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In this paper, the concept of sequential p-metric spaces has been introduced as a generalization of usual metric spaces, b-metric
spaces and specially of p-metric spaces. Several topological properties of such spaces have been discussed here. In view of this
notion, we prove fixed point theorems for some classes of contractive mappings over such spaces. Supporting examples have
been given in order to examine the validity of the underlying space and in respect to our proven fixed point theorems.

1. Introduction and Preliminaries

In the last few decades, several generalizations of usual metric
structure have been made by the researchers working in the
area of fixed point theory. Different topological structured
spaces play vital roles for obtaining fixed point theorems
using several contractive or expansive or non-expansive type
mappings. There are many interesting two-variable metric-
type spaces such as b-metric space [1, 2], rectangular metric
space [3], extended b-metric space [4], p-metric space [5],
JS-metric space [6], modular metric space [7], multiplicative
metric space [8], bipolar metric space [9, 10], cone metric
space [11], and C∗-algebra-valued metric space [12]. Also,
for considering and analyzing more generalizations of the
concept of metric spaces, one can consider the following
works dealing with (double) controlled metric spaces and
generalized b-metric spaces [13–16]. Due to the presence of
such interesting spaces and various types of applications of
fixed point theorems therein, fixed point theory gains atten-
tion in the mathematical community specially to the new
researchers working on functional analysis. In the context
of various metric-type spaces which are the combination of
the above-mentioned spaces, several authors have proved dif-
ferent types of fixed point theorems therein (see [17, 18]).
Now, we give definitions of some generalized spaces which
are relevant to our research work.

Definition 1. b-metric space (see [1, 2]). Let Λ be a nonempty
set and s be a real number satisfying s ≥ 1: A function
ρb : Λ ×Λ⟶ℝ+ is a b -metric on Λ if

(1) ρbðι, κÞ = 0 if and only if ι = κ,

(2) ρbðι, κÞ = ρbðκ, ιÞ for all ι, κ ∈Λ,
(3) ρbðι, zÞ ≤ s½ρbðι, κÞ + ρbðκ, zÞ� for all ι, κ, z ∈Λ.
The space ðΛ, ρbÞ is called a b-metric space.

Let Λ be a nonempty set and ρg : Λ ×Λ⟶ ½0,∞� be a
mapping. For any ι ∈Λ, let us define the set

C ρg,Λ, ι
� �

= ιnf g ⊂Λ : lim
n→∞

ρg ιn, ιð Þ = 0
n o

: ð1Þ

Definition 2. JS-metric space (see [6]). Let ρg : Λ ×Λ⟶

½0,∞� be a mapping which satisfies

(1) ρgðι, κÞ = 0 implies ι = κ,

(2) for every ι, κ ∈Λ, we have ρgðι, κÞ = ρgðκ, ιÞ,
(3) if ðι, κÞ ∈Λ ×Λ and fιng ∈ Cðρg,Λ, ιÞ, then ρgðι, κÞ

≤ plimsup
n→∞

ρgðιn, κÞ, for some p > 0.

Hindawi
Advances in Mathematical Physics
Volume 2020, Article ID 8868043, 7 pages
https://doi.org/10.1155/2020/8868043

https://orcid.org/0000-0002-3820-3351
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2020/8868043


The pair ðΛ, ρgÞ is called a generalized metric space,
usually known as a JS-metric space.

Definition 3. p-metric space (see [5]). Let Λ be a nonempty
set. A function ρp : Λ ×Λ⟶ ½0,∞Þ is said to be p -metric
if there exists a strictly increasing continuous function
Ω : ½0,∞Þ⟶ ½0,∞Þ with Ω−1ðtÞ ≤ t ≤ΩðtÞ for all t ≥ 0 and
Ω−1ð0Þ = 0 =Ωð0Þ such that for all ι, κ, z ∈Λ

(1) ρpðι, κÞ = 0 if and only if ι = κ,

(2) ρpðι, κÞ = ρpðκ, ιÞ,
(3) ρpðι, zÞ ≤Ωðρpðι, κÞ + ρpðκ, zÞÞ.

The pair ðΛ, ρpÞ is called a p-metric space.

For various examples of the above spaces, one can see the
research papers in the reference section of this manuscript
regarding such notions and also the references cited in these
papers.

Now, we are ready to prove our main results. We define a
new metric-type structure, which is the main concept of this
paper.

2. Introduction to Sequential p-Metric Space

In this section, we introduce a new type of extended b-
metric spaces. To develop such a notion, first, we define
Sðσ,Λ, aÞ≔ ffang ⊂Λ : lim

n→∞
σðan, aÞ = 0g, where σ : Λ ×

Λ⟶ ½0,∞� is a given mapping.

Definition 4. Let Λ be a nonempty set. A mapping σ : Λ ×
Λ⟶ ½0,∞� is said to be a sequential p -metric if for all
a, b ∈Λ

(a) σða, bÞ = 0 implies a = b,

(b) σða, bÞ = σðb, aÞ,
(c) σða, bÞ ≤Ωðlimsup

n→∞
σðan, bÞÞ, where fang ∈ Sðσ,Λ, aÞ

and Ω : ½0,∞�⟶ ½0,∞� is a strictly increasing
continuous function with Ω−1ðtÞ ≤ t ≤ΩðtÞ for all
0 ≤ t <∞ with Ω−1ðsÞ = s =ΩðsÞ for s ∈ f0,∞g.

The triplet ðΛ, σ,ΩÞ is called a sequential p-metric space.
We express a sequential p-metric space simply as ðΛ, σÞ.

Example 1. Let Λ =N and the metric σ : Λ2 ⟶ ½0,∞Þ be
defined by

σ 1, 1ð Þ = 0,
σ n, nð Þ = e − 1, for n ≥ 2,

σ 1, nð Þ = σ n, 1ð Þ = e1/ n+1ð Þ − 1, for n ≥ 2,
σ n,mð Þ = σ m, nð Þ = emn − 1, for all n,m ≥ 2with n ≠m:

8>>>>><
>>>>>:

ð2Þ

Then, clearly, σðm, nÞ = 0 implies m = n and σðm, nÞ =
σðn,mÞ for all m, n ∈Λ. Now, we show that σ satisfies con-
dition (iii) of Definition 4.

For n ≥ 2, Sðσ,Λ, nÞ =∅. Let fnkg ∈ Sðσ,Λ, 1Þ. If all but
finitely many terms of fnkg are 1 then we are done. So,
suppose that fnkg only have finitely many 1’s. Without
loss of generality, we can exclude such 1’s and then we get
limsup
k→∞

σðm, nkÞ = lim
k→∞

½emnk − 1� =∞. Therefore, σð1,mÞ ≤
limsup
k→∞

σðm, nkÞ for all m ≥ 2.

Hence, σ is a sequential p-metric onΛ forΩ1ðtÞ = t for all
t ≥ 0 and Ω2ðtÞ = et − 1 for all t ≥ 0.

Proposition 5. If ðΛ, σÞ is a JS -metric space (see Definition 2)
then σ is also a sequential p -metric on Λ.

Proof. If ðΛ, σÞ is a JS-metric space then σ clearly satisfies the
first two conditions of Definition 4. We just show that σ also
satisfies the third condition of Definition 4.

Since σ is a JS-metric then for all a, b ∈Λ and
for any sequence fang ∈ Sðσ,Λ, aÞ, we have σða, bÞ ≤
κlimsup

n→∞
σðan, bÞ, where κ > 0.

Then, if we choose ΩðtÞ = st for all t ∈ ½0,∞� with
s ≥max f1, κg, then we have σða, bÞ ≤Ωðlimsup

n→∞
σðan, bÞÞ

for all a, b ∈Λ and fang ∈ Sðσ,Λ, aÞ. Therefore, ðΛ, σÞ is also
a sequential p-metric space.

Remark 6. . (i) We know that any metric space, b −metric
space [1, 2], dislocated metric space, and modular metric
space with the Fatou property [7] are JS -metric spaces; there-
fore, these spaces are also sequential p -metric spaces. (ii) Any
extended b-metric space or p-metric space is clearly a
sequential p-metric space.

Proposition 7. Let ðΛ, σÞbe aJS -metric space with coefficient
κ ≥ 1. Let σ′ða, bÞ≔ Γðσða, bÞÞ, where Γ is a strictly
increasing continuous function with t ≤ ΓðtÞ for all t ≥ 0
and Γð0Þ = 0. Then, σ′ is a sequential p -metric for ΩðtÞ
= ΓκðtÞ = ΓðκtÞ for all t ≥ 0.

Proof. Here, we show that σ′ satisfies all the conditions of
Definition 4.

(a) σ′ða, bÞ = 0 gives Γðσða, bÞÞ = 0. Then σða, bÞ =
Γ−1ð0Þ = 0 implies a = b

(b) σ′ða, bÞ = σ′ðb, aÞ holds trivially
(c) For all a, b ∈Λ we have, σ′ða, bÞ = Γðσða, bÞÞ ≤ Γðκ

limsup
n→∞

σðan, bÞÞ where fang ∈ Sðσ,Λ, aÞ = Sðσ′,Λ, aÞ

Now, σðan, bÞ ≤ Γðσðan, bÞÞ = σ′ðan, bÞ for all n ∈N .
Then, limsup

n→∞
σðan, bÞ ≤ limsup

n→∞
σ′ðan, bÞ.
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Therefore, σ′ða, bÞ ≤ Γðκlimsup
n→∞

σ′ðan, bÞÞ = Γκðlimsup
n→∞

σ′

ðan, bÞÞ. This proves our proposition.

Definition 8. Let ðΛ, σÞ be a sequential p -metric space. Also
let fang be a sequence in Λ and a ∈Λ:

(i) fang is said to be convergent and converges to a if
fang ∈ Sðσ,Λ, aÞ,

(ii) fang is said to be Cauchy if lim
n,m→∞

σðan, amÞ = 0,

(iii) Λ is called complete if any Cauchy sequence in Λ is
convergent.

Definition 9. Let ðΛ, σÞ and ðΔ, σ∗Þ be two sequential p -
metric spaces. A mapping T : Λ⟶ Δ is called continuous
at a point a ∈Λ if for any ε > 0 there exists δε > 0 such
that for any ι ∈Λ,σ∗ðT ι, TaÞ < ε whenever σðι, aÞ < δε:T is
said to be continuous on Λ if T is continuous at each
point of Λ:

Proposition 10. In a sequential p -metric space ðΛ, σÞ if a
sequence fang is convergent then it converges to a unique
element in Λ.

Proof. Suppose a, b ∈Λ be such that an ⟶ a and an ⟶ b as
n⟶∞. Then, we have, σða, bÞ ≤Ωðlimsup

n→∞
σðan, bÞÞ imply-

ing that σða, bÞ ≤Ωð0Þ = 0, i.e., a = b.

Proposition 11. Let ðΛ, σÞ be a sequential p -metric space and
fang ⊂Λ converges to some a ∈Λ then σða, aÞ = 0.

Proof. Since fang converges to a ∈Λ, so lim
n→∞

σðan, aÞ = 0.
Therefore, we have σða, aÞ ≤Ωðlimsup

n→∞
σðan, aÞÞ =Ωð0Þ = 0

which implies σða, aÞ = 0.

Proposition 12. Let fang be a Cauchy sequence in a sequen-
tial p -metric space ðΛ, σ,ΩÞ such that Ω−1 is continuous. If
fang has a convergent subsequence fankg which converges to
a ∈Λ, then fang also converges to a ∈Λ.

Proof. From condition (c) of Definition 4, we have σðan, aÞ ≤
Ωðlimsup

k→∞
σðan, ankÞÞ which implies that Ω−1ðσðan, aÞÞ ≤

limsup
k→∞

σðan, ankÞ for all n ∈N .

Due to the Cauchyness of fang, it follows that lim
n,k→∞

σðan, ankÞ = 0and thusΩ−1ðσðan, aÞÞ⟶ 0 as n⟶∞which

implies that σðan, aÞ⟶ 0 as n⟶∞, since Ω−1 is continu-
ous. Hence, fang converges to a ∈Λ.

Proposition 13. In a sequential p -metric space ðΛ, σÞ, if a
self-mapping T is continuous at a ∈Λ then fTang ∈ Sðσ,Λ,
TaÞ for any sequence fang ∈ Sðσ,Λ, aÞ.

Proof. Let ε > 0 be given. Since T is continuous at a, then for
any ε > 0 there exists δε > 0 such that σðc, aÞ < δε implies
σðTc, TaÞ < ε:

As fang converges to a, so for δε > 0, there exists N ∈ℕ
such that σðan, aÞ < δε for all n ≥N: Therefore, for any n ≥
N , σðTan, TaÞ < ε and thus Tan ⟶ Ta as n⟶∞:

Some observations regarding sequential p-metric spaces
are as follows:

(1) In a metric space, a convergent sequence is always
Cauchy, but it is not true in a sequential p-metric
space. In Example 1, the sequence fngn≥2 con-
verges to 1, but σðn,mÞ = enm − 1⟶0 whenever
n,m⟶∞

(2) In a metric space, if fang and fbng are two
sequences converging to a and b, respectively, then
σðan, bnÞ⟶ σða, bÞ as n⟶∞. In particular, if
a = b then σðan, bnÞ⟶ 0 as n⟶∞. But this
does not always hold in a sequential p-metric
space. In Example 1, let us consider two sequences
f2ngn≥1 and f2n + 1gn≥1 in Λ. Then, both of these
two sequences converge to 1 ∈Λ, but σð2n, 2n +
1Þ⟶0 as n⟶∞

(3) A p-metric is always a sequential p-metric space, but
the converse is not true in general. The metric σ
defined in Example 1 is not a p-metric for any Ω.
Otherwise, σðn,mÞ ≤Ωðσðn, 1Þ + σð1,mÞÞ for all
n,m ≥ 2 with n ≠m, which at once implies that
enm − 1 ≤Ωðe1/ðn+1Þ + e1/ðm+1Þ − 2Þ for all n,m ≥ 2
with n ≠m, arrives at a contradiction

3. Cantor’s Intersection-Like Theorem on
Sequential p-Metric Spaces

Let ðΛ, σÞ be a sequential p-metric space with supporting
function Ω. Define

B a, ηð Þ≔ b ∈Λ : σ a, bð Þ < σ a, að Þ + ηf g,
B a, η½ �≔ b ∈Λ : σ a, bð Þ ≤ σ a, að Þ + ηf g,

ð3Þ

for all a ∈Λ and η > 0.

Remark 14. One can easily check that the collection
τσ ≔ f∅g ∪ fUð≠∅Þ ⊂Λ: for any a ∈U , there exists η > 0
such that Bða, ηÞ ⊂Ug forms a topology on Λ.

Definition 15. A set F is said to be closed if there exists an
open set U ⊂Λ such that F =Uc, where Uc denotes the
complement of U in Λ.

Proposition 16. Let ðΛ, σÞ be a sequential p -metric space and
F ⊂Λ be closed. Let fang ⊂F such that an ⟶ a as n⟶∞.
Then, a ∈F .
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Proof. Suppose that a∈F . Then, a ∈Fc. Since F c ∈ τσ, so
there exists η > 0 such that Bða, ηÞ ⊂F c. Again, since
σðan, aÞ⟶ 0 as n⟶∞, so for η > 0 there exists N ∈N
such that σðan, aÞ < σða, aÞ + η for all n ≥N . That is, an ∈
Bða, ηÞ ⊂Fc for all n ≥N , which is a contradiction. Hence,
a ∈F .

Proposition 17. Let ðΛ, σÞ be a complete sequential p -metric
space and F ⊂Λ be closed. Then, ðF , σÞ is also complete.

Proof. Let fang be a Cauchy sequence inF ⊂Λ. Then, fang is
convergent in Λ, since Λ is complete. Let lim

n
an = a ∈Λ.

Then, by Proposition 16, it follows that a ∈F . Consequently,
F is complete.

Definition 18. In a sequential p -metric space ðΛ, σÞ, for
A ⊂Λ, we define

diam Að Þ≔ sup σ a, bð Þ: a, b ∈Af g: ð4Þ

Theorem 19. Let ðΛ, σÞ be a complete sequential p -met-
ric space and fFng be a decreasing sequence of nonempty
closed subsets of Λ such that diamðFnÞ⟶ 0 as n⟶∞.
Then, the intersection ∩ ∞

n=1Fn contains exactly one point.

Proof. Let an ∈Fn be chosen as arbitrary for all n ∈ℕ: Since
fFng is decreasing, we have fan, an+1,⋯g ⊂Fn for all n ∈ℕ:

Now, for any n,m ∈ℕ with n,m ≥ k, we have σðan, amÞ
≤ diamðFkÞ, k ≥ 1: Let ε > 0 be given. Then, there exists
some l ∈ℕ such that diamðF lÞ < ε, since diamðFnÞ⟶ 0
as n⟶∞: From this, it follows that σðan, amÞ < ε whenever
n,m ≥ l: Therefore, fang is Cauchy inΛ. By the completeness
of Λ, there exists some a ∈Λ such that fang converges to a:
Since fan, an+1,⋯g ⊂Fn and Fn is closed for each n ∈ℕ,
using Proposition 16, we have a ∈ ∩ ∞

n=1Fn:
Next, we prove the uniqueness of the point a: Let c ∈

∩ ∞
n=1Fn be another point, then σða, cÞ > 0. As diamðFnÞ

⟶ 0, there exists N0 ∈ℕ such that

diam Fnð Þ < σ a, cð Þ ≤ diam Fnð Þ, ð5Þ

for all n ≥N0, a contradiction. Hence, ∩ ∞
n=1Fn = fag and

this completes the proof of our theorem.

4. Some Fixed Point Theorems

Theorem 20. Let ðΛ, σÞ be a complete sequential p -metric
space and Y : Λ⟶Λ be a mapping so that

(i) σðYa, YbÞ ≤ α σða, bÞ for all a, b ∈Λ and for some
α ∈ ð0, 1Þ

(ii) there exists a0 ∈Λ such that δðσ, Y , a0Þ≔ sup
fσðYia0, Y ja0Þ: i, j = 1, 2,⋯g <∞

Then, Y has at least one fixed point in Λ. Moreover, if a
and b are two fixed points of Y in Λ with σða, bÞ <∞ then
a = b.

Proof. Let us define δðσ, Yp+1, a0Þ≔ sup fσðYp+ia0, Yp+ja0Þ:
i, j = 1, 2,⋯g, for all p ≥ 1. Clearly, δðσ, Yp+1, a0Þ ≤ δðσ, Y ,
a0Þ <∞ for all p ≥ 1.

Then, for all p ≥ 1 and for all i, j = 1, 2,⋯,

σ Yp+ia0, Yp+ja0
� �

≤ ασ Yp−1+ia0, Yp−1+ja0
� �

≤ αδ σ, Yp, a0ð Þ, ð6Þ

implies, for all p ≥ 1,

δ σ, Yp+1, a0
� �

= sup
i,j≥1

σ Yp+ia0, Yp+ja0
� �

≤ αδ σ, Yp, a0ð Þ
≤ α2δ σ, Yp−1, a0

� �
⋮≤αpδ σ, Y , a0ð Þ:

ð7Þ

Denote ai = Yai−1 = Yia0 for all i ∈ℕ. For 1 ≤ n <m, we
have

σ an, amð Þ = σ Yna0, Yma0ð Þ = σ Yn−1+1a0, Yn−1+ m−n+1ð Þa0
� �

≤ δ σ, Yn, a0ð Þ ≤ αn−1δ σ, Y , a0ð Þ⟶ 0 as n⟶∞:

ð8Þ

Therefore, fang is a Cauchy sequence in Λ. Due to the
completeness of Λ, fang is convergent and let lim

n
an = a ∈Λ.

Now, σðYa, YanÞ ≤ α σða, anÞ⟶ 0 as n⟶∞.
Therefore, an+1 ⟶ Ya as n⟶∞. Hence, by Proposition
10, it follows that Ya = a, i.e., a ∈Λ is a fixed point of Y .

Now, if a and b are two fixed points of Y in Λ with
σða, bÞ <∞, then we have σða, bÞ = σðYa, YbÞ ≤ ασða, bÞ
which gives σða, bÞ = 0 implies a = b.

Theorem 21. Let ðΛ, σÞ be a complete sequential p-metric
space and Y : Λ⟶Λ such that

(i) σðYa, YbÞ ≤ γ½σða, YaÞ + σðb, YbÞ� for all a, b ∈Λ
and for some γ ∈ ð0, 1/2Þ,

(ii) there exists a0 ∈Λ such that δðσ, Y , a0Þ≔ sup fσ
ðYia0, Y ja0Þ: i, j = 1, 2,⋯g <∞

Then, the Picard iterating sequence fang, an = Yna0 for
all n ∈ℕ, converges to some a ∈Λ. If σða, YaÞ <∞ and
γt <Ω−1ðtÞ for all t > 0, then a ∈Λ is a fixed point of Y .
Moreover, if b is a fixed point of Y in Λ such that σða, bÞ <
∞ and σðb, bÞ <∞ then a = b.

Proof. For all p ≥ 1 and for all i, j = 1, 2,⋯,

σ Yp+ia0, Yp+ja0
� �

≤ γ σ Yp−1+ia0, Yp+ia0
� �

+ σ Yp−1+ja0, Yp+ja0
� �� �

≤ 2γδ σ, Yp, a0ð Þ:
ð9Þ

This implies that δðσ, Yp+1, a0Þ = supi,j≥1σðYp+ia0, Yp+j

a0Þ ≤ 2γδðσ, Yp, a0Þ for all p ≥ 1. Then, proceeding in a simi-
lar way as in Theorem 20, it can be easily shown that fang is a
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Cauchy sequence in Λ, and by the completeness of Λ, there
exists some a ∈Λ such that lim

n
an = a:

Now, σðan+1, YaÞ = σðYan, YaÞ ≤ γ½σðan, an+1Þ + σða, Y
aÞ� for all n ≥ 0, which implies that limsup

n→∞
σðan+1, YaÞ ≤ γ

σða, YaÞ <∞. Then,

σ a, Yað Þ ≤Ω limsup
n→∞

σ an+1, Yað Þ
� 	

≤Ω γσ a, Yað Þð Þ: ð10Þ

If σða, YaÞ > 0 then Ω−1ðσða, YaÞÞ ≤ γσða, YaÞ <Ω−1ðσ
ða, YaÞÞ, a contradiction. Hence Ya = a, i.e., a ∈Λ is a fixed
point of Y .

Now, if b is a fixed point of Y in Λ with σða, bÞ <∞
and σðb, bÞ <∞, then we have σða, bÞ = σðYa, YbÞ ≤ γ½σða,
YaÞ + σðb, YbÞ� = 0, as σðb, bÞ = 0, implying that a = b.

Theorem 22. Let ðΛ, σÞ be a complete sequential p -metric
space and Y : Λ⟶Λ be a mapping satisfying the following
conditions:

(i) σðYa, YbÞ ≤ β½σða, YbÞ + σðb, YaÞ� for all a, b ∈Λ
and for some β ∈ ð0, 1/2Þ

(ii) there exists a0 ∈Λ such that δðσ, Y , a0Þ≔ sup fσðYi

a0, Y ja0Þ: i, j = 1, 2,⋯g <∞

Then, the Picard iterating sequence fang, an = Yna0 for
all n ≥ 1, converges to some a ∈Λ. If limsup

n→∞
σðan, YaÞ <∞

then a ∈Λ is a fixed point of Y . Also, if b is a fixed point of
Y in Λ such that σða, bÞ <∞ then a = b.

Proof. by similar argument as in Theorem 20, fang is a
Cauchy sequence in Λ, and by completeness of Λ, it con-
verges to an element say a ∈Λ.

Now, for all n ∈ℕ ∪ f0g, σðan+1, YaÞ = σðYan, YaÞ ≤ β
½σðan, YaÞ + σðan+1, aÞ�, which implies that limsup

n→∞
σðan+1,

YaÞ ≤ βlimsup
n→∞

σðan, YaÞ and hence limsup
n→∞

σðan, YaÞ = 0.
Therefore, σða, YaÞ ≤Ωðlimsup

n→∞
σðan, YaÞÞ =Ωð0Þ = 0, and

consequently, Ya = a.
If b is a fixed point of Y in Λ with σða, bÞ <∞, then

we have σða, bÞ = σðYa, YbÞ ≤ β½σða, YbÞ + σðb, YaÞ� = 2βσ
ða, bÞ which implies σða, bÞ = 0 that is a = b.

Example 2. Consider Λ = ½0, 1� and σða, bÞ = ð∣a∣+∣b ∣ Þ +
ln ð1+∣a∣+∣b ∣ Þ for all a, b ∈Λ. Then, σ forms a sequential
p -metric on Λ with the function ΩðtÞ = t + ln ð1 + tÞ for
all t ≥ 0.

(i) Define Y : Λ⟶Λ by Ya = a/3 for all a ∈Λ. Then,
Y satisfies all the conditions of Theorem 20 for α =
1/2 and clearly Y has a unique fixed point 0 ∈Λ

(ii) Define, Ya =
a/11 if 0 ≤ a < 1/2
a/12 if 1/2 ≤ a ≤ 1

 
. Then, Y satisfies

all the conditions of Theorem 21 for γ = 2/5 and
clearly Y has a unique fixed point 0 ∈Λ

5. An Application to Nonlinear
Integral Equations

In this section, we discuss about the existence of solutions
for nonlinear integral equations as an application of
Theorem 20.

Let Λ = C½a, b� be the set of all real valued continuous
functions on ½a, b� and σ : Λ2 ⟶ ½0,∞Þ be defined by

σ u, vð Þ = sinh max
a≤t≤b

∣ u tð Þ − v tð Þjp
� 	

for all u, v ∈Λ, p ≥ 1:

ð11Þ

Then, ðΛ, σÞ is a complete sequential p-metric space with
ΩðtÞ = sinh ð2p−1tÞ for all t ≥ 0: Now, let us consider the
integral equation

u tð Þ = h tð Þ +
ðb
a
F t, sð ÞK t, s, u sð Þð Þds, ð12Þ

where h : ½a, b�⟶ℝ, F : ½a, b� × ½a, b�⟶ℝ and K : ½a, b�
× ½a, b� ×ℝ⟶ℝ are continuous functions.

Theorem 23. Assume that the following hypotheses are
satisfied:

(i) for all t, s ∈ ½a, b�, we have

K t, s, u sð Þð Þ −K t, s, v sð Þð Þj jp ≤ A u − vk kp, p ≥ 1, A > 0,
ð13Þ

where ku − vk =maxa≤t≤b ∣ uðtÞ − vðtÞ ∣ , u, v ∈Λ,
(ii) maxa≤t≤b

Ð b
a jFðt, sÞj

pds ≤M, where M > 0 is such that
AMðb − aÞ < 1

Then, integral equation (12) has a unique solution u ∈Λ.

Proof. Let us define Y : Λ⟶Λ by

Y uð Þ tð Þ = h tð Þ +
ðb
a
F t, sð ÞK t, s, u sð Þð Þds, u ∈Λ, t, s ∈ a, b½ �:

ð14Þ
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Then, by conditions ðiÞ and ðiiÞ, for all φ, ψ ∈Λ, we get

Y φð Þ tð Þ − Y ψð Þ tð Þj jp

=
ðb
a
F t, sð Þ K t, s, φ sð Þð Þ −K t, s, ψ sð Þð Þf gds











p

≤
ðb
a

F t, sð Þj jqds
� 	p/q ðb

a
K t, s, φ sð Þð Þ −K t, s, ψ sð Þð Þj jpds

� 	
≤AM b − að Þ φ − ψk kp
≤ μ φ − ψk kp for all t ∈ a, b½ �,

ð15Þ

where μ = AMðb − aÞ < 1.
Therefore, kYðφÞ − YðψÞkp ≤ μkφ − ψkp: Thus,

σ Y φð Þ, Y ψð Þð Þ = sinh Y φð Þ − Y ψð Þj jjp� �
≤ sinh μ ∣ φ − ψj jjp� �
≤ μ sinh φ − ψj jjp� �
= μ σ φ, ψð Þ,

ð16Þ

for μ ∈ ð0, 1Þ and for all φ, ψ ∈Λ: Hence, the conditions of
Theorem 20 are satisfied, and therefore, Y has a unique fixed
point in Λ, provided δðσ, Y , u0Þ <∞ for some u0 ∈Λ, i.e.,
nonlinear integral equation (12) has a unique solution in
C½a, b�:

Now, we give a numerical example in support of
Theorem 23.

Example 3. Let us consider the complete sequential p -metric
space ðΛ, σÞ defined in Theorem 23 for a = 0, b = 1, p = 2, and
the nonlinear integral equation given by

u tð Þ = et +
ð1
0

ffiffiffiffi
ts

p
t + s +

ffiffiffi
2
3

r
 u sð Þ

 !
ds, t ∈ 0, 1½ �: ð17Þ

Then, for all u, v ∈Λ, we have

K t, s, u sð Þð Þ −K t, s, v sð Þð Þj j2 ≤ 2
3 u − vj jj j2, for all t, s ∈ 0, 1½ �,

max
0≤t≤1

ð1
0
F t, sð Þj j2ds = 1

2 :

ð18Þ

Therefore, Y satisfies the contractive condition of
Theorem 23 for μ = 1/3, and also, we see that for u0 ∈Λ
defined by u0ðtÞ = 0 for all t ∈ ½a, b�, σðYiu0, Y ju0Þ ≤ sinh
½36ðe + ð16/15ÞÞ2� <∞ for all i, j ≥ 1: Hence, all the condi-
tions of Theorem 20 are satisfied and therefore (17) has a
unique solution in Λ.
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