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The Yang-Mills-aether theory is considered. Implications of the non-Abelian aether-like term, which introduces violation of the
Lorentz symmetry, are investigated in a thermal quantum field theory. The thermofield dynamics formalism is used to introduce
the temperature effects and spatial compactification. As a consequence, corrections due to the non-Abelian aether term are
calculated for the non-Abelian Stefan-Boltzmann law and for the non-Abelian Casimir energy and pressure at zero and finite
temperature.

1. Introduction

In recent years, attention has increased to the possibility that
tiny violations of the Lorentz symmetry may arise in theories
that unify quantum mechanics and gravity [1, 2]. This funda-
mental theory is expected to emerge at a very high energy scale.
This symmetry breaking leads to the possibility that the
Lorentz symmetry might not be absolute, but only approxi-
mate. The Lorentz symmetry violation opens up many
opportunities to extend the well-known physics into new the-
ories or corrections to standard physics. In order to explore the
effects of this symmetry breaking, an effective theory has been
constructed. The framework that describes all possible Lorentz
violation is the Standard-Model Extension (SME) [3–5]. The
SME is composed of the general relativity and the standard
model by adding all possible terms that violate Lorentz. Our
interest is to study a non-Abelian extension of the Lorentz-
breaking terms [6]. There are some studies about these terms.
For example, non-Abelian Carrol-Field-Jackiw term has been
generated perturbatively [7, 8]; some analyses about the
generations of this term have been investigated [9, 10], among
others. Here, the goal will be the non-Abelian aether-like term.
The abelian aether term and its classical aspects have been
analyzed [11], and its perturbative generation has been carried

out [12]. The non-Abelian version of the aether term in four
dimensions has been investigated, and its perturbative genera-
tion has been performed [13, 14]. There are studies that have
not yet been development for the non-Abelian aether term,
such as the Casimir effect. Thus, additional theoretical
predictions about the quantum vacuum are provided in this
non-Abelian extended theory. The study proposed here is an
extension of the analysis developed in [15], where the Lorentz
invariant non-Abelian theory is considered.

The Casimir effect can be interpreted as the force per
unit area on bounding surfaces due to the confinement of
a quantum field in a finite volume of space. As a conse-
quence, two conducting parallel plates in the vacuum of a
quantum field are attracted to each other due to boundary
conditions, where the boundaries can be material media,
interfaces between two phases of the vacuum, or topologies
of space. This phenomenon was theoretically proposed by
Casimir [16], and the first experimental observation was car-
ried out by Sparnaay [17]. In this work, the Casimir effect in
the vacuum of the non-Abelian field with the Lorentz viola-
tion is investigated. Since the Casimir force is a very sensitive
measurement of quantum fluctuations of the field, it is a
good way to investigate small Lorentz violating parameters.
Furthermore, thermal corrections will be added to the
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Casimir effect for the non-Abelian field in the presence of a
non-Abelian aether term.

There are two ways to introduce temperature effects into
quantum field theory: (i) imaginary-time formalism and (ii)
real-time formalism. The first formalismwas proposed byMat-
subara [18], which is based on a substitution of time, t, by a
complex time, iτ. The second formalism is divided into two
structure: the closed time path formalism [19] and the thermo-
field dynamics (TFD) formalism [20–25]. The real-time
formalism is applied to some studies where it is desirable to
have an explicit dependence on time in addition to tempera-
ture. Here, the TFD formalism is used. This approach depends
on the doubling of the original Fock space and of the Bogoliu-
bov transformation. The thermal space is composed of the
original Fock space and a tilde (dual) space. The original and
tilde spaces are related by a mapping, tilde conjugation rules,
associating each operator O acting in the Fock space with two
operators in the thermal Fock space. The Bogoliubov transfor-
mation is a rotation involving these two spaces, original and
tilde, which introduce the temperature effects. TFD is a field

theory on the topology Γd
D = ðS1Þd ×ℝD−d with 1 ≤ d ≤D,

where D are the space-time dimensions and d is the number
of compactified dimensions. Here, any set of dimensions of
the manifoldℝD can be compactified, where the circumference
of the nthS1 is specified by αn, that is, the compactification
parameter. Here, three different topologies are considered. (1)
The topology Γ1

4 = S1 ×ℝ3, where α = ðβ, 0, 0, 0Þ. In this case,
the time axis is compactified in S1, with circumference β. In
this topology, the temperature effects are investigated. (2) The
topology Γ1

4 with α = ð0, 0, 0, i2dÞ, where the compactification
along the coordinate z is considered. Such amechanism is quite
suitable to treat, in particular, the Casimir effect. (3) The topol-
ogy Γ2

4 = S1 × S1 ×ℝ2 with α = ðβ, 0, 0, i2dÞ is used. The
double compactification allows the calculation of the Casimir
effect at finite temperature.

This paper is organized as follows: in Section 2, the model
that describes the non-Abelian aether term is introduced. The
non-Abelian energy-momentum tensor and its vacuum expec-
tation value are calculated. The 2-, 3-, and 4-point functions
associated with the gluon field are analyzed. In Section 3, the
TFD formalism is briefly presented. The energy-momentum
tensor is written in terms of the compactification parameter.
In Section 4, the non-Abelian Stefan-Boltzmann law and the
non-Abelian Casimir effect at zero and finite temperature are
investigated. The effect due to the non-Abelian aether term is
discussed. In Section 5, some concluding remarks are presented.

2. The Model: Non-Abelian Aether-Like Term

The Lagrangian that describes the aether-like term that
introduces a Lorentz-breaking Yang-Mills theory is

L = 1
2 tr FμνF

μνÀ Á
+ λuμuνtr FμλF

νλ
� �

, ð1Þ

where Fμν = Fa
μνT

a is the non-Abelian Lie algebra value field
strength tensor, λ is a parameter, and uμ is the constant
Lorentz-violating vector which is dimensionless in four

dimensions. Using that trðTaTbÞ = −ð1/2Þδab the Lagrangian
(1) becomes

L = −
1
4 F

a
μνF

μνa −
λ

2 u
μuνF

a
μλF

νλa, ð2Þ

with Fμνa = ∂μAνa − ∂νAμa − ef abcAμbAνc being the non-
Abelian field strength tensor.

In order to investigate applications of this non-Abelian
aether term at finite temperature, the energy-momentum ten-
sor associated with such theory is calculated. It is defined as

Tμν = ∂L
∂ ∂μAa

λ

À Á ∂νAa
λ − ημνL: ð3Þ

Using equation (2), the energy-momentum tensor
becomes

Tμν = Tμν
YM + Tμν

aether, ð4Þ

where Tμν
YM is the Yang-Mills standard part, which is given by

Tμν
YM = −Fμa

λ Fνλa + 1
4 η

μνFa
ρσF

ρσa, ð5Þ

and Tμν
aether is new part corresponding to the non-Abelian

aether term given as

Tμν
aether =

λ

2 u
α ημνuρFa

ασF
σa
ρ − 2 uμFa

ασ − uσF
μa
αð Þ∂νAσa

h i
:

ð6Þ

It should be noted that the standard part of the energy-
momentum tensor given by equation (5) is symmetric, but
the aether part, equation (6), is not symmetric. This is charac-
teristic of theories where the Lorentz symmetry is violated.

To analyze problems and corrections due to the aether
term, the vacuum expectation value of the energy-momentum
tensor must be calculated. However, the vacuum state is not
possible due to the product of field operators at the same point
of the space time. To avoid divergences, the energy-momentum
tensor is written at different space-time points such as

Tμν xð Þ = lim
x ′⟶x

τ −Fμa
γ xð ÞFνγa x′

� �
+ 1
4 η

μνFa
ρσ xð ÞFρσa x′

� ��
+ λ

2 u
γ ημνuρFa

γσ xð ÞFσa
ρ x′
� ��

− 2 uμFa
γσ xð Þ − uσF

μa
γ xð Þ

� �
∂νAσa x′

� ��
�,

ð7Þ

where τ is the time ordering operator. In order to use the quan-
tization of the non-Abelian gauge fields, the canonical momenta
is written as

2 Advances in High Energy Physics



πμa = ∂L

∂ ∂0Aa
μ

� � = −F0μ,a, ð8Þ

and its components are

π0a = 0,
πia = −F0i,a:

ð9Þ

Then, the standard canonical commutation relation is given
as

Aa
μ xð Þ, πb

ν x′
� �h i

= iδab δμν δ
3 x! − x′

!� �
: ð10Þ

All other commutation relations are zero. It is important to

note that the aether field is regarded as an interaction with the

Yang-Mills field. Therefore, quantization is performed only in

the pure Yang-Mills field.
Then, the energy-momentum tensor becomes

Tμν xð Þ = lim
y,z,ω⟶x

Cμν
0 + Cμν + −Δμν,γε + λZμν,γεð ÞτÈ

Á Aa
γ xð ÞAa

ε yð Þ
h i

+ gf abc Δ
μν
γσΛ + λKμν

γσΛ

� �
τ

Á Aγa xð ÞAΛb yð ÞAσc zð Þ
h i

+ 1
2 g

2 f abc f ade 2Δμν
γΛδρ + λημνηΛρuγuδ

� �
τ

Á Aγb xð ÞAΛc yð ÞAδd zð ÞAρe ωð Þ
h io

,

ð11Þ

where

Δμν,γε ≡ Γμδ,ν
δ
,γε −

1
4 η

μνΓδρ,
δρ,γε,

Δ
μν
γσΛ ≡ −Γμ

νγη
ν
σ +

1
4 η

μνΓσΛγ − Γ′νΛγημσ +
1
4 η

μνΓ′σΛγ,

Δ
μν
γΛδρ ≡ −ημγη

ν
δηΛρ +

1
4 η

μνηΛρηγδ,

Zμν,γε ≡
1
2 η

μνuδuρΓδσ,ρ
σ,γε − uδuμΠνγε

δ + uδuσΠ
μγσε

δ
ν,

Kμν
γσΛ ≡

1
2 η

μνuδuρ ΓδσγηρΛ − Γ′ρσγηδΛ
� �

+ uΛu
μηγσ − uΛuγη

μ
σ

� �
∂′ν,

Cμν
0 ≡ −i nμ0n

ν
0 − n0δn

δ
0

� �
δ4 x − yð Þ,

Cμν ≡
1
2 η

μνuδuρIρα − uδuμNν
δ + uδuσN

νμσ
δ,

ð12Þ

with

Γμν,σρ,γε ≡ ηνγ∂μ − ημγ∂νð Þ ηρε∂′σ − ησε∂′ρ
� �

,

Γμνγ ≡ ημγ∂ν − ηνγ∂μ,
Πνγεδ ≡ ηγε∂δ∂′ν − ηδγ∂ε∂′ν,

Πμγσεδν ≡ ημγησε∂δ∂′ν − ηγδησε∂μ∂′ν,

Iρδ ≡ Aa
σ xð Þ, ∂′σAρa x′

� �h i
nδ0δ x0 − x0′
� �

− Aδa xð Þ, ∂′σAρa x′
� �h i

n0σδ x0 − x0′
� �

,

Nν
δ ≡ inν0 δσσn0δ − δσδn0σð Þδ x! − x′

!� �
,

Nνμσδ ≡ inν0 δσμnδ0 − δσδnμ0
� �

δ x! − x′
!� �

,

ð13Þ

and nμ0 = ð1, 0, 0, 0Þ is a time-like vector.
Now, let us calculate the vacuum expectation value of the

energy-momentum tensor which is defined as

Tμν xð Þh i = 0 Tμν xð Þj j0h i, ð14Þ

where j0i is the ground state. Applying this definition to the
energy-momentum tensor of the non-Abelian field with
contributions of the aether term, we obtain

Tμν xð Þh i = lim
y,z,ω⟶x

Cμν
0 + CμνÀ Á

0 0jh i + −Δμν,γε + λZμν,γεð ÞÈ
Á 0 τ Aa

γ xð ÞAa
ε yð Þ

h i��� ���0D E
+ gf abc Δ

μν
γσΛ + λKμν

γσΛ

� �
Á 0 τ Aγa xð ÞAΛb yð ÞAσc zð Þ

h i��� ���0D E
+ 1
2g

2 f abc f ade 2Δμν
γΛδρ + λημνηΛρuγuδ

� �
Á 0 τ Aγb xð ÞAΛc yð ÞAδd zð ÞAρe ωð Þ

h i��� ���0D Eo
:

ð15Þ

Here, it is possible to define the following:

(1) Two-point function

0 τ Aa
γ xð ÞAa

ε yð Þ
h i��� ���0D E

≡ δab 0 τ Aa
γ xð ÞAb

ε yð Þ
h i��� ���0D E

= iδabDab
γε x − yð Þ,

ð16Þ

with

Dab
γε x − yð Þ = δabηγεG0 x − yð Þ, ð17Þ

being the gluon propagator and G0ðx − yÞ the massless
scalar field propagator which is given as

G0 x − yð Þ = −
i

2πð Þ2
1

x − yð Þ2 − iε
ð18Þ

(2) Three-gluon vertex

0 τ Aaγ xð ÞAbΛ yð ÞAcσ zð Þ
h i��� ���0D E

≡ −igf abcGγΛσ
3 x, y, zð Þ, ð19Þ
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where

GγΛσ
3 x, y, zð Þ = ηγΛ ∂σx − ∂σy

� �
δ y − zð Þδ x − zð Þ + ηΛσ

Á ∂γy − ∂γz
� �

δ z − xð Þδ y − xð Þ + ησγ ∂Λz − ∂Λx
� �

δ x − yð Þδ z − yð Þ

ð20Þ

(3) Four-gluon vertex

0 τ Abγ xð ÞAcΛ yð ÞAdδ zð ÞAeρ ωð Þ
h i��� ���0D E

≡ −ig2Gbcde,γΛδρ
4 x, y, z, ωð Þ,

ð21Þ

with

Gbcde,γΛδρ
4 x, y, z, ωð Þ = f bcf f def ηγδηρΛ − ηγρηΛδ

� �
+ f bdf f cef

h
Á ηγρηΛδ − ηγΛηδρ
� �

+ f bef f cdf ηγΛηδρ − ηγδηρΛ
� �i

δ

Á z − ωð Þδ z − xð Þδ z − yð Þ
ð22Þ

Using these definitions, our objective is to obtain the
energy-momentum tensor (15) in the presence of finite tem-
perature. To achieve this goal, the TFD formalism will be
introduced in the next section.

3. TFD Formalism

Here, a brief introduction to the TFD formalism is pre-
sented. TFD is a quantum field theory at finite temperature
where the statistical average of any operator O is interpreted
as an expectation value in a thermal vacuum. This formalism
is composed of two ingredients: (i) doubling of the original
Hilbert space and (ii) the Bogoliubov transformation. The
doubling is defined by the tilde ðf Þ conjugation rules which
associates each operator in the original Hilbert space, S, to
two operators in expanded space ST , where ST = S ⊗ S, with
S being the tilde or dual space.

The Bogoliubov transformation consists of a rotation in
the tilde and nontilde variables that introduces the effects
of temperature. As an example, let us consider this transfor-
mation acting on a duplicated space, such as

d k, αð Þ
~d
†
k, αð Þ

 !
= B αð Þ

d kð Þ
~d
†
kð Þ

 !
, ð23Þ

where BðαÞ is the Bogoliubov transformation defined as

B αð Þ =
u αð Þ −v αð Þ
−v αð Þ u αð Þ

 !
, ð24Þ

with vðαÞ = ðeαω − 1Þ−1/2 and uðαÞ = ð1 + v2ðαÞÞ1/2 related to
the Bose distribution. Here, the α parameter is assumed as
the compactification parameter defined by α = ðα0, α1,⋯

αD−1Þ, where D are the space-time dimensions. For example,
the effect of temperature is described by the choice α0 ≡ β
and α1,⋯αD−1 = 0.

In order to introduce the effects of temperature, let us
write the n-point (n = 2, 3, 4) Green function using the
TFD formalism. The free scalar field propagator in a doublet
notation is

G abð Þ
0 x − y ; αð Þ = i 0, ~0 τ ϕa x ; αð Þϕb y ; αð Þ

h i��� ���0, ~0D E
, ð25Þ

where ϕðx ; αÞ = BðαÞϕðxÞB−1ðαÞ and a, b = 1, 2. Then

G abð Þ
0 x − y ; αð Þ = i

ð
d4k

2πð Þ4 e
−ik x−yð ÞG abð Þ

0 k ; αð Þ, ð26Þ

where

G 11ð Þ
0 k ; αð Þ ≡G0 k ; αð Þ =G0 kð Þ + v2 k ; αð Þ G0 kð Þ −G∗

0 kð Þ½ �,
ð27Þ

with

G0 kð Þ = 1
k2 −m2 + iε

,

G0 kð Þ −G∗
0 kð Þ½ � = 2πiδ k2 −m2À Á

:

ð28Þ

The physical information is given by the component a
= b = 1, the nontilde component. In addition, the general-
ized Bogoliubov transformation [26] is given as

v2 k ; αð Þ = 〠
d

s=1
〠
σsf g

2s−1 〠
∞

lσ1 ,⋯,lσs=1
−ηð Þ

s+〠
s

r=1
lσr

exp −〠
s

j=1
ασ j

lσ j
kσ j

" #
,

ð29Þ

with d being the number of compactified dimensions, η
= 1ð−1Þ for fermions (bosons), fσsg denotes the set of all
combinations with s elements, and k is the 4-momentum.

Similarly, the 3- and 4-point functions are given, respec-
tively, as

G 11ð ÞλδΛ
3 k1, k2, k3 ; αð Þ =GλδΛ

3 k1, k2, k3ð Þ + v2 k1, k2, k3 ; αð Þ
Á GλδΛ

3 k1, k2, k3ð Þ −G∗λδΛ
3 k1, k2, k3ð Þ

h i
,

ð30Þ

G 11ð Þbcde,γΛδρ
4 x, y, z, ω ; αð Þ = Gbcde,γΛδρ

4 x, y, z, ωð Þ + v2 k1, k2, k3, k4 ; αð Þ
Á Gbcde,γΛδρ

4 k1, k2, k3, k4ð Þ − G∗bcde,γΛδρ
4 k1, k2, k3, k4ð Þ

h i
:

ð31Þ
Using this formalism, the α parameter is introduced in

the vacuum expectation value of the energy-momentum
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tensor (15). Then

T abð Þμν x ; αð Þ
D E

= lim
y,z,ω⟶x

C abð Þμν
0 + C abð Þμν

� �
+ iΘμνG abð Þ

0 x − y ; αð Þ
n

− ig2 f abc f abc Δ
μν
γσΛ + λKμν

γσΛ

� �
G abð ÞγΛσ
3 x, y, z ; αð Þ

−
i
2g

4 f abc f ade 2Δμν
γΛδρ + λημνηΛρuγuδ

� �
G abð Þbcde,γΛδρ
4 x, y, z, ω ; αð Þ

�
,

ð32Þ

where Θμν is defined as

Θμν = −16 ∂μx∂
ν
y −

1
4 η

μν∂ρx∂yρ

� �
+ 8λ 1

2 η
μνuγuρ 2∂xγ∂yρ + ηγρ∂xσ∂

σ
y

� ��
− 3uγuμ∂xγ∂νy + uγuσ ημσ∂xγ∂

ν
y − ησγ∂

μ
x∂

ν
y

� �i
:

ð33Þ

To obtain a renormalized energy-momentum tensor, the
Casimir prescription is carried out, i.e.,

Tμν abð Þ x ; αð Þ = Tμν abð Þ x ; αð Þ
D E

− Tμν abð Þ xð Þ
D E

: ð34Þ

Thus

Tμν abð Þ x ; αð Þ = i lim
y,z,ω⟶x

Θμν�G abð Þ
0 x − y ; αð Þ − ig2 f abc f abc

n
Á Δ

μν
γσΛ + λKμν

γσΛ

� �
�G abð ÞγΛσ
3 x, y, z ; αð Þ − i

2g
4 f abc f ade

Á 2Δμν
γΛδρ + λημνηΛρuγuδ

� �
�G abð Þbcde,γΛδρ
4 x, y, z, ω ; αð Þ

o
,

ð35Þ

with

�G abð Þ
0 x − y ; αð Þ =G abð Þ

0 x − y ; αð Þ −G abð Þ
0 x − yð Þ,

�G abð ÞγΛσ
3 x, y, z ; αð Þ =G abð ÞγΛσ

3 x, y, z ; αð Þ −G abð ÞγΛσ
3 x, y, zð Þ,

�G abð Þbcde,γΛδρ
4 x, y, z, ω ; αð Þ =G abð Þbcde,γΛδρ

4 x, y, z, ω ; αð Þ −G abð Þbcde,γΛδρ
4 x, y, z, ωð Þ:

ð36Þ

Furthermore, the Fourier representation of the n-point
functions is

and a similar expression is obtained for the 4-point function.
Therefore, such development led the energy-

momentum tensor to be written in the context of TFD
formalism. Now, some applications are investigated for
different choices of α-parameter.

4. Application at Zero and Finite Temperature

In this section, three different topologies are considered.
(i) The time axis is compactified and α = ðβ, 0, 0, 0Þ. (ii)
The compactification along the coordinate z is carried
out and α = ð0, 0, 0, i2dÞ. (iii) The α parameter is choice
as α = ðβ, 0, 0, i2dÞ. In this case, the double compactifica-
tion consists in one being the time and the other along
the coordinate z.

4.1. Non-Abelian Thermal Energy Density. For the first case,
i.e., α = ðβ, 0, 0, 0Þ, the generalized Bogoliubov transforma-

tions are

v2 k ; βð Þ = 〠
∞

j0=1
e−βkj0 ,

v2 k1, k2, k3 ; βð Þ = 〠
∞

j0=1
e−β k1+k2+k3ð Þj0 ,

v2 k1, k2, k3, k4 ; βð Þ = 〠
∞

j0=1
e−β k1+k2+k3+k4ð Þj0 :

ð38Þ

Taking these results to the Green functions, we get

�G 11ð Þ
0 x − y ; βð Þ =

ð
d4k

2πð Þ4 e
−ik x−yð Þ 〠

∞

j0=1
e−βk

0 j0 G0 kð Þ½

−G∗
0 kð Þ�, = 2 〠

∞

j0=1
G0 x − y − iβj0n0ð Þ,

ð39Þ

�G 11ð Þ
0 x − y ; αð Þ =

ð
d4k

2πð Þ4 e
−ik x−yð Þv2 k ; αð Þ G0 kð Þ −G∗

0 kð Þ½ �,

�GλδΛ 11ð Þ
3 x, y, z ; αð Þ =

ð
d4k1
2πð Þ4

d4k2
2πð Þ4

d4k3
2πð Þ4 e−ik1 y−zð Þe−ik2 y−xð Þe−ik3 x−zð Þ × v2 k1, k2, k3 ; αð Þ GλδΛ

3 k1, k2, k3ð Þ −G∗λδΛ
3 k1, k2, k3ð Þ

h i
,

ð37Þ
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where nμ0 = ð1, 0, 0, 0Þ. Similar procedures are performed
for the 3- and 4-point Green functions. Using these defini-
tions, the energy-momentum tensor becomes

Tμν 11ð Þ x ; βð Þ = 2i lim
y,z,ω⟶x

〠
∞

j0=1
ΘμνG0 x − y − iβj0n0ð Þf

+ a Dμν
1 + λEμν

1
À Á

δ y − z − iβj0n0ð Þδ x − z − iβj0n0ð ÞÂ
+ Dμν

2 + λEμν
2

À Á
δ z − x − iβj0n0ð Þδ y − x − iβj0n0ð Þ

+ Dμν
3 + λEμν

3
À Á

δ x − y − iβj0n0ð Þδ z − y − iβj0n0ð ÞÃ
+Φμνδ x − y − iβj0n0ð Þδ x − z − iβj0n0ð Þδ x − ω − iβj0n0ð Þg,

ð40Þ

with

a = −g2 f abc f abc,

Dμν
1 = 3 ∂μx ∂νx − ∂νy

� �
− ∂νy ∂μx − ∂μy

� �
−
1
4 η

μν ∂xσ − ∂yσ
À Á

∂σx − ∂σy
� �� �

,

Dμν
2 = − ∂μy − ∂μz

� �
∂νx − ∂νy
� �

+ ∂μx + ∂μy
� �

∂νy − ∂νz
� �

,

Dμν
3 = −ημν ∂xΛ − ∂yΛ

À Á
∂Λz − ∂Λx
� �

+ ∂μx ∂νz − ∂νxð Þ

− ∂νy ∂μz − ∂μxð Þ + 3
4 η

μν ∂xΛ − ∂yΛ
À Á

∂Λz − ∂Λx
� �

,

Eμν
1 = 1

2 η
μν uγu

γ ∂xσ + ∂yσ
À Á

∂σx − ∂σy
� �

− uδuσ ∂xδ + ∂yδ
À Á

∂σx − ∂σy
� �h i

+ uσu
μ∂νy ∂σx − ∂σy
� �

− uγu
γ∂νy ∂μx − ∂μy
� �

,

Eμν
2 = 1

2 η
μν uγu

σ ∂xσ + ∂yσ
À Á

∂γy − ∂γz
� �

− uδuγ ∂xδ + ∂yδ
À Á

∂γy − ∂γz
� �h i

+ uγu
μ∂νy ∂γx − ∂γy
� �

− uμuγ∂
ν
y ∂γy − ∂γz
� �

,

Eμν
3 = 1

2 η
μν uσuΛ ∂xσ + ∂yσ

À Á
∂Λz − ∂Λx
� �

− 4uδuγ ∂xδ + ∂yδ
À Á

∂γz − ∂γxð Þ
h i

+ 4uγuμ∂νy ∂γz − ∂γxð Þ − uμuγ∂
ν
y ∂γz − ∂γxð Þ,

Φμν = −
3
2 λg

4 f abc f adeημνuρuρ f bch f deh − f beh f cdh
� �

: ð41Þ

To investigate the corrections due to the non-Abelian
aether-like term, let us consider the vector uμ as a time-like
vector, i.e., uμ = ð1, 0, 0, 0Þ. Using this choice and μ = ν = 0,
after several calculations, the non-Abelian energy density is
given as

T00 Tð Þ = 8π2

15 1 + λð ÞT4 + a
1
2 − 3λ
� �

T2 〠
∞

j0=1

i

j20
δ2 −iβj0ð Þ + bλ 〠

∞

j0=1
iδ3 −iβj0ð Þ,

ð42Þ

where b ≡ 3g4 f abc f adeð f bch f deh − f beh f cdhÞ. Here, it should be
noted that the product of the Dirac delta functions with
identical arguments is not well defined. However, to avoid
this problem, the regularized form of delta function is

defined as [27]

2πi δn xð Þ = −
1

x + iε

� �n+1
− −

1
x − iε

� �n+1
: ð43Þ

Equation (42) is the non-Abelian Stefan-Boltzmann law
with corrections due to the non-Abelian aether term which
leads to the Lorentz symmetry breaking. This correction
affects all self-interactions of gluons. The temperature
dependence is different for each contribution. In the high-
temperature limit, the correction with dependency T4 is
dominant, while for low-temperature, the four-gluon self-
interaction term is dominant. Furthermore, in the case
where the non-Abelian aether term is zero, the standard
non-Abelian Stefan-Boltzmann law for gluons is recovered.
In order to visualize the corrections due to the aether term,
in Figure 1, the energy as a function of temperature is plot-
ted. However, as a first approximation, only the first term is
considered, since the product of the Dirac delta functions is
not well defined.

4.2. Non-Abelian Casimir Effect with the Non-Abelian Aether
Term. Here, the corrections of the non-Abelian aether term
will be investigated for two cases: the Casimir effect at zero
and finite temperature.

4.2.1. Non-Abelian Casimir Effect at Zero Temperature. In
this case, the α-parameter is choice as α = ð0, 0, 0, 2idÞ. This
leads to the Bogoliubov transformations

v2 k ; dð Þ = 〠
∞

l3=1
e−i2dkl3 ,

v2 k1, k2, k3 ; dð Þ = 〠
∞

l3=1
e−i2d k1+k2+k3ð Þl3 ,

v2 k1, k2, k3, k4 ; dð Þ = 〠
∞

l3=1
e−i2d k1+k2+k3+k4ð Þl3 :

ð44Þ

Using these transformations in the Green functions, the
energy-momentum tensor becomes

Tμν 11ð Þ x ; dð Þ = 2i lim
y,z,ω⟶x

〠
∞

j0=1
ΘμνG0 x − y − 2dl3zð Þf

+ a Dμν
1 + λEμν

1
À Á

δ y − z − 2dl3zð Þδ x − z − 2dl3zð ÞÂ
+ Dμν

2 + λEμν
2

À Á
δ z − x − 2dl3zð Þδ y − x − 2dl3zð Þ

+ Dμν
3 + λEμν

3
À Á

δ x − y − 2dl3zð Þδ z − y − 2dl3zð ÞÃ
+Φμνδ x − y − 2dl3zð Þδ x − z − 2dl3zð Þδ x − ω − 2dl3zð Þg:

ð45Þ

Taking μ = ν = 0, the non-Abelian Casimir energy at
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Figure 2: The Casimir pressure with corrections due the aether term. The blue curve expresses the usual Casimir effect (λ = 0), and the
yellow curve shows the corrections to the Casimir pressure for the Lorentz violation case, considering λ = 0:8 (this is a theoretical choice
to better visualize the modifications caused by the aether term).
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Figure 3: The Casimir pressure as a function of temperature with corrections due to the aether term. Here, the distance between the plates d
is taken as d = 10−6 m. The blue curve displays the Lorentz invariant phenomenon with λ = 0; the yellow and green curves show the
corrections due to the aether term for the cases λ = 0:1 and λ = 0:2, respectively.
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Figure 1: The Stefan-Boltzmann law with corrections due to the aether term. The blue curve presents the standard result, that is, the Lorentz
invariant Stefan-Boltzmann law, while the yellow and green curves show the Stefan-Boltzmann law with corrections due to the Lorentz
violation for λ = 0:1 and λ = 0:2, respectively.
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zero temperature is

T00 dð Þ = −
π2

90d4
1 + λð Þ + a

d2
−
1
8 + 3

4 λ
� �

〠
∞

l3=1

i

l23
δ2 −2dl3ð Þ + bλ 〠

∞

l3=1
iδ3 −2dl3ð Þ:

ð46Þ

And for μ = ν = 3, the non-Abelian Casimir pressure at
zero temperature is

T33 dð Þ = −
π2

15d4
1
2 + λ

3

� �
+ a

d2
7
4 −

1
4 λ

� �
〠
∞

l3=1

i

l23
δ2 −2dl3ð Þ − bλ 〠

∞

l3=1
iδ3 −2dl3ð Þ:

ð47Þ

Since the distance between the plates d is small, the first

term is dominant compared to the other terms that come
from the self-interaction of the gluons. Furthermore, correc-
tions due to the non-Abelian aether term contribute to
increase the Casimir force, which is an attractive force.
Figure 2 shows the Casimir pressure, which is dependent
on the aether term, as a function of the distance between
the plates. Here, only the first correction is considered due
to the difficulty of numerically expressing the terms that
relate to the Dirac delta functions and their sum.

4.2.2. Non-Abelian Casimir Effect at Finite Temperature. To
investigate both effects, finite temperature, and spatial com-
pactification, the α-paramenter is given as α = ðβ, 0, 0, i2dÞ.
As a consequence, the Bogoliubov transformations become

In these expressions, the first term leads to the non-
Abelian Stefan-Boltzmann law and the second term to the
non-Abelian Casimir effect at zero temperature. The com-
bined effect of temperature and spatial compactification that
leads to the non-Abelian Casimir effect at finite temperature
is given by the third term.

Then, the energy-momentum tensor is given as

Tμν 11ð Þ x ; β, dð Þ = 4i lim
y,z,ω⟶x

〠
∞

j0=1
ΘμνG0 x − y − iβj0n0 − 2dl3zð Þf

+ a Dμν
1 + λEμν

1
À Á

δ y − z − iβj0n0 − 2dl3zð Þδ x − z − iβj0n0 − 2dl3zð ÞÂ
+ Dμν

2 + λEμν
2

À Á
δ z − x − iβj0n0 − 2dl3zð Þδ y − x − iβj0n0 − 2dl3zð Þ

+ Dμν
3 + λEμν

3
À Á

δ x − y − iβj0n0 − 2dl3zð Þδ z − y − iβj0n0 − 2dl3zð ÞÃ
+Φμνδ x − y − iβj0n0 − 2dl3zð Þδ x − z − iβj0n0 − 2dl3zð Þ
× δ x − ω − iβj0n0 − 2dl3zð Þg:

ð49Þ

For μ = ν = 0, we get

T00 11ð Þ β ; dð Þ = 32
π2 〠

∞

j0,l3=1

3 βj0ð Þ2 − 2dl3ð Þ2
βj0ð Þ2 + 2dl3ð Þ2Â Ã3 1 + λð Þ + 2a

Á −
1
2 + 3λ

� �
〠
∞

j0,l3=1

iδ2 −iβj0 − 2dl3ð Þ
iβj0 + 2dl3ð Þ2 + 2bλ 〠

∞

j0,l3=1
iδ3 −iβj0 − 2dl3ð Þ:

ð50Þ

This is the non-Abelian Casimir energy at finite temper-

ature. Choosing μ = ν = 3 leads to

T33 11ð Þ β ; dð Þ = 32
π2 〠

∞

j0,l3=1

βj0ð Þ2 − 3 2dl3ð Þ2
βj0ð Þ2 + 2dl3ð Þ2Â Ã3 1 + 2λð Þ

+ 2a 7 − λð Þ 〠
∞

j0,l3=1

iδ2 −iβj0 − 2dl3ð Þ
iβj0 + 2dl3ð Þ2

− 2bλ 〠
∞

j0,l3=1
iδ3 −iβj0 − 2dl3ð Þ:

ð51Þ

This is the non-Abelian Casimir pressure at finite tem-
perature. It is interesting to note that the non-Abelian aether
term modifies the Casimir effect in both cases, at zero and
finite temperature. Figure 3 shows the Casimir pressure at
finite temperature with corrections due to the aether term.
One can see the contributions of the aether term as a func-
tion of temperature. It is important to note that Figures 1–
3 present only a simple attempt to visualize the standard
effect and how the Lorentz violation effects change these
quantities. Furthermore, it is worth emphasizing that for a
complete representation, more experimental results on this
theory at finite temperature must be obtained, as well as
more information about the numerical values of the product
involving the Dirac delta functions with the same
arguments.

5. Conclusion

High energy physics which discusses a fundamental theory
with general relativity and standard model together leads

v2 k ; β, dð Þ = v2 k ; βð Þ + v2 k ; dð Þ + 2v2 k ; βð Þv2 k ; dð Þ, = 〠
∞

j0=1
e−βkj0 + 〠

∞

l3=1
e−i2dkl3 + 2 〠

∞

j0,l3=1
e−βkj0−i2dkl3 ,

v2 k1, k2, k3 ; β, dð Þ = 〠
∞

j0=1
e−β k1+k2+k3ð Þj0 + 〠

∞

l3=1
e−i2d k1+k2+k3ð Þl3 + 2 〠

∞

j0,l3=1
e−β k1+k2+k3ð Þj0−i2d k1+k2+k3ð Þl3 ,

v2 k1, k2, k3, k4 ; β, dð Þ = 〠
∞

j0=1
e−β k1+k2+k3+k4ð Þj0 + 〠

∞

l3=1
e−i2d k1+k2+k3+k4ð Þl3 + 2 〠

∞

j0,l3=1
e−β k1+k2+k3+k4ð Þj0−i2d k1+k2+k3+k4ð Þl3 :

ð48Þ
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to the possibility that tiny violations of the Lorentz symme-
try may arise. In this context, the Yang-Mills theory with a
non-Abelian aether term is considered. The energy-
momentum tensor for the Yang-Mills theory with the
Lorentz violation is determined. Then, some applications at
finite temperature are investigated. The temperature effects
are introduced using the TFD formalism, a real-time formal-
ism for the thermal quantum field theory. First, the expres-
sion for the energy-momentum tensor in terms of the TFD
propagator considering a topology Γ1

4 = S1 ×ℝ3 is derived.
This is used to analyze the non-Abelian field with the
Lorentz violation at finite temperature, where the time coor-
dinate is compactified. The Stefan-Boltzmann law with cor-
rections due to the non-Abelian aether term is obtained, and
the possible consequences due to this Lorentz-violating term
are discussed. The next analysis is done with the compactifi-
cation along of z coordinates. Then, the non-Abelian Casi-
mir energy and pressure are calculated. The non-Abelian
aether term contributes to increase the attractive Casimir
force. The last investigation considered a topology Γ2

4 = S1

× S1 ×ℝ2. This was used to study the non-Abelian field
compactified in spatial coordinate and at finite temperature.
In this case, the Casimir energy and pressure at finite tem-
perature are determined. Therefore, the deviations of the
Casimir force in the Lorentz violating extension of the
Yang-Mills theory at zero and finite temperature have been
calculated.
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