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The paper addresses the effects of the variations of the SUSY breaking scale ms in the range (2-14) TeV on the three neutrino
masses and mixings, in running the renormalization group equations (RGEs) for different input values of high energy seesaw
scale MR, and in both normal and inverted hierarchical neutrino mass models. The present investigation is a continuation of
the earlier works based on the variation of ms scale. Two approaches are adopted one after another—bottom-up approach for
running gauge and Yukawa couplings from low to high energy scale, followed by the top-down approach from high to low
energy scale for running neutrino parameters defined at high energy scale, along with gauge and Yukawa couplings. A self-
complementarity relation among three mixing angles is also employed in the analysis and it is found to be stable under
radiative correction. Significant effect due to radiative corrections on neutrino parameters with the variation of SUSY breaking
scale ms is observed. For comparison of the results, variation of tan β for different MR is also considered.

1. Introduction

Neutrino physics has registered significant progress in recent
years with the measurements of nonzero θ13 [1–3] and the
Dirac CP phase [4, 5], thus indicating a possibility for a siz-
able CP violation in neutrino sector. The T2K team [5] has
concluded with 3σ confidence level that the Dirac Phase
δCP lies somewhere between -3.41 and -0.03 for normal hier-
archy (NH) and between -2.54 and -0.32 for inverted hierar-
chy (IH). The interval includes the CP-conserving value of
–π = −22/7 = −3:14 in case of NH, so that the CP conserva-
tion is disfavored only at the modest 2σ confidence level.
Next generation of neutrino detectors, such as Hyper-
Kamiokande in Japan, DUNE in USA, and JUNO in China,
may be able to get 5σ confidence level for confirmation of
CP violation in neutrino sector. Neutrino oscillations [6–8]
have been well studied with the precise measurements of
neutrino oscillation mass parameters and mixing angles.
But till date, there are still some unsettled questions in neu-
trino physics such as the correct mass hierarchical order

whether normal or inverted, absolute neutrino mass scale,
nature of neutrinos whether Dirac or Majorana type, the
exact high energy scale of seesaw mechanism, and the super-
symmetric breaking scale if all it exists, to mention a few.
The information related to the absolute neutrino masses
has been continuously updating with the recent Planck data
on cosmological upper bound [9, 10] on the sum of three
absolute neutrino masses Σjmij < 0:12 eV, neutrinoless dou-
ble beta decay [11, 12] results with the upper limit on the
effective Majorana neutrino mass hmββi < ð0:036 − 0:156Þ
eV from the KamLAND-Zen experiment [13] in Japan,
and KATRIN [14] result on direct kinematic measurement
with the upper bound mνe

< 0:8 eV. Neutrino mass model,
if any, is bound to be consistent with these upper bounds
on absolute neutrino masses. On theoretical front, the pres-
ence of supersymmetry (SUSY) [15–17] enables us to ensure
the stability of hierarchy between the weak and GUT scales
with the possible cancellation of quadratic term in radiative
corrections to the Higgs boson mass. It is needed to have a
precise unification point of three gauge couplings at high
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GUT scale around 2 × 1016 GeV [18–20]. It can also provide
a natural mechanism for understanding the electroweak
symmetry breaking (EWSB) [21, 22] and Higgs physics.
Minimal Supersymmetric Standard Model (MSSM) [23] is
thus a straightforward extension of the Standard Model
(SM) with minimum number of new parameters. All the
particles in the same supersymmetric multiplet would have
the same mass if the supersymmetry is an exact symmetry.
So far, there is no clear evidence for the presence of super-
symmetric particles in the ongoing Large Hadron Collider
(LHC), and LHC has almost reached its maximum energy
of about 14TeV [24, 25]. Third run of LHC reaches
13.6 TeV slightly higher than that of 13TeV of the second
run [26]. While the existence of supersymmetric particles
has been continuously ruling out in LHC, the supersymmet-
ric breaking scale (ms) still remains as an unknown parame-
ter. There are speculations that SUSY particles may have a
wide spectrum and are not confined to a single energy scale.
For simplicity, one can assume a single scale [27, 28] for all
supersymmetric particles and this kind of assumption is
valid as long as the mZ ormt < <ms [29, 30]. We assume that
the ms scale may lie somewhere in between 2TeV and
14TeV within the scope of LHC. The effects of the variations
of SUSY breaking scale on the unification of gauge couplings
and also Yukawa couplings in MSSM and SUSY GUT
models have already been addressed using the two-loop
RGEs for gauge and Yukawa couplings within the minimal
supersymmetric SUð5Þ model [18], while ignoring for sim-
plicity the threshold effects of the heavy particles, which
could be as large as a few percentages. It has already been
reported that for gauge couplings, the unification point
increases with the increase in the SUSY breaking scale, but
for Yukawa couplings the unification points decrease with
the increase in SUSY breaking in the reverse order compared
to the gauge couplings [18]. This finding has certain implica-
tions in other important issues such as running of the renor-
malization group equations (RGEs) [31–33] for neutrino
masses and mixings from high energy seesaw scale to low
energy electroweak scale. In this direction, a preliminary
analysis with normal hierarchical model has already been
carried out on the stability of neutrino parameters and
self-complementarity relation [34] with varying SUSY
breaking scale ms.

The present investigation is a continuation of our previ-
ous work on neutrino masses and mixings with varying
SUSY breaking scale in the running of RGEs [18, 22, 32,
35–38]. We shall address both normal hierarchical and
inverted hierarchical neutrino mass models in both approa-
ches—in the first place, the bottom-up approach for running

gauge and Yukawa couplings from low to high energy scale;
and in the second place, the top-down approach for running
neutrino parameters defined at high energy scale, along with
gauge and Yukawa couplings, from high to low energy scale.
The present work is confined to the question of stability of
neutrino mass models for both normal and inverted hierar-
chy with the variation of ms scale and other input parame-
ters tan β and MR scale. Another important applications of
RGE analysis such as low energy magnification of neutrino
mixings in quark-lepton unification hypothesis at high
energy scale, radiative correction to validate the tribimaxi-
mal mixings and golden ratio mixing at high scale, and radi-
ative origin of reactor angle and solar neutrino mass-squared
parameter at low energy scale are not addressed in the pres-
ent investigations.

The paper is organised as follows. In Section 2, we give a
brief discussion of gauge and Yukawa coupling RGEs mainly
on bottom-up and top-down runnings. In Section 3, we
present the numerical analysis and results. In Section 4, we
study the effects of variations on neutrino parameters for
different values of tan β. Summary and Discussion are pre-
sented in Section 5. We give relevant RGEs for gauge,
Yukawa, and quartic Higgs couplings in two-loops for both
the SM and MSSM in Appendix A and RGEs of neutrino
parameters in Appendix B.

2. Renormalization Group Equations (RGEs)

We study the radiative corrections to neutrino oscillation
parameters using the Renormalisation Group Equations
(RGEs) [18, 31, 39] with and without SUSY in two different
steps using the low energy observational input values,
bottom-up running from low to high energy scale for gauge
and Yukawa couplings, and top-down running from high to
low energy scale for neutrino mass parameters and mixing
angles, along with gauge and Yukawa couplings which are
already evaluated at high energy scale MR.

2.1. Bottom-Up Running. In the bottom-up running of the
RGEs, we divide it into three regions, mZ < μ <mt , mt < μ
<ms, andms < μ <MR. We use the recent experimental data
[8, 40] as initial input values at low energy scale, given in
Table 1.

The values of gauge couplings, α2 for SUð2ÞL and α1
for Uð1ÞY , are calculated by using sin2θWðmZÞ = αemðmZÞ
/α2ðmZÞ and matching condition,

1
αem mZð Þ =

5
3

1
α1 mZð Þ +

1
α2 mZð Þ : ð1Þ

Table 1: Latest experimental data for fermion masses, gauge coupling constants, and Weinberg mixing angle.

Mass (GeV) Coupling constants Weinberg mixing angle

mZ mZð Þ = 91:1876 α−1em mZð Þ = 127:952 ± 0:009 sin2θW mZð Þ = 0:23121 ± 0:00017
mt mtð Þ = 172:76 αs mZð Þ = 0:1179 ± 0:009
mb mbð Þ = 4:18
mτ mτð Þ = 1:77
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We can also express the gauge couplings αi’s [18] in
terms of normalized couplings gi’s as gi =

ffiffiffiffiffiffiffiffiffi
4παi

p
, where

i = 1, 2, 3 denote electromagnetic, weak, and strong cou-
plings, respectively. RGEs at one-loop level [41] is used
for evolution of the three gauge coupling constants from
mZ scale to mt scale, as given below

1
αi μð Þ =

1
αi mZð Þ −

bi
2π

ln
μ

mZ
, ð2Þ

where mZ ≤ μ ≤mt and bi = ð5:30,−0:50,−4:00Þ for non-
SUSY case. For fermion masses to define at mt scale, we
use QED-QCD rescaling factor η [42], mbðmtÞ =mbðmbÞ/
ηb, and mτðmtÞ =mτðmτÞ/ητ, where ηb = 1:53 and ητ =
1:015. We then convert them to Yukawa couplings, htðmtÞ
=mtðmtÞ/v0, hbðmtÞ =mbðmbÞ/v0ηb, and hτðmτÞ =mτðmτÞ/
v0ητ, where v0 = 174GeV is the vacuum expectation value
(VEV) of SM Higgs field. The calculated numerical values
for fermion masses, Yukawa, and gauge couplings at mt scale
are given in Table 2.

We study the effect of variation of SUSY breaking scale
(ms) on gauge and Yukawa couplings for running from mt
to the MR scale using RGEs, which are given in Appendix
A. At ms scale, the following matching conditions are
applied at the transition point from SM (mt < μ <ms) to
MSSM (ms < μ <MR) as

gi SUSYð Þ = gi SMð Þ

ht SUSYð Þ = ht SMð Þ
sin β

= ht SMð Þ ×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 + tan2β

p
tan β

,

hb SUSYð Þ = hb SMð Þ
cos β

= hb SMð Þ ×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 + tan2β

p
,

hτ SUSYð Þ = hτ SMð Þ
cos β

= hτ SMð Þ ×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 + tan2β

p
:

ð3Þ

Third generation Yukawa coupling constants are highly
affected by input value of tan β as shown in Equation (3).
A detailed numerical analysis shows that high scale value
of ht always decreases with input value on SUSY breaking
scale ms in the range (2-14) TeV for low and high tan β =
25, 35, 40, 45, and 55. However, high scale values of hb and
hτ behave in different patterns. In fact hb at high scale MR
increases with the increase of ms scale for low value of tan
β = 25, but it decreases with ms scale for higher values of
tan β = 40 − 55. For hτ, it has a similar trend with hb but
with a little difference in the range of tan β. In fact hτ at high
scale increases with the increase of ms scale for both low and
moderate values of tan β = 25, 40, but it again decreases with
ms for higher value of tan β = 55. For specific case used in
the present calculation at input value of tan β = 40, both ht
and hb decrease with the increase of ms scale, but hτ
increases with the increase of ms scale. This analysis is
reflected in Tables 3–6.

The output for Yukawa and gauge couplings at MR scale
are given in Table 3 for MR = 1013 GeV, Table 4 for MR = 1
014 GeV, Table 5 for MR = 1015 GeV, and Table 6 for MR =

1016 GeV, respectively, for common value of tan β = 40.
These values are needed for the next top-down running as
input values at high energy scale.

2.2. Top-Down Running. In this running, we use the values
of Yukawa and guage couplings which are found atMR scale
as initial inputs given in Tables 3–6. In this work, the high
energy seesaw scale is the starting point for running the
RGEs and it ends at electroweak scale. We give the sum of
three neutrino masses Σjmij in the range, 0.114 eV
-0.121 eV for NH case and 0.1056 eV -0.1072 eV for IH case.
The input values of neutrino masses and three mixing angles
are indeed arbitrary in order to study the stability of neu-
trino mass model under RGEs running at low scale, with
variations of other free parameters such as tan β, SUSY
breaking scale ms, and high energy scale MR. We select our
input values in Tables 7–8 with the aim to produce low
energy values of neutrino oscillation parameters consistent
with observational data. In our work, we focus on the high
energy seesaw scale at MR = 1014 GeV; but for comparison,
it has been supplemented by other values of high energy

Table 2: Numerical values for fermion masses, Yukawa, and gauge
couplings at mt scale.

Fermions masses Yukawa couplings Gauge couplings

mt mtð Þ = 172:76GeV ht mtð Þ= 0.9928 g1 mtð Þ = 0:4635
mb mtð Þ = 2:73GeV hb mtð Þ = 0:0157 g2 mtð Þ = 0:6511
mτ mtð Þ = 1:75GeV hτ mtð Þ = 0:0100 g3 mtð Þ = 1:1890

Table 3: Values of Yukawa and gauge couplings evaluated at tR
= ln ð1013 GeVÞ = 29:93 for tan β = 40, for different choices of ms
scale.

ms (TeV) ht hb hτ g1 g2 g3
2 0.6509 0.3139 0.3721 0.6086 0.6914 0.7743

4 0.6318 0.3102 0.3741 0.6043 0.6861 0.7700

6 0.6236 0.3086 0.3750 0.6023 0.6835 0.7679

8 0.6161 0.3071 0.3760 0.6002 0.6810 0.7658

10 0.6126 0.3063 0.3765 0.5992 0.6797 0.7648

12 0.6093 0.3056 0.3770 0.5981 0.6785 0.7638

14 0.6061 0.3050 0.3775 0.5971 0.6772 0.7628

Table 4: Values of Yukawa and gauge couplings evaluated at tR
= ln ð1014 GeVÞ = 32:23 for tan β = 40, for different choices of ms
scale.

ms(TeV) ht hb hτ g1 g2 g3
2 0.6289 0.2977 0.3650 0.6316 0.6982 0.7554

4 0.6104 0.2946 0.3674 0.6268 0.6915 0.7514

6 0.6022 0.2931 0.3684 0.6245 0.6889 0.7495

8 0.5947 0.2917 0.3695 0.6222 0.6863 0.7475

10 0.5913 0.2910 0.3700 0.6211 0.6850 0.7466

12 0.5879 0.2904 0.3705 0.6199 0.6837 0.7456

14 0.5848 0.2898 0.3710 0.6188 0.6824 0.7447
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scales (MR = 1013 GeV, 1015 GeV, and 1016 GeV). For input
values of mixing angles, we impose a phenomenological rela-
tion of lepton mixing angles known as self-complementarity
relation (SC), θ23 = qðθ12 + θ13Þ [43–50]. In this work, we
take q = 1:1 for fine tuning and we study the stability of SC
relation against RGEs. It is observed that this SC relation is
nearly stable under radiative corrections. The SC relation
for lepton mixing angles is phenomenologically analogous
to a relation for quark and lepton mixing angles known as
Quark-Lepton Complementarity (QLC) relations, θsun + θC
= π/4 [43, 44, 46, 47] between the leptonic 1-2 mixing angle
θsun and the Cabibbo angle θC . We also impose the following
conditions on input values of neutrino masses.

The sum of the three neutrino masses should satisfy the
latest Planck cosmological data Σjmij < 0:12 eV,

(i) The neutrino mass model should be nearly quaside-
generate at least in m1 and m2 in order to get high
value of θ13, and m3 should be nonzero

One can also express the neutrino mass eigenvalues after
absorbing the Majorana CP phases as diag:ðm1e

iψ1 ,m2e
iψ2 ,

m3Þ. As discussed in ref. [33], from the presence of a term
jm1e

iψ1 +m2e
iψ2 j/Δm2

21 in the evolution of θ12, a nonzero
value of the difference jψ1 − ψ2j of the Majorana phases
damps the RG equation. The damping becomes maximal if
this difference equals π, which corresponds to an opposite
CP parity of the two nearly degenerate mass eigenstates m1
and m2. A similar term jm1e

iψ1 +m3j/Δm2
31 is also present

in the evolution equation of θ13, and this implies opposite
CP parity betweenm1 andm3, though they are not so degen-
erate. Under this consideration, we make our input choice of
CP parity as diag:ðm1,−m2,−m3Þ in the present work. The
RGEs for evolution of θ12 is also directly proportional to a
term A21 = ðm2 +m1Þ/ðm2 −m1Þ which is highly sensitive
for the nearly degenerate masses between m1 and m2 [22,
33]. Any possible singularity in the running of RGEs may
be avoided with the choice of opposite CP parity between
m1 and m2 for nearly degenerate case. In this work, we take
two Majorana phases ψ1 and ψ2 at 1800, which are con-
strained to be equal for simplicity ðψ1 = ψ2 = ψÞ, and the
Dirac CP phase δCP angle at 2400. Our main aim is to study
the neutrino oscillation parameters against varying ms for
different MR scale.

Using all the necessary mathematical frameworks, we
analyze the radiative nature of neutrino parameters like neu-
trino masses, mixings, and CP phases in the top-down
approach with the variations of ms scale at different MR
scale. The respective RGEs which are given in Appendix B.
The input sets are given in Tables 7 and 8.

3. Numerical Analysis and Results

The effects of the variation of ms on the outputs of neu-
trino mass parameters and mixing angles are given in

Table 5: Values of Yukawa and gauge couplings tR = ln ð1015
GeVÞ = 34:53 for tan β = 40, for different choices of ms scale.

ms (TeV) ht hb hτ g1 g2 g3
2 0.6084 0.2829 0.3579 0.6574 0.7026 0.7378

4 0.5891 0.2798 0.3601 0.6521 0.6971 0.7341

6 0.5809 0.2784 0.3613 0.6494 0.6944 0.7323

8 0.5735 0.2771 0.3624 0.6468 0.6917 0.7305

10 0.5701 0.2766 0.3629 0.6455 0.6903 0.7296

12 0.5668 0.2760 0.3635 0.6443 0.6890 0.7287

14 0.5637 0.2754 0.3640 0.6430 0.6877 0.7278

Table 6: Values of Yukawa and gauge couplings evaluated at tR
= ln ð1016 GeVÞ = 36:84 for tan β = 40, for different choices of ms
scale.

ms (TeV) ht hb hτ g1 g2 g3
2 0.5854 0.2676 0.3494 0.6893 0.7089 0.7200

4 0.5661 0.2647 0.3518 0.6831 0.7032 0.7166

6 0.5580 0.2634 0.3529 0.6801 0.7004 0.7149

8 0.5680 0.2687 0.3622 0.6770 0.6664 0.7131

10 0.5473 0.2618 0.3547 0.6757 0.6963 0.7124

12 0.5441 0.2613 0.3553 0.6742 0.6949 0.7116

14 0.5410 0.2608 0.3559 0.6727 0.6936 0.7107

Table 7: Input set of neutrino parameters at high energy scale MR
for NH case. θ23 is used from SC relation, θ23 = q × ðθ13 + θ12Þ with
q = 1:1. This is common for all cases of ms scale.

Input parameters
Seesaw scale (tan β = 40)

1016 GeV 1015 GeV 1014 GeV 1013 GeV
m1(eV) 0.0262 0.0258 0.0271 0.0274

m2(eV) -0.0263 -0.0259 -0.0272 -0.0275

m3(eV) -0.0615 -0.0645 -0.0643 -0.0664

Σ mij j 0.114 0.116 0.118 0.121

θ12/0 32.46 33.95 33.01 32.61

θ13/0 7.39 7.56 7.64 7.70

ψ1/
0 = ψ2/

0 = ψ/0 180 180 180 180

δCP/0 240 240 240 240

Table 8: Input set of neutrino parameters at high energy scale MR
for IH case (m3 ≠ 0). θ23 is used from SC relation, θ23 = q × ðθ13 +
θ12Þ with q = 1:1. This is common for all cases of ms scale.

Input parameters
Seesaw scale (tan β = 40)

1016 GeV 1015 GeV 1014 GeV 1013 GeV
m1(eV) 0.0515 0.0501 0.0511 0.0523

m2(eV) -0.0516 -0.0502 -0.0512 -0.0524

m3(eV) -0.0025 -0.0021 -0.0022 -0.0025

Σ mij j 0.1056 0.1024 0.1045 0.1072

θ12/0 31.94 32.39 31.99 32.17

θ13/0 8.53 8.29 8.35 8.40

ψ1/
0 = ψ2/

0 = ψ/0 180 180 180 180

δCP/0 240 240 240 240
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Tables 9–12, along with the graphical representations in
Figure 1 for normal hierarchical (NH) model, and in
Tables 13–16 and Figure 2 for inverted hierarchical (IH)
case. In each case, we also present the results for variation
of high energy seesaw scale (1013 -1016) GeV. Similar pat-

terns with the variations of seesaw scale are observed in all
the Figures 1 and 2.

The neutrino oscillation parameters are found to be
almost stable with the variation of ms at low energy scale
except Δm2

21 which is found to be very sensitive with the

Table 9: Effects on the output of neutrino parameters at low energy scale, on varying ms for NH case (tan β = 40, MR = 1013 GeV).

ms scale (TeV) Δm2
31 10−3 eV2À Á

Δm2
21 10−5 eV2À Á

θ23 /0
À Á

θ12 /0
À Á

θ13 /0
À Á

δCP /0
À Á

Σ mij j (eV)
2 2.504 4.831 45.37 32.69 8.40 235.26 0.095

4 2.569 5.961 45.42 32.72 8.47 235.36 0.094

6 2.593 6.666 45.45 32.73 8.52 235.41 0.094

8 2.614 6.962 45.47 32.74 8.54 235.43 0.094

10 2.621 7.288 45.48 32.75 8.56 235.45 0.093

12 2.624 7.526 45.50 32.75 8.58 235.47 0.093

14 2.620 7.779 45.52 32.76 8.60 235.49 0.092

Table 10: Effects on the output of neutrino parameters at low energy scale, on varying ms for NH case ðtan β = 40,MR = 1014 GeVÞ.

ms scale (TeV) Δm2
31 10−3 eV2À Á

Δm2
21 10−5 eV2À Á

θ23 /0
À Á

θ12 /0
À Á

θ13 /0
À ÁÁ

δCP /0
À Á

Σ mij j (eV)
2 2.336 4.771 45.75 32.09 8.35 235.08 0.092

4 2.418 5.850 45.79 32.11 8.41 235.16 0.093

6 2.428 6.541 45.82 33.13 8.46 235.22 0.092

8 2.435 6.859 45.84 33.14 8.48 235.24 0.091

10 2.440 7.180 45.86 33.15 8.51 235.27 0.091

12 2.441 7.490 45.88 33.16 8.53 235.29 0.090

14 2.454 7.654 45.89 33.16 8.55 235.30 0.090

Table 11: Effects on the output of neutrino parameters at low energy scale, on varying ms for NH case ðtan β = 40,MR = 1015 GeVÞ.

ms scale (TeV) Δm2
31 10−3 eV2À Á

Δm2
21 10−5 eV2À Á

θ23 /0
À Á

θ12 /0
À Á

θ13 /0
À Á

δCP /0
À Á

Σ mij j(eV)
2 2.373 4.371 46.71 34.03 8.24 235.35 0.090

4 2.461 5.350 46.76 34.05 8.31 235.43 0.090

6 2.479 5.964 46.79 34.07 8.35 235.48 0.090

8 2.492 6.264 46.81 34.08 8.38 235.51 0.090

10 2.498 6.633 46.83 34.09 8.41 235.54 0.089

12 2.498 6.832 46.84 34.09 8.43 235.56 0.089

14 2.499 7.028 46.86 34.10 8.45 235.57 0.088

Table 12: Effects on the output of neutrino parameters at low energy scale, on varying ms for NH case (tan β = 40, MR = 1016 GeV).

ms scale (TeV) Δm2
31 10−3 eV2À Á

Δm2
21 10−5 eV2À Á

θ23 /0
À Á

θ12 /0
À Á

θ13 /0
À Á

δCP /0
À Á

Σ mij j (eV)
2 2.354 4.435 44.83 32.54 8.08 234.98 0.093

4 2.427 5.459 44.87 32.56 8.14 235.07 0.094

6 2.444 6.108 44.89 32.57 8.18 235.13 0.094

8 2.472 6.457 44.91 32.58 8.20 235.16 0.094

10 2.476 6.734 44.92 32.59 8.22 235.18 0.093

12 2.475 7.033 44.94 32.60 8.24 235.21 0.093

14 2.486 7.182 44.95 32.60 8.26 235.22 0.093
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change ofms scale. One difference between NH and IHmodel
is that in NH case, all the low energy parameters Δm2

31, Δm
2
21,

θ23, θ12, θ13, and δCP are found to increase with the increase of
ms scale, but in IH case, Δm2

21, θ23, and θ12 increase whereas
jΔm2

31j and δCP decrease with ms. The low energy values of
Σjmij are below the latest Planck data Σjmij < 0:12 eV, where
the values for NH are smaller than those of IH case.

4. Effects of the Simultaneous Variation of ms
and tan β Values

In this section, we again study how the estimated low energy
values of neutrino oscillation parameters behave with the
simultaneous variations of ms and tan β over a wide range.
As a representative case, we consider only one seesaw scale
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Figure 1: Effects on the low energy output results in θij, jΔm2
ijj, and δCP with variation of ms for IH case at tan β = 40. Four different choices

of MR scale are presented.
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at MR = 1014 GeV for both NH and IH, using the same high
scale input parameters given in Tables 7 and 8, respectively.
We consider the range of tan β = 25 − 55 along with the
range of ms = ð2 − 14ÞTeV. Significant effects of the varia-
tion of tan β for a given ms value have been observed as
shown in Tables 17 and 18 and Figures 3 and 4. The follow-
ing observations on the low energy neutrino oscillation
parameters can be drawn.

(i) All the three mixing angles are observed to increase
with increasing values of tan β and ms for both NH
and IH cases

For NH case, both Δm2
21 and jΔm2

31j decrease with
increasing value of tan β, but increase with increasing ms.
For IH case, Δm2

21 increases but jΔm2
31j decreases with the

increase of both tan β and ms.

Table 13: Effects on the output of neutrino parameters at low energy scale, on varying ms for IH case (tan β = 40, MR = 1013 GeV).

ms scale (TeV) Δm2
31

�� �� 10−3 eV2À Á
Δm2

21 10−5 eV2À Á
θ23 /0
À Á

θ12 /0
À Á

θ13 /0
À Á

δCP /0
À Á

Σ mij j(eV)
2 2.58 5.96 44.70 32.21 8.41 239.94 0.119

4 2.55 6.64 44.71 32.22 8.41 239.93 0.117

6 2.53 7.10 44.72 32.22 8.41 239.93 0.116

8 2.52 7.32 44.73 32.23 8.41 239.92 0.115

10 2.52 7.52 44.73 32.23 8.41 239.92 0.114

12 2.51 7.73 44.74 32.23 8.41 239.92 0.114

14 2.50 7.86 44.74 32.23 8.41 239.92 0.113

Table 14: Effects on the output of neutrino parameters at low energy scale, on varying ms for IH case (tan β = 40, MR = 1014 GeV).

ms scale (TeV) Δm2
31

�� �� 10−3 eV2À Á
Δm2

21 10−5 eV2À Á
θ23 /0
À Á

θ12 /0
À Á

θ13 /0
À Á

δCP /0
À Á

Σ mij j(eV)
2 2.46 5.68 44.44 32.04 8.35 239.95 0.114

4 2.44 6.30 44.46 32.05 8.35 239.94 0.112

6 2.42 6.75 44.47 32.05 8.35 239.93 0.110

8 2.41 7.05 44.48 32.05 8.35 239.93 0.106

10 2.40 7.25 44.48 32.06 8.35 239.93 0.109

12 2.40 7.37 44.49 32.06 8.35 239.93 0.108

14 2.39 7.49 44.49 32.06 8.35 239.92 0.108

Table 15: Effects on the output of neutrino parameters at low energy scale, on varying ms for IH case (tan β = 40, MR = 1015 GeV).

ms scale (TeV) Δm2
31

�� �� 10−3 eV2À Á
Δm2

21 10−5 eV2À Á
θ23 /0
À Á

θ12 /0
À Á

θ13 /0
À Á

δCP /0
À Á

Σ mij j(eV)
2 2.37 5.56 44.82 32.44 8.29 239.95 0.111

4 2.34 6.11 44.84 32.45 8.29 239.94 0.109

6 2.33 6.55 44.85 32.45 8.29 239.94 0.107

8 2.32 6.73 44.85 32.45 8.29 239.93 0.107

10 2.31 6.91 44.86 32.46 8.29 239.93 0.106

12 2.30 7.15 44.87 32.46 8.29 239.93 0.105

14 2.30 7.23 44.87 32.46 8.29 239.93 0.105

Table 16: Effects on the output of neutrino parameters at low energy scale, on varying ms for IH case (tan β = 40, MR = 1016 GeV). Four
different choices of MR scale are presented.

ms scale (TeV) Δm2
31

�� �� 10−3 eV2À Á
Δm2

21 10−5 eV2À Á
θ23 /0
À Á

θ12 /0
À Á

θ13 /0
À Á

δCP /0
À Á

Σ mij j (eV)
2 2.51 5.22 44.59 31.98 8.54 239.94 0.118

4 2.49 5.73 44.60 31.98 8.54 239.93 0.116

6 2.47 6.14 44.61 31.99 8.54 239.93 0.115

8 2.47 6.26 44.62 31.99 8.54 239.92 0.114

10 2.46 6.46 44.62 31.99 8.54 239.92 0.114

12 2.45 6.68 44.63 32.00 8.54 239.92 0.113

14 2.45 6.74 44.63 32.00 8.54 239.92 0.112
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For NH case, δCP decreases with increasing tan β but
increases with increasing ms, whereas for IH case, δCP
decreases with the increase of both tan β and ms.

5. Summary and Discussion

To summarize, the present work is a continuation of the ear-
lier investigations [18, 32] on the effect of the variations of

SUSY breaking scale ms in the running of RGEs for neutrino
masses and mixing parameters from high to low energy
scale. Among many other applications of RGEs on neutrino
physics such as magnification of neutrino mixings at low
energy scale in quark-lepton unification hypothesis at high
energy scale, generation of suitable radiative corrections to
validate the tribimaximal or golden ratio neutrino mixings
at high scale, and radiative origin of reactor mixing angle
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Figure 2: Effects on the low energy output results in θij, jΔm2
ijj, and δCP with variation of ms for NH case at tan β = 40. Four different

choices of MR scale are presented.
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and solar neutrino mass-squared parameter at low energy;
the present work focuses only on the question of the stability
of neutrino mass models for both NH and IH, under RGEs
analysis with the variations of SUSY breaking scale ms and
input value of tan β.

The numerical analysis in the present investigation is
confined to the effects on the variations of three impor-
tant free parameters in the ranges—high energy seesaw
scale MR = ð1013 − 1016ÞGeV, the SUSY breaking scale
ms = ð2 − 14ÞTeV, and tan β = ð25 − 55Þ. As a special

Table 17: Effects on the neutrino oscillation parameters at low energy scale, on varying ms and tan β for NH case (MR = 1014 GeV).

ms (TeV) tan β = 55 tan β = 45 tan β = 40 tan β = 35 tan β = 25
2

θ23/0

46.63 45.85 45.75 44.25 43.96

4 46.64 45.88 45.79 44.29 44.00

6 46.64 45.91 45.82 44.31 44.02

8 46.64 45.92 45.84 44.32 44.04

10 46.65 45.93 45.86 44.35 44.06

12 46.65 45.94 45.88 44.36 44.07

14 46.66 45.95 45.89 44.36 44.07

2

θ12/0

32.95 32.79 32.09 31.82 31.38

4 33.21 33.17 32.82 32.21 32.01

6 33.23 33.19 33.13 32.43 32.14

8 33.28 33.21 33.14 32.54 32.18

10 33.29 33.23 33.15 32.63 32.28

12 33.31 33.26 33.16 32.66 32.29

14 33.33 33.28 33.16 32.67 32.31

2

θ13/0

8.96 8.42 8.35 8.14 7.95

4 9.02 8.48 8.41 8.20 8.00

6 9.04 8.53 8.46 8.23 8.02

8 9.06 8.54 8.48 8.25 8.04

10 9.09 8.57 8.51 8.28 8.06

12 9.11 8.59 8.53 8.30 8.07

14 9.12 8.61 8.55 8.30 8.08

2

Δm2
21 10−5 eV2À Á

4.18 4.36 4.77 4.80 4.83

4 5.23 5.36 5.85 5.96 6.02

6 5.56 5.76 6.54 6.61 6.74

8 6.08 6.21 6.85 6.91 7.01

10 6.37 6.59 7.18 7.23 7.38

12 6.76 6.82 7.49 7.51 7.69

14 6.88 7.11 7.65 7.71 7.89

2

Δm2
31

�� �� 10−3 eV2À Á
2.04 2.32 2.33 2.45 2.56

4 2.09 2.36 2.41 2.49 2.60

6 2.14 2.39 2.42 2.52 2.63

8 2.16 2.40 2.43 2.54 2.64

10 2.16 2.41 2.44 2.55 2.65

12 2.17 2.41 2.44 2.56 2.66

14 2.18 2.42 2.45 2.57 2.67

2

δCP/0

230.15 234.35 235.08 236.72 238.39

4 230.49 234.49 235.16 236.81 238.43

6 230.49 234.58 235.22 236.84 238.45

8 230.68 234.62 235.24 236.86 238.46

10 230.77 234.66 235.27 236.90 238.48

12 230.90 234.70 235.29 236.92 238.49

14 231.00 234.73 235.30 236.92 238.50
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representative case, we choose MR = 1014 GeV for tan β
= 40 in both NH and IH models. For simplicity of com-
parison, the results for other choices of MR are also pre-
sented. To study the stability criteria of neutrino mass

model, we start with arbitrary high energy scale input
values of neutrino masses and mixings which satisfy cer-
tain conditions including Planck cosmological bound. The
input value for the Dirac CP phase angle is taken at 2400

Table 18: Effects on the neutrino oscillation parameters at low energy scale, on varying ms and tan β for IH case (MR = 1014 GeV).

ms(TeV) tan β = 55 tan β = 45 tan β = 40 tan β = 35 tan β = 25
2

θ23/0

44.58 44.46 44.44 44.41 44.38

4 44.62 44.49 44.46 44.42 44.39

6 44.64 44.50 44.47 44.43 44.39

8 44.66 44.51 44.48 44.44 44.40

10 44.67 44.52 44.48 44.44 44.40

12 44.68 44.52 44.49 44.44 44.40

14 44.69 44.53 44.49 44.45 44.40

2

θ12/0

32.078 32.058 32.048 32.026 32.001

4 32.083 32.061 32.051 32.029 32.008

6 32.088 32.068 32.052 32.031 32.016

8 32.096 32.071 32.056 32.036 32.021

10 32.101 32.076 32.061 32.042 32.026

12 32.108 32.081 32.064 32.044 32.031

14 32.111 32.083 32.067 32.046 32.033

2

θ13/0

8.378 8.362 8.351 8.339 8.329

4 8.379 8.363 8.351 8.342 8.332

6 8.381 8.364 8.352 8.345 8.334

8 8.383 8.366 8.353 8.347 8.336

10 8.385 8.369 8.354 8.348 8.338

12 8.388 8.371 8.355 8.351 8.339

14 8.390 8.372 8.356 8.353 8.340

2

Δm2
21 10−5 eV2À Á

12.48 7.98 5.68 5.55 4.38

4 13.95 9.08 6.30 6.08 4.93

6 14.42 9.43 6.75 6.45 5.13

8 15.15 10.05 7.05 6.89 5.44

10 15.38 10.25 7.25 7.09 5.54

12 15.73 10.53 7.37 7.12 5.74

14 15.95 10.74 7.49 7.22 5.81

2

Δm2
31

�� �� 10−3 eV2À Á
2.32 2.41 2.46 2.47 2.51

4 2.28 2.35 2.44 2.45 2.49

6 2.25 2.29 2.42 2.44 2.47

8 2.23 2.27 2.41 2.43 2.46

10 2.22 2.25 2.40 2.42 2.45

12 2.21 2.24 2.40 2.42 2.43

14 2.20 2.22 2.39 2.41 2.42

2

δCP/0

239.899 239.932 239.95 239.960 239.978

4 239.897 239.922 239.94 239.956 239.976

6 239.896 239.918 239.93 239.953 239.974

8 239.891 239.914 239.93 239.946 239.972

10 239.884 239.912 239.93 239.944 239.969

12 239.881 239.911 239.93 239.942 239.965

14 239.879 239.909 239.92 239.937 239.962
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for all cases and two Majorana phase angles at 1800 for
simplicity. In order to avoid any possible singularity in
running RGEs for nearly quasidegenerate case, we consid-
ered Majorana CP conserving parity in the mass eigenvalues

ðm1,−m2,−m3Þ. Majorana phases are more insensitive as
compared to δCP against RGEs analysis and we omit to report
these results. We conclude with the following important
points of our results.
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Figure 3: Effects on the low energy output results in θij, jΔm2
ijj, and δCP with variation of ms for NH case at MR = 1014 GeV. Five different

choices of tan β are presented.
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The input value of tan β sharply affects the evolution
pattern of the third generation Yukawa coupling constants
(ht , hb, and hτ) with energy scale. It has been observed that

ht at MR scale always decreases with the increase of SUSY
breaking scale ms for both low and large tan β values. How-
ever, the high energy scale values of hb and hτ are observed
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Figure 4: Effects on the low energy output results in θij, jΔm2
ijj, and δCP with variation of ms for IH case at MR = 1014 GeV. Five different

choices of tan β are presented.
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to increase with the increase in ms scale for low tan β values,
but decrease with ms for larger tan β values. For moderate
tan β values, hb decreases with ms again but hτ increases
with ms.

(i) The effect of the variation of ms scale on neutrino
oscillation parameters at low energy scale is very mild
except Δm2

21 which is very sensitive withms and tan β
values. Both low energy scale values of jΔm2

31j and
Δm2

21 increase with the increase in ms scale for NH
case. However, Δm2

21 increases with the increase of
ms, but jΔm2

31j decreases with ms for IH case. The
low energy scale values of three mixing angles (θ12,
θ13, and θ23) have mild increasing trend with the
increase of ms scale for both NH and IH cases. The
Dirac CP phase δCP at low energy scale increases with
the increase in ms for NH but it decreases with ms for
IH case

The simultaneous variations ofms and tan β on low scale
neutrino oscillation parameters have significant effects. It is
observed that all the low energy values of mixing angles
(θ12, θ13, and θ23) increase with the increase in ms and tan
β values for both NH and IH. Both low energy values of Δ
m2

21 and jΔm2
31j decrease with the increase of tan β, but they

increase with ms scale for NH. For IH case, Δm2
21 increases

and jΔm2
31j decreases with the increase of ms and tan β.

The Dirac CP phase δCP decreases with the increase of tan
β but increases with the increase of ms for NH case. For
IH case, the low energy value of δCP decreases with the
increase of both tan β and ms.

The complementarity relation (SC) is found to satisfy at
high and low energy scale under RGEs with the variations of
both tan β and ms scale.

The numerical analysis in the present work shows the
stability of both NH and IH neutrino mass models with
the variation of SUSY breaking scale ms, and also the
other two input parameters MR scale tan β for a wide
range of input values. The present analysis can be applied
to check the validity at low energy scale of certain mixing
patterns such as tribimaximal [51–54] and golden ratio
mixing patterns defined at high energy scale [34, 55–58].

Appendix

A. RGEs for Gauge Couplings [39]

The two-loop RGEs for gauge couplings are given by

dgi
dt

=
bi
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where t = ln μ, and bi, bij, aij are β function coefficients in

MSSM,
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and, for non-supersymmetric case, we have
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A.1. Two-Loop RGEs for Yukawa Couplings and Quartic
Higgs Coupling [39]. For MSSM,
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where

Y2 Sð Þ = 3h2t + 3h2b + h2τ,

Y4 Sð Þ = 1
3

3Σcig2i h
2
t + 3Σci′g2i h2b + 3Σci′′g2i h2τ

h i
,

H Sð Þ = 3h4t + 3h4b + h4τ,

η4 Sð Þ = 9
4
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2
3
h2t h

2
b

� �
,

ðA:7Þ

and λ =m2
h/v20 is the Higgs self-coupling, mh = 125:78 ±

0:26GeV is the Higgs mass [59], and v0 = 174GeV is the
vacuum expectation value.

The beta function coefficients for non-SUSY case are
given below

ci = ð0:85, 2:25,8:00Þ,ci′= ð0:25 2:25, 8:00Þ, and ci″= ð2:25
, 2:25, 0:00Þ:
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B. RGEs for Three Neutrino Mixing Angles and
Phases [33]: (Neglecting Higher Order of θ13)

_θ12 = −
Cy2τ
32π2 sin 2θ12s223

m1e
iψ1 +m2e

iψ2
�� ��2

Δm2
21
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"
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+ s212
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#
,

ðB:1Þ

where Δm2
21 =m2

2 −m2
1, Δm2

31 =m2
3 −m2

1, and ξ = Δm2
21/Δ

m2
31.

B.1 RGEs for the Three Phases [33]. For Dirac phase δ,
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where
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For Majorana phase ψ1 [33],

_ψ1 =
Cy2τ
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For Majorana phase ψ2,

_ψ2 =
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B.2 RGEs for Neutrino Mass Eigenvalues [33].

_m1 =
1

16π2 α + Cy2τ 2s212s
2
23 + F1

À ÁÂ Ã
m1,

_m2 =
1
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where

F1 = −s13 sin 2θ12 sin 2θ23 cos δ + 2s213c
2
12c

2
23,

F2 = s13 sin 2θ12 sin 2θ23 cos δ + 2s213s
2
12s

2
23:
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For MSSM case,

α = −
6
5
g2
1 − 6g22 + 6y2t ,

C = 1:
ðB:9Þ

For SM case,

α = −3g2
2 + 2y2τ + 6y2t + 6y2b + λ,

C = −
3
2
,

ðB:10Þ

and λ is the Higgs self-coupling in the SM.
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