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A Riemann-Hilbert approach is developed to the multicomponent Kaup-Newell equation. The formula is presented of N-soliton
solutions through an identity jump matrix related to the inverse scattering problems with reflectionless potential.

1. Introduction

Many nonlinear partial differential equations especially soli-
ton equations have exact solutions [1-3]. There are a lot of
methods to solve soliton equations such as the Hirota bilinear
method [2-6], Wronskian technique (Casoratian technique)
[5-9], and Darboux transformation [10, 11]. The inverse
scattering transformation (IST) is one of the most powerful
tools and closely connected with those methods mentioned
above [1, 3]. It is also called nonlinear Fourier transform
for its procedure to solve the nonlinear equations is similar
to the linear Fourier transform. One advantage of the IST is
that it can be applied to the whole soliton hierarchies [3].
Recently, researches show that the IST can solve not only
classic soliton hierarchies but also soliton equations with
self-consistent sources [12], nonisospectral soliton hierar-
chies [13], hierarchies mixed with isospectral and nonisos-
pectral ones [14], and nonlocal soliton hierarchies [15].
Furthermore, it can generate both soliton and general matrix
exponent solutions [16, 17].

The Riemann-Hilbert (RH) approach is another effective
method to solve soliton equations. It actually shares a close
relationship with the IST [18-20]. Both of them start from
same matrix spectral problems which possess bounded
eigenfunctions analytically extendable to the upper or lower
half-plane. To get scattering data, we must consider the
asymptotic conditions at infinity on real axis by the IST to
solve soliton equations. In fact, the considered conditions

are used as the solutions to the corresponding RH problems.
When the jump matrix is an identity matrix, the RH problem
is equivalent to the IST with reflectionless potentials, and
N-soliton solutions can be generated [21-23]. Recently, Ma
has already used the method to solve multicomponent soli-
ton equations such as multicomponent AKNS integrable
hierarchies and a coupled mKdV equation [24-26].

It is known to us all that the three famous derivative non-
linear Schrodinger equations, the Chen-Lee-Liu (CLL)
equation [17, 27], Kaup-Newell (KN) equation [28], and
Gerdjikov-Ivanov (GI) equation [29, 30], can be reduced
from the Kundu equation by choosing different value of the
arbitrary parameter [31, 32]. Many properties of them have
been researched such as exact solutions [30, 33], conservation
laws [34], multi-Hamilton structure [31], and 7-symmetry
algebra [32, 34].

In this paper, we will present the multicomponent KN
equation with its (n+ 1) x (n+ 1) matrix Lax pairs. To for-
mulate an RH problem of the equation, we consider a modify
matrix Lax pairs. The formula of generating the N-soliton
solutions to multicomponent KN equation will be obtained
through taking the identify jump matrix.

The paper is organized as follows. In Section 2, we will
introduce the multicomponent isospectral KN equation and
its Lax pairs. In Section 3, we will construct a multicompo-
nent RH problem to the equation introduced in the previous
section. In Section 4, the expression of N-soliton solutions
will be obtained. We conclude the paper in Section 5.
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2. The Multicomponent KN Equation

In this section, we will present the isospectral multicompo-
nent KN equation from a (n+1) X (n+ 1) matrix spectral
problem by the zero-curvature representation. To our
knowledge, there is another powerful method to build soliton
equation hierarchies through Kac-Moody algebra and princi-
pal gradation [35].

Suppose that p; and g; are smooth functions of variables x
and t(j=1,2,---n), T denotes the transpose of matric, and I,
is an n x n identity matrix. Let us consider the following Lax
pairs

a A\ A
—ig =US U= P} casan, (1a)
A a,l A
1 i 2
ad' - —pgh®  pA- {apx + ;pqp} A
i, = V¢,V = ,

i 2 1
W L0 ol wl s ot

(1b)

where «; and «, are two real constants; a =a; — a,, p=

(P> Py -sp,)s and g = (qy5 qyo--q,) " are potential functions;
A is a spectral parameter; and

SR
0 o, q O

Obviously, p and q are smooth component functions of
variables t and x. Assume that p, g, and their derivatives of
any order with respect to x vanish rapidly as x — co.

The compatibility condition of (1), i.e., the zero curvature
equation

U, -V, +ilU,V]=0, (3)
generates the multicomponent KN soliton equation
(4)

q ol .2
7. a(pqq)x

. 2
<pf> | [ —ipn— S (pap”),
t

For example, when #n=2, the spectral problem (la)
becomes

=A*A +AD,
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where
a; 0 0 0 p py
A=| o0 a 0 [,P=fgq 0 0 (6)
0 0 a q 0 0

Its time evolution is
Vll V12 V13
e 4, 1 2 1 2
—ip, =V, V= Vi oA+ ‘;‘%1}71)‘ &%Pz/\ ,
1 1
Vi &QZPV\Z At + &%Pz)‘z

(7)

with
VIR NP 3 [i 2
Vii=ad _&<P>q>/\» Vip=pA - &P1X+E<P’q>P1 A,
, i 2 , i 2
Vis=p,A" - apzx"'ﬁ <Pg>p, | Vy=q A"+ &qlx_?<}7’q>% A
, i 2 o
Vai= @A+ |24y = 5 <P 4> 3| h<p, 9> =11 P2

(8)

The 4-component KN equation is

i 2
b = _&plxx T2 [(P191 + P292)P1 ],

i 2
Pyu=- ap2xx 2 [(P191 + P292)P2 )0
i 2
D= G~ @[(Pl‘h +0,9,) 4 ]
i

2
Dot = %~ 2 [(P191 + P292) %],

3. The RH Problem to the Multicomponent
KN Equation

In this section, we will build the RH problem to the multi-
component KN equation (5). Here, we only focus on the pos-
itive flows. Constructing the RH problem from negative
symmetry flows have already appeared in [36] for the homo-
geneous A, -hierarchy and its gl(m + 1, C).

Setting

V=AA+Q (10)

it is obvious that the trace of Q is zero, where

Lo 3 2
0 &P‘ZA pA [ (xPx %) P‘JP] A
o 2 1,
gr” + |:(qu OCZP‘M]A &‘JPA
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Thus, the equation (5) has the following Lax pairs

{ —i¢ = A*A¢ + AP¢, (12)

—ig, = A*A¢ + Q.

Next, we will present the scattering and inverse scattering
methods for the multicomponent KN equation (5) by the RH
approach. The resulting results will lay the groundwork for
N-soliton solutions in the next section. Suppose that all the
potentials rapidly vanish when x — t+co or t— +00
and satisfy

J J |x|m\t|"2(|pj|+|qj|)dxdt<oo,m,n20. (13)

=1

In the RH approach, we treat ¢ in the spectral problem
(1a) as a fundament matrix. From (12), we note, under (13),
one has the asymptotic behavior: ¢ ~ E, = g Ax+iX'At Thjg
motivate us to introduce the variable transformation

—iA\2 Ax—idt At (14)

y=ge
to have the canonical normalization for the associated RH
problem:
vy —>1I,,,, whenx, t — 00, (15)
where I,,,, is the (n+1) x (n+ 1) identity matrix. This
way, the spectral problems in (12) equivalently lead to

v, =iA’[A,y] + APy, (16a)

v, =id'[A, 9]+ Qy, (16b)
where P=iP and Q=iQ. Noticing tr(P)=tr(Q)=0,
we have

det y=1, (17)

by the Abel’s formula.

Let us now consider the formulation of an associated RH
problem with the variable x. In the scattering problem, we
first introduce the matrix solutions y*(x, 1) of (16a) with
the asymptotics conditions

y* —1,,,, whenx — +00, (18)

respectively. The subscripts above refer to which end of
the x-axis the boundary conditions are required. Then, by
(17), we have the determinant det y* =1 for all x € R. Since
¢* =y*E are both solutions of (12), they must be linearly
related, and so, we have

v E=y"ES(A), A’ € R, (19)

3
where
S1,1 S12 Sin+l
s s s
2 2,1 22 2,n+1
E=e"M 5(1) = A €ER,
Snt1,1 Sn+l2 Snt1n+l
(20)

is the scattering matrix. Note that det (S§(1)) =1 since
det (y*) = 1. Using the method of variation in parameters
as well as the boundary condition (19), we can turn the
x-part of (12) into the following Volterra integral equation
for y*:

V0 =Tt ARG ) 0y,

—00

(21a)

vi(Ax)=1,, - J eiAZA(x—y)P(y)er(A’y)e,ﬁ,\(y,x) dy.
(21b)

Thus, y* allows analytical continuations off the real axis

A% € R as long as the integrals on their right hand sides con-
verge. Taking a = a; — a,, it is direct to see that the integral
equation for the first column of ¥~ contains only the exponen-
tial factor e (*¥) When A is in the first or third quadrant,
ie, Im(A})>0, let A>=r+is,s>0. Then, e () =
e r@)+as*¥) due to y < x in the integral decays as a <0,
and the integral equation for the last # columns of y* contains
only the exponential factor ¢@* (), which due to y > x in the
integral, also decays when A* is in the upper half-plane C*.
Thus, these n+ 1 columns can be analytically continued to
the first or third quadrants. Similarly, we find that the last n
columns of ¢~ and the first column of y* can be analytically
continued to the second and fourth quadrants. Let us express

V= (VH Y W), (22)

where ;. stands for the kth column of y*(1 <k<n+1).
Then, the matrix solution

PT =P (x,A) = (¥, ¥y Vo) =¥ Hy +y7H,,  (23)

is analytic in the first and third quadrants of A, and the
matrix solution

(WY ¥,n) =Y Hy +y H,, (24)

is analytic in the second and fourth quadrants of A, where



H, =diag (1,0,---,0) and H, =diag (0, 1,---,1). In addition,
from the Volterra integral equation (21), we know that

P*(x,A) —1,,,, when\* € C* — oo, 25)
(W1 Yoo W) — Ly, when 2 € € — oo.

Next, we construct the analytic counterpart of P* in the
second and fourth quadrants of A. Note that the adjoint
equation of the x-part of (12) and the adjoint equation of
(16) read as

T T2
i¢, = p(A*A+AP), 26)
iv, = N[y, A] - iAyP.

~t —
It is easy to see that the inverse matrices ¢ = (¢*) ' and
~ + +

7" = (y*)™" solve these adjoint equations, respectively. If we
express " as follows:

lV_r _ (v/~1,1w~1,2 w~¢,n+1), (27)

where y~*F is the kth row of ¢* (1 <k<n +1). Then, by
similar arguments, we can show that the adjoint matrix
solution

y ) =H g+ Hyyt = Hl(‘/f)_l + Hz(‘l/+)_1’

(28)

P = (V’W’I‘Vﬂz :

is analytic when A is in the second or fourth quadrants,
and the other matrix solution

Ly =H @+ Hyy = Hl(‘/ﬁ)_1 +H,(y")™,

(29)

( V/~131V/~—;2

is analytic for A in first and third quadrants. In the same
way, we see that
P (x,A) —1,,;,whenA* € C" — o0,

n+l>

~+,1 . ~=2

(vriv iy

~—,n+1)

—1,.,,when)? e C" — 0.

n+1>

(30)

Now, we have constructed two matrix functions P* and P~
, which are analytic in the first or third quadrants and second
or fourth quadrants, respectively. Defining

G"(x,A) = P(x, A), A € first or third quadrant,
(G)'(x,A) =P (x, 1), A € second or fourth quadrant,
(31)

we can easily find that if A on the real axis or imaginary
axis, the two matrix functions P* and P~ are related by

P (x, A)P*(x, 1) = G(x, 1), A* € R, (32)
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where

G(x,A) = (G ) (x, 1)G*(x, A)

=(
=E(H, +H,S(A))(H, + S (A)HZ)E’I

L5, S Sintl
52’1 1 0 tee 0 (33)
=E| s5, 0 1 - 0 |E,
Sieg 0 0 1

TN = (S = Gi) oo 12 L2n+ 1 (34)

Eq. (32) and Eq.(33) are exactly the associated matrix RH
problem we wanted to present. The asymptotic conditions

P*(x,A) — I,,,,, when A in the first or third quadrant,
(35a)

P™(x,A) — I,,,,, when A in the second or fouth quadrant,

(35b)

n+1

provide the canonical normalization condition for the estab-
lished RH problem.

To finish the direct scattering transform, we take the
derivative of (19) with time ¢ and use the vanishing condi-
tions of the potentials; we can show that S satisfies

S, =il A, S, (36)
which gives the time evolution of the scattering coefficients:
51 =510 A)E N s =5, (0, A)e ™ 0<j<n+ 1, (37)

and the other scattering data do not depend on time .

4. N-Soliton Solutions

The RH problems with zeros can generate soliton solutions.
The uniqueness of the associated RH problem (32) does not
hold unless the zeros of det P* in the first or third quadrants
and detP~ in the second or fourth quadrants are specified and
kernel structures of P* at these zeros are determined. Follow-
ing the definitions of P* as well as the scattering relation
between y* and y~, we find that

det P*(x,A) =det(y"H, + y"H,),

38
=s11(A)s )
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where we have used the fact dety* = 1. Similarly, we have
det P~(x,A) =35, ,(A) and

522 $23 Son+l
~ . S32 $33 S3n+1
SaM)=(81), = (39)
Sne12 Sn+l3 Sntln+l

Suppose that s, ; (1) has zeros {1, A\; € C*,1 <k <2N},
~ 2
and ;| has zeros {1, A, € C7,1<k<2N}. For simplicity,

we assume that all these zeros, A, and A o 1 <k <2N,are sim-
ple. Then, each of kerP*(A;) contains only a single column

~

vector, denoted by v, and each of kerP*(A,) contains a
row vector, denoted by V;:

Pr(A)v, =0,ka‘(Xk) =0,1<k<2N.  (40)

The RH problem (32) with the canonical normalization
condition (35) and the zero structure (40) can be solved
explicitly, and thus, one can readily reconstruct the potential
P as follows. Note that P* is a solution to the spectral problem
(16). Therefore, as long as we expand P* at large A as

1

1
Pr(x,A) =1, + /\PT(x)+O(F>,/\—>oo, (41)

inserting this expansion into (16) and comparing O(1)
terms lead to

P=—i[A, P}, (42)
which implies that
0 —a(P)y, —a(PT)ys - (P,
a(PY),, 0 0 0
P=-[AP]=| a(P})y 0 0 0
a(pr)vﬁl,l 0 0 0
(43)
where P} = ((P]);)), i jcn,1- Further, the potentials p; and g,

k=1,2,---,n can be computed as
p;i= _“(Pir)l,jﬂ’ q;= “(P;r)jﬂ,lj: L2, n. (44)

To obtain soliton solutions, we set G=1,,, in the RH
problem (32). This can be achieved if we assume s, ; =s;, =
0,2 <j<n+1, which means that there is no reflection in

the scattering problem. The solutions to this specific RH
problem can be given as follows [24, 25]

Ny (M‘l) v
P\ =1, - K Jal pr(p
(A) =1 k,zZ:1 13, ) -
-1 4 i Vk(M_l)lel
I+l >
: k=1 A=)

where M = (M) v, is @ square matrix whose entries read

M, = YY1 <k 1<2N. (46)
A= Ak

Noting that the zeros A, and Xk are constants, i.e., space
and time independent, we can easily find the spatial and
temporal evolutions for the vectors, v, (x,t) and v, (x,t),
1<k<N. For example, let us take the x-derivative of
both sides of the equation P*(A;)v,=0. By using (16)
and P*(A;)v, =0, we get

P* (A, x) (% - iAﬁAvk) =0,1<k<2N, (47)
which implies
dvi, .,

The time dependence of v;:

d
% = id{Av,, 1<k<2N, (49)

can be determined similarly through an associated RH
problem with the variable t. Summing up, we obtain

Vi(x, 1) = ei’\i/\")“""z/\tvk’o, 1<k<2N, (50a)

V(1) = ’vk’oe—l‘)L/\lchx—iA/\iAt) 1 <k<2N, (50b)

where v, and ¥, 1 <k <2N, are arbitrary constant vec-
tors. Finally, from (45), we get

N
Pi=-)% ve(M™), 7 (51)
kl=1

and thus by (44), the N-soliton solution to the system
of multicomponent KN equations (4):

N
pj=« Z kal(M_l)klal»jH’
K1 (52)
N
q;=-« Z Vk»j+1(M71)k1vL1’
P



T = = -
where vi = (V1> Viao Vi) and V= (Vs Voo 5Pk i1 )»
1 <k <2N, are arbitrary.

5. Conclusions

In general, we construct the RH problem for the multicom-
ponent KN equation in this paper. To build the special RH
problem with the identity jump matrix, we introduced a var-
iable transformation to canonical normalization spectral
problem. By recombining the solutions of the canonical spec-
tral problem and its adjoint spectral problem, a general jump
matrix to the special RH problem was constructed. Letting
the general jump matrix to be identity jump matrix, the RH
problem was solved. Finally, we obtained the expression of
the N-soliton solutions through power series expansion of
the spectral parameter in the canonical normalization spec-
tral problem.

In this method, the jump matrix is corresponding to the
scattering matrix, and the identity jump matrix is equivalent
to reflectionless coefficient of the IST. It is well known that
there are not only soliton solutions to soliton equations but
also rational solutions, Matveev solutions, complexiton solu-
tions, and so on. Recently, there have been active studies on
lumps and their interaction solutions with solitons [37, 38].
It would be very interesting to generalize this method to
(2 + 1)-dimensional equations and consider their lumps
and interaction solutions. These will be our future projects.
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