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In the current manuscript, the notion of a cone b,-metric space over Banach’s algebra with parameter b>e is introduced.
Furthermore, using a-admissible Hardy-Rogers” contractive conditions, we have proven fixed-point theorems for self-mappings,
which generalize and strengthen many of the conclusions in existing literature. In order to verify our key result, a nontrivial
example is given, and as an application, we proved a theorem that shows the existence of a solution of an infinite system of

integral equations.

1. Introduction and Preliminaries

There are many generalizations in the literature about the
concept of metric spaces like b-metric spaces [1], 2-metric
spaces [2], N,-metric spaces [3], and weak partial b-metric
spaces [4]. Gihler incorporated the notion of a 2-metric
space in [2]. Recall that a 2-metric is not a continuous func-
tion of its variables, whereas a standard metric is. This led
Dhage to implement the D-metric notion in [5]. In [6, 7]
Mustafa and Sims implemented the G-metric notion for
overcoming D-metric flaws. Following that, several fixed-
point theorems were proven on G-metric spaces (see [8]).
The authors in [9] found that fixed-point theorems in G
-metric spaces can potentially be deduced from metric or
quasimetric spaces in a variety of cases. Different researchers
have additionally indicated that the fixed-point results about
cone metric spaces can be acquired in a few cases by dimin-
ishing them to their standard metric partners; see for
instance [10-12]. It is worth noting that a 2-metric space
was not considered to be topologically equivalent to an ordi-
nary metric in the generalizations described above.

Bakhtin [1] analyzed the phenomenon of a b-metric
space. After this theory, Czerwik [13] demonstrated the
contraction mapping method in b-metric spaces which
generalized the renowned Banach contraction principle in b
-metric spaces.

Replacing the set of real numbers by an ordered Banach
space, Huang and Zhang [14] generalized the concept of
metric spaces and defined the cone metric space, where they
studied certain fixed-point results for contractive mapping in
the context of cone metric space. Later, Mustafa et al. [15] set
the space structure b,-metric as a generalization of b-metric
and 2-metric spaces. They illustrated some fixed-point theo-
rems in a partially ordered b,-metric space under different
contractive conditions and provided some smart examples
and an application to integral equations for their main
outcomes.

Recently, the equivalence of cone metric space and metric
space has become an extremely fascinating topic after the
work of several researchers discovered that the fixed-point
results in a cone metric space are special cases of metric
spaces in some cases. They found that (X, 0) is equivalent
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to any cone metric if the real-valued function 0" is replaced
by a nonlinear scalariztion function &, or by a Minkowski
functional g,. To address these shortcomings, Liu and Xu
[16] presented the definition of cone metric space over
Banach’s algebra.

Fernandez et al.[17] presented the concept of cone b,
-metric spaces over Banach’s algebra with coefficient b > 1
as an extension of b,-metric spaces and cone metric spaces
over Banach’s algebras. They also presented many fixed-
point results under different contractive conditions in the
said structure. As an application, they discussed the existence
of solutions to the integral equation.

On the other hand, Hardy and Rogers [18] introduced a
new concept of mapping called the Hardy-Rogers contrac-
tion which generalize the Banach contraction principle and
Reich’s [19] theorem in the setting of metric spaces. Samet
et al. [20] initiated the a-admissibility of mappings and gave
a result of a-y-contractive mapping which generalized the
Banach contraction principle. After that, many researchers
worked on the Hardy-Rogers contraction and «a-admissibil-
ity of mapping in different settings; for examples, see [21-
27] and the references therein.

Motivated by the work done in [17, 18, 20] we study some
results for the generalized a-admissible Hardy-Roger con-
tractions in cone b,-metric spaces over Banach’s algebras.
We note that some well-known results in the literature can
be deduced by using the presented work.

In the sequel, we need the following definitions and
results from the existing literature.

Definition 1. (see [28]). Let B be a real Banach algebra, and
the multiplication operation is defined according to the
following properties (for all 3, m, 3 € Band A € R):

(a)) (8m)z =8(m3);

(a)) 8(m+3)=8m+38zand (8 +m)3 =383+ my;

(a3) A(3m) = (A3)m = 3(Am);

(a,) [|8ml| <|[8|[|m].

We will presume in the course of this article that 2B is a
real Banach algebra, unless otherwise specified. We call e
the unit of B, if there is 8 € B, such that e3 = 3¢ = 8. In this
case, we call B a unital. It is said that an element 8 € B is
invertible if an inverse element m € B occurs, such that 3m
=mg=e. In such case, the inverse of 8 is unique and is
denoted by 87!. In the sequel, we need the following
propositions.

Proposition 2. (see [28]). Let e be the unit element of the
Banach algebra B and 3 € B be arbitrary. If the spectral
radius r(8) < 1, that is

r(8)= lim [|&]"" =inf & <1, 8

then, e — 8 is invertible. In fact

(e-8)"'= i@". (2)
k=1
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Remark 3. From [28] we see that, for all 8 in the Banach
algebra B with unit e, we have r(38) < ||8]|.

Remark 4. (see [29]). In Proposition 2, if we replace “r(8) < 1”
by ||8]| < 1, then the conclusion remains true.

Remark 5. (see [29]). If r(8)<1, then [|8"]|—0 as
(n — 00).

Definition 6. Let 0 be the zero element of the unital Banach
algebra B and €y # J. Then, € ¢ B is a cone in B if

(b)) e € Cy;

(b)) €+ Cy CCy;

(b;) ACy C Gy for all A >0;

(by) Cyy - Co5 C Cs;

(b,) G5 (~Go) = {0},

Define a partial order relation < in B w.r.t. €y by $<m if
and only if m-8¢€ €y and also $ < m if 3<m but $#m
while 8«m stands for m — 8 € int €y, where int Cy is the
interior of Cy. €y is solid if int €y # .

If there is 90t > 0 such that for all 8, m € €y, we have

6 < 8 < mimplies ||8]| < M| m|, (3)

then, €y is normal. Ifis the least and positive among those
cited above, then it is a normal constant of €y [14].

Onward, we assume that Cy is a cone in B with int €y
# &, and < is a partial order with respect to the cone €y.

Definition 7. (see [16-14]). Let X # & and the mapping 0
X xX— Bbe

(¢;) 0(8, m) =0 for all 8, m € X, and 9(8, m) =6 if and
only if 8 = m;

(¢,) 9(8, m)=09(m, 8) for all 8, m € X;

(¢;) 9(8,3)=0(8, m) +0(m, 3) forall 8, m, 3 € X.

Then 0 is a cone metric and (¥, ) is a cone metric space
over the Banach algebra 3.

Definition 8. (see [13]). Let X # & and b > 1 be a real number.
Then, the mapping 0 : X x X — R" is a b -metric if, for all
8, m, 3 € X, the following holds:

(b,) 9(8, m) =0 if and only if 8 = m;

(b,) 0(8, m) =0(m, 8);

(b3) 0(8,3) <b[0(8, m) +9(m, 3)].

Here, the pair (%, 0) is a b-metric space.

The cone b-metric space over a Banach algebra with con-
stant b >1 is introduced in [30]. Mitrovic and Hussain in
[26] introduced the cone b-metric space over a Banach alge-
bra with constant b > e.

Definition 9. (see [26]). Let X # &. A functiond : X x X — B
is a cone b -metric if

(e;) 0<0(8, m) for all 8, m € X, and 9(8, m) =0 if and
only if 8 =m;

(e,) 0(8, m)=0(m, ) forall 3, m € X;

(e;) There exists b € Gy, b > e such that 9(3, 3)<b[0(8,
m)+0(m,3)] forall 8, m, 3 € X.
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Here, the pair (¥, 0) is a cone b-metric space over 8. If
b=, then (X, 0) becomes a cone metric space over 8.

Definition 10. (see [2]). Let X+, 0: Xx X x X — R*
satisty the following conditions:

(f,) For 8, m € X, there is a point 3 € X with at least two
of 8, m, 3 which are not equal, then d(8, m, 3) # 0;

(f,) 0(8, m, 3) =0 if at least two of 3, m, 3 are equal;

(f;) For all 8, m, 3€X,0(8, m, 3)=0(P(8, m, 3)) where
P(8,m, 3) stands for all permutations of 8, m, 3;

(f) For all 8, m,3,teX,0(8, m,3)<d(8,m,t)+9(83
,t)+0(m, 3, t).

Then, the function 0 is a 2-metric and (X, 0) is 2-metric
space.

Definition 11. (see [17]). Let X # & and b > 1 be a real num-
ber. Let 0 : X x X x X — B satisfy the following:

(g,) For 8, m € X, there is a point 3 € X with at least two
of 8, m, 3 which are not equal, then d(8, m, 3) #6;

(g,) 0(8, m, 3) =0 if at least two of 8, m, 3 are equal;

(g;) For all 3, m, 3 € X,0(8, m, 3) =0(P(8, m, 3)) where
P(8,m, 3) stands for all permutations of 8, m, 3;

(g,) For all 8, m,3,t€X,0(8, m,3)<b[0(8, m, t)+0(8,
3 1) +0(m, 3, 1)].

Then, the function 0 is a cone b,-metric and (¥,0) is a
cone b,-metric space over the Banach algebra 8 with param-
eter b. It reduces to a cone 2-metric space if we take b =1
mentioned above. For other details about the cone 2-
metric space over the Banach algebra B, we refer the
reader to [31].

Definition 12. (see [32]). Let {3, } be a sequence in B, then
(1;) {8.} is a c-sequence, if for each ¢-0 there exists a
natural number N such that 8, «¢ for all n > ;
(1,) {8,} is a B-sequence, if 8, —> 6 as n —> co.

Lemma 13. (see [33]). Let B be Banach’s algebra and int
Cy + 3. Also, let {8,,} be c-sequences in B, then for arbitrary
teCy, {£3,} isa c -sequence.

Lemma 14. (see [33]). Let B be Banach’s algebra and int
Cy+ 3. Let {8, } and {3,} be ¢ -sequences in B. Let 1 and
( € Cy be arbitrarily given vectors, then {n8, + (3.} is a ¢
-sequence.

Lemma 15. (see [33]). Let B be Banach’s algebra and int
Cy+ 3. Let {8,} CCy such that ||8,|| — 0 as n — oo.
Then, {8, } is a ¢ -sequence.

Lemma 16. (see [28]). Let e be the unit element of B, and

3B, then lim "
r(8) satisfies

noooll8" exists and the spectral radius

r(8) = lim |}8"|"" = inf |)8") " (4)

Ifr(8) < |A|, then (Ae — 8) is invertible in B, moreover, we
have

3
IR
(le—8)"= Z_Af”' (5)
£=0

Lemma 17. (see [28]). Let e be the unit element of B, and
8, m € B. If 3, m commute, then

() r(8+m)<r(8) +r(m);

(£,) r(8m) <r(8)r(m).

Lemma 18. (see [34]). Let e be the unit element of B, and
Cyu+D. Let Qe B, and 3, =" If r(R) < 1, then {8, } is a
¢ -sequence.

Lemma 19. (see [34]). Let e be the unit element of B, and
€ B. Let A be a complex number, and r(8) < |A|, then

r((Ae-8)7") < m (6)

Lemma 20. (see [35]). Let €5 C B be a cone.

(L)If8, meB, teCy, and 3<m, then £3<tm;

((,) If 8,¥ € €y are such that r() <1 and 8<¥8, then
8=0;

((;) If t e Cy and r(¥) < 1, then for any fixed n € N, we
have r(£") < 1.

Lemma 21. (see [32]). Let € #+ & and €y C B.

(m,) Let £ € €. Then {¥"} is a O-sequence if and only if
r(¥) < I;

(m,) Every 0-sequence in B is a c-sequence;

(m;) Cy is normal if and only if each c-sequence in Cy is
a 0-sequence.

Lemma 22. (see [36]). Let B be a Banach algebra and int
Cy # . Then the following are always true:

() If 8, m, 3 € B and 3xm<3, then 3K¢;

(n,) If 8 € €y and 8¢ for each ¢»>0, then 3 =0.

Definition 23. (see [37]). Let a cone b, -metric space be (X, 0)
over the Banach algebra B with parameter b, (b > e), €z bea
solid cone, ¢ : XX X x X — €y, and b : X — X be two
mappings. If for any sequence {8, } € X, with a(8,,8,,,,3)
> e for each n €e N and 8, — 8 as n — 00, it follows that
a(8,,8,3) >eforall n € Nand forall 3 € X; then, we say that
(%,0) is o -regular.

2. Results and Discussion

We introduced here the notion of cone b,-metric space over
Banach’s algebra with parameter b > e.

Definition 24. Let X #+ @ and 0 : X x X x X — B satisty the
following:

(B,) For 8, m € X, there is a point 3 € X with at least two
of 8, m, 3 which are not equal, then 0(8, m, 3) #6;

(h,) 9(8, m, 3) =0 if at least two of 8, m, 3 are equal;

(h;) For all 3, m, 3 € X,0(8, m, 3) =0(P(8, m, 3)) where
P(8,m, 3) stands for all permutations of 8, m, 3;



(b,) For all 8, m, 3,1 € X, there exists b € €y, b >e such
that 0(8, m, 3)<b[0(8, m, t) + 9(8, 3, t) + (m, 3, 1)].

Then, the function 0 is a cone b,-metric and (¥, 0) is a
cone b,-metric space over Banach’s algebra with parameter
b. It is reduced to a cone 2-metric space if we take b = ¢ men-
tioned above.

Remark 25. Note that every cone 2-metric space is a cone b,
-metric space with parameter b =e over Banach’s algebra.
But the converse is not true.

Example 26. Let B =R? For each (%,,8,) € B, ||(3,,3,)]
=18,| + |8,|. The multiplication is defined by 8m = (3,, 3,)
(my, my) =(8;m,8,m, +8,m,). Then B is a Banach alge-
bra with unit e = (1,0). Let C = {(2,,8,) € R* | 8,,8,>0}.
Then €y is a cone in B.

Let X={(£0)eR*|£>0}U{(0,2)} cR% Define 0
1 X x X x X — B as follows:

(0,0), if atleast two of &, M, 3 are equal,
0(&,M,3)=< 9(P(&,M,3)), Pdenotespermutations,
(4, 4), otherwise,

(7)
where A = square of the area of triangle &, 9, 3. We have

3((8,0), (m, 0), (0,2))<2((3,0), (m, 0), (3, 0))
+2((3,0),(30),(0,2))  (8)
+2((3,0), (m,0), (0,2)).

That is, (8 — m)°<(8 — 3)* + (3 — m)?, which shows that
0 is not a cone 2-metric, because (—9/2,-9/2)e€y for 8, m,
3>0with 3=5, m =0, and 3 = 1/2. But the parameter b =
(p,0)=e with p>2 is a cone b,-metric space over the
Banach algebra B.

Example 27. Let B =Cy|0, 1]. For each f(t) € B, ||f(t)|| =
1§(t)]|o + | (£)]|- The multiplication is defined point wise.
Then, B is a Banach algebra with unit e = 1 a constant func-
tion. Let Gy = {f(t) € B|f(t)>0,t€[0,1]}. Then, €y is a
cone in B.

Let X={(£,0)eR*|0<¥<1}U{(0,1)}. Define 0: X%
x X x X — B as follows:

0(p(©, M, 3)), pdenotes permutations,

S {A~f<t>

otherwise,

©)

for all &,IMN, 3 € X, where A = square of the area of triangle
&, M, 3 and f: [0, 1] — R is such that f(t) = e!. We have
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0((8,0), (m,0), (0,1) - <3((8,0), (m,0), (5,0 -
+0((8,0),(3,0),(0,1)) -e

+9((3,0), (m,0),(0,1)) -e".
(10)

That is, (1/4)(8 — m)> - et<(1/4)((8 — 3)* + (3 - m)?) - !
, which shows that 0 is not a cone 2-metric, because —(3/16
el ¢ Gy for 0<8, m,3<1 with =1, m=0, and 3=1/2.
But the parameter b >2 € €y is a cone b,-metric space over
the Banach algebra 8.

Definition 28. Let a cone b, -metric space be (¥, 9) over the
Banach algebra B with parameter b, and let {8,} be a
sequence in (%, 0), then

(1;) {8, } converges to 8 € X if for every ¢>-0 there exists
N € N such that 0(8,,, 8, a)<c for all n > N. We denote it by

lim 8, =8, (11)
n—oo

or
8, — 8(n—00). (12)

(1,) If for ¢»-0 there is M € N such 0(8,,, 8,,, a)<¢ for all
n, m >N, then {8, } is a Cauchy sequence.

(t3) If every Cauchy sequence is convergent in X, then
(%, 0) is complete.

Next in the framework of cone b,-metric space over
Banach’s algebra, we introduce the notion of a-admissibility
of mappings [20] and give the consequence of Hardy and
Rogers [18] through a-admissibility in cone b,-metric spaces
over Banach’s algebras.

Definition 29. Let X+ and Cy be a cone in a Banach
algebra B. We say d is a-admissible if b: ¥ — X and
a: X x X xX— Gy, such that

3, meX,

(13)
a(8,m,3) zeV3 e X = a(b3,dm, 3) = eV3z € X.

Definition 30. Let d : X — X and (X, 0) is a cone b,-metric
space over the Banach algebra 8. We say b is continuous at
point 8, € X, if for every sequence 3, € X we have b3, —
b3, as n — oo, whenever 3, — 8, as n — co. d is con-
tinuous if it is continuous at every point of X.

Definition 31. Let a cone b, -metric space be (¥, 0) over a
Banach algebra B with parameter b, (b > ¢), let € be a solid
cone, & : XXX xX —Cy, and let b: X — X be two
mappings. Then b is the a -admissible Hardy-Rogers con-
traction with vectors 2 € €y, ¥ € {1, -+, 5} such that ¥;_,r
(Ap) < 1. If
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a(8,m,3) = eV3 e X = a(bg, dm, 3) = eVz € X,

a(8, m, 3)0(d3, bm, 3)<A,0(8, m, 3) + A,0(3, b3, 3)
+As0(m, dm, 3) + A,0(8, dm, 3)
+A;0(m, b8, 3),
(14)

for all 8, m, 3 € X with a(8, m, 3) > e.

Next, we ensure the existence of a fixed point for a con-
tinuous generalized a-admissible Hardy-Rogers contraction
mapping in the context of a cone b,-metric space over
Banach’s algebra.

Theorem 32. Let a complete cone b,-metric space be (%X,0)
over the Banach algebra B with parameter b, (b>e), and
int Cy # @. Let {d;};2, be a family of self-maps from X to
itself and vectors Uy € Cy, £ € {1, -, 5} such that

(8. 1, )0 (b,(8), b;(m), 3)<2,2(8, m. 5) + 2,0(8,b;(8), 3)
+2;0(m, d;(m), 3)
+20,0(8, d;(m), 3)
+A;0(m, b;(8), 3),

(15)

for i, 1= 1 and for all 8, m, 3 € X together with the following:
o, There is 8,€ X such that a(8,,b;(8,),3) = e for all
3€X;
0,{b; };°, are continuous for all i > I;
0,2, A, A, A, A, b commute with each other;
o, (U +AD) <1 and r(A, +2A, +AD) < 1.
Then {d;}.°, share a common fixed point in X.

Proof. Choose 8, € X in such a way that
«(8g, D;(8;), 3) 2 eforall 3 € X. (16)

Then, a(8,8;,3) = e for all 3 € X.

Now, let 8, =d,(3,).
=19,(8,) and using a-admissibility of d;,

Again, we put 3,
we have

a(D(8g), D,(8,),3) =(8,,9,,3) =e. (17)

Putting 8, =;(8,) and using a-admissibility of d;, we
have

a(D,(8,),D5(8,),3) =«(8,,85,3) = e. (18)

By induction, we construct a sequence {8,} in X by
8,41 =D,41(8,) for n € N such that

«(8,,8,,1,3) zeforall 3 € X. (19)

From condition (3) we obtain

‘x(gn—l’ én’ 5)a(bn (’%n—l)’ hnﬂ (Qn)’ 5)52[18(611—1’ §n’ 3)
+ 2[Za(?’n—v bﬁn (gn—l)’ 5) + QISB(QW bn+1 (gn)’ 5) (20)
+A0(8,_15D,,1(84)53) + As0(8,, D, (8421)5 3)5

that is

0((§n_1, 6n’ 3)6(611’ §n+1’ 5)52[16(§n—1> gn’ 5)
+Uy0(8,_15 805 3)
+ 2[3a(§n’ §n+1’ 5)
+AU,0(8, 1580415 3):

(21)

Since, a(8,,_;, 8, 3) = ¢, then we obtain for all 3 € X and
for all n e N

a(ﬁn’ §n+1’ 5) = ‘x(gn—l’ §n> 3)a(§n’ énﬂ’ 5) (22)
Therefore, (21) becomes

(e —A3)0(8,, 841> 3)X(Uy +U3)0(8,,-15 845 3)
+A40(85-15 80410 3)
(A +A)O(8,-15 845 3)
+ ?[4[)[5(5"71, §n+1’ Q’n)

+ a(gn—l’ §n’ 5) + a(gn’ §n+1’ 5)]
(23)

Assume that for any t € N, we have

(841585 811)0(Dy(84-1)> Dyy1(84)> 81-1)3U,0(84-1> 81> 841)
+A0(8; 15 D(84-1), 84-1) + AU30(84, Dy,1(84)> 841)
+A,0(8; 15Dy, (8), 84-1) + AUs0(84, D4(841)> 81)s

(24)

that is
(B4 1581 84_1)0(Bp, By41> 341 )SU30(3p, 84,15 811). (25)

Since, (8,8, 3)=e for all 3eX, particularly, if
3=8,, for t € N, then we have a(8,_;, 8, 3) > ¢, and hence

0(8p 84415 8¢-1)3U30(84, 84,15 81> (26)

which is possible only when 9(8,, 8,,,,8,_,) =0 by Lemma
20. Therefore, (5) becomes

(e = A3 — Ay0)0(8y, 8401, 3)< (U + Ay + AyD)O(S, 1, 845 3)-
(27)

Since r(2; + A,b) < r(A;) + r(A,)r(b) < 1, from Propo-
sition 2, we have



a(gnﬂ’ ‘é"’n’ 5)5£a(§n’ gn—l’ 5)’ (28)

where € = (e — 2, — 2,b) " (A, + A, + A,D).
Similarly, 0(8,,, 8,_1> 3)<R0(8,_;> 8,5 ), and hence we
have for all 3 € X

0(841> 80> 3) < R"0(8, 8, 3)- (29)

In this case, for all [ < ¥, proceeding in a similar way as
above, we have

O(8 8y1, 818" 10(8y,1, 8, 8) =6, (30)
that is
0(8g, 8¢_1,8) =0. (31)
Therefore, for all m < n, we have

a(gn’ §m’ 5)5b[a(§n’ ém’ 5u—l) + a(gn’ Q’n—l’ 5) + a(g’n—l’ gm’ 5)]
= ba(én’ 3",1, ém) + ba(gn’ gn—l’ 5) + Ba(gnfl’ §m> 5)
<BO(8y, 8, 1> 3) + B[6I(3y_ 1> Bur B s)
+ Ba(gnfl’ §n72’ 3) + ba(gnﬂ’ gm’ 5)]
ﬁE'a(gn’ $n 1> 5) + hza(gnfl’ Sn 2 5)+"'+hn_ma(§m+l’ Sm> 3)
(08" +B2R" 2 + DR 4 4+b" " R™)0(8), 8, 3)
—prmgm [e +plg (b-lz)z+~-~+(b-12)“"“’l} 3(8,, 80, 3)
v t
—_pr-mgm [Z (b-lﬂ) :| a(él, 80:3)
£=0
= (e-b712) 7B ™L™O(8), 8y, 3).
(32)

From Lemma 17 and Lemma 19, we have

r(®)= r((e -, - 2[45)’1(%1 +2, + ?[45))
- r(Uy) +r(Ay) +r(A,)r(b) <1 (33)
BECORCACO I

As r(8) < 1, so that in the light of Remark 5, we can get
to know [[B"mE"3(3,, 3, )]| < 5" L™ (2, 80,5
—> 0 as (n — ©0), by Lemma 15 we have {b" "™ 2™09(8,,
3, 3)}, a c-sequence in X. At last, by using Lemmas 13
and 22, we get that {38, } is a Cauchy sequence in X. In addi-
tion, (%, 0) is complete; therefore, there exists some 8* € X
such that

lim 8, =8*. (34)

n—00

Since ;'® are continuous for i =1,2,3, --- .

Therefore, for 8, — 8*, we have d,,,(8,) — ,,,,(8"%)
as n—o00. Butas 8,,;,=9,,,(8,) — 0,,,(8%) as n —
00, therefore, from the uniqueness of the limit, we get d
(8*) =8*, that is, 8" is a common fixed point of {b;};",.

n+l

Remark 33. Our Theorem 32 generalizes Theorem 1 in [38]
from a cone b -metric space over a Banach algebra to a cone
b, -metric space over a Banach algebra.
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Theorem 34. Let a complete cone b, -metric space be (X, 0)
over a Banach algebra B with parameter b, (b >e), and int
Cy +@. Let {b};°, be a family of self-maps from X to itself.
Assume that {m;}{°, is a nonnegative integer sequence and
vectors Ay € €, £ € {1, -, 5} such that

m

a(t;.'"i(g), b (m), 5) <2,0(8, m, 3) +A,0(8, 0" (8), 3)

+ ?[3a(m, b?i(m),g)

+90,0 (g, o' (m), 5)
+A;0(m, 0(8), 3),

or

3 (4(8). D,(m), ) <2,3(8, m, 5) + A,0(8,b,(3), 5)
+ 230 (m, p;(m), 3) +A,0(8,0;(m), 3)
+A;0(m, 0;(8), 3)s
(36)

for i, 1> 1 and for all 3, m, 3 € X together with
p, A, 2, A, A, A, and b commute with each other;
por(As+Ab) <1, r(A+A,+Ab) <1, r(dA,) <1,
and r(A, + A, +A) < L.
Then {b;},°, share a unique common fixed point in X.

Proof. On taking a=e in Theorem 32, set ©, = b;"‘ for
1=1,2,3,---. Then (35) becomes

0(©;(8),0;(m), 3)<A,0(8, m, 3) + A,0(8,O;(8), 3)
+2A;0(m, ©;(m), 3) +A,0(8,0;(m), 3)
+As0(m, O;(8), 3).
(37)

Choose 8, € X arbitrarily and construct a sequence {8, }
by 8,,1 =0, (8,) for n €N, then using the same method
as the proof of Theorem 32, one can easily show that {8, }
is a Cauchy sequence, and hence from the completeness of
(%, 0), there exists 8* € X such that

lim 8, =8". (38)

n—0o

Now, we show that 3* is a fixed point for a family of self-
maps {6}
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3(0,(8"), 8", 3)<6[D(0,(8"), 3", 8.1
+0(04(8), 812 3) + (801187 3)]
= 0(3y1,1, 8%, 3) + (0, (8°), Oy (3. 3)
+50(6,(8°), Opr11(81),8)209(3,1, 8", )

)-8
+[62A,0(8", 8., 3) + bA,0(8", O, (8%), 3)
+bm3a(§m>§m+l’5)+bm4a(§* m+1’5)
+BA0 (8, O, (87), 3)] + [62A, (8%, 8., 8")
+B2,0(8%,0,(8"), 8") + BA,I (8,1, 801> 87)
+b2,0(8",8,,,1,87) + bA0(8,,,0,,(87),87)]
<B3 (8,1, 8%, 3) + DA, D(8", 8., 3)

+b2A,0(8%,0,(8%), 3) + bA0(8,,, 81s1> 3)
+b2,0(8", 8,1,1,8) + bA0(8,, O, (87), 3)
+02A;0(8,, 8,41, 8") + BAD(8,, O, (87), 8%).

(39)
That is,
(e —bA,)0(O,(8%), 87, 3)%(b + bA,)0(8,,,1,8", 3)
+bA,0(8%, 8, 3)
+ 02,0 (35 810 3)
+b2;0(8,,,0,(87), 3)
+bA a(ém,@)( "), 8%)
+bA;0(8,> 81415 37)-
(40)

Since r(b2A,) <r(b)r(A,) <1, so by Proposition 2, we
have (e — b2(,) which is invertible:
3(0,(8),8", 3)=(e ~ B, [(B.+ BA,)0(3,.,1, 5", 5)
+b2A,0(8%,8,,,3) + bA;0(8,,, 8,415 3)
+6U.D(8,, 0, (8), 3) + bBAD(,, 0, (8), 8")
+62,0(8,> 8,010 8°)]-
(41)

Keeping n fixed and using Lemma 13 and Lemma 14, the
right-hand side of the above inequality is a ¢-sequence.

Therefore, for any ¢ € X with ¢»-0 and using Lemma 22,
we have 0(©, (8%), 8%, 3) =0 for all 3 € X. Hence, ©, (8") =
8* foralln=1,2,3, -, that is, 3* is a fixed point of ®, .

Assume that o* be another fixed point of ®,, that is,
©®, (0*) = 0*. Then using (37), we have

3(8*,0%,3) = a(@n(g*), Oy 5) <9,3(8", 0", 3)
+A,0(8%, 8%, 3) + As0(0", 0%, 3) (42)
+A,0(8",0%,3) +As0(0", 8%, 3)

= (A, + A, +As)0(8", 0%, 3),

that is, 0(8*,0%,3) =60 for all 3 € X.
Therefore, 8* = 0* is the unique fixed point of {©®, },,
Thus, we have ®_(8*) =d)'(8*) = 8*.
Also, 2, (87) = b, (D7 (87)) = 0 (04(8")) = O (2,(87)).

That is, 9, (8*) =©, (b, (8*)), which implies that d,,(8*)
is also a fixed point of ®, . But the fixed point of @, is unique
which is 8*; therefore, we must accept that b, (8*) = 8*.

For uniqueness, let b, (3*) = 3*. That is, D" (3*) = 3" =
0,(37)

Since the fixed point of @, is unique and is 8%, therefore,
8% =3".

Remark 35. Our Theorem 34 generalizes Theorem 3.2 in [27]
from a cone 2-metric space over a Banach algebra to a cone
b, -metric space over Banach’s algebra.

From Theorem 34, we obtain the following corollaries.

Corollary 36. Let a complete cone b, -metric space be (%, 0)
over the Banach algebra B with parameter b, (b>e), and
int €y # @. Let {d;}i-, be a family of self-maps from X to
itself. Assume that {m;};, is a nonnegative integer sequence
and vectors Uy € Cy, £ € {1, 2, 3} such that

00" (8), 07" (m), 3)<2,2(8, m, 3) + 2,0 (3, 5" (3), 3)

4 2[3a(m, b (m), 3),
(43)

or

O(04(8).,(m).) 2,008 m.2) + A& D(E0)
+9A;0(m, d;(m), 3),
for all positive integers i, j and for all 3, m, 3 € X with the fol-
lowing conditions:

(q,) A, A, A, and b commute with each other;

(a2) Xe-y7(2Ae) + 2r(2A)r(B) < 1.

Then {b;};°, shares a unique common fixed point in X.

Proof. By taking 2, = 2 =0 in Theorem 34, we can get the
required unique fixed point for {b;}ir,

Remark 37. Our Corollary 36 generalizes Theorem 6.1 in [17]
and Theorem 3.1 in [31]. It also extends Corollary 3.1 in [27]
from a cone 2-metric space to a cone b, -metric space over a
Banach algebra.

Corollary 38. Let a complete cone b, -metric space be (%, 0)
over a Banach algebra B with parameter b, (b > ¢), and int
Cy #D. Let {d;}.°, be a family of self-maps from X to itself.
Assume that {m;}{°, is a nonnegative integer sequence and
vectors A, € Cy such that

m

o(a™(8).0]"(m), 3) =AD& mz),  (45)

or

(m), 3)<A,0(8, m, 3), (46)



for all 8, m,3€X with r(A,) <1. Then {b;}°, shares a
unique common fixed point in X.

Proof. By taking 2, = 2, = 0 in Corollary 36, we can get the
required unique fixed point for {;}i).

Remark 39. Corollary 38 extends Corollary 3.4 in [27] from a
cone 2-metric space to a cone b, -metric space over a Banach
algebra and Corollary 6.2 in [17].

In the next theorem, the continuity assumption is
relaxed.

Theorem 40. Let a complete cone b, -metric space be (%, 0)
over a Banach algebra B with parameter b, (b > ¢), and int
Cy # D. Let {d;}i°, be a family of self-maps from X to itself
and vectors Ay € €y, £ € {1, ---, 5} such that

(8. 1, )0 (b,(8), b;(m), 3)<2,2(8, m. 5) + 2,(8,b;(8), 3)
+2;0(m, d;(m), 3)
+20,0(8, d;(m), 3)
+A;0(m, b;(8), 3),

(47)

for i, §>1 and for all 8, m, 3 € X together with
r, There is 8, € X such that a(8,,,(8,),3) = e for all
€X;
t,(%, 0) is a-regular;
20, 20, A, A, AL, and b commute with each other;
t,r(62A; + 672A,) < I;
Then, {b;}.°, shares a common fixed point in X.

Proof. Choose 8, € X in such a way that a(8,, d;(8,),3) = e
for all 3 € X, and construct a sequence {8, } in X by 8, =
D,.1(8,) such that «(8,,,8,,,,3) =eforall je X and ne N
. Then, by using the same method as the proof of Theorem
32, one can get that {¢,} is a Cauchy sequence in (%, 9).
But, as (¥, 0) is complete, there exists 8* € X such that

lim 8, = 8" (48)

n—0o0

Since «(8,,,8,,1,3) = ¢ and (X, 0) is a-regular such that
8, — 8% as n — o; therefore, a(8,,8%,3) = e for all 3 ¢
XandnelN.

Now, we obtain that 8* is a fixed point of d;. Namely, we
have

(D, (87),8",3)<b0(,(87), 8", Dy (80))
+ba(bn(§*)’bn+1(§n)’ 5) (49)
+ ba(bnﬂ(gn)’ §*, 5)
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As

a(bn+l(§n)’ bn( : *)5a(§n’ g*’ Q’*)a(bnﬂ(gn)’ bn(g*)’ Q’*)’

3*),8
0(Dy41(80) D (87), 3)=(8,1,87,3)0(Dy41(81) D (87), 3),
(50)

and D,’® are the a-admissible Hardy-Rogers contraction;
therefore, (49) becomes

0(d,(87),87,3)

<Ba(3,,8",8")D(Dy 1 (3,), Dy (8°), 87)
+0a(3,,8", 5)0(By,1(3,) D), 3) + BI(8,,1,8", )

<[6,0(3,,8%,8°) + bA,3(3,, 8,,,,8")
+BA,I(8", D, (87),8") + BA,I(8,,,(8"), 8")
+02;0(8",3,,,,8")]

+[B2,0(3,,8", 5) + BAD(8", 8,1, )] +60(8,,1, 8" 5)

<BA,0(3,,8,,,,8") + BALI(3,, 0, (8), 8"
+0,0(8,, 8", 3) + bA,0(8,, 8,11 8)
+bA,0(8%,D,(8%), 3) + B*A,0(8,, D, (8%),8") (51)
+b2A,0(8,,8%3) + B*A,0(8%, b, (8%), 3)
BULD(S%,8,,108) + B0 €1 8).

Because lim,_,0(8,,8",3) =0 and lim
3) =0 for all 3 € X, we obtain

a(gnﬂ’ §n’

n—-o00

3(d,(8%),8%,3) < (B2Ay + B2,)0(D,(37), 8% 3).  (52)

Because, r(b2; + 6?2,) < 1, from Lemma 20, we claim
that d(d,(8*), 8%, 3) =0, that is, d,(8*) = 8*.

Example 41. Consider Example 26 which is what we claim a
complete cone b, -metric space over the Banach algebra
B = R? with parameter b = (2,0) > e. Define I'; : ¥ — X by

8 .
(,,0), if3€l0,1],
;(8,0) = 1+4
(0,0), otherwise, (53)
9;(0,2) =(0,0) forall (3,0) € %,
teN.

Also, define o : X x X x X — € by

(1,0),
(0,0),

if 8, me|0,1],
a((8,0), (m,0), (31> 32)) = {

otherwise,

(54)

for all 3= (a;,q,) € X.
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Choose A, =((1/2),0), A, =A; =((1/4),0), and A, =
A = ((1/10),0). Clearly r(2; + b2,) = (9/20) < 1 and (2,
+ 20, +bA,) = (19/20) < 1.
Considering the contractive condition
(@, M, 3)d(d;(®), b;(M), 3)
<9, D(S, M, 3) + AWd(S, ;(®), 3) + A;d(M, (M), 3)
+2,0(S, b;(M), 3) + Asd(M, 2,(©), 3),

(55)
with %, =((1/2),0), A, =A;=((1/4),0), and A, =A; =
((1/10),0), we have the following eight cases:

(1) @eA, MeA and 3eA
(i) ©€B, MeB,and €A
(iii) @A, MeB,and 3 A
(iv) ©eB, MeWA,and FeA
(v) ©@eB, MeB,and 3B
(vi) @A, MeA,and 3B
(vii) S €A, MeB,and 3B
(viii) ©€B, MeWA,and 3B

All the cases are trivial, except case (vi), in which case we
have

a((8,0), (m,0), (0,2))d(0;(3, 0), d;(m, 0), (0, 2))

(5:0)2((8.0) (.0, 0.2)

Since
3 m\* 1 , 1[/38+is\* /3m+jm)\>
— = — ] 2=(8-m)"+ - - + -
t+4 j+4 2 4 t+4 i+4
1| /j8+48-m\? [im+4m-8\?
+ — : + > >
10 it+4 1+4

(57)

is always true for all , j € N and 8, m >0, case (vi) is also
satisfied.

The mappings d;'® are a-admissible. In fact, let ©, M € ¥
such that «((8,0), (m,0), 3) = e for all 3 € X. By definition
of a, it implies that 8, m € [0, 1]. Therefore, for 1, j € N and
3, me|0,1], we have D;(8,0)=8/i+4,d,(m,0)=m/j+4
€[0, 1], and so that a(b;(%,0),d;(m,0), 3) > e for all 3 € X.

Further, there is 8, € X such that a(8,, ;(8;), 3) > e for
all 3 € X. Indeed, for 8, = (1, 0), we have

«((1,0),0,(1,0), (31, 3,)) = “((1’ 0). (H—% O)’ (e 32)) (58)
>eforall (3,,3,) € X.

Thus, all the assumptions of Theorem 32 are fulfilled, and
we conclude the existence of at least one fixed point for each

b,'¢. Indeed, (0, 0) is the common fixed point of the family of
mapping {D;}{2;.

Next, we use the following property [20] to guarantee the
uniqueness of the fixed point of d;'%.

(H). Denote Fix(d;) to be the set of all fixed points of
{b;}:2,. Assume for all 8%, 0* € Fix(D,), there exists m € X
such that a(8*, m, 3) > e and a(0*, m, 3) = e for all 3 € X.

Theorem 42. To add condition (H) in Theorem 32 (resp., The-
orem 40) we obtain uniqueness of the fixed point of each

{rider

Proof. Using related claims to those in the proof of Theorem
32 (resp., Theorem 40), we achieve fixed-point existence. Let
(H) be satisfied and 8*, 0* € Fix(D,,) and 8 # 0*. By condi-
tion (H), there exists m € X such that

a(8",m,3) =e,

a(o®,m, 3) xe, (59)

forallz € X. (60)
Since b;'® are a-admissible mappings and 8*, 0* € Fix
(d;74). From (59), we have
«(8%,0'(m),3) = e,
a0’ 0 (m), 3) = e, (61)
forally € ¥Xandi,n € N.

As, a(8*,d(m), 3) = e for all 3 € X, therefore, we have

0(8", by (m), 3)<a(8", m, 3)0(b;(8"), by (df 'm), 3)
<9,0(8°, 077 (m), 3) + 2,3(8%, b,(8), 3)
+ 92,0 (07" (m), b, (b 'm), 3)
+92,0(8", b (0] 'm), 3)
+2U0 (017 (), b,(8), 3)-
(62)

That is, we have

(8", b} (m), 3)<A,0(8", b (m), 3) + A;0(d ' (m), b} (m), a)
+2,0(8%, 07 (m), 3) + As0(d ' (m), 8%, 3).
(63)
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Hence, we have

(0~ 2,)0(8°, b1 (m), 3)<(, + )2 (21 (m), 8", 5)

( (64)
+ 230 (0] (m), b (m), 3).

Similarly, we have
o(s", 07 (m), 3) < M,2(5]" (), 8°,5) + M08! (m), (), 3)
+90,0(d}7" (m), 8", 3) + AsD(8", ' (m), 5).
(65)

That is, we have
(e~ 25)3(8", b (m), 5)=(2, + 2,)3(0}' (m), 57, 3)
+92,0(d7" (m), df' (m), 3).
(66)
Adding up (64) and (66), we have

(26 - 2, ~ A:)(8°, 07 (m), 3) (22, + A, + As)D (] (m), 8%, 5)
+ (2, +90,)9 (30 (m), b (m), 5).
(67)

Since, r(A, + As) < 1, therefore, we have

3(8%, 7 (m), 3)<(2e ~ A, — As)” (22, + A, + A,)D(d! (m), 8%, )
+(2e A, - 2[5)'1(2[2 + 2[3)B(b?’1(m), b{‘(m), 3,).
(68)

That is, we have
3(8", ) (m), 3)<,0(d ! (m), 8", 3) + 2,0(d)' (m), b} (m), 3), (69)

where 2 =(2e—2, ;)22 + A, +A;) and L, =
(2e — A, — A) ™' (A, + A,). Hence, we have

0(8", b’ (m), 5)§5316(b{"1(m), 3%, 5) + Qza(b{"l(m), o' (m), 5)
<879 (b2 (m), 8", 3) + £,29(02(m), 01! (m), 3),

<8,"9(m, 8%, 3) + &,"0(m, db;(m),3). (70)

Since, r(£,") < 1 and r(L,") < 1, by Remark 5, it follows
that ||®,"|| — 0(n—00) and ||&,"|| — 0(n — o), and
$0

12,"0(m, 87, 3) + 2,"9(m, by (m), 3)
<[8,%0(m, 87, 3)[| +[|2,"0(m, by (m), )|
<[, [[llo(m, 87, )] + [|12,"[[|0(m, by (m), 3)]|

—0(n — 00).

(71)

Therefore, based on Lemma 15, we conclude that for any
¢ € B with ¢»-0, there exists 91 € N such that
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3(8", 07 (m), 5)<2,0(0) (), 8", ) + 2,0(0) (m), b} (m), 3)
«c¢ foralli e Nand 3 € X.
(72)

Hence, d}'(m) — 8*(n—00). Similarly, we get that
;' (m) — 0*(n—00). Then, by the uniqueness of the limit,
we have 8% =o".

3. Applications

We give here a couple of auxiliary facts that will be used in
our further considerations.

Let B with norm |||l be a real infinite-dimensional
Banach’s algebra. Let I =[0, 5] and denote C=C(J,3B)
the space consisting of all continuous functions defined on
interval  with values in the Banach algebra 8 =R (the
collection of all real sequences).

The space C will be equipped with ||8|| . = max {||8(a)||g
caeJh

The purpose of this section is to establish and demon-
strate a result on the existence of solutions of a class of an
infinite system of integral equations of the form (74).

Let X=C,and 0 : X x X x X — B be defined by

0(8i(a), mi(a), 3;(a)) = [min {|3;(a) — m;(a)], [m;(a)

73
— &), [%:(a) = 3:(a) [}, 73)

where i =1,2,3, -+ and for all 8;(a), m;(a), and 3;(a) € X.
Then (%,0) is a complete cone b,-metric space over
Banach’s algebra. Consider the infinite system of integral
equations

g(a) = a;(a) + j 1(6 ), (10, 8, (1), 8, (1), ),

0 (74)

where i=1,2,3,--- and let b, : £ — X be defined by

'S

b;(8;(a)) = g;(a) +J 9i(a,w)f(w, 8, (), $,(w),---)dé foralli=1,2,3, -
0
(75)
We assume that

(1) g¢; ~ 3 — R are continuous

(2) 9; ~ F xR — [0,+00) are continuous and L‘?S}i(t
,m) <1

(3) f; ~ 3 x R® — R are continuous such that

[fi (0, 8, (), 8, (W), ) — f; (0, m; (), m, (W), ---)|
<t"[min {|8; () — m; ()], [m; (W) - 3; ()], |8; () — 3; (w)[}],
(76)

for all 3;(w) € X, where 0<r < 1.
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Theorem 43. Under the assumptions (1)-(3), the infinite
system of integral equation (74) has a solution in C.

Proof. Take B =R* with norm ||o|| = ||(0y, 05, ---)[| = X3 |
o;| and multiplication defined by

0q = (01,05, --) (1> 2> +++)) = (01415 0245, ). (77)

Let €y ={0=(0y,0,, ) € B :0,,0,,- >0}. It is clear
that € is a normal cone, and B is a Banach algebra with unit
e=(1,0,-).

Consider the family of mapping d; : ¥ — X defined by
(75). Let 3;(a), m;(a), and 3;(a) € X.

From (15), we deduce that

0(dy(8;(a)), by (m;(a)), 3;(a))
= max [min {|d;(8;(a)) — d;(m;(a))], [d;(m;(a))

a€[0,9]
= si(a)] [bi(8i(a)) - ai(a)[ 1)

P

B (Eﬁs’; :51(11, w)f; (W, 8, (), 3,(W), ---)dw
N p
=), Dile )i, m (o), mz(‘”)"")dmp
= <ar€rﬁ%§] J:Sf)i(a, w)[f; (10, 8, (), 8, (W), --+)

_f, (10, m, (8), m (i), ...)]dmbp

< ( max Jsbi(a, w)|f; (1w, 8, (), 8,(W), )

ac[0.8] )

p
- f;(w, m; (W), m, (), )|dm>

<(max |91 )¢ min (], 0m) =, ), g )

a€f0,3

b
~ 3(w)], &, () —si<m>|}]dm)

» [mi ()

<([] (msx 9100 )  ma min 130w - )

o \a€[0.S ]

1/p p
— 3(), () - se(m)l}]”) dm)

5<F(max]5ji(a"°)”w) [0(8;(a), mi(a),éi(a))]”p)p

o \ €[0S

~

5 »
:ra(gi(a)’mi(a)’c’)i(a))( sup J 9i(a, m))

a€l0,3]Jo

<1d(8;(a), m;(a), 3;(a)). (78)

11

Therefore, we have

0(b;(8:(a)), Di(mi(a)), 3i(a))3r0(8:(a), m;i(a), 3i(a)).
(79)

Now, all the hypotheses of Corollary 38 are satisfied, and
the family of mapping {b,} {5, has a unique fixed point in %,
which means that the infinite system of integral equations

(74) has a solution.
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