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Employing a pseudo-orthonormal coordinate-free approach, the solutions to the Klein-Gordon and Dirac equations for particles
in Melvin spacetime are derived in terms of Heun’s biconfluent functions.

1. Introduction

The study of relativistic particles in static magnetic fields has
a long history and is still attracting considerable attention,
especially for cases where someone deals with curved man-
ifolds.

Even though on Minkowski spacetime the relativistic
behavior of an electron in various magnetostatic configu-
rations is well understood (see, for example, Johnson and
Lippmann’s paper [1]), a weakness on curved spacetime
regards the explicit gauge covariant formulation.

Recently, when dealing with slowly rotating neutron
stars which have been termed as magnetars [2], it has been
assumed that their huge magnetic induction in the core and
crust, B ~ 10'*-10" (G), is affecting the spacetime geometry.
A way out could be the search for general relativistic solutions
with the magnetic field considered as a perturbation of the
spherically symmetric background [3]. Another way is to
assume that magnetized metrics, as the one belonging to the
Melvin class [4, 5], may be reliable candidates for describing
these highly compact astrophysical objects with a dominant
axial magnetic field [6].

Within a coordinate-dependent formulation, switching
between canonical and pseudo-orthonormal basis, the above-
mentioned authors are integrating the system of four coupled
first-order differential equations, in the first approximation,
neglecting the terms in higher orders of the polar radial
coordinate p. Their solutions are expressed in terms of

generalized Laguerre polynomials, similarly to the case of the
Dirac equation in cylindrical coordinates on a flat manifold
[7].

In the present work, we are applying a coordinates-free
method to analyze the Klein-Gordon and Dirac equations
describing particles evolving in Melvin’s spacetime. Employ-
ing Cartan’s formalism, we are computing all the essential
geometrical objects for writing down the corresponding
matter fields and Einstein’s equations.

It turns out that the SO(3,1) x U(1)-gauge covariant
Klein-Gordon equation can be exactly solved, its solutions
being given by the Heun biconfluent functions [8-10]. The
same happens with the approximate expression of the second-
order differential system derived from the Dirac equation.

The Heun functions, either general or confluent, are
main targets of recent investigations and have been obtained
for massless particles evolving in a Universe described
by the metric function written as a nonlinear mixture of
Schwarzschild, Melvine, and Bertotti-Robinson solutions
[11].

2. The Geometry

Recently, in [12], the procedure of transforming a known
static symmetric solution to Einstein-hydrodynamic equa-
tions into a magnetized metric was presented, by (nonlin-
early) adding the magnetic field. In spherical coordinates, this
has the general form
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FIGURE 1: The radial current (50) in terms of the variable x = \/fMBi pz/ (8w).

r’sin® 0

(dg)*

ds’ = A’gy, (dr)* + A*r* (dO)” + X "

— A gy, (dt)?,

with the metric functions g,; and g,, depending only on r
and
B
A=1+ I"rzsin2 0, (2)

where, for the moment, B, is a parameter related to the
magnetic field intensity.

In the pseudo-orthonormal Cartan frame corresponding
to the metric (1),

w' = A~/gp,dr,
w’ = Ardo,
w3 _ rsin@d (3)
= A P,
w* = A/goodt,
for the potential
A, = BOYTSH}@’ (4)

where B, is the strength of the magnetic field on the axis, and
the Maxwell tensor components, corresponding to a poloidal
magnetic field with B, and By, are given by the relations

B,cos@
FE,; = 0A2 ,
5
Bysin 0 ©)
Fy3 = A2 >
VIn

pointing out a prolate (in shape) star.

Once we assume go, = ¢g;; = 1, we can switch to

cylindrical coordinates {p, ¢, z, t}, by

p =rsin0,
(6)

z =rcosb,

so that the magnetized metric (1) turns into the simple Melvin
expression

2
ds® = A* (dp)* + % (do)* + A* (dz)* - A> (dt)®, (@)

with

2 2

A=142P (8)
4

Within an SO(3, 1)-gauge covariant formulation, we
introduce the pseudo-orthonormal frame

1
e = Kap,
A
e, = —aq,,
)
1
€3 = Kaz,
1
€y XBZ,



Advances in High Energy Physics

whose corresponding dual base is

w = Adp,
W' = Bd(p,
A (10)
w = Adz,
o* = Adt,

so that the metric (7) gets the Minkowskian form ds* =
Hapw @’ with 77, = [1,1, 1, —1]. The first Cartan equation,

do® = F‘?hcla)b Ao, (11)

withl <b < c<4and r‘[‘bc] =T,
connection one-form:

—T?,, leads to the following

AI
r13 = —P(J):‘), (12)
Ay
1"14 Fw 5

where A’ is the derivative of A with respect to p.
Employing the second Cartan equation

Ry =Adly + T, A l"_;, 13)

one derives the curvature two-forms %, = R 0° A o,
with 1 < ¢ < d < 4, leading to the curvature components

2 2 2
Ry, = 222 [ BP0
A4 8
Rypyg = 22
3434 4A4 (14)

B szz
Riz13 = Ryzpz = _Z_A*“ [1 - *T

] =Ry

= —Ryu4

pointing out the special radius value p, = 2/B,, for which
only the components R,;, = B2/A* = Ry,;, are surviving
and the Weyl tensor vanishes.

Since the scalar curvature is zero, the Einstein tensor
components are given by the Ricci tensor components, as

B

G =Gy =Gy =Gy = A_j" (15)

In the pseudo-orthonormal frame whose dual bases

are (10), it turns out that the potential (4), generating the
magnetic induction along Oz, gets the familiar expression

B
4,==2F, (16)

3

and the essential component of the Maxwell tensor reads

B,
Fip = Ay + Ay = ek 17
where f|; = e;(f).
Using the energy-momentum tensor components
e _ 1 B} 18)
Ty =Ty=-Tys=Ty= 2 b= 2P’

in the Einstein equations G, = kT, one gets the following
relation between the parameters B, and By:

2
B = B,

(19)
2

with x, = 87G/c*.

3. Exactly Solvable Klein—-Gordon Equation

In this section, we are going to construct the wave function
of the charged bosons, considered as test particles evolving in
the crust of a relativistic magnetar. The complex scalar field
of mass y, minimally coupled to gravity, is described by the
SO(3, 1) x U(1) gauge covariant Klein-Gordon equation

1D = 17O IC = WO + 2igA, 0 + g ASD,  (20)

which, in the pseudo-orthonormal frame with the dual bases
(10), reads

10 [ ag] A462®+a2q>_62
pop 8p p? 0p*  0z2  ot?
i &)
BypA
- [MZAz +ig, A% 4 (%) ] o.
The above form suggests the variables separation
O = ¢ (P) eimq)eipzze—iwt’ (22)

which leads to the following differential equation for the
unknown function ¢,

;l)ai[ g_ﬁH“’z'pi’
- (22) ] 6-0

with A defined in (8).
This can be exactly integrated, its solution being expressed
in terms of the Heun biconfluent function as [9, 10]

2
A = 1A% + mgByA?
p
(23)

2
¢ (y) ~ exp [—y— ﬂy]y“/zHeunB[ Boy:8iy] (24)



where the variable and the parameters are, respectively, given
by

_ VbB.p?
-—
(25)
mBi
b=qB, - 2 =~ qBy,
a=+tm,
\/qB
B~2 4 0
B,
2 (26)

y=m-—,
9B,

_2 [a)z - pi - yz + quO]
B, /qB,

Let us point out that the Heun biconfluent equation has
one regular singularity at the origin and one irregular at co
and can be obtained, from the Heun general equation, by a
process of successive confluences [10].

Regarding the asymptotic behavior of the function (24),
solution to (23), that has a singularity in p — 0, due to the
exponential term, this is vanishing for large y-values. On the
other hand, for a regular solution at the origin y = 0 (where
HeunB(0) = 1), one has to choose the plus sign of « in (26).

0=

4. The SO(3,1) x U(1)-Gauge Covariant
Dirac Equation

For relativistic fermions of mass M, coupled to the external
magnetic field generated by (16), the Dirac equation has the
SO(3, 1) x U(1)-gauge covariant expression

Y, + MY =0, (27)

where “;” stands for the covariant derivative
1
Vo = e ¥ + Tl V¥ — gAY, (28)

In view of the relations (12), the term expressing the Ricci
spin-connection in (27) reads

1 a b c f
LTV = 0 (29)
where we have introduced the function
!
JE L (30)
21p A

With the explicit form of the Dirac equation (27) being

1 A?
A [yl (ap + f) + Fyzaq) + y3az + y4at + MA

(31)
- iqyzAAz] ¥ =0,
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one may use the variables separation
N ei(m¢+pzz_wt)l// (P) , (32)

to derive the differential equation satisfied by the part
depending on p; i.e.,

Y v+ fv]

B
+i{y2A [@ _ %] +pzy3 —a)y4—iMA]>1// (33)
P

=0.
With the following function substitution

1
=S = (34)

1/’ 2\/p_AX’

the above equation becomes
yl)(' +1i {yzF + pzy3 - wy4 - iMA} x=0, (35)
where

mA qBop] (36)

Fp)=a| -2

and we are going to use the Dirac representation for the '
matrices,

yﬂ — _iﬁ(xﬂ,
y* = —ip, (37)
u=1,3,

with
(o )
p= 0 -7/’
p (Oa")
at = ,
ot 0

where o denotes the usual Pauli matrices.
In the following, we are assuming that the particle is not

moving along the magnetic field direction, i.e., p, = 0, and
the bispinor y is of the form

(38)

(39)

C(P)]’

“”:Lw

so that (35) decouples in two equations for the (two-
component) spinors { and #; i.e.,

o'l +iFo’ =i(w+ MA) 7,
(40)
o'y +iFo’n = i(w - MA)C.
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Applying the usual procedure, one gets the following
differential equations:

MA'

" !
{A w+MA(A

MEFA

+{0* - MN-F 5 |F - {4 =0,
w+ MA
(41)

", MA"
Ma™ T pala

!
+{w2—M2A—F2$ |:Fr+ MF]CI\A]}WA:(),
w—

which cannot be analytically solved. However, by imposing
the condition B> < gB, and neglecting the powers of p larger
than 3, (41) get the simpler forms:

MBp ](A { 2

"
CA -

2 (w+ M)

MBlp
4(a)+M)

+(mi %)qBo— m(n;; 1) _(qlzop>2}(A:O,

2 2 2 (42)
" MBip MB. p i 2 2
1 -M
”A+2(w-M)[ - |1
1 m(m¥1) gBop\*
+(m15)q30— 7 —( 5 ) na=0.
The corresponding solutions, i.e.,
={vp: P},
_ {\/— Pm+1} Uy,
(43)
={vp "} v,

1
M = {w‘), P v,
are expressed in terms of Heun’s biconfluent functions [8-10]

= HeunB [, B, 7%, 6], x,

>

[ ]
u, = HeunB [a,, 3,77, 8,,x,] 5
(44)
v, = HeunB [, B,77,6,,x,];
[ ]

v, = HeunB |, 3,7 ,95,, x, ],

of variables
V2MB2 p?
X, = ——
" 8 (w+ M)

_ V2MB? p?
T B w=M)

(45)

5

and parameters

o =m- =

1= >

o —m+l

2 = %

p="2,

£ [qBo(w+M)] (46)

v Mz |

ST:iZ\/— w+M)[a) -M +(m+1>qBO]

. 2V2 1

5, =+ NI (w + M)[ M2+<m—z>qB0],

and therefore the components of the bispinor v in (34) are
given by

= ﬁ {1,
W, = ﬁ {I,Pmﬁ-l/z}uz’
. (47)

CRw ST A

m+1/2
;.

1
= — 1,
il
Using the expressions (47) in (32), one may compute the

radial current density, meaning particles per unit time and
per unit covariant 2-surface

ds, = o’ A’ = pde A dz, (48)
as
it =iy =¥a'y = IA [u,vy +uyv, | (49)

and the corresponding (radial) current,

L,/2 (2m ) L
I(p)= J J epj s, = — 2=

P [uvy +uyv ], (50)
L2 Jo

represented in Figure 1, as a function of

\/EMBi p2

8w

(51)

One may notice that, for x <« 1, the current is suddenly
increasing from zero to a maximum value, which depends on
the ratio M /w and on the magnetic field intensity.

The case corresponding to massless fermions is signifi-
cantly less complicated. Thus, the equation

1 1 A22 3 4
— |y (0, +f)+—y0,+y 0, +y 0, | ¥
A (P ) p ¢ z t] 0 (52)

—igy’A,¥, = 0,



with the variables separation (32), leads to the following
differential equation satisfied by the part depending on p; i.e.,

Yl [1/’(’) + f‘/’o]

B
+z{yA|:mpA qzoP]ery - wy }1//():0.

(53)

As customary for massless fermions, we are going to use
the Weyl representation for the y matrices,

Y = —ifa,
y' = -ip, (54)
u=1,3,
with
o 0
af = ( 0 —a")’ (55)

and the bispinor v, will be taken as

i)

Once (53) decouples in two equations for { and 7, one gets,
for the up spinor’s components, the second-order differential
equations

(X+2f(1'4+[wz—p§+f2—F2+ap(f¢F)](A
=0,

(56)

(o) - |

(57)

and similarly for #,. Within the same approximation B> <«
qB, and neglecting the powers of p larger than 2, (57) turns
into the simpler forms

dZCA+ l+BiP ac,
dp> lp 2 |dp

1\* 1 Bop\*
(o 2) (2 oame
2/ p 2
whose solutions can be expressed either in terms of confluent
hypergeometric functions, as [13]

+ [wz—p§+qBo<mi%>
(58)

2 2 2
_ _ w” - B
¢, = xR 2y [_ P; +

29B, 45130’

1 ]

+ =, x|

2
2 2 2 (59

_ _ w” - B

¢, = x DM gl | Pz, 5

2gB, 4gB,
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or in terms of Whittaker functions [13], as

1
(1 = @WAI)”I (X) >

. (60)
G =

@WAZ)I’{Z (X) >

with the dimensionless variable

B*p? 2gB,\* gB,p*
x= 2P 1+<q°>:q°p (61)
4 B2 2

and parameters

2 2 2

W - B 1 1

1:—1)2—_*+—<m+—),
2gB, 49B, 2

_l<m_l>.
//‘1—2 2)

2 _ .2 2
B

(62)

:“’;Pz__*+l<m 1)
7 2qB, 4qB, 2 2)°

5. Conclusions

Within the framework of the gauge-invariant geometry,
based on the semi-direct product of the local groups SO(3, 1)
and U(1), the present paper is focusing on the Klein-Gordon
and Dirac equations describing particles evolving in a back-
ground endowed with Melvin’s metric.

By making use of Cartan’s formalism, we have derived
the corresponding Einstein-Melvin equations leading to the
essential relation between the model’s parameters (19). As a
remark, switching to the canonical bases, the third covariant
induction component is given by the expression

B, = \|g|F = \/|glesetF™ = By, (63)

In case of bosons, the Klein-Gordon equation can be
integrated exactly, its solution being given by the Heun
biconfluent functions of parameters (26).

Equations (41) coming from the Dirac equation (31) have
rather complicated expressions, containing several additional
terms which were neglected in [6]. In the assumption B> <«
qB,, we have been able to find solutions for (42), expressed in
terms of Heun’s biconfluent functions (44). The correspond-
ing radial particle-current (50), represented in Figure 1, is
starting from zero, at the origin p = 0, and exhibits a rather
nontrivial behavior, characterized by a sudden growth to a
maximum value. This one is followed by a local minimum
which might signal, in the approximation we have used,
the presence of a plateau. The seemingly far away unlimited
increasing is a result of the violation of the approximation
holding condition which demands x < 1.
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