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It is well known that one cannot construct a self-consistent quantum field theory describing the non-
relativistic electromagnetic interaction mediated by massive photons between a point-like electric
charge and a magnetic monopole. We show that, indeed, this inconsistency arises in the classical
theory itself. No semiclassic approximation or limiting procedure for 7 — 0 is used. As a result, the
string attached to the monopole emerges as visible also if finite-range electromagnetic interactions
are considered in classical framework.
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In his classical works, Dirac showed that the existence of a magnetic monopole would explain
the electric charge quantization [1, 2]. This is known as the Dirac quantization rule. There ex-
ist various arguments based on quantum mechanics, theory of representations, topology, and
differential geometry on behalf of Dirac rule [3, 4]. Dirac formulation of magnetic monopoles
takes into account a singular vector potential. Other approaches exist where two nonsingular
vector potentials, related through a gauge transformation, are used [5, 6]. Finite-range electro-
dynamics is a theory with nonzero photon mass. It is an extension of the standard theory and is
fully compatible with experiments. The existence of Dirac monopole in massless electrodynam-
ics is compatible with the above quantization condition if the string attached to the monopole is
invisible. The quantization condition can be obtained either with the help of gauge invariance


mailto:capozziello@na.infn.it

2 Advances in High Energy Physics

or angular momentum quantization. In massive electrodynamics, both these approaches are
no longer applicable [7]. These conclusions are formulated in a quantum framework which is
a quantized version of the classical one. The Hamiltonian formulation and the problems in-
volved in quantization of Dirac theory of monopoles have been extensively discussed in the
past and are still an active field of research [8, 9]. Major work on the quantum field theory
of magnetic charges has been developed by Schwinger [10-12] and Zwanziger [13]. Recent
work on constructing a satisfactory classical relativistic framework for massive electrodynam-
ics and magnetic monopoles from a geometrical point of view has been considered in [14, 15].
A complete update on the experimental and theoretical status of monopoles is presented in
[16].

In this paper, we consider the problem of constructing the static limit of a consistent
classical, nonrelativistic electromagnetic theory describing a point-like electric particle with
charge e and mass m moving in the field of a fixed composite monopole of charge e,,, where
their mutual interaction is mediated by massive carrier gauge fields. The total magnetic field
B is comprised of point-like magnetic charge, a semi-infinite string along the negative z-axis
and diffuse magnetic field contributions. We impose that the electrically charged particle must
never pass through the string (Dirac-veto) [17] and therefore the motion of the test charged
particle is constrained to region of motion R* := {(r,0,¢) : r € R}, 0 € [0,or), ¢ € [0,2or]}. It is
known that no spherically symmetric diffuse magnetic field solutions are allowed in Maxwell
classical electrodynamics with massive photons and magnetic monopoles [7]. Requiring the
theory presented here is endowed with a well-defined canonical Poisson bracket structure, it
is shown that the total angular momentum is the generator of rotations. Furthermore, by de-
manding proper transformation rules under spatial rotations for the allowed magnetic vector
field solutions, it is shown that only spherically symmetric diffuse magnetic fields satisfy the
Lie algebra of the system. This leads to conclude that the permitted solutions to the general-
ized Maxwell theory are incompatible with the Lie algebra of the Hamiltonian formulation. As
a consequence, any quantization procedure applied to this classical theory would lead to an
inconsistent quantum counterpart.

Maxwell equations with nonzero photon mass and magnetic charge follow from a stan-
dard variational calculus [18-20] of the Maxwell-Proca-Monopole action functional. The field
equations for the electromagnetic 4-vector potential A,, together with the Bianchi identities
and Lorenz gauge condition 0,A* = 0, lead to the generalized Maxwell equations in three

dimensions as follows:
V.E= drp, - miAo, V xE= —c_latﬁ - 4xc‘1fm, )
V-B= drp,, V x B =4mc™'j, + ¢ 1O,E - miA),

where m, = w/c and w is the frequency of the photon. In absence of electric fields, charges,
and currents, as well as the absence of magnetic current, the static monopole-like solution of
this system is

B = BP9 + B, 2)
where B(Pira©) ig the standard Dirac magnetic field

B’(Dirac) — 6_7;1? (3)
r
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whose divergence and curl are given by
V. BP9 = 4,60 (7),  VxBPrR) =, (4)
The diffuse magnetic field ﬁy(?) is given by the following general expression
By (7) = b\" (r,i - )7 + b\ (r i - )7, (5)

where b;l) and b;z) are general scalar field functions, and 7 is a unitary vector along the
monopole string. The magnetic field ﬁy(?) is such that

V- B, =0, V x EY = —mi (A(Dim) + Ay). (6)

The vector A1) is the standard singular vector potential representing the field of a fixed
monopole;
- in(6)
A(Dlrac) 2\ — e_m SIH( =~ 2 , 0 7
@ r2 1+ cos(0) (7 x7) d @
with semi-infinite singularity line oriented along the negative z-axis, where e, is the magnetic
charge. The vector potential A, (7) is given by the following general expression

Ay (F) = emmmt? fy (myr, my 7 - ) (7 x F), (8)

where f, is a generic scalar field function. Because of the second equation in (6), it is clear that
no spherically symmetric diffuse magnetic field solutions are allowed, that is to say, solutions
like

By (7) = B, (r)7 )

are not allowed.

On the other hand, it is known that the classical nonrelativistic theory describing the
massless electromagnetic scattering of an electric charge from a fixed magnetic monopole does
have a Hamiltonian formulation [21]. With this result in mind, let us consider the classical non-
relativistic theory describing a point-like electric particle with charge e and mass m moving in
the field of a fixed monopole of charge e, but let us suppose that the electromagnetic interac-
tion is mediated by massive photons. The total magnetic field B is comprised of the point-like
magnetic charge, string, and diffuse magnetic field contributions as follows:

B’ — E(Dirac) + E)’
= [V x A(Pirac) emf(?)] +V x KY

LV X AT 10)
=V x A+enf@),
A’ _ K(Dirac) + A)Y/
where
o 6(0)6
1) = 4r6(06)O(-z) = 22 2©0W g ) 1)

r2  sin0
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is the string function having support only along the line 7 = -z and passing through the origin
while O is the Heaviside step function.
The classical Newtonian equation of motion describing this system is

i_gdr ( x A) - eemdr

mes o JGE (12

The Hamiltonian that gives rise to the above equations of motion reads
52
o _(P-(e/)A) 2 AT
Htotal(p/r) = T + Hstrlng/ Hstrlng = _T’[<E x f(T)) -dr. (13)

We impose that the electrically charged particle must never pass through the string (Dirac-
veto) and therefore the classical equation of motion in the allowed region of motion R* :=
{(r,0,p):reR(,0€[0,a), e [0,2r]} is given by
a*’v edr - -
mW—EEX(VXA)_O. (14)
The restricted Hamiltonian associated with (14) is given by

(F-(e/)A) _(B-»' (P8

H(p.7) =
(Pi7) 2m 2m 2m (15)
L 2 . S 2 =
_@pery 2@ (-5
 2m 2mr?:  2m 2mr?

where p = m(dr/dt) + (e/c)A is the canonical momentum vector, P = p- (e/c)g m(dr/dt)
is the kinetic momentum vector, L = 7 x P is the orbital angular momentum of the system, and
] L + §is the total angular momentum such that ] 5 =0, where

§= (4arc)—1f [7 x (E x B)|d°F
(16)
= Smassless + fdrr x [ x B V(7 - )]

With Spassless = (€€ / c)ﬁ [21-23], and R is the relative vector position between the monopole
and the electric charge. The vector § is taken as an angular momentum with independent de-
grees of freedom and must obey the following classical Poisson-bracket relation

{Si,Sj} = —EijkSk- (17)

Observe that Hioal (P, 7) is not spherically symmetric due to the occurrence of Hgying and even
in the restricted case of H (p, 7), the term V x EY breaks rotational invariance since

d? d - d? = - dr —
Ex(VxAY)—E(V-AY)—<d V>A

= —<% . 6)1@ # 0in general.

(18)
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We made use of the transversality condition V. A} = 0 in computing (dr/dt) x (V x A)y) [7].
Furthermore, we emphasize that we may obtain a spherically symmetric Hamiltonian, pro-
vided the auxiliary condition (d7'/dt) kak(AY)]. =0forall j =1, 2, 3 is satisfied. Such condition
is however unnecessary for our present analysis.

The Poisson brackets between two generic functions f (g, 7, t) and g(p, 7, t) of the dynam-
ical variables p and 7 are defined as

N N def
(fPTD8BIN) = D (0.f0n8 = 0:f0p8). 19)
and the basic canonical Poisson bracket structure for the conjugate variables is given by

{rirj} =0, {ripj} = -64, {pipj} =0. (20)

Let us show explicitly that J is the generator of spatial rotations so that we can safely define
the rank of a tensor by studying its transformation rules under such rotations. Let us prove

{Ji,Ji} = —€ijr (21)

Using the tensorial notation for the cross product appearing in the definition of J, and using
the standard properties of a well-define Poisson bracket structure, the brackets in (21) become

{Ji i} = {€ijktjprimntmpn} — {€ijitiPx EtmnTmAn)

(22)
— {€ijktj Ak Etmntmpn | + {€ijkTi Ak EimnTmAn} + {si,51}.

Using the basic canonical Poisson bracket structure expressed in (20) and the standard proper-
ties of Poisson brackets together with the following identity

EijkEmik = OimOj1 — 0110 jm, (23)
the first bracket on the right-hand side of (22) becomes

{€ijkTiPk EtmnTmPn} = 11pi — T1ip1- (24)
Similarly, the second, the third, and the fourth brackets on the right-hand side of (22) become

—{€ijkTiPrEimnTmAn} = SitnAn — 11A; + €ijkEtmntmpPr{ Anti},
—{€ijktj Ak EimnTmPn} = —Ourk Ak + 1iA1 + €ijkEtmnT jPn{Tm Ak}, (25)
{gijijAkzglmnrmAn} = _5ijk€lmnrjAn{rm1Ak} - gijkglmnrmAk{An/rj }

The last bracket on the right-hand side of (22) is given by (17) Finally, substituting these five
brackets in the right-hand side. of (22) and ordering them properly, the Poisson brackets of |
become

{Ji i} = (nipi = ripi — 11A; + 1AL = EitmSm)
+ EijkEimn [TmPi{ An 1} = 1iPn{Tm Ak }] (26)
+ EijkElmn [rjAn { Ak/rm} - rmAk{An/rj }] .
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Because of the full antisymmetry of the Levi-Civita tensor,

EijkElmnTmPk{ AnTi} — EijkEtmnTiPnl{ Antm} = (€ijk€imn — EimnEljk) Tmpr{ Anrj} = 0. (27)
Therefore, (26) becomes

{Jii} = ripi = rip1 — 1Ai + 1:A] — EitmSm

= —Eitm [EmnkTn (Pk — Ak) + Sm]. (28)
Using (23), we obtain
—EitmEmnk Pk = (MPi = 1iP1),  EimEmnkTnAx = —(11Ai — 11 A1), (29)
and finally,
{Jii} = —€itmIm- (30)

At this point, we have all the elements to show the classical inconsistency of the problem.
Recall the kinetic momentum vector is defined as

- -

A=A+ AP, (31)

Q..

ef

PEp-

ﬁlm

Let us assume that there exists a well-defined Poisson bracket structure in the classical theoreti-
cal setting in consideration. In particular, let us assume a well-defined classical Poisson bracket
structure among the vector fields J, P, and 7, that is,

{]1/]] } 51]k]k1 {]llr] } —EijkTk, {]wP]} = _5ijkPk~ (32)

Being J the generator of rotations, it is required that any arbitrary vector & must satisfy the
following classical commutation rules:

{]uv]} —€ijk Ok- (33)

Therefore, let us study the transformation properties of the magnetic field under spatial rota-
tions. It must be

{Ji,Bj} = —¢ijikBk. (34)
In terms of the magnetic field decomposition, (34) is equivalent to
(Dirac) (Dirac
{]uB } = —eijk Bk ! {]i/(BY)j} = —€ijk (By) - (35)
It is quite straightforward to check the validity of the first equation in (35), as a matter of fact,

{]1, (Dlrac)} {]1, 3 r]} r;l{]i,rj} + {]iri_gl}rj

Dlrac)

(36)
€m
= —Ei]'k—r3 Te = El]kB
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Let us consider the validity of (34), where the total magnetic field B is given by
Bj(1,0,9) = €j1m01An (7,0,00) + e fi (7). (37)
By virtue of the Dirac-veto, the magnetic field B;(r,0,¢) felt by the electric charge reduces to
B;(1,0,9) = €j1m01An(7,0,¢). (38)

Fixing the constants ¢ and e equal to one for the sake of convenience, let us consider first
the Poisson brackets of the kinetic momentum vector components. Using (20), the standard
properties of Poisson brackets together with (23) and (38), we obtain

{Pi,Pj} = _5ijkBk- (39)
Multiplying both sides of (39) by &;;,,, we obtain
Eijn{ P, Pj} = —€ijn€ijkBx = —26,kBi = —2B, (40)
and therefore
1
By = —§€ijk{Pi,Pj}~ (41)

Therefore, substituting By of (41) into (34), we obtain

By} = =56 (PP} ) 2)

The double commutator in (42) cannot be calculated in a direct way. However, because we are
assuming the existence of a well-defined Poisson bracket structure among the vectors J, B, and
7, this double commutator can be evaluated by using the following Jacobi identity

Uid PP} ) + {Bu A Ji Pr} ) + {Pu{ P Ji} ) = 0. (43)

Thus, using the fact that J is the generator of rotations, that P transforms as a vector quantity
under rotations, and using (23), we obtain

{]ir{Pl/Pm} } = —0iBy + 6imB. (44)
Substituting (41) into (44), we obtain
{Ji,Bj} = —€ijmBm. (45)

Therefore, we have shown that in a pure classical theoretical framework given by the Poisson
brackets formalism, the commutation rule between the generator of spatial rotations and the
total magnetic field is expressed in (45). Our last step is to calculate the Poisson brackets be-
tween J and the magnetic field Ey. Using (5), standard Poisson brackets properties, and the
fact that J is the generator of rotations, these brackets become

{Ji(By);} = —&ik (By) + (b} + {Jiby” Y. (46)

Poisson
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In order to have proper Poisson brackets, for each vectors 7 and 7, the following relation must
hold:

(7.6} + (JibP ) = 0. (47)

Observe that the second Poisson bracket in the right-hand side of (46) contains a term quadratic
in ng,

2 2
(b} = (3p.5) (01 )y
2) Tk 2
= (apk]i) arb)(, )? + a(f.ﬁ)b}(, )nk Tl]' (48)

1

2 2
= ;apk]i arb}(, )rknj + apk]ia(;.ﬁ)b)(, )nknj.

Since the proper Poisson brackets should be linear in 7y, we require
drnb\” = 0. (49)
There is no way to cancel out this term in (46), then it must be
b? = 0. (50)

We now consider the first Poisson bracket on the right-hand side of (46). Because of the anti-
symmetry in the indices i and j of the term gi]-k(By)k, it must be

{Tuby i + (T by )i = 0, (51)
that is,
(7,6 }r; = 0. (52)
Explicitly, (52) becomes
0= (3Ji) (3" )r:
= (0, J) a,bS)"?" + 0 n bV |1 (53)
= 201 (b + (@) G e

We neglect the quadratic term in r¢ in (53) since this term has no analog in the proper Poisson
brackets. Then, we have

drnby” = 0. (54)
Recalling that

it = -2 = —{cos()7 —sin(0)B)} = —cos()7 + sin(0)8, (55)
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then
n -7 = —cos(0) = 0-dependent. (56)

Therefore, (54) is satisfied by an arbitrary scalar function b, (r). As a consequence, the magnetic
tield EY is not 0-dependent (in a more general situation in which # is not along the z-axis,
we would conclude that the magnetic field is not (0, ¢)-dependent). EY must be a spherically
symmetric field whose general expression is the following;:

B, (7) = By(r)F. (57)

In conclusion, in order to have a well-defined classical Poisson bracket structure in the problem
under investigation, one must deal with diffuse magnetic field solutions exhibiting spherical
symmetry. However, those very same solutions are not compatible with massive classical elec-
trodynamics with magnetic monopoles. This result means that it is not possible to formulate
a consistent nonrelativistic classical theory describing the finite-range electromagnetic interac-
tion between a point-like electric charge and a fixed Dirac monopole without a visible string. In
other words, there is no way to construct a consistent Lie algebra in our classical framework
and this leads to the conclusion that there is no angular momentum to be quantized in order to
give the Dirac quantization rule. This fact points out that the string attached to the monopole is
visible and there is no way to make it invisible when considering finite-range electromagnetic
interactions in a pure classical framework. The Dirac string must assume dynamical signifi-
cance if the photon has a nonvanishing mass, and its dynamical evolution may play a signif-
icant role in a quantum description of the Dirac theory. In conclusion, we have shown that it
is not possible to construct a nonrelativistic classical theory of true Dirac monopoles (invisible
string, “monopole without a string”) and massive photons unless the string attached to the
monopole is treated as an independent dynamical quantity. An important feature of our ap-
proach is that we do not use any kind of semiclassical approximation or limiting procedure for
h— 0.

Appendices
A. The generator of spatial rotations

We show that fis the generator of spatial rotations, that is,

i Ji} = —€ijr k- (A1)
Notice that
{]ir]l} = {Sijkrj (Pk - Ak) + Si,€lmntm (Pn - An) + Sl}
= {€ijxTjPk — €ijkTi Ak + SisE€tmnTmPn — EmntmAn + 51}
(A.2)

= {€ijkripr EtmnTmpPn} — {€ijkT Pk EtmntmAn} — {€ijkTj Ak E€tmnTmPn |

+ {€ijktj Ak ElmnTmAn} + {si,51}.
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Therefore, there are five Poisson brackets to be calculated. Consider the first one

{€ijtipriEmnTmpn} = €ijEimn {TiPkTmPn}
= €ijk€tmn [T {PrtmPn} + (17, 1mpn}Pr]
= EijkElmn [- Tj{”mPank} - {”mPnrrj}Pk]
= €ijk€tmn [ = 17 (Tm{ Pk} + {Tmpi}pn)]
+ €ijk€tmn [ = (T {Pu i} + (T} pn) Pi]
=EijkElmn [OmkTiPn—OnjTmPk| = EijkEimnOmkTiPn—EijkElmnOniTmpPk
= Eijk€ikntjPn — EinkElmntmPk = —Eijk€nk?jPn + EiknElmntmPk
= —(6i6jn — 6in6j1) 1iPn + (6Skm — OimOi ) rmPi
= =0i0jnTjpn + 6indjiTjPn + OuOkmTmPk — OimOTmPk
= =OiTnpn + 1Pi + OuTkPk — Tip1 = 11P; — 1Py,

thus

{€ijkTjPrEtmnTmPn} = 1ipi — Tip1-
Consider the second bracket
—{€ijkT Pk EtmnTmAn} = —EijkEtmn{TjPkmAn}
= —&ijkEimn [Tj{PrmAn} + {1 rmAn}pi]
= —&ijk€mn | — 17 {TmAnpr} — {TmAn1i i
= —€ijkEimn | — Titm{ Anpr} = 1j{tmpi } Anl
— &ijkEtmn | — Tm{ Antj )Pk — {Tmj } Anpi]
= —&ijk€lmn [6mkrjAn — TmPk {An/rj }]
= —&ijkEknTjAn + EijkEtmnTmPk{ An/Tj}
= €ijkELn kT An + EijkEtmnTmPr{ An 1}
= (6a6jn — 6in6j1) 1] An + EijkEtmnTmpPr{ An 1} )
= 66 jntjAn — 6inbitj An + EijkEtmnTmPi{ An/j }
= 8itnAn — 1 A; + EijkElmnTmPk{ AnTi },
thus
—{€ijkTiPrEimnTmAn} = SitnAn — 1A; + €ijkEtmnTmpPi{ An/tj}.
Using the standard canonical algebra, the third bracket becomes
—{€ijkTj Ak EimnTmPn} = =itk Ak + 1iA1 + €ijkEtmn iPn{Tm Ak }-
For the fourth bracket, we obtain

{€ijkTi Ak EmnTmAn} = EijkEtmn{Tj Ak TmAn}
= ijkEmn [17{ Ak tmAn} + {1j,rmAn} Ax]
= €ijk€imn | — 1j{TmAn Ak} = {tmAnri} Ak
= ijkEmn | — 1j{Tm Ak} An — Tm{ A1 } Ak]
= —€ijkEimn?j An{Tm Ak} = €ijkEtmnTmAr{ A1 }-

(A.3)

(A4)

(A.5)

(A.6)

(A7)

(A.8)
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For the last bracket, let us remind that the vector s is such the Poisson brackets of its compo-
nents satisfy (17). In conclusion, using (A.4), (A.6), (A.7), (A.8), and using the commutation

rules of the classical spin, (A.2) becomes
{Ji i} = nipi — rip1 + 6urn A — 1A + €ij€mntmpr{ Antj} — GuricAx
+ 1iAL + EijkEimnTiPn{Tm Ak} — EijkEimnTj An{Tm, Ak}
- 5ijk£lmnrmAk {An/rj} — &ilmSm

= (npi — rip1 — 11Ai + 11 A1 = EitmSm)

+ (ijk€tmn [Tmpr{ Antj} = 1ipn{tm Ak} + 17 A At} — T Ac{ Anril]).

Notice that

EijkElmnmPr{ An i} — €ijk€mnTiPn{ Antm} = (€ijk€imn — Eimnéijk) rmpr{ An1i} = 0.

If i = I, then
EijkElmn — Eimn€ljk = Eijk€imn — EimnEijk = 0.
Ifi #1,letussayi=1and! =2, then
Eijk€lmn — Eimn€ljk = E1jk€2mn — E1mnE2jk-

Therefore, the possible nonvanishing pieces are

€123€213 — €213€123 = 0, €1326231 — €231€132 = 0, €1326213 — €31€123 =0, . ..

Therefore, (A.9) becomes
{Ji i} = (ripi — rip1 = 11Ai + 1.A1 = €itmSm)
= —Eitm [EmnkTn (Pk — Ak) + Sm]
= —€itmJm-
Indeed,
~EilmEmnkTnPk = ~EilmEkmnTnPk = ~EilmEnkmTnPk
= (6in0ik — 6ikO1n ) TPk = —OinOikTnPk + OikO1uTnPik
= —rip1 + rip;i = (nipi — 1ip1),
EilmEmnkTnAk = 1i1A1 + 11A; = —(n1Ai — 11 A)).

This concludes our proof.

(A.9)

(A.10)

(A.11)

(A.12)

(A.13)

(A.14)

(A.15)
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B. The Jacobi identity

Consider the kinetic momentum vector
5def . € 2 A A A (Dirac
P=p--A A=A, + AP0, (B.1)
Consider the Poisson bracket of the kinetic momentum vector components
{P,Pi} = {pi— Aipj — Ay}
={pipi} — {piAj} = {Aipj} + {AiAj) = {Ajpi} - {Aipj}
= {Ajppi} = {Aipj} = -0iA; +0;A; = —(3iA; - 0;A)
= —¢&;jk Bk,

(B.2)

where
B]' = EﬂmalAm. (B.3)
Using the fact that {J;, Bj} = —¢;jxBx and the identity &;jxemix = 616jm — 6imOji, it follows that

EijkBk = Eijk€ximO1Am = EijkEmk1OIAm = —EijkEmkO1Am
= —(6im6j1 — 6116jm) 01Am = —6im6101Am + 616jmO1Am (B.4)
= —5imajAm + SﬂalA]- = aiA]- - a]-Ai.

Using (B.2), we obtain

gijn {P;,Pj} = —€ijn€ijkBx = —26uBi = —2B,,. (B.5)
Thus,
1
Bk = —Eeijk {Pi,Pj} . (B6)
Finally, let us focus on the following Poisson bracket:
1 1
{]l/B]} = {]il - Eglm]{l)llpm} } = _EEIm]'{]i,{B,Pm } } (B7)
Using the Jacobi identity
{]il{-l)llpm} } + {Pmr{]ul)l} } + {IJII{PmI]l} } = O/ (BS)

we obtain

{Jid PuPm}} = ~{Pu A Ti, 21} } = {PLA P i} )
{(PLATi P} ) = (P, { Ji, 1} )
{P, — €imk P} — { P, — €t Prc }
—imk { P, P} + €itkc{ P, Prc }
= —€imk (= €1kqBg) + € ( = €miqBy)

= 5imk£lquq - Eilkgmquq

(B.9)

= —E€imk€igk By + Eitk€mgk By

= —(61Bmq — 6igBmi) By + (6imb1g — 6igB1m) By

= —516mgBy + 6igbmiBy + 6imB1gBy — 51361m By

= —0iBy + 6,uB;i + 6i,B; — 61,,B; = —=6; By, + 6imB.
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Then, using (B.6) and (B.9), we obtain

1 1 1
{]i/Bj} = _Eglmj( - 61'le + 6imBl) = zglmj(sile - Eglm]ﬁimBl

1 1 1 1
= §5iijm - EglijBl = _Egiijm - Egmiij (B.10)
__L . B _1..3 = —¢. B
= 251]m m 251]m m = —EijmDPm.

We have shown that in a pure classical theoretical framework given by the Poisson brackets
formalism, the commutation rule between the generator of spatial rotations and the total mag-
netic field is

{Ji,B;j} = i€ijkBx. (B.11)
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