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The notions of an inf-hesitant fuzzy I'-ideal and a (sup, inf)-hesitant fuzzy I'-ideal, which are a generalization of an interval-valued
fuzzy I'-ideal, of a I'-semigroup are introduced and some properties are investigated. Characterizations of the notions are provided
in terms of sets, fuzzy sets, intuitionistic fuzzy sets, interval-valued fuzzy sets, and hesitant fuzzy sets. Furthermore, charac-
terizations of a I'-ideal of a I-semigroup are given in terms of inf-hesitant and (sup, inf)-hesitant fuzzy I'-ideals.

1. Introduction

The notion of a fuzzy set, proposed by Zadeh [1], has provided
a useful mathematical tool and method for describing the
behavior of complex and ill-defined systems. The notion has
huge applications in decision making, artificial intelligence,
automata theory, control engineering, finite state machine,
expert, graph theory, robotics, and many branches of pure and
applied mathematics (cf. [2]). Nevertheless, there are limita-
tions for using the notion to deal with vague and imprecise
information when different sources of vagueness appear si-
multaneously. In order to overcome such limitations, Torra and
Narukawa [3, 4] proposed an extension of the notion so-called
a hesitant fuzzy set which is a function from a reference set to
a power set of the unit interval. Hesitant fuzzy set theory has
been applied to several practical problems, primarily in the area
of decision making (see [5-9]) and different algebraic struc-
tures; for example, Jun and Ahn [10] introduced hesitant fuzzy
subalgebras and hesitant fuzzy ideals of BCK/BCI-algebras and
investigated related properties. Mosrijai et al. [11-13] studied
hesitant fuzzy sets on UP-algebras. Kim et al. [14] studied the
concepts and properties of a hesitant fuzzy subgroupoid (left
ideal, right ideal, and ideal) of a groupoid, a hesitant fuzzy
subgroup (normal subgroup and quotient subgroup) of

a group, and a hesitant fuzzy subring (left ideal, right ideal, and
ideal) of a ring. Jittburus and Julatha [15] proposed the con-
cepts of a sup-hesitant fuzzy ideal of a semigroup and its
sup-hesitant fuzzy translations and sup-hesitant fuzzy exten-
sions. They showed that the sup-hesitant fuzzy ideal is a general
concept of a hesitant fuzzy ideal and an interval-valued fuzzy
ideal and gave its characterizations in terms of sets, fuzzy sets,
hesitant fuzzy sets, and interval-valued fuzzy sets. Julatha and
Tampan [16] introduced sup-types of hesitant fuzzy sets based
on ideal theory of ternary semigroups and examined their
properties via a fuzzy set, an interval-valued fuzzy set, and
a hesitant fuzzy set.

In 1981, Sen [17] introduced the concept and notion of
the I'-semigroup as a generalization of the plain semigroup
and ternary semigroup. Many classical notions and results of
(ternary) semigroups have been extended and generalized to
I-semigroups, by many mathematicians, for instance, Sir-
ipitukdet and Tampan [18, 19], Siripitukdet and Julatha [20],
Dutta and Adhikari [21, 22], Saha and Sen [23-25], Hila
[26, 27], and Chinram [28, 29]. Simuen, lampan, Chinram,
Sardar, Majumder, Dutta, and Davvaz [30-35] studied
theory of I'-semigroups via fuzzy subsets. Uckun et al. [36]
studied theory of I'-semigroup via intuitionistic fuzzy sub-
sets. Abbasi et al. [37] introduced hesitant fuzzy left (resp.,
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right, bi-, interior, and two-sided) I'-ideals of I'-semigroups
and characterized simple I'-semigroups by hesitant fuzzy
sets. Julatha and Iampan [38] introduced a sup-hesitant
fuzzy T-ideal, which is a general concept of an interval-
valued fuzzy I'-ideal and a hesitant fuzzy I'-ideal, of a T-
semigroup and studied its properties via level sets, fuzzy sets,
interval-valued fuzzy sets, and hesitant fuzzy sets.

In this paper, the notions of an inf-hesitant fuzzy
I'-ideal and a (sup,inf)-hesitant fuzzy I'-ideal, which are
a general notion of an interval-valued fuzzy I'-ideal, of a I'-
semigroup are introduced and their properties are in-
vestigated. Equivalent conditions for a hesitant fuzzy set
to be an inf-hesitant fuzzy I'-ideal and a (sup, inf)-hesitant
fuzzy I'-ideal are provided in terms of sets, fuzzy sets,
intuitionistic fuzzy sets, interval-valued fuzzy sets, and
hesitant fuzzy sets. We show that every interval-valued
fuzzy set on a I'-semigroup is an interval-valued fuzzy
I-ideal if and only if it is a (sup,inf)-hesitant fuzzy
I'-ideal. Furthermore, characterizations of a I'-ideal of a I'-
semigroup are given in terms of inf-hesitant and
(sup, inf)-hesitant fuzzy I'-ideals.

2. Preliminaries

We will introduce some definitions and results that are
important for study in this paper.

First, we recall the definition of I'-semigroups which is
defined by Sen and Saha [25]. By a I'-semigroup, we mean
a nonempty set G with a nonempty set I' and a mapping
GxI'xG — G, written as (u,y,v)—uyv satisfying the
identity (uyv)éw = uy(véw) for all u,v,w € Gand y,6 € I.
From now on throughout this paper, G is represented as a I'-
semigroup and X a nonempty set unless otherwise specified.
For nonempty subsets U and V of G, let
UTV = {uyvlu € U,v € V,y € T'}. By aT-ideal (I'ld) of G, we
mean a nonempty subset V' of G such that GI'VCV and
VI'GCV. Then, a nonempty subset V of G is a I'ld of G if and
only if uyv,vyu eV forallu e G,veV, and y € I.

A fuzzy subset (FS) [1] of X is a function from X into the
unit segment of the real line [0,1]. A FS ¢ of G is called
a fuzzyT-ideal (FI'1d) of G if
max{¢ (u), (M)} <¢(uyv), forallu,veGandyel. (1)

An intuitionistic fuzzy set (IFS) A [39] in X is an
object having the form A ={(x,¢(x),¢(x))lx € X},
where the functions ¢: X — [0,1] and ¢: X — [0, 1]
define the degree of membership and the degree of
nonmembership, respectively, and 0< ¢ (x) + ¢ (x) <1 for
all x € X. An IFS A = {(x, ¢(x), ¢ (x))|x € X} in X can be
identified to an ordered pair (¢, @) in [0, 1]¥ x [0, 1]*. For
a FS ¢ of X, we define a FS (¢/2) by (¢/2) (x) = (¢(x)/2)
for all x € X. Then, ((¢/2), (¢/2)) is an IFS in X for all FSs
¢ and ¢ of X. An IFS (¢, ¢) in G is called an intuitionistic
fuzzy T-ideal (IFTId) [36] of G if the following two
conditions hold:

(i) (IFTId1) ¢ (uyv)>max{¢(u), ¢ (v)} for all u,v € G
andy el
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(ii) (IFTId2) ¢ (uyv) <min{g(u), ¢ (v)} for all u,v € G
and yeT

By an interval number @, we mean an interval [a™,a"],
where 0<a™ <a'<1. The set of all interval numbers is
denoted by 20, 1]. Especially, we denoted 1:= [1,1] and
0:= [0, 0]. For two elements @ = [a~,a*] and b = [b~,b*] in
210, 1], define the operations <,=,< and rmax in case of
two elements in 2[0, 1] as follows:

(i) a<beoa <b and a* <b*
(i)a=bea =b and a*t =b*
(ili) a<bea<band a+b
(iv) rmax{ﬁ, E} = [max{a~, b}, max{a*,b*}]

Denote the case thata™ > b~ ora* > b* by a#b. A function
w: X — D0, 1] is called an interval-valued fuzzy set (IVES)
[40] on X, where @ (x) = [w™ (x), w" (x)] for all x € X and
w~ and w' are FSs of X such that w™ (x)<w" (x) for all
x € X. Let IVFS(X) be the set of all IvFSs on X. An IVFS @ on G
is called an interval-valued fuzzy T-ideal (IVFTId) of G if

r max{@ (u), w (v)} < @ (uyv), forallu,ve Gandy eT.

(2)

Then, @ is an IVFT1d of G if and only if @ (u) < @ (uyv)
and @ (v) <@ (uyv) for all u,v € G and y €T.

A hesitant fuzzy set (HES) [3, 4] on X in terms of
a function ¥ is that when applied to X returns a subset of
[0, 1], that is, ¥: X — ([0, 1]), where 9 ([0, 1]) denotes
the set of all subsets of [0, 1]. Let HFS (X) be the set of all
HFSs on X, that is, HFS(X) = {§]y: X — 2 ([0,1])} and
let HFS* (X) = {¢ € HFS(X)|y (x) #+ @ forall x € X}. Then,
IvFS(X) CHFS* (X) CHFS(X). A HFS ¥ on G is called
a hesitant fuzzy T-ideal (HFI'1d) [37] of G if

Y(w)uy(v) <y (uyv), forallu,v e GandyeT. (3)

Then, ¥ is a HFIId of G if and only if
() Sy (uyv) Ny (vyu) for all u,v € G and y € T.

For { € HFS(X) and Ve 2([0,1]), we define the ele-
ment SUPV of [0, 1], the subset [; V]qyp of X, the fuzzy
subset FY of X, and the hesitant fuzzy set #syp (¥; V) on X
[15, 16] by

_ | supV ifV#D

(1) SUPV = {0 otherwise
) [ Visyp = {x € XISUPF (x) > SUPV}
(3) F¥(x) = SUPY(x) for all x € X

(4) sup (¥; V) (x) = {t € VISUPY (x) >t} for all x € X

_We denote Zqup(¥;[0,1]) by Hiyp and then,
Hop € WFS(X).

Julatha and Tampan [38] introduced a sup-hesitant fuzzy
I-ideal, which is a generalization of the concepts of an
IVFTId and a HFTId, of a I'-semigroup and studied its
properties in terms of FSs, IFSs, HFSs, and IvFSs in the
following.

Definition 1 (see [38]). Given Ve 2([0,1]),aHFS y on G s
called a sup-hesitant fuzzy I'-ideal of G related to V (briefly,
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V-sup-hesitant fuzzy T-ideal of G) if the set [; V]gyp isa I'ld
of G. We say that § is a sup-hesitant fuzzy T-ideal
(sup-HFT'1d) of G if ¥ is a V-sup-hesitant fuzzy I'-ideal of G
for all Ve 2 ([0,1]) when [; Vigyp #+ 9.

Lemma 1 (see [38]). Every IVFI'ld of G is a sup-HFI'Id of G.
Lemma 2 (see [38]). Every HFI'Id of G is a sup-HFI'Id of G.

Theorem 1 (see [38]). For ¥ € HFS(G), the following are
equivalent:

(1) ¥ is a sup-HFT'Id of G

(2) Y is a FIld of G

(3) #Yyp is a HFTId of G

(4) HYyp is an IVFTId of G

(5) H%yp is a sup-HFI'Id of G

(6) I gup(W; V) is a HFTId of G for all Ve 2 (0, 1])

Given ¥ € HFS(X), the HFS ¢, defined by ¥" (x) =
{1 - SUPY (x)} for all x € X, is called the supremum com-
plement [13, 38] of ¥ on X. Then, SUPY” (x) = 1 - SUPy (x)
for all x € X and (%Y, %" ) is an IFS in X.

Theorem 2 (see [38]). A HFS § on G is a sup-HFI'Id of G if

~

and only if (g@ FY ) is an IFI'1d of G.

For every HFS § on X and every element ¢ of [0, 1], the
set

Usup (951) = {x € X [SUPP (x) 21}, (4)

is called a sup-upper t-level subset [13, 38] of .

Theorem 3 (see [38]). A HFS ¥ on G is a sup-HFI'Id of G if
and only if Ugyp (W;t) is either empty or a I'ld of G for all
t e [0,1].

For a subset Y of X and two elements A, V of ([0, 1]),
define the characteristic interval-valued fuzzy set (CIVFS)
Cly: X — 2][0,1], the characteristic hesitant fuzzy set
(CHFS) CHy: X — 2([0,1]), and the hesitant fuzzy set
VX — 2 ([0,1]) by for all x € X,

1, ifxey,
Cly (x) = { _

0, otherwise,

[0,1], ifxeY,
CH, (x) :{ (5)

a, otherwise,

V ifxey,
o (x) = {

A otherwise.

Then, the HFS y{* is a general concept of the CHFS

and CIVFS, that is, y>!*") = CHy and X}(KG,T) = Cly. Julatha
and Tampan [38] gave conditions for a nonempty subset Y of

G to be a I'ld by using the CIVES Cly, the CHFS CHy, and

Xl([A’V) as the following theorem.

Theorem 4 (see [38]). For a nonempty subset Y of G, the
following are equivalent:

(1) Yisalld of G

(2) The CIVFS Cly is a sup-HFI'ld of G

(3) The CHFS CHy is a sup-HFI'Id of G

(4) x\*Y) is a sup-HFT1d of G for all A, Ve P ([0, 1]) with
SUPA < SUPY

3. inf-Hesitant Fuzzy I'-Ideals

For a HFS  on X and an element Ve 2 ([0, 1]), define INFV
and [¥; V]inr by
infV, ifV+d,

INFV = {
0, otherwise, (6)

[¥; Ve ={x € X |INFy (x) > INFV}.

Note that for all x € X and for all @ € IvFS(X), we have
INF@ (x) = inf@(x) = min@(x) = w™ (x). Now, we in-
troduce the notion of an inf-hesitant fuzzy I'-ideal of a T'-
semigroup in the following definition.

Definition 2. A HFS ¥ on G is called an inf-hesitant fuzzy
-ideal (inf-HFT'1d) of G if the set [{; V]yg is a T'ld of G for
all Ve 2([0,1]) when [¥; V]xg # 9.

Example 1. Let Z~ be the set of all negative integers,
G =27 u{0}, and T = 2G. Then, G is a I'-semigroup with
respect to usual multiplication.

(1) Define a HFS ¥ on G by

{0.5,0.6,0.7}, ifu=0,
¥ (u) =4 [0.3,0.8], ifue2Z, (7)
a, otherwise,

for all u € G. Then, ¥ is an inf-HFI'Id of G but not
a sup-HFT'Id of G because

SUP¥ ((~5) (0) (—6)) = SUP¥ (0) = 0.7 < 0.8
= max{SUPY (-5), SUPF (-6)}.

(8)
(2) Define a HFS ¥ on G by
[0,1], ifu=0,
Y(u) =1 (0.4,0.8), ifue2z, (9)
{0.5,0.6,0.7}, otherwise,

forallu € G. Then, ¥ is a HFT'1d of G but not an inf-HFI'Id of

G because the nonempty subset [; [0.5,0.6]] ¢ of G is not

a I'ld of G, that is,

1€ [ [0.5,0.6] I (~1)(=2)(=3) = =6 ¢ [; [0.5, 0.6z
(10)



By Example 1 and Lemma 2, we obtain that an
inf-HFT'Id of G is not a sup-HFI'Id and a HFI'ld of G and
a sup-HFI'Id of G is not an inf-HFI'ld of G.

Lemma 3. Every IvFI'ld of G is an inf-HFI'ld of G.

Proof. Suppose that @ is an IvFI'ld of G and Ve 9 ([0, 1])
such that [@;V]ye is a nonempty set. Let ue€G,
v € [@; V]yp and p € T Since @ is an IVFI'1d of G, we get
@ (v) < @(uyv) and @ (v) < @ (vyu). Thus,

INFV<INF@ (v) = 0 (v) <min{fw (uyv), 0 (vyu)}

(11)
= min{INF® (uyv), INF@ (vyu)},

which implies that uyv, vyu € [@; V]p. Hence, [@; V] is
a I'ld of G. Therefore, @ is an inf-HFTId of G. O

In the following example, it is shown that the converse of
Lemma 3 is not generally true.

Example 2. Let G be a I'-semigroup defined in Example 1.
Define an IvFS @ on G by for all u € G,

1, ifu=0,
o(u) =4 [0.5,0.7], ifue2Z, (12)
[0.3,0.8], otherwise.

Then, @ is an inf-HFT'Id of G but not an IVFI'ld of G
because

r max{w(-1), @ (-3)} = [0.3,0.8]%[0.5,0.7] = @ (-12)

=0 ((-1)(-4)(=3)).
(13)

By Lemma 3 and Example 2, we obtain that an
inf-HFT'Id of a I'-semigroup G is a general concept of an
IVFT'Id of G.

For every HFS ¥ on X, define the FS 9"; of X by

9@ (x) = INFy(x) for all x € X. A HFS 9on X is called an
infimum complement of § on X if INF9(x) = 1 — INF/ (x)
for all x € X. Let IC(¥) be the set of all infimum comple-
ments of . Define the HFS §* by §" (x) = {1 - INFy (x)}
for all xeX, and then we have ¥" €IC(¥),
9@* (x) =1-INFy(x), and INF(y")"(x)=INFy(x) =
97; (x) for all xeX. Note that
t,} = 1 —max{t,t,} for all £,,t, € [0,1].

min{l —¢,,1-

Lemma 4. If y € HFS" (G) is a HFI'Id of G, then 9 is an
inf-HFT'Id of G for all 9 € IC(¥).

Proof. Suppose that ¥ € HFS" (G) is a HFI'Id of G and
9 € IC(y). Let Ve 2([0,1]),u € G,v € [9; V] xpand y € T.
Then, Y (v)<y(uyv) and Y (v)Cy(vyu), and since
¥ € HFS* (G), we get
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INFY (v) > max{INFy (uyv), INFy (vyu)}, (14)
INFV < INF9(v)
= 1 - INF§ ()
<1 - max{INFy (uyv), INFy (vyu)} (15)

= min{1 - INFy (uyv), 1 - INFy (vyu)}
= min{INF§ (uyv), INF9 (vyu)}.
Hence, we have uyv, vyu € [9; V]ng- Therefore, we ob-

tain that [9; V] is a I'ld of G. Consequently, 9 is an
inf-HFT'1d of G. O

Lemma 5. For § € HFS(G), the following are equivalent:
(1) ¥ is an inf-HFI'Id of G
2) Fi@ is a FT'ld of G

(3) INFy (uyv) > max{INFy (u), INFy (v)}  for  all
u,veGandyeTl

(4) INFg(uyv) < min{INAFg(u), INF@(V)} for all
u,veG, yel, and 9 e IC(y)

(5) INFy" (uyv) <min{INFy" (u), INFy" (v)} for all
u,veGandyerl

Proof. (1)=(3). Let u,v € G and y € I. Then, u € [y; ¥
()] ne and v € [¥; ¥ (v)]jnp- By assumption (1), we get
uyv € [§; ¥ (u)] g and uyv € [§; ¥ (V)] np- Thus, INFy
(uyv) > max{INFy (u), INFy (v)}.

(3)=1(2) and (4)= (5). They are clear.

(2)=(1). Let Ve 2([0,1]), u € G, v € [¥; V]np and
y € I. By assumption (2), we have

min{INFy (uyv), INFy (vyu)} = min{?ﬁ;(uyv), 9/7@(11)21/1)}
> g;/; (v) = INFy (v) > INFV.
(16)

Then, uyv, vyu € [; V] Thus, [; Ve is a T1d of G.
Therefore, we have that i is an inf-HFI‘ld of G.

(3)=(4). Let u,veG, yel, and 9€IC(y). By as-
sumption (3), we have

INFY (uyv) > max{INFy (u), INFy (v)}, (17)

and then,

min{INF9 (1), INFS (v)} = min{1 — INFy (1), 1 - INF (v)}
=1 — max{INFy (u), INFy (v)}
>1— INFy (uyv)
= INF9 (uyv).

(18)

(5)=(3). Let u,v € G and y € I'. By using assumption
(5), we get INF§" (uyv) <min{INFy" (u), INF§" (v)} and
then
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INFy (uyv) = 1 - (1 — INFy (uyv))
=1 - INFy" (uyv)
>1 - min{INFy" (u), INF§" (v)}

~ A (19)
=1-min{l - INFy (1), 1 — INFy (v)}
=1 - (1 - max{INFy (u), INFy (v)})
= max{INFy (u), INFy (v)}. -

Theorem 5. If an IVFS @ of G is an IvFT'1d of G, then F is
a FI'ld of G.

Proof. 1t follows from Lemmas 3 and 5. O

Theorem 6. If ¥ € HFS*(G) is a HFI'ld of G, then gA is
a FT'Id of G for all 9 € IC().

Proof. 1t follows from Lemmas 4 and 5. a

For ¥ € HFS(X) and t € [0, 1], the sets
U (951) ={x € X | INFy (x) > ¢},

~ N (20)
L (1) ={x € X|INFy (x) <t},

are called an inf-upper t-level subset and an inf-lower t-level
subset of {, respectively.

Theorem 7. A HFS § of G is an inf-HFI'Id of G if and only if
forallt € [0,1], a nonempty subset U g (1) of G is a I'ld of
G.

Proof. Let te€[0,1] and Upg(y;t)#3. Choose
Ve 2([0,1]) such that INFV =t and we get
[¥; Vg = Une (93 1). Since ¥ is an inf-HFT'1d of G, we get
that Ue (¥;1) = [¥; V]ne is a T'ld of G.

Conversely, let Ve 2([0,1]) and [¥; V]inp # D. Choose
t:= INFV, and by the assumption, we obtain that [; V] =
Ui (93 t) is a TId of G. Therefore, ¥ is an inf-HFI'Id of
G. O

Corollary 1. Let @ be an IvFI'ld of G. Then, for all t € [0, 1],
a nonempty subset U (@;t) of G is a I'ld of G.

Proof. 1t follows from Lemma 3 and Theorem 7. |

Theorem 8. Let { € HFS(G) and Je IC(y). Then, 9is an
inf-HFT'Id of G if and only if for all t € [0, 1], a nonempty
subset Ly (1) of G is a I'ld of G.

Proof. Let te€[0,1] and Ly (¥;t)# Q. There exists
Ve #([0,1]) such that INFV=1-t and then
[9; Vling = Ling (3 8). Since 9 is an inf-HFI'Td of G, we
obtain that Ly (¥;1) = [9; V]jnp is an T1d of G.
Conversely, let Ve & ([0, 1]) be such that [9 Vine # 9.
Choose t: =1-INFV, and by the assumption, we obtain
that [9; V]ne = Ling (#:1) is a TId of G. Hence, 9 is an
inf-HFT'Id of G. |

Corollary 2. If ¥ € HFS* (G) is a HFI'Id of G, then for all
t € [0, 1], a nonempty subset Ly (¥;t) of G is a I'ld of G.

Proof. 1t follows from Lemma 4 and Theorem 8. O

In the following theorem, we give conditions for a HFS of
a [-semigroup to be an inf-HFI'ld via IFSs.

Theorem 9. For y € HFS(G), the following are equivalent:
(1) ¥ is an inf-HFI'Id of G
(2) (F5,F3) is an IFT1d of G for all 9eIC()
(3) (97;, 377) is an IFT'1d of G

Proof. 1t follows from Lemma 5. O

Corollary 3. If an IvFS @ of G is an IvFT'1d of G, then
(F=, 9*1) is an IFT'1d of G for all 9 e IC(a).

Proof. 1t follows from Lemma 3 and Theorem 9. O
Corollary 4. If y € HFS*(G) is_a HFIId of G, then
(3«; F~ ) is an IFT'1d of G for all Je IC(v).

Proof. 1t follows from Lemma 4 and Theorem 9. O

For ¥ € HFS(X) and Ve 2([0, 1]), we define the HFS
I (¥; V) on X by

e (W3 V) (x) ={t € V|INFy (x) >t} forallx € X, (21)

and we denote %' (¥; [0, 1]) by % ng- Then, the following
statements hold:

(1) Z e (93 V) (x) €V for all x € X

(2) %’INF € IVES (X)

(3) 0 = min %INF (x) <INFZ 1y (7, V) (x) <
INFy (x) = max ?/}’;\IF (x) forall x € X

In the following theorem, we give conditions for a HFS of
a I'-semigroup to be an inf-HFTId in terms of IvFSs and
HFSs.

Theorem 10. For € HFS(G), the following are equivalent:
(1) ¥ is an inf-HFT'ld of G
(2) % g (W3 V) is a HET1d of G for all Ve ([0, 1])
(3) %IENF is a HFI'ld of G
(4) Iy is an WFI'Id of G

Proof. (1)=(2). Let u,ve G, yeI, Ve ([0,1]), and
t € X e (W V) () UF g (¥;V)(v).  Then, teV and
t < max{INFy (u), INFy (v)}. By assumption (1) and Lemma
5, we get

t < max{INFy (u), INF (v)} < INFy (uyv). (22)



Thus t € #np (¥; V) (uyv). Hence, # 1 (¥;V)(u)U
e (U3 V) (v) € Z1np (§; V) (uyv). Therefore, we have that
I\ (U3 V) is a HFT1d of G.

(2)=(3). It is clear.

(3)=(4). - Let wu,veG and. yel. Then,
INFy (u) € %’}VNF(u) and INFy (v) € #}, ¢ (v). By assump-
tion (3), we get INFy (u), INFy (v) € /|y (uyv). Thus,

max %?NF (uyv) = INFy (uyv)
> max{INFy (u), INFy (v)}

= max{max X e (1), max Iz (v)}.

(23)

Since min#f:(x)=0 for all xeG, we have

min # . (uyv) = max{min X e (1), min Z ) (v)} and so
r max{%&p (u), %?NF (v)} = [max{min ?/?NF (u), min %?NF (v)},

max{max Kb (1), max %’K\IF(V)H
< [min %’?NF (uyv), max %;V;NF (uyv)]

= %?NF (uyv).
(24)

Therefore, # . is an IVFTTd of G.
(4)=>(1). Let u,v € G and y € F By assumption (4), we

get 7 max{%INF (), 7 (v)} <Y (upv). Then,

INFy (uyv) = max %’INF (uyv)

zmax{max o (1), max Z”}A”NF (v)} (25)
= max{INFy (u), INFy (v)}.

Therefore, it follows from Lemma 5 that ¥ is an
inf-HFT1d of G. O

Corollary 5. Let @ be an IvFI'ld of G. Then, the following
hold:

(1) %’INF(E); V) is a HFI'Id of G for all Ve ([0, 1])
(2) X\ is both a HFI'Id and an IvFI'Id of G

Proof. 1t follows from Lemma 3 and Theorem 10. O

Corollary 6. Let ¥ € HES* (G) be a HFI'Id of G. Then, the
following hold:

(1) ?KINF(§; V) is a HFT'Id of G for all Ve ([0, 1]) and
9eIC(y)

(2) %’INF is both a HFI'Id and an IvFI'Id of G for all
9 e IC(y)

Proof. 1t follows from Lemma 4 and Theorem 10. O
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In the following theorem, we give one characterization of
a I'ld of a T-semigroup in terms of a HFS.

Theorem 11. Let Y be a nonempty subset of G and
A, Ve P ([0,1]) with INFA <INFV. Then, Y is a I'ld of G if

and only if Y™ is an inf-HFI'1d of G.

Proof. Assume thatY isaT'ld of G. Suppose thatX (%) s not
an inf-HFT'ld of G. By Lemma 5, there exist u,v € G and
y € I' such that

max{INFyy™" (), INEyy™" ()} > INEy™? (upv). (26

Thus, max{INFXY v)(u) INEy AV)(v)} INFV, which
implies that u € Y or v € Y. Since Y is a I'ld of G, we get
uyv € Y and so

max{INFy ™" (), INFyy™" (v)} = INFV = INEy™" (upv),
(27)

which is a contradiction. Therefore, yv**¥ is an inf-HFI'Td of

G.

Conversely, letu € Y,v € G,and y € I. Then, X(Av (u) =
V and so maLx{INF)((Av (u), INFX(AV)(V)} = INFV. Since
XY is an inf-HFIId of G and Lemma 5, we get
INFy Y (upv) > INFV and INFx'*Y) (vyu) > INFV. Thus,
uyv,vyu € Y. Therefore, Y is a T'ld of G. O

Theorem 12. A nonempty subset Y of G is a I'ld of G if and
only if the CIVFS CIy is an inf-HFI'Id of G.

Proof. 1t follows from Theorem 11. O

Remark 1. 1fY is a subset of G, then the CHFS CHy is an
inf-HFTId of G.

Definition 3. A HFS § on G is called a (sup, inf)-hesitant
fuzzy T-ideal ((sup,inf)-HFIId) of G if ¥ is both an
inf-HFTI'Id and a sup-HFT1d of G.

In Theorem 13, equivalent conditions for a hesitant fuzzy
set to be a (sup, inf)-HFT'Id are given in terms of level sets,
FSs, IFSs, IvESs, and HFSs.

Theorem 13. For § € HFS(G), the following are equivalent:
(1) yisa (supiinf)—HFFId of G
2) 9«1 and FY are FI'lds of G
(3) 7/ g and %lsyUP are HFT'Ids of G
(4) Z”INP and %’ISVUP are IvFI'lds of G
(5) (?A FV ) is an IFT1d of G

(6) ((9"’/2) (9A /2)) is an IFT'Id of G
(7) ((7"’/2) (95/2)) is an IFTId of G for all 9 € IC(§)

(8) % iy (W3 V) and I gyp (¥; A) are HFT'Ids of G for all
A, Ve 2([0,1])
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(9) For all t,t, € [0, 1], nonempty subsets Uz (¥; t,)
and Ugyp (3 t,) of G are I'lds of G
(10) SUPY (uyv) > max{SUPy (u), SUPY (v)} and
INFY (uyv) > max{INFy (u), INFy (v)} ~ for  all
u,veGandyerl

Proof. 1t follows from Theorems 1, 2, 3, 7, and 10 and
Lemma 5. o

Example 3. Let Z~ be the set of all negative integers and
G =T =2Z". Then, G forms a I'-semigroup with the usual

multiplication. Define a HFS ¥ on G by
W (u) = {(u + 1/3u), Bu + 1/3u)} for all u € G. Then,
~ 1 1 1
SUPY (uypv) = 3(uyv) +1 > X{3u + ) 3v+ }
3 (uyv) 3u 3v

= max{SUPY (u), SUPY (v)},
(28)

INF@(uyv)zuyv+l> {u+l v+1}

2maxy——-,
3 (uyv) 3u  3v
= max{INFy (u), INF§ (v)},

forall u,v € Gand y € I. Hence, it follows from Theorem 13
that ¥ is a (sup, inf)-HFI'1d of G. Since ¥ is not an IVFS of G,
we get that it is not an IVFI'Id of G.

Lemma 6. Every IvFI'ld of G is a (sup,inf)-HFI'Id of G.
Proof. It follows from Lemmas 1 and 3. O

By Example 3 and Lemma 6, we see that a (sup, inf)-
HFT'Id of G is a general concept of an IvFI'ld of G.

Lemma 7. Let @ be an IvES of G. Then, @ is an IvFI'Id of G if
and only if @ is a (sup,inf)-HFI'Id of G.

Proof. It follows from Lemma 6.

Conversely, assume that @ is a (sup, inf)-HFTI'Id of G. By
Theorem 13, we get SUP®@ (uyv) > max{SUP® (u), SUP®@ (v)}
and INF@ (uyv) > max{INF® (u), INFo (v)} for all u,v € G
and y € I. Thus,

r max{w (1), ® (v)} = [max{INF® (u), INFo (v)},
max{SUP® (1), SUP@ (v)}] (29)
<[INFw (uyv), SUP® (uyv)]
= o (uyv),
forallu,v € Gandy € I'. Therefore, @ isan IVFTId of G. O
In Theorem 14, equivalent conditions for an IVFS to be
an IvFTId are given in terms of level sets, FSs, IESs, IvESs,
and HFSs.
Theorem 14. For @ € IvFS(G), the following are equivalent:

(1) @ is an IvFI'ld of G

(2) @ is a (sup,inf)-HFI'ld of G

(3) F7 and FY are FT'1ds of G

(4) ?/%;VF and %?UP are HFT'Ids of G

(5) ?/?NF and %?UP are IvFI'Ids of G

(6) (F=, F*) is an IFTId of G

(7) (F/2), (F=/2)) is an IFT1d of G

(8) ((95/2), (95/2)) is an IFT'1d of G for all 9 € IC(@)

(9) g (@3 V) and H gyp (@; A) are HFI'1ds of G for all
A, Ve 2([0,1])

(10) For all t,t, € [0, 1], nonempty subsets U g (@;t,)
and Ugyp (@;t,) of G are I'lds of G

Proof. 1t follows from Lemma 7 and Theorem 13. O

Theorem 15. For a nonempty subsetY of G, the following are
equivalent:

(1) Y isaI'ld of G

(2) The CIVFS Cly is a (sup,inf)-HFI'ld of G

(3) The CHFS CHy is a (sup,inf)-HFI'ld of G

(4) Xi(,A’V) is a (sup,inf)-HFI'ld of G for all

A, Ve 2([0,1]) with INFA <INFV and
SUPA < SUPV

Proof. It follows from Theorems 4, 11, and 12 and
Remark 1. O

4. Conclusions

In this paper, we have introduced the notions of an
inf-HFI'Id and a (sup, inf)-HFTI'Id, which are a generaliza-
tion of an IVFIld, of a I'-semigroup and examined their
characterizations in terms of sets, FSs, IFSs, IVFSs, and HESs.
Furthermore, we have discussed the relation between a I'ld
and a generalization of the CHFS and CIVFS. From the study
results, we found that the following conditions are all
equivalent in a I'-semigroup: a nonempty subset Y is a I'ld,
Cly is an inf-HFT'1d, Cly is a (sup, inf)-HFI'ld, and CHy is
a (sup, inf)-HFTId.

In the future, we will study an inf-HFI'Id and
a (sup, inf)-HFT'1d in LA-semigroups and UP-algebras and
examine their characterizations in terms of sets, FSs, IFSs,
IvESs, and HEFSs.
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