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In this paper, we obtain the existence of pullback attractors for nonautonomous Kirchhoff equations with strong damping,
which covers the case of possible generation of the stiffness coefficient. For this purpose, a necessary method via “the

measure of noncompactness” is established.

1. Introduction

Let Q c R” be a bounded domain with smooth boundary 0.
We consider the following Kirchhoff wave model with strong
damping:

xeQ,TER,
(1)
where h(x, ) is a time-dependent external force term, u?
and ui are initial data, and ¢ and f are nonlinear functions
specified later.
To describe small vibrations of an elastic stretched
string, Kirchhoff [1] introduced the equation

*u Eh (L fou\? , | o%u
Phwz Po+iL I dx YRk )

where u=u(x,t) is the lateral deflection, 0 < x <L the
space coordinate, ¢ >0 the time, E the Young’s modulus, p
the mass density, h the cross-section area, L the length, p,
the initial axial tension, and g the external force. It has been
called the Kirchhoft equation since then. In general, we call
the Kirchhoff equation nondegenerate if the stiffness ¢ sat-

(un - Au, - </>(||Vu|\2)Au +f(u)=h(xt), nQx(1,00),

Ulay =0, (3, 7) = (), (3, 7) = (),

isfies the strict hyperbolicity condition ¢(s)>c¢>0 and
degenerate if ¢(s) > 0 on R*. Obviously, the degenerate stiff-
ness coefficient ¢(s) in (1) corresponds to the case that the
initial axial tension equals zero.

From the mathematical point of view, global existence of
the model like (2) has been proven in a multitude of special
situations in 2 ¢ R". We refer to [2-5] for the analytic data,
[6-9] for the dispersive equations and small data, and
[10-15] for the weak damped equations.

Introducing the strong damping term —Au, provides an
additional a priori estimate. Certainly, from the physical
point of view, the dissipative plays an important spreading
role for the energy gathered arising from the nonlinearity
in a real process. Concerning Kirchhoff equations with
strong dissipation, the first result on the well-posedness we
are aware of was obtained by Nishihara [16]. He proved
the global existence of the solution for the model u,, — Au,
—m(||Vu||)Au=0. In recent years, many mathematicians
and physicists paid their attentions to this type of problem
and obtained the well-posedness under different types of
hypotheses, such as the absent source term [17] and the sub-
critical source term [18-23]. In general, the exponent p* =
n+2/(n—2)" is called to be critical when someone studies
the problem in Hy(Q)) x L*(2). Assuming the stiffness fac-
tor is nondegenerate (¢(s) > ¢, > 0), References [18-24] also
proved the existence of the attractor. In the case of possible
degeneration of the stiffness coefficient and the case of
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supercritical source term (p* < p < (n+4)/(n—4)"), the first
result on the well-posedness we are aware of is given by
Chueshov [25]. However, when he proved the existence of
a global attractor for problem (1) in the natural energy space
(Hy(Q) N LP(Q)) x L*(Q) endowed with a partially strong
topology (in the sense, if (uf, u}) — (uy, 1) with a par-
tially strong topology, then (ufj, u}) — (uy, u;) strongly in
H} x L* and u!! — u, weakly in LP*!), he assumed that

¢(s)>0, Vs>0,¢€C'(R"). (3)

Under this condition, one can conclude that ¢(

|Vu(t)]|*) = ¢o > 0if [Vu(t) ] is bounded for ¢ € R*. Recently,
Ma et al. [26] proved the existence of the global attractor in
the case of degeneration for the autonomous Kirchhoff
system.

The pullback attractor is a basic concept to study the
longtime dynamics of nonautonomous evolution equations
(see [27-32] and references therein). It is worth mentioning
that there are only a few recent results devoted to the pull-
back attractor for nonautonomous systems like (1). In
2013, Wang and Zhong [33] investigated the upper semicon-
tinuity of pullback attractors for problem (1) with ¢(s) =1
+es (e>0) and |f'(u) | SC(|u|2/(”74>+ +1)(n > 3). Recently,
Li and Yang [34] studied the robustness of pullback attrac-
tors with ¢'(s) >0, $(0) = ¢, > 0. We notice that all these
publications assume that the stiffness factor is nondegener-
ate, or more precisely, ¢(0) >0 and ¢ is nondecreasing.

In this paper, we consider the problem (1) under the
degenerate hyperbolicity condition ¢(s)>0. We do not
assume that ¢ is monotone and allow ¢(0) =0, such as ¢(s
) =bs” (degenerate and monotone) or ¢(s) = (1 + sins)s?
(degenerate and nonmonotone) with y > 1. Based on the
result in [25, 26], we prove the existence of pullback attrac-
tors in Hy(Q)) x L*(Q) if ¢ is really degenerate. To over-
come the difficulties caused by the degeneration, we first
established a method (condition (2-PC)) via “the measure
of noncompactness” (some ideas come from [35, 36]) to
prove that the process is pullback 9-asymptotically
compact.

The paper is organized as follows. In Section 2, we intro-
duce some preliminaries and establish a necessary abstract
result (see Theorem 5). In Section 3, we discuss the existence
of pullback attractors for the equation (1) (see Theorem 12).

2. Preliminaries

In this section, we will give some notations and results. As
usual, we denote by || and (-, -) the norm and the inner
product in L*(Q), respectively. Let % =Hp(Q)x L*(Q).
We define the norms in % by ||ug, u, ||3 = [|Viio||” + ||, ||

Let X be a Banach space and U(t, ) be a process acting
on X. In the following, we recall some definitions and results
related to the pullback attractors; more details can be found
in [27, 29, 33].
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Definition 1. A family of compact sets of = {A(t)}, is said
to be a pullback attractor for process U(:, - ) if
(i) o is invariant, that is, U(t, 7)A(t) = A(¢), forall t > 7
(i) o is pullback attracting, i.e., d(U(t,t—7)B, A(t))
— 0,as 7 — +00, for all bounded subset B of X, where
d(B, A) is the Hausdorff semidistance

Definition 2. A family of sets @ ={D(t)},. is said to be a
pullback absorbing family for process U(:, - ), if for all t €
R and all bounded B c X, there exists T = T(t, B) > 0, such
that U(t, t — 7)B € D(t), for all 7> T. In addition, the family
D is said to be pullback Z-absorbing, if for any ¢ € R, there
exists T, > 0 such that U(t,t —7)D(t —7) c D(¢) for > T,.

Definition 3. A process U(-, -) is said to be pullback &
-asymptotically compact in X, if for any ¢ € R, any sequences
T, — 00 and x,€D(t-1,); the sequence
{U(t,t = 7,)x, } e is relatively compact in X.

Lemma 4 (see [29]). Let the family 2={D(t)}, . be
pullback absorbing and U(-, -) be continuous and pullback
D-asymptotically compact in X. Then, the family of =

{A(t)}1eg defined by

At)=U... Ut t1)D(tr), (4)

s>0

is a pullback attractor for U(-, -).

To verify the pullback 9-asymptotically compact prop-
erty in X, it suffices to check the following condition.

2.1. @-Pullback Condition (2-PC). For any § >0 and f € R,
there exist 7, = 7, (¢, 2, §) > 0 and a finite dimensional space
X, of X such that

{P(U(t,t = 1y)D(t — 7)) } is bounded, (5)
|(I-P)(U(t,t—14)x)||x <8, VxeD(t-1y),

where P : X — X is a bounded projector.

Theorem 5. Let the family = {D(t)},.g be a pullback &
-absorbing family of the process U(t, ). If the D-pullback
condition (P -PC) holds, then U(-, -) is pullback D-asymp-
totically compact in X.

Proof. By Definition 3, the result will be proven if we can
show that for any f € R, any sequences 7,, — 00 and x,, €
D(t-17,), {U(t,t —7,)x,}, is relatively compact in X.

For every § >0, condition (2-PC) implies that there
exist 7,=1,(t,2,8) >0 and the finite dimensional space
X, such that (5) holds. Then, we have

YUt t=70)D(t = 70)) <y[P(U(t: £ = 70)D(t = 7))]
+Y[((I=P)(U(t: t = 79)D(t = 79)))] < y(N(0,6)) <29,

(6)
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where y is the measure of noncompactness defined as

y(B) = inf {& > 0 | Badmits a finite cover by sets whose diameter < §}.
(7)

On the other hand, the properties of @ give that there
exists T,_, >0, such that for 7> T, ., U(t -7t -7, -7)
D(t—t1,-71)CcD(t—1,) and

U(t,t =1y —1)D(t -1y~ 7T)
=U(tt—1)U(t =T t =T —T)D(t -7y —7)  (8)
- cU(tt=10)D(t - 70).

Then, we can find N, such that )/(LJn>I\,0 Ut t—1,)x,))

<26, which means that {U(t,t-7,)x,},c has a finite 48
-net for any & > 0. The proof is complete. O

3. Existence of Pullback Attractors

In this section, we will prove the existence of the pullback
attractor when ¢(s) is really degenerate and f(u) is subcriti-
cal. We assume that f, ¢, and h satisfy the following
conditions.

Assumption 6. The function ¢ € C'(R"), ¢(s) > min {L;s%
L,} for se R*, and some constants a >0, L;, L, > 0. More-
over, there exists §, > 0 such that

liminf (s¢(s) — 5, PD(s)) > —co, 9)

§—>+00

where @(s) = [} ¢(t)dt.

Assumption 7. f(u) is a C' function, f(0) =0, f'(s) = —c,,
and se R,

e = lim inff(s) >-M¢,, with¢ = 1}21215(/5(5), (10)

|s]—+00 T
and the following properties hold:
(i) if n =1, then f is arbitrary
(ii) if n =2, then
I (u)l < C(1+|uf’ ") with 1 < p < oo, (11)

(iii) if n > 3, then
/()] <CO+uf Y with1<p<p, = =, (12)
n

where ¢, and C are positive constants and A, is the first
eigenvalue of —A.

Assumption 8. h,9,h € L;, (R, L*(Q)) and

loc

t
J [h(-s)||’ds < +00, VteR. (13)

Remark 9. (1) ¢(s)=L;s® or ¢(s) = (1 +sin’s)s*(a>1)
satisfies Assumption 6. It indicates that we include into
the consideration the case of possibly degenerate ¢ since
¢(0) = 0. Moreover, because ¢, =+00 in this case, y; > -
A1¢o, becomes ;> —co. If a=0, then ¢(s) is a constant,
and equation (1) is the nonlinear wave equation with
strong damping.

(2) Assumptions 6 and 7 imply that there exist constants
>0,0,>0with0<¢, <¢_,0<¢ A -0 <<I such that

D(s)=¢,-s—cyp, VseRT, (14)

F(s) 2 —is2 — 0y, f(5)s2 0,5 — ¢y, f(5)s — F(s)
2 (15)

c
> —7152, VseRR,

where F(s) = [of(t)dt.
The well-posedness of the problem

<B,,u =0 ([|Vul|*) A0,u~ (IVul*) Au + f (1) = h(x), inQx (0,00),

”|aQ =0,u(x,0)= uo(x), u,(x,0) = ul(x), x€e,

(16)

has been established by Chueshov [25] in the autono-
mous case. Noticing that the conditions of ¢, f are more
general than the above Assumptions 6-8, we can obtain
the following Proposition 10 by a similar argument as in
[25], except for the treatment of h(x,t). The reader is
referred to the Appendix for a detailed proof of these facts.

Proposition 10. Let Assumptions 6-8 be in force. Then, for
7, TeR(r<T) and (u,ul) € #, problem (1) has a unique
weak solution u with (u,u,) € C([r, T]; #) and

(1) for every t € [t, T, there exists C = Cy, 1 > 0 such that

(1) + ||Vu<t>||2+j IVu(s)|2ds<C, (17)

t

Bu(t) (o) +2] (VP = Guw)ar

=E(u(s), u,(s)), < s < t,

2 2
where  E(uguy) = ]I+ (| Vut|?) + 2 o Flutp)
(2, uz) 7 < R
(2) for every te(t,T], there exists K=Ky, ;>0 such
that

e (D) 172 + IV (D]

SK(“ <t_1,>z> (1 [ one.opaan.oe).
(19)




(3) the Lipschitz stability

1(z(6), 2 (D)7 < K| (2(7), 2(7) [ (20)

holds for z(t) = ul(t) — u?(t), where u', u? are two weak

solutions of problem (1) with initial data (ugT, uir),
||( 11" uz‘r)”%’ = R>i= 1’2

We define the solution operator U(t, 7): # — F asso-
ciated to problem (1) as

Vtz1,7€RR, (21)

U(t7) (thgs 1) = (u(t), uy (1)),

where u is the weak solution of problem (1) correspond-
ing to initial data (1%, u!) € . Then, we know from Propo-
sition 10 that U(t,7): # — Z is a continuous evolution
process. For convenience, we denote by &, (¢) = (u(t), u,(t))
for any function u(t). As (u(7), u, (7)) = (1%, ul), we also
denote (12, u!) by &,(7).

Lemma 11. Let Assumptions 6-8 be valid. Then, the process
U(-, -) defined in (21) has a pullback D-absorbing family
D ={D(t)},cg- Moreover, D(t) is bounded in ¢, =H}((2)
x HL(Q) for every t € R.

Proof. As usual, the argument below can be justified by con-
sidering Galerkin approximations. Using the multiplier u,
+nu in Equation (1), we have that

SWIEM)+KEM =0 t2m (2)
where
WI(EL()) = ]+ @(|Vu?) + 2(F(w). 1)
eIV 2] 2 (1 )

+ ¢y - | Vull” = oy = 0y |u])” = 2¢, - mes ©

11| Vul| = ljul]* 2 k|, (1) | - Cs
(23)

K(&, () = 2/[Vat||* = 2], + 2 [$ (|| Vel |*) |V
+ (f(u), )] = 2(h, u, +nu),

(24)
for # >0 which is small enough, x >0 is a positive con-
stant, and «, C; are independent of &,(¢).

Since Assumption 6 implies that there exists L; > 0 such
that

O(|[Vull) < o (|[Vul|*) [ Vae]* + Ls, (25)
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combining with (15), we have that
W(E, (1)) < (1+n)[ug]|* + @(|Vu]|*) +2(f (), )
+ol|ull + ]| Val® + [[ul] < 18, (8) |15 + ([ V]l
+2(f(u), u) <r €, (D)3 + (| Vull*) + Cslullffa + Cn

(26)
K&, (1) 2 | Vae|[* + (A = 20) [ ]|* + (21 = &) (|[Vu]|*) |V
+& (0@ ([|Vull*) = Ls) +201(f (1), ) = &y |* = O |

-2
(27)
Then, we can find 77 > 0, & > 0, § > 0 small enough such that

K(&,(1)) = SWI(E,(6) = [[Vu|* + (A =27 = (1 +17) = 8) || |*
+ (21 =) (|| Vul*) | Vu|* + 0, (|| V| *)
=Ly +2(1 = 8)(f (u), u) - ¢,8]u||* - 8@ (| Vu|*)

[ Val = (7 + n) - 5 I )= [V
+(20-6) (8, [Vul? - cody) + (68, ~ 8) (V)
~ 209Ul -89l ~8(ey 17+ 1) [P - S
= Caz [Vu|* = C(L+ || 1))
(28)

By (22) and (28), we get that

% W&, () + W&, (1)) + ||V < C(1+ || (- 1)]).

(29)

According to the Gronwall inequality, we have

WI(E, (1) € WI(E, (£))e 6 + C(l [ s>||2ds)‘
(30)

Then, (23), (26), and Hy(Q)°L?*!(Q) yield that

e = 4 (WiE(e >>e*5<’*f>+c<1+J"nh<~,s>|\2ds))
< (B2l + Lo(17al) + Eulfh + e
ec(1e [ e olPe) < c(jg ol +o(vul
e e (e [ e P
sc(amy ro (Il + (18 @I) " e
ec(1e [ e olre) oI ) o
+c<1+Ji\|h(.,s)\|2ds>,
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where Q(x) = C(x +®(x) +x?*12) >0 is a monotone
positive function on R*. Let

Dy(t) = {§ € 7 | || < R(t) }, with R(1)

(32)
=20(1H A} coogar) ) tER

Obviously, D, = {D,(t) },g is a pullback absorbing family
of the process U(t,7) in . Moreover, for every t € R, there
exists a T, > 0 such that

U(t,t = 7)Dy(t — 1) CDy(t),
U(t-1,t—71)Dy(t—1)CDy(t - 1), forr>T,.

(33)

- x
Let D(t) = Urth U(t,tT)D,(tt) . By a standard proce-
dure (see, e.g, Theorem 3.1 of [34]), we know that @ =
{D(t)},cr is a pullback absorbing family. Moreover, D(t) is

bounded in 5, for every t € R, and there exists a T, > 0 such
that U(t,t —7)D(t —7) c D(t) for > T,. O

For simplicity, we assume that « >0 and L; =L, =1 in
the following.

Theorem 12. Let Assumptions 6-8 be in force. Then, the pro-
cess U(:, - ) possesses a pullback attractor of = {A(t)},r as
shown in (4). Moreover, A(t) is bounded in J, for every t
€eR

Proof. According to Lemma 4, Theorem 5, Lemma 11, and
the continuity of U(¢,7): # — Z, it suffices to show that
U(t,7) satisfies the condition (Z-PC). Let {ej};’jl be an

orthonormal basis and {Aj};fl be the corresponding eigen-

values of L?(0) which consists of eigenvectors of —4, i.e., —
Aej=Aje, je€N. Let V, x W, =span{e;,--e,} x span{e;,
e} in # and P, =(P. P2): # — V,xW, be an
orthogonal projector. Denote Q,, =1 —P,,, u=P u+ Q) u=
u' +u?, and & () = (u(t), u, (1)) = U(t, 1) (12 ul) with (1,
ul)eD(1), t>1.

Let ¢ > 0 and ¢, € R be given. Without loss of generality,
we assume € < 1/4.

For every 7> 1 and every (u} ., u, ) € D(t, — ), let

(1) (1) =€ (1) = Ut ty = 7) () o} ) € Uty =)
-D(ty—1) CU(t, ty — 1)Dy(t, — 7).
(34)

Denote Z(t) = (1/2)(|u,||* + ||u]* + ||Vu|]®). It is easy to
see that

1 -T
(1 + )T) €5 (- T+ 1),
1

(1+ De(le el < o9

+ c(1+r:1 |h(-s) ||2ds> ) .

Since £ (t, —7) = (U __,ul )€ D(ty—1) c Dy(t, - 1),

ty =T
we find
€077 (ty — 7)||,, <R(ty—T) <R(ty), Vr=0.  (36)
Thus,

Z(ty-t+1)< (1 + Ail) <Q(R2(t0))e’5 + C(”JLW" 5)H2d5>)

1
2
Cs(ty), V=1,

1>

(37)

where C(t,) is independent of 7. Then, there exists 7, > 1
such that

2
Z(ty — (1 - 1))e 2" D) ¢ % (38)

On the other hand, for every (u7 _, ,u; . )€D(t;~1,),
using (16) and (18), we get that

Vu(t)|* + [[Vat, (£)]|* + [ty () [+ < Ko

fort e[ty — 1+ 1, 8],

(39)

where  (u(t), u,(t)) = U(t, to — 7o) (u) _, 1y, ). Using
H{(Q)’LY(Q) 2<q<p*=2n/(n-2)), one can find M >1,
L, < t, (without loss of generality, we assume L, < 0), such that
for every t € [t, — 7o + 1, £,

o+ (|| ) (] meopas)

L, &2
<M,J [h(-, s)||ds < T
(40)

By the Sobolev embedding theorem, we know that the
embedding Hy(Q)°L*(Q) is compact. Then, the boundedness
O {u(t), (1)} sy 0 HYD) x HY(Q) implies that
{u(t), u,(t)}es,—r 414, 1 compact in L*(Q) x L*(Q). There-
fore, for &, =&*"*/AM(1 + \/t, — L,), there exists m, € Z,,
such that for every ¢ € [t, — 7, + 1, £,),

10201 (1) [ 22 <0 (41)

2
<[l el < el e < Gl < 3,

2
H” ‘ =

(42)



where u=P, u+(I-P, Ju2u' +u’, u =P, u,+ (I~
P2 )u 2 up +uf,and 1/(p+1)=0/2+ (1-0)/p*. n

Now, we will consider two situations. Without loss of
generality, we assume 0 <& < 1/3.

Case 1. For every (u) . ,u; . ) € D(t, - ), the inequality
[Vu(t)|| > e (43)
holds for any t € [t, — 7, + 1, t,], where (u, u,)(t) = E2770(¢).

Multiplying (1) by u?, we have that

d 2112 2 212

() 3196 ) - g(1ouc ) 9]
< Huf”z + (f(u),uz) + (h(-, t),uz).

Let Y() (2,u?) + (1/2) V2|, Since ¢(||Vull*) 2

min {||Vu||*%, 1} = min {£% 1} = £ in this case, the above
inequality implies that

(44)

%Y(t)+282“Y(t)§282“(ut, )+H”tH + (f(u), u?)

+ (B w?) <26 a2 + [ |
@)l [[#]] o + 1RGO - [|7]] = WE ).
(45)
By Gronwall’s inequality, we obtain that
t
Y()<Y(t— (1)) (D 4 e-zfz“fj S SWE(5)ds.
t—(1-1)
(46)
Since
Y(ty-1+1)<Z(t, -7+ 1) < Cs(ty), (47)
(37) yields that
20 82
Y(ty— (1o - 1))e > (07 < 3 (48)
Combining (45), we have
o 2a
Y(ty) <Y(ty -1+ l)e’zeza(fﬂ’l) + e’ZEZRtDJ €2 SWE(s)ds
ty—Tp+1

ot
< 5 + e’zgzat"J ' e2€2“52€% (82“ + 1)ds
ty—Tp+1
)
+e—252wt0J eZSZaS. ||h(,S)H ) HMZ(S)”dS
th=Ty

& LN 5 e [ 2% 2
st g)ate” e e [[h (s 5)| - [[u? (5) ]| ds.
Jty-Tptl

(49)
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If L, <ty — 7, + 1, by the Hélder inequality, we have that

1,
Il:e_zszatujﬂ eZsZaS.”h(')S)H . HMZ(S)HdS
ty—To+1 (50)

2
s 2a &
<e . e tﬂel-\/tO—LO-M<Z.

On the other hand, if L, > t, — 7, + 1, we get that
LO

ty—Tot+1

« fo ) 2 1
I, < o260 J o210 Hh(" S)H g ds+ 7J
Ly 2
.e2€2“5(||u2(s)|\2+ (s ) g
T M4 & s e
I

The above inequalities guarantee that Y (t,) < 9¢%/8. And
because

(51)

(1) = ((t0) (1)) + 5 |V (o) szluwaowz
[l )| = 5 [Vt - e
(52)
we get that

Ve (1) | <2(Y (to) + 1) <2<9% + %) <4e?,  (53)

ie., |Vl (t,)| < 2e.

Case 2. There exist (u; . ,u; _. ) € D(t,
7, + 1, ty] such that

—-1,) and t, € [t, -

IVu(t)| < e with (, u,)(£) = &7 (1). (54)

In this case, we claim that the following inequality is
true, ie., for every t; <t <t,
2 2_ Al

|[Vu?(t)]| <2¢, foru?= Q,, u- (55)

In fact, if this claim is not true, the continuity of ||V
u?(t)|| gives that

E={t|te[t,ty),

(t)]| =2¢}, (56)
is not an empty set. Let t; =inf E. It is easy to prove that
|[Vu?(t;)|| = 2e. Moreover, by the definition of ¢;, we have
that

Vi (t)|| <26, Vte[t,ts). (57)

According to the intermediate value theorem, we know
that the set
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E1={t|te(t1,t3),

Vuz(t)H =

e}, (58)

is not empty. Denoting ¢, = sup E,, we can conclude from
the definition of supremum that

3
HVuZ(tZ)H = e (59)
Thus,

%s < ||V (1) || < 3eVt € (1, 1),

VuZ(tz)H 50)

3 2
=56 Vu (t3)H =2¢.
Notice that ||Vu| > ||Vu?|| and ||Vi?|| <1 for t € [t,, t5);

we have that ¢(||Vu|?) > ||Vu?|**. Then, integrating (43)
on (t,, t;), we have that

(2 01200) + 3190 F) = ((2021200) + 39 P
+ J:jqﬁ(HVu(s)Hz) Va2 (5)|*ds

<

A (Il (921 + (51 12(5)) + (). 1(5)) ) s

v b

It implies that

|2+2ads < ||Vuz(l‘2)||2

vi(s,)|? +zjj|\w2(s)|
_2(”f(t3)’”2(t3)) +2(u,2(t2),u2(t2)) (62)

+ 2JZ (2 [+ (f (), 12(5)) + (B 5),8(5)) ) ds.
Combing (40), (41), and (59),we get

|}Vu2(t3)}|2+2(§£> (ts - ) < ||V (ts)|°

22 s < || Vi () ||* + 2] (1) |

o2 v
[l @)l + 2l @) -l )]

+2J:3 (Huf(s)HZ + (f(u) ) + (h(‘,S),uz))ds

ds

1+

3\? g
< (§s> + 45% +2£f(t3 —t)+ ZJ Hf(u)HL(,,m/plIHuz
t2

2

12
ty 3
+2, (j 8 s>||2ds> N (2) +4e2
[2
ty &2 3\2
+2e3(t - 1) +2j M- Mlds+2£1M«/t3 -1, < <Eg>
tZ

9
+4el +4ej(ts—t,) + e M(t; —t)) +e M < ZSZ +
4+4a 2+2a 2+2a

€ € € 11 1
n (s =) + 1 (s =) + 1 7 2 et

+

Thus, ||Vu?(t;)||” < (11/4)?, which is in contradiction
with (59), and condition (2-PC) holds. This completes
the proof.

Appendix
A. Proof of Proposition 10

We prove the well-posedness of Problem (1) using the same
method as in [25].

Step 1. We start with the case when u? € H*(Q) n Hj(Q2) and

assume that ||(u, ul)||,, <R with some R> 0. We seek for
the approximate solutions of the form

M= Y glee N=12,-- (A1)
k=1

satistying the finite-dimensional projections of (1). More-
over, we have that

[N (@) (1) |5 < Co

A2
H(uN(T) —ul,u) (1) —ui)H%—»O,asN—>oo. (42)

We omit the superscript N in the sequel. Now, we use
the multiplier u,(¢) and get that

o 3 1P+ @19 + Fuo)] + 190 = (0 (9) =0

2
(A3)
Similarly, multiplying (1) by u, we have that
4w u )+ 3 IVl = - S([[Vull”) [Vul
dt Y2 ' (A4)
= (f(u)u) + ().
Let
1
E(ug, uy) = 5 (|| [|* + @ (|| Vio|*)) + F(to),
(A5)

1
W(ug, uy) = E(ug, uy) +1 (uo,u1)+5\|Vu0||2 .

From (A3) and (A4),

Ly u(e), u (6)) + Vs - (1)

dt
=1l = (UIVull”) [Veel|* = (f (), w) + (B, 1))
(A6)

Using (14), (24), and |(h,u,(t)) | <A, 2)|u,||* + 1727,
|h(, £)||*, we find that



& Wu(0) (1) +

+10, ||”||2 +¢|[h(s

1
S 1V < | = 70, @(|73)
DI+ ¢,

(A7)

where ¢, ¢, is independent of ¢. Obviously,

1 .
Wty 1) < ||| + S @(|[Vio*) + ][ Vi[> (A8)

By (13) and (14), there exists 7, >,d, >0, for any #
€ (0,7p)s

1
Wit ) 2 (——n)mn b 200 [V~ 2 P

= 11lluo|? _—HV”o” —G 2 —Hulll
+8, | Va2 - &,

(A9)
Combing (A8) and the above inequalities, we have that
d

L wru(), 1) +
+Gy||h(, t)Hz +GCs.

IVl G, w(0)

Therefore, using Gronwall’s inequality, we obtain
_ T
W (u(t), u,(1)) SCR,T+C26C‘TJ k(> 5)|PPds = Cry, V€ [T, T),
(A11)
which means that
1(u(t), u, (1))l < Crr>

T
| iwaoipars cy
T

Vte[r, T),
(A12)

Now, multiplying (1) by —Au, we have

%[‘WW) ' %llAullﬂ + 9(|[Vu(e) ) | 4u*
(£ VR < V(01 + SO+ 5 4wl

(A13)

Since H{(Q)'LP*'(Q2) when n>3 and H{(Q)'L1(Q) for
any g >1 when n=2, Hy(Q)'L®(Q) when n=1, we easily
obtain that
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|(f’(u), |Vu|2)|sCJ (1+ [uf’™)|Vufdx < C|| Vu?
(0]
+ Cllullpe - [Vull3,, < C||Vul?
+ || Vul P71 [ Au|? < C(1+ || Au?).
(A14)

It follows that

d 1 1
| ) + EnAunz] < [V, (8) + 5 G O] + €A + Co

(A15)
for every t € [r, T]. Let
W(t)=E(u(t), u,(t)) +s[—(ut, Au) + %HAqu e>0.
(Al6)
We can choose g, >0, such that
V(1) 2 Cpre(|lu||” + || Au|?) -C, VO<e<g. (Al7)

Thus, combing (A3), (A12), and (A15), we have that

d
E‘P(t) < Cy[|Aul* + Cyl|h( £)[|* + C5 < C ¥ (£) + C, || (- 1) || + Cs.
(A18)
This implies that
(| Au(t)|]* < Cpr(1+ || Au(T)|]?), te[rT]. (A19)

The above a priori estimates show that (uV,ul) is

bounded in

L® (7, T3 H*(Q) N Hy(Q)) x [L®(0, T; L*(Q)) N L* (7, T5 Hy(Q))],

(A20)

for every T >t. Moreover, using the equation for uM(t),
we can show f ||u”|\_mdts Cyr for some m >max {1, n/
2}. Thus, there exists a subsequence, stilled denoted u",

and u, such that
WY —u, in C(T,T H! (Q))

W — oy, inL® (T, T;H*(Q )weak star,

uf —u, inL*(r,T;L7(Q))nC(r, T; H'(Q)),
uy —u, inL?(7, T;Hy(Q)) weak,

(A21)

as N — 0o. Moreover, by the Lions lemma (see
Lemma 1.3 in [37]) we have that
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F(u(x 1)) — f(u(x. 1), inL*([r, T] x ©2) weak,
(A22)

as N — oo. Then, making a limit transition in the non-
linear term, we prove the existence of a weak solution
under the additional condition u? € H*(Q) N H}(£2). One
can see that this solution u satisfies (14) and (15).

Step 2. Now, let u!(¢) and u?(t) be weak solutions to (1) with
different initial data (u}, u}) € # such that

| (& (£), i (1)) ], +J [Vu,(t)||°dt < Cp,  Vte[r, T],

(A23)

for some R>0. Notice that we do not assume u} €
H?(Q) here. Since ¢ € C', we conclude from (60) that

[(IValP) | o' (IVul) | <M te[m 1] (A24)

We can see that z(t) = u!(t) — u?(t) solves the equation

2= A2, 3 $ua(1)z 3 [,(1) ~ (0] (A’ + Au?)
1) ~£ () =0,
(A25)

where ¢y, (t) = ¢, (1) + $,(r) with ¢,(t) = ¢(|Va' (1)]°).
By the definition of a weak solution, we can multiply
(A25) by z in L*(Q) and reduce that

d 1 1
@0+ S17E| = e+ S0l

(f() - F(2),2) + %[gbl(t) — y(6)) (Vi +Vu2,92) =0,
(A26)

Using Hy(Q)—L1(Q) for every 1<g<+0co when n=
1,2 and H}(Q)—L*"("2(Q) when n >3, we have that

Wb - Fi2 ; < " p-1 2 p-1 24y
() ~F) 2= (1l s ) e
< CellvalP
(A27)

Therefore, combining with
1
1,0 =901 =1| ¢' (V|7 ()] + (1 2) [0 )ar

. (V(u1 + uz),Vz)I <C||Vz||,
(A28)

9
we can conclude that
d 1 2 2 2
el @z + IV | <l + Callval?. (a29)

Now consider the multiplier z,. Since z € L®(z, T; H}
(Q)), z, € L*(7, T; H)(Q)), and z, € L*(r, T; H}(Q)), we
can multiply (A26) by z, and obtain

1d 2 2 1 1 2
s A"+ VAl + 5 ¢0(0)(Vavz) + (F () - (), 2,)
80 - S (0) (A + ), 2) =0.

(A30)
Similar to (A29), we can get
d 2 2 1 2
E”Zt” +2(|Vzy|| +2(f(u ) _f(” )’Zt) < C||Vz|| - [|[Vz, |-
(A31)
Similar to (A27), we have
(F(') - £(2),2)l < CRllVa - [ V2. (A32)

Therefore, we can conclude from Young’s inequality
that

Jzl* + [1V2,]1” < C(IV2])” + [IVzi]|*).- (A33)

d
7!
Let

K=l e e 2) e 5 IVE] (a30)

for £>0 small enough. Then, there exists a positive
constants C; such that

CulllzlP + IV2I?) < T(1) < G (2P + IV2]P).  (A35)
From (A29) and (A33), we have the estimation

d 2

EF(t) +||Vz,||” < C I (1). (A36)

Using Gronwall’s inequality, we get that

lz.()1* + [[V2()|* + J 1V2,(s)||*ds < Crr ([l2.(7)1* + || V2(7)1*)
(A37)

for all t€[r, T], which implies the desired conclusion
in (20). By this inequality, we can prove the existence of
weak solutions for initial data (12, ul) € #. Indeed, we

Tl

can choose a sequence {(u%",ul")} € (H*(Q) N H}(Q)) x

T

L*(Q) such that (u%",ul") — (49, ul) in #. Owing to
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(20), the corresponding solutions (u"(t),ul'(t)) converge
to functions (u,u,) in L®(r, T; #). From the bounded-
ness for {u"} in L*(7, T'; Hy(£2)) we also have weak con-
vergence of {u’'} to u, in the space L*(z, T'; Hy(Q2)). This
implies that u(t) is a weak solution of Problem (1). By
(19), this solution is unique.

Step 3. For the proof of smoothness properties stated in (18),
we use the same method as [18, 38]. As usual, the argument
below can be justified by considering Galerkin approxima-
tions. Set v=u, and differentiate (1) with respect to time.
This yields

vy — v, — ¢ (|| V) Av = 2¢" (|| Vu||*) Au(Vi,Vui,) + ' (u)v = .
(A38)

Multiplying the above equation by v, we obtain that
L)+ 19| + oIVl 9912 + (£ ()
e[ 2 ’

< [[vell® + Crl (Vi V) [* + (B, v).
(A39)

This implies that

d 1
|+ SIVE| < I+ IR + 0P

(A40)

Multiplying the above equation by & 'v, with o =-A
and using Young’s inequality, we obtain that

d, _
1 v < Cr(I9 + R 0]). (Ad1)
Denote

Y(t)= ||v<zi’“2vt||2 +e {(v, V) + %||Vv||2] , (A42)

then we have that

ay ([l 2w+ VVI1) < Y(8) < ay ([~ 2, + | 99?).
(A43)

for some positive constants a; depending on €. Due to
(A40) and (A41), it is apparent that

dy(t 1 ~
T P < ColvIP + Cull () < G Y () + Collh (1) P

(Ad4)

Advances in Mathematical Physics
Multiplying (A44) by (s - 7)°, we get that

L -0v) + E L e <26- 076 ()

+Cy(s=1)°Y(5) + Cy(s = 1) ||y (5) |

It is easy to know

2(s=1)Y(s) <1+ (s—7)*Y3(s) <1+ (s—17)°

) , A46
oy (||, |+ 9P ) ¥ (9). (As6)

Since
o uy =y~ §(||Vul*)u -7 (f(u) =), (A47)

i |/~ v, || < Cg(1 + [|h(5)]]).  Using
|l %v,||” < C||l v, || - ||v,|| and Young’s inequality, we get

one can see that

(s-7)*

%((S—T)2Y<S)) iy
L+ [V |2) Y (5) + Col(s = 1) (RG> )P + ([ (5)1).-
(A48)

Iv()]1” < Cs(s - 7)*

By Gronwall’s inequality and (16), one can find

(t=1)*Y (1) < Crr (L4 () |* + [e(5)]F) - (A49)

This implies (18). The proof is completed.
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