if 3F"" (x,), IF~ (x,) € E* such that
(i) For all h>0 sufficiently small,
AF* (xy+h) — F*(x,), F"(xy)—F*(x,—h), and
the limits (in metric D).

F+(x0)—F+(x0—h)

; = F" (%), (13)

(ii) For all h>0 sufficiently small,
IF*(xy) — F*(xy + h), F*(x,—h)—-F"(x,), and
the limits

F+(x0—h)—F+(xo)
-h

=F" (%), (14)

(iii) For all h>0 sufficiently small, 3JIF*(x,
+h) — F* (x,), F*(xy — h) — F* (x,), and the limits

F+(x0—h)—F+(x0)

- = F"* (x,). (15)




(iv) For all h>0 sufficiently small,
IF*(xy) — F (xg+h), F"(x,)—F"(x,—h), and
the limits
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adopting the homotopy analysis method. Therefore, we
describe the basic idea of the homotopy analysis method by
considering the following differential equation.

We consider the following differential equation:
N[p(x, )] = f(x. 1), (17)

where ¢ is an unknown intuitionistic fuzzy function, N is an
(16)  intuitionistic fuzzy linear or nonlinear differential operator,
and f (x,t) is an intuitionistic fuzzy function.
Here,

lim F*(xo)—F+(x0+h):F+(x0)—F+(x0—h)
h—0 -h -h

= F" (x).

3. Homotopy Analysis Method

In this section, we are interested to resolve the partial dif-
ferential equations with the intuitionistic fuzzy approach by

¢0¢,[5 (x) t) = <(p(x (x) t)) (pﬁ (x’ t))
= < [¢al (X, t)’ (par ('x’ t)]’ [‘/5;;1 (x> t)> (/)ﬁr (-x: t)]>>
N (36 8) = N(x, £, ([ @ (6,1, @), by (3, 1, 0)], [ B (2,1, B, g, (5,1, B)]D)

(18)
=< [Nal (X, £, ¢o¢l’ ¢ar)]’ [Nm’ (x> £ (ple’ (p(xr)]’ [Nﬁl(x’ 8 ¢ﬁl’ ¢[5r)]’ [Nﬁr(x> £ (pp‘l’ ¢ﬁr)]>’
fa,ﬁ (x’ t) = <fa (-x’ t)r f/j (X, t)>
= < [focl (x) t)’ far (x> t)]’ [fﬁl (X, t)) f,Br (x, t)]>
Now, from (17), we get
N, < [§ (61,00, i (1, 0], [0 (61, B), B (5,1, ) )
= < [flxl (x’ t)’ f(xr (x’ t)]’ [fﬂl (xa t), flgr (x, t)]>
Therefore,
N(x 1, [fo (6,1, @), G (5,5, @)]) = [ £ (%, 1), fo (x,1)],
(20)

N(x.t, [ (.1, B), b5, (6,1 B)]) = [ (x5, 1), £ (3 8)]-

In order to generalize the traditional method of
homotopy, we will treat the original differential equation for

the objective to construct a family of zero-order deformation
equations as follows:

(1= q)T (¢o (x,1,q) = tigy (x,1)) = CH (5, )gN ($4 (%, £:9)), (21)
(1= T (B (%,1,9) =ty (x, 1)) = CH (x, )gN (g, (x5 9)) (22)
(1 - T (¢g (x,1,9) — uge (x,1)) = CH (x,)gN( ¢ (x, £ 9)) (23)

(1= )T (g (x,£,9) — 45, (x,1)) = CH (x, )N (g, (x,£;q) )- (24)
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The last equations are called the zero-order deformation
equations whose solutions vary continuously with respect to
the parameter g € [0, 1], where g is the deformation pa-
rameter, C is the nonzero convergence control parameter, I
is the linear operator, H (x) is the nonzero auxiliary func-
tion, and u, (x) is the initial approximation of the desired
solution.

It is well known that if ¢g=0, then
I"(gbaﬁ(x, t,0) — Uago (x,t)) = 0 since T is linear; therefore,
G p (x,1,0) = typ (x,1); this is the initial condition of the
problem N[ (x,1)] = f(x,1).

And if g=1, then CH (x,t)N (gbmﬁ (x,t,1)) =0 since
C+0 and H(x,t)#0; thus, N(</>a,ﬁ(x, t,1)) = 0 such that
¢op(x,t,1) is a  solution of the  problem
Nigus (6] = f o5 (%, 8).

As q increases from 0 to 1, the solution ¢, g (x, t,q) will
vary from the initial condition u,g,(x,t) to the solution
Ugp (x,1).

Using Taylor’s development for ¢, 5 (x, q) with respect to
q> we have

Bap (X £, Q) = thp0 (1) + ) st (1, 1)q", (25)
m=1

where

(l)oc,B

aﬁm (X t) = ( £ q)|q=0) (26)
and when the linear operator, the initial approximation, the
auxiliary function, and the convergence control parameter
are well selected, therefore, (21)-(24) converge for g=1 and

(pmﬁ (x,t,q) = Uq g (x,t) + Zl U fim (x,1). (27)

For H(x,t) =1 and C = -1, equations (21)-(24) turn
into

(1- q)l“(gbal (x,t,q) —u, (x)) + qN(gbal (x,t, q)) =0,
(1- q)I“(gb% (x,t,q) —uy (x)) + qN(¢ (x,t, q)) 0,
(1- q)I“(gbﬁl (x,t,q) —uq (x)) + qN(gbﬁl (x,t, q)) 0,
(1- q)l’((/)l;y (x,t,q) —uq (x)) + qN(‘/’ﬂ, (x,t, q)) =0,
(28)

which are mainly used in the homotopy perturbation
method (HPM), proving that this method is a special case of
the homotopy analysis method (HAM).

Differentiating equations (21)-(24) m times with respect
to the integrated parameter g, then setting g =0, and finally
dividing them by m!, we have the mth order of deformation
equations:

T [ty (%, ) = Xontham-1 (% )] = CH (6, )R, (W gy )
(29)

F[uarm(x, t) = XmUa m-1 (%, t)] = CH (x, t)Rm(ﬁa,m—l)’
(30)

5
F[uﬁlm(x, t) — XmUgm—1 (x, t)] =CH (x, t)Rm(ﬂ)ﬁlm,l),
(31)
[uﬂm(x,t) XmUg m- 1(x,t)] CH (x,t)R,, ( Ug e 1)
(32)
where
0, m<l,
Xin = { (33)
1, m>1,
1 0™
Rm(ﬁalm—l) = 1 aqm 1N[¢o¢, (X t Q)]|q 0>
R 1 amfl
Rm( u arm—l) = m—1 ognt N [‘/5,1, (x,t, Q)] |q:0’
1 om! (34
L g (95,068 ly-or
am—l

1 WN [, (.1, ]l g0

Theorem 1. The series ¢, 5 (x,t) = Y U gy (X, ) converge
to Uy g (x,1) or uyp,, (x,t) which is ruled by high-order de-
formation equations (29)-(32) with definitions (33) and (34),
and it must be the exact solution of equation (17).

Proof. Liao [18]. O

4. Numerical Application

Let us consider the fuzzy intuitionistic equation of the
following form:

du d*u
-~ =g 35
e (35)
where a={-1,0,1), (-1,0,2)), ie.,

agp = {[a=1,1-a][-B,2B]) with initial conditions
Uep(0) =<[1+ a3 —a][2-23,2+2p]), 6
36
Uep(0) = ([, 2 —al[1-2B,1+BI)

The exact solution, given by the classical solution
method, is

Uy (x,t,0) = [(2 e +(a=Dte " +(a— 1)]ex

U, (x,t,) = [(2 - —(a-Dte ' = (a— 1)]ex,
ug (x,t, ) = B (4-B-2t)e" —(B+2pt)e " - ﬁ]ex

% (4-B-200" +(B+2pt)e " + z/s]e"
(37)

ug (x,t, ) =
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According to the homotopy analysis method (HPM), we Thus, according to the deformation equations of order
are looking for ¢ (x,t,q) that has the form m, (29)-(32), with
¢a,;;(x, t,q) = z Ugp (x,0)g". (38)
m=0
Rm—l(ﬁtxlm—l) L (0( - l)ex’
R’”—l(?‘xrm‘l) =W, T, T (a - 1)e’, (39)
Rm(ﬁﬁl””_l) = utm—l uxxm 1 + ﬁex’
Rm(ﬁﬁym_l) = utmfl XX -1 N zﬁex’
we find that
F[umm(x, £) = Xmbogm-1 (%, t)] = CH (x,t) [ut%1 —ty  —(a— l)ex],
F[uarm(x, £) = Xmbho ot (X, t)] =CH (x,1) [utm_1 — Uy (- 1)ex], (40)
F[uﬂlm(x, £) = Xmbgm1 (X, t)] = CH (x,1) [ut%1 —Ug [36"],
F[”ﬂ,m (%,1) = Xputhg 1 (%, t)] =CH (x,1) [utw1 —Ugy Zﬁex].
If we take C = —1 and H (x,t) = 1, we have
Ugm (1) = XUgm-1 (X, 1) = ! [utw1 —Uy  —(a- l)ex],
Uy (1) = Yyt oy (58) = =T [ut -u,, +(a- 1)ex],
T r » m-1 m-1 . (41)
Ugm (x,1) = XmUgm—1 (x,t)=-T [utm,I —u,, +pe ],
Ug 1 (X, 1) = Xpthg oy (X, 1) = ! [utm_1 — Uy 2/36"],
and we choose the operator T = (d/df), then For m=2,

I™' () = [ (*)dt, and by using the initial values, we get

(i) Ugm (x,1).
For m=1,

Uy (X,1) = ! [uaztl ~ U, — (€= l)ex] + YaUhg1 (X, 1)
= I '[2ae” - 2ate” — ae” + "] + 2ate”

_ =TI '[(a+1)e" - 2ate™] + 2ate”
Uy (x,1) = T ! [”azto — U, — (€= l)ex] + X1t (%, 1) [ ) ]

_ _ X 2 x
N [—(1 + a)e* — (a—1)e"] = (o - 1te” +at’e".

-1 X X (43)
=-I" " [-2ae"] = 2ate™.
(42) For m=3,
Uy (x,t) = ! [”altz ~ U, — (€= l)ex] + Y3t (X, 1)
=-1! [(oc —De* + 2ate” — (a - Dte” — at’e™ — (a — 1)ex] +(a—-1Dte" + at’e”
(44)

=-1! [(oc + Dte” — at’e™| + (a - 1)te* + at’e”

2 3

=(a-Dte* +(a+1)—€* + a—e".
( ) ( )2 3
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For m=4,

Uga(x,t) = —1“71[1,1‘)”[3 ~ U, — (€= l)ex] + Yyl (%, 1)

2 3
_ t t
=-r! [atzex +(a+ Dte* +(a—1)e* —(a— Dte* — (a + I)Eex —a—e" —(a—-1)e*

2 3
t t
+(a—=Dte* + (a + I)Eex +a—e*

(45)

-1 3x tzx X X tzx t3x
=-T —ocge +(0¢—1)Ee +2te” | + (o — 1)te +(oc+l)Ee +a—e

2 3

4
t t
=(a—-1te* +(a— 1)5ex+((x+l)§ex+20c

4!

After five iterations, we get For m=2,

U0 (X5 1) + 11 (3, 1) + 15 (56, ) + 13 (%) + 1 4 (x, 1)

Uy o (x,1) = -t [ut] Uy, — (1~ (x)ex] + Yol 1 (X, 1)

2 3 4 = T '[(4 - 20)e" — (4 - 20)te” — (1 - @)e”]
=(a+1)e” +(5a—3)te” + 40656 + (3a + l)ﬁe + 20(5. (4= 2a)te"
(46) _ -1 X X X
=-T" [3-a)e" —2(2 - a)te’] + (4 - 2a)te
(i) 14y, (%, 1). = (1-a)te* + (2 - a)t’e”.
For m=1, (48)
_ —1 X
Uy (x,1) =-T [uto — Uy, —(1-a)e ] + X U, 0 (%, 1) For m=3,
=-1! [-3—a)e” - (1 -a)e’]
= I '[-4€" + 2ae*] = (4 - 2a)te”.
(47)

Uy 5(x,1) = ! [“t2 — Uy, — (1= oc)ex] + X3Uq 2 (%, 1)

r! [(1 —a)e* +2(2 - a)te” — (1 - a)te® — (2 — a)t’e” — (1 - oc)ex] +(1 - a)te” + (2 - a)t’e”

=-r! [—(2 —a)tiet + (3 - oc)tex] +(1—a)te” + (2 — a)t’e” (49)

2 3
t t
=(1-a)te” +(7 - 3a) 3ex +(2-a) gex-

For m=4,
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Uy 4(x,1) = —Ffl[u,% —ty, — (1~ oc)ex] + Xathq 3 (X, 1)
2 3

=-r! [(1 —a)e* + (7= 3a)te” + (2 — a)t’e” — (1 - a)te” — (7 - 3¢x)%ex -(2- oc)%ex —(1-a)e"

t* t
+ (1 -a)te’ +(7 - 3a) Eex +(2-a) gex (50)

£ t* t* £
=-1! [(2 - (x)gex + (a0 — 3)Eex + (6 -2a)te* | + (1 — a)te™ + (7 - 3a) Eex +(2- (x)gex

=(1-a)te’ +(13 - Sa)iex +(7 - 3a)iex +(2- a)iex.
2 3! 4!

After five iterations, we get

Uy 0 (1) + 1t 1 (26, 1) + g 5 (%, 1) + Uy 3 (X, 1) + 1 4 (x, 1)

51
. . £ £ t =
=3 -a)e" +(7-5a)te +(24—10¢x)5e +(11—50c)§e +2(2—oc)Ie.

In the same way for Ug m (x,t)and Ug (x, 1), we find that

g (x,8) = (2~ 3B)te”,

2
X t X
uﬁlz(x, t) = —pte” +(2-3p) Ee ,

# £
ug s (x,t) = —Bte* - ﬂzex +(2-3p) ye",

£ £ t*
uﬁl4(x, t) = —fte —/356 +(4-5p) ie +(2-3p) Ie ,
and (52)

ug (x,8) = (2 + 4p)te”,

2
t
ug 2 (%, 1) = 2Bte” + (2 + 4p) 5e",

3
t
ug 5 (x,t) = 2Pte” + BtPe* + (2 +4p) gex,

t’ £ tt
— X - X - X _ - X
ug 4(x, 1) = 2Pte” + 2P 7€+ 2ﬁ3!e (2+4p) T

so after five iterations, we get

ug 4 (%, 1) + ug (x, 1) + ug 3 (x,t) + uﬁr4(x, t)

2 3 (53)

4
_ (2+2ﬂ)€x+(2+ 10[3)tex +(2+8ﬁ)%ex+(2+6ﬁ)%gx—(2+4ﬁ)%ex.
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1
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FiGure 1: Exact and approximate solutions for membership and nonmembership functions at t=1 and m=4.
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FIGURE 2: The surface of intuitionistic fuzzy solutions.

To ensure the validity of the present model, we illustrate
in Figures 1 and 2 the comparison of the numerical solutions
with the exact ones for the membership and nonmember-
ship functions at t=1 and m=4 for a € [0,1]; we have
calculated all the data by using MATLAB.

From the figures, we can see that the results of the
homotopy perturbation method (HPM) are close to the
exact solution which confirms the validity of our method.

5. Conclusion

In this work, we have presented the procedure for simu-
lating and computing an approximate solution for intui-
tionistic fuzzy differential equations with the linear
differential operator by using the homotopy analysis
method, which can also be used to solve some linear and
nonlinear problems that cannot be solved by classical
methods. Moreover, in the homotopy analysis method, we
can choose h appropriately to ensure the convergence of the
series solution for highly nonlinear problems. The basic
ideas of this approach should be used to solve other
intuitionistic fuzzy problems in many practical domains
such as fluid mechanics.
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