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A deterministic mathematical model for the transmission and control of cointeraction of helminths and tuberculosis is presented,
to examine the impact of helminth on tuberculosis and the effect of control strategies. The equilibrium point is established, and the
effective reproduction number is computed. The disease-free equilibrium point is confirmed to be asymptotically stable whenever
the effective reproduction number is less than the unit. The analysis of the effective reproduction number indicates that an increase
in the helminth cases increases the tuberculosis cases, suggesting that the control of helminth infection has a positive impact on
controlling the dynamics of tuberculosis. The possibility of bifurcation is investigated using the Center Manifold Theorem.
Sensitivity analysis is performed to determine the effect of every parameter on the spread of the two diseases. The model is
extended to incorporate control measures, and Pontryagin’s Maximum Principle is applied to derive the necessary conditions
for optimal control. The optimal control problem is solved numerically by the iterative scheme by considering vaccination of
infants for Mtb, treatment of individuals with active tuberculosis, mass drug administration with regular antihelminthic drugs,
and sanitation control strategies. The results show that a combination of educational campaign, treatment of individuals with
active tuberculosis, mass drug administration, and sanitation is the most effective strategy to control helminth-Mtb coinfection.
Thus, to effectively control the helminth-Mtb coinfection, we suggest to public health stakeholders to apply intervention
strategies that are aimed at controlling helminth infection and the combination of vaccination of infants and treatment of
individuals with active tuberculosis.

1. Introduction

Soil-transmitted helminth infections are common infections
that affect poor communities of the world. The species that
infect people are the roundworm (Ascaris lumbricoides), the
whipworm (Trichuris trichiura), and the hookworm (Necator
americanus). These parasites reside in the intestine and
release eggs to contaminate the soil [1]. Approximately 1.5

billion people are infected with soil-transmitted helminths
worldwide which are widely distributed in tropical and sub-
tropical areas, with the greatest numbers occurring in sub-
Saharan Africa, America, China, and East Asia [1]. On the
other hand, tuberculosis (TB) is an infectious disease that is
caused by the bacillus Mycobacterium tuberculosis (Mtb).
Approximately 5-10% of the estimated 1.7 billion people
infected with Mtb develop active TB during their lifetime
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[2]. The study by Watts et al. [3] suggests that infection by
trichuriasis reduces the chance of latent tuberculosis (LTB)
or blunts tuberculin skin tests (TST). Moreover, coinfec-
tion of helminth and Mtb has been a public health issue
in developing countries [4]. The study by Dias et al. [5]
suggests that intestinal helminth infection has a harmful
effect to contain the Mtb infection and contributes to the
development of active TB for coinfected individuals. Fur-
thermore, coinfection with helminths increases the suscep-
tibility to Mtb [6].

The usefulness of mathematical modeling for under-
standing and assessing the dynamics of infectious diseases
cannot be underrated and has been used over the years to
investigate the optimal mechanisms for intervention strat-
egies in controlling the spread of infectious diseases. The
transmission and dynamics of Mtb with other diseases
have been studied by many researchers [7-9]. Bhunu
et al. [7] developed an HIV/AIDS and TB coinfection
model that considers the treatment of exposed and active
TB individuals and therapy for AIDS. They found that
the treatment of exposed and active forms of TB results
in stuck commencement of the AIDS stage of HIV infec-
tion. Fatmawati and Tasman [8] proposed an optimal con-
trol model for the transmission of TB-HIV coinfection.
They found that the best and effective strategy to lower
the TB-HIV infection is to apply a combination of anti-
TB and ARV treatment. Okosun [9] discussed the synergy
between malaria and schistosomiasis in the presence of
treatment. Their study revealed that an effective control
of malaria could be achieved if efficient treatment and pre-
vention of schistosomiasis are implemented. There is a
need for modeling coinfection of infectious diseases in
areas with neglected tropical diseases (NTD) which
include helminth infections, Mtb, and malaria to list a
few [10], due to their geographical overlap. To the best
of our understanding, no study has been carried out to
consider the helminth-Mtb coinfection with the use of
optimal control theory.

In this paper, our emphasis is to propose a compart-
mental system for the codynamics of helminths and Mtb
diseases and to explore the effect of helminths on Mtb
and vice versa. The model is extended to incorporate four
time-dependent controls, namely, educational campaign to
sensitize the parents to take their babies to the Bacille
Calmette-Guerin (BCG) vaccine clinic; treatment of indi-
viduals with active TB; treatment of individuals infected
with helminth parasites through mass drug administration
(MDA); and sanitation to lessen the ingestion rate of par-
asites from the polluted environment.

2. Materials and Methods

2.1. Model Formulation. The helminth-Mtb infection model
is formulated under the following model assumptions:

(i) The susceptible individuals cannot simultaneously
get infected by both diseases but rather get infected
with one disease and later by the other disease
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(ii) The population is homogeneously mixed

(iii) The incidence rate for helminth infection follows the
logistic model while Mtb is assumed to be fre-
quency-dependent

(iv) An individual gets helminth infection after sufficient
contact with the polluted environment

(v) Due to the fact that Mtb infection is more severe
than helminth infection, we assume that coinfected
individuals seek TB treatment rather than helminth
infection

(vi) The Bacille Calmette-Guerin (BCG) vaccine does
not confer a total immunity

The model is formulated by considering two populations,
namely, the human population and the parasite population
(M) that are present in the contaminated environment. The
human population is subdivided into nine classes, namely,
susceptible (S), the vaccinated against Mtb (V;), those
infected with Mtb but do not show clinical symptoms of TB
(Ep), those with active TB (I), TB-recovered individuals
(Ryp), those infected by helminths (Iy;), those who have
recovered from helminths (Ry), and those who are dually
infected by helminths and Mtb (Iyyr). Thus, the total
human population is given by N=S+ V +Ep+ I+ 1y
+Igr +Rr+ Ry +Ryp. The  susceptible  population
increases by recruitment through birth at the rate (1-1#)
bN and by those who lose their temporary immunity
against the helminths and Mtb at rates y, and y,, respec-
tively. The susceptible individuals get infected with Mtb
upon sufficient contact with an infectious individual with
the force of infection A= (B (I +0lyyr))/N, where B
is the transmission rate and o>1 is the modification
parameter for coinfected individuals that models infectivity
for susceptible individuals. The susceptible individuals also
get infected by helminths after ingestion of eggs/larvae or
skin penetration by infective larvae with the force of infec-
tion Ay = By M/(K + M), where f3; is the ingestion rate of
parasitic worms and K is the density of parasites in the
soil. The helminth-infected individuals increase due to sus-
ceptible individuals being infected with helminths, Mtb-
vaccinated individuals infected with helminths, and coin-
fected individuals who recover from Mtb at the rate 7,.
Furthermore, due to the fact that the BCG vaccine does
not grant total protection [11], then individuals exposed
to Mtb increase due to Mtb-vaccinated individuals losing
their protection against Mtb and getting infected at the
rate pAp, with p € (0,1) such that 1 —p is the efficacy of
the vaccine.

The chronic infection by helminths alters the chance
of getting infected and the progression of coinfecting par-
asites (virus or bacteria) [12]; as a result, individuals
infested with helminths are at higher risk of developing
tuberculosis [13]. Therefore, individuals coinfected with
helminth and Mtb are increased by helminth-infected
individuals being infected with Mtb at the force of infec-
tion gAp, where g>1 is the modification parameter that
models increased susceptibility to Mtb, and Mtb-exposed
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individuals getting infected by helminths at a force of
infection Ay. In addition, the number of individuals with
active TB increases as individuals progressed from the
exposed class at the ratekand coinfected individuals recov-
ered from helminth infection at the rater;and decreases
due to natural recovery at the rater,. The parasite popula-
tions in the environment increase as they are released by
the helminth-infected individuals at the rate & and coin-
fected individuals at the rate &, and are cleared from the
environment at a rate p,,. The description above is illus-
trated in Figure 1, and the governing system of nonlinear
differential equations is shown in model (1). The model
parameters are described in Table 1.

ds
i (1 =#)bN +y,Ry + y,Ry = (u+ Ap + Ay)S,

v
—p =MON = (e pAr Ay Vi,

dE
d_tT =ApS+ pA Vi + ARy — (p+ k+ Ay)Er,

dl
_tT =kEp + 1, Iyp — (4 + dp + 7, + Ay I

dl

d—f =MgS+ Ay Vg + ARy + Tolygr — (gAr + pu+ dyg + 7, + &) [y,
dlyr

ar Gl + Ay (Ep +1r) = (u+dyr + T + 75 + &) s

dR;

a Tly = (Ag +p+y,) Ry,

f =Ty — (M +p+y)Rys
dM
ar &ly + &Iy — pyM,
(1)
where

Ao = Br(It + olyr)
T N

>

_ BuM .
H™M+K°

We perform a qualitative analysis of model (1) using a
dimensionless version such that dimensionless variables
obtained by setting s=S/N, vy =V /N, ey =E;/N, iy =1}
IN, iy =Iy/N, igp=Iyp/N, rp=ReIN, ry=Ry/N, ryp=
Ry1/N, and m = M/K replace the original variables S, V-,
Er, Ity I, Igps Ry Ry, Ry, and M, respectively, in which
the rate of change of the population at time ¢ is given

by

dN
ar (b—p)N +dply — (dyy + &)y = (dyr + &) Igr- (3)

Upon differentiating dimensionless variables with respect
to time and using equation (3), system (1) becomes

3
ds x| oy
7= (=Mt yirg+yyrr = (b+ A+ Ay
= drpiy = (dy + &) )iy — (dur + &)iyr)s,
dvy £, a1+ . :
qub— (b+pAr + Ay —drip — (dy + &)y
= (dyr + &) i)V
der « )
= (dy +&)iy — (dur + & )igrer
di
%zkeTrrliHT— (b+dp + Af + 1, — drip
= (dy +&)ig — (dur + &)inr )iz,
‘Z—I:ZA;I(S+VT+TT) + Tyigr — (b+dy + 7, + &, + gAr
—dryiy — (dyg + &))ig — (dur + &) inr) i
%: gArig + A (er +ip) — (b+ 1, + T, + & +dyr
= dpiy — (dy + & )iy = (dur + &)igr) i
dr . . . .
d—tT: Tyip = (b+y, + Ay — dpip — (dy + & )iy
= (dyr + &)iygr)rrs
dry . . : .
T (b+y, + Ay —dyip — (dy +€))iy
= (dyr + &) i) >
dm

- &lg T &lgr — Uy,

(4)

subject to condition s + vy + e + i + iy + igp + rp+ g =1

2.2. Disease-Free Equilibrium (DFE). The DFE point of sys-
tem (4) is obtained by setting the right-hand sides of the
equations to zero with e; =0, iy =0, iy =0, iyr =0, r =0,
ry =0, ryr =0, and m =0 to obtain the DFE &, =(1-1#,7,
0,0,0,0,0,0,0,0).

2.3. Effective Reproduction Number. The principles of the
next-generation matrix [22] are used to obtain the effective
reproduction number.

_ Brk(L+n(p-1))
P = (bik)(b+dT+rz)’ (5)

By€

py(b+dy+e +1))°

Ry = (6)

corresponding to the reproduction numbers for the Mtb
and helminth infection transmission models obtained from
the positive eigenvalues of the next-generation matrix,
respectively.
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F1GURE 1: Compartmental diagram for the helminth and Mycobacterium tuberculosis coinfection. The dotted lines indicate the interaction of
individuals with the polluted environment

2.4. Local Stability of the Disease-Free Equilibrium

Theorem 1. The disease-free equilibrium point is locally asymptot-
ically stable if Ry < 1 and unstable if either R > 1 or Ry > 1

Proof. We first obtain the Jacobian matrix at the disease-free

equilibrium &, in order to prove this theorem. The Jacobian
matrix is given by

-b 0 0 lo -1 b 2 1 Bus
0 -b 0 (PBy —dr)vrg —ls - 0 0 Buvro
0 0 —(btk) Br(so+pvrg) 0 Pro(sog+pry) 0 0 0
0 0 k -1 0 7 0 0 0
0 0 0 0 -l 7, 0 0 By
Ja = 0 0 0 0 0 -1, 0 0 0
0 0 0 T, 0 0 -l 0 0
0 0 0 0 7 0 0 -y 0
0 0 0 0 £ & 0 0 —Hy

where

(dr = Br)so,
(dy +€1)505
(G
=(
(pofr -

(dur +&))sp>

dy + &)V

(dur + &) Vros

b+dp+1,),

b+dy+1)),

b+y,),
b+y,).

(

(

(b+1,+7,+& +dyr),
(

(

Now, the characteristic polynomial of the Jacobian

matrix J is given by
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TaBLE 1: Description of the model parameters.

Parameters Definition Estimated value Reference
b Natural birth rate 1/18250 day ™! [14]
Br Transmission rate for Mtb 0.42 day™! [15]
u Natural death rate 1/(60 x 365) day ™' [16]
Y1 Loss of temporary immunity for helminth-recovered individuals 1/70 day™

Assumed
By Ingestion rate of parasitic worms 1 parasite day Assumed
p Vaccine wane rate 0.7 dimensionless [17]
T Natural recovery rate for helminth-infected individuals 1/28 day™ (18]
dy Helminth disease-induced death rate 35/1000 day ! [14]
123 Loss of temporary immunity for Mtb-recovered individuals 0.3day! (19]
7, Natural recovery rate for Mtb-infected individuals 0.2/365 day™" [20]
dr Mitb disease-induced death rate 0.08 day [17]
dyr Helminth-Mtb disease-induced death rate 0.08 day ™

Assumed
k Progression to active TB 0.00013/365day ™" [21]
U Clearance rate of parasitic worms 13/37500 day'1 [14]
£ Shading rate for helminth-infected individuals 0.09 day™ (18]
K Number of parasites in the environment 10° parasites [18]
& Shading rate for coinfected individuals 0.1day™! Assumed
g Modification parameter 1.12 dimensionless Assumed
o Modification parameter 1.5 dimensionless Assumed

PA)=(b+2) (b+y, +A)(b+y,+2)
(b+dyr+ T+ T+ A+ E)
(A +(2b+k+dp+1,)A+ (b+k) 9)
S(b+dp+ 1)1 - Re]) (A + (b+dy +¢,
+ Uy +T)A+ py(b+dy +e + 1)) [1 - Ry)).

Clearly, from equation (9), the eigenvalues of Ji are as
follows: A, , =-b<0, A, ==(b+y,)<0, A;=—(b+y,) <0,
A =—(b+dyr+1,+71,+¢,) <0, and

(M +@2b+k+dp+1)A+ (b+k)(b+dp+7,)[1 - Ry))
c (R (bt dy + &+ py +T) A+ py
(b+dy+e +1)[1-Ry])=0.

(10)

Applying Routh-Hurwitz conditions [23] on equation
(10), it has strictly negative real roots if Z <1 and % < 1.

Thus, the DFE point &, is locally asymptotically stable when-
ever Byr < 1 and unstable if either % > 1 or By > 1.

2.5. Global Stability of the Disease-Free Equilibrium. We
investigate the global asymptotic stability of the disease-free
equilibrium of model (9) by using the theory applied by Cha-
vez et al. [24]. System (9) is written as

dx

- =FXY),

. (11)
— =G(X.1),G(X,0)=0,

where X = (s, vy, 1, 17;) € R? represents the number of unin-
fected individuals and Y = (ey, iy, iyy, iy, m) € R represents
the number of infected individuals including the latent and
infectious individuals.

The DFE is given by &, = (X;,0), where X; = (1 -#,7).
The conditions in equation (12) must be satisfied to guaran-
tee local asymptotic stability:



dax
i F(X*,0), X" isglobally asmptotically stable (g.a.s),

G(X,Y)=BY - G(X,Y), whereG(X,Y)>0for(X,Y)€Z,

(12)

and B=D,G(X*,0) is M-matrix (that is, the off-diagonal
elements of matrix B are nonnegative); and X is the region
where the model makes biological sense. If the equations
in (4) satisfy the conditions in (12), then the following
theorem holds.

Theorem 2. The fixed point &, is a globally asymptotically
stable equilibrium of system (4) given that Ry < 1 and that
the conditions in (12) are fulfilled.

—(b+k)  Br(so+pymo)
k —(b+dr+1,)
0 0
B=
0 0
0 0

where x, =(1+n(p-1)), x,=dy+&, X;=dyr+es; and
I'=b+71, +71,+¢, +dyr. From equation (14), we observe
that G,(X,Y) <0 implying that the second condition in
(12) is not fulfilled, so &, may not be globally asymptotically
stable. This suggests the existence of multiple equilibria.

2.6. The Effect of Helminth Infection on Mtb and Vice Versa.
We analyze the effect of helminth infection on Mtb infection
and vice versa, by first expressing %y in terms of %. We
solve for b from the expression of % in equation (5) to get

) 0, %1 + /0, R + 0, R

(15)

ARy

* * . . .
> = Apry + Afer — dryiver = Xyiner = Xsiurer
Ai—d 2 . ..
it ~ Grir — Xolutr — Xstarir

* . P 2 PR
> + ghriy — dririy = X,ih — Xaiarin

G, (X, Y) Xﬂ?(l— s+ pvr
G,(X,Y) '
G3(X,Y) = S+ v+
~ = _ TV T
(X, Y) ﬁHm<1 l+m
Gy(X, ¥)

% . * . .. .. 2
—gM iy — Ay (ep +ir) — driviyr = Xyiuinr — Xsinr

05 By Ry
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Proof. System (4) as written in equation (12) can be rewritten
in a reduced form:

(1-n)b—bs
dx
dt

= nb — by, (13)

Y=0
0

Solving equation one in (13) gives s(t)=(1-7#)+
(so—(1—n))e® implying that s(t) — 1 -7 as t — oo.
Similarly, solving equation two in (13) gives v (t) =#+
(vpo —n)e™® implying that vy (t) — # as t — 0. There-
fore, the first condition in (12) is satisfied.

Let

° (14)
0 Bro(so+pvro) O
0 T, 0
—(b+dy+1, +¢) 7, By
0 -r o |
& ) “Bum

where 0, =k +d; +1,, 0, = (k+dp +1,)° —4k(dy +1,), 6,

= 4Prk(L+n(p—1)).
Then, substituting b into the expression for &y, we get

Byt
yM(((—QlRT +/0,R% + 93RT) /2RT) +dyte + Tl) .
(16)

'%H:

Differentiating equation (16) partially with respect to
R gives

= 5
i/ Rr(0,Ry +05) (ZQT(dH +e +711) =0, R+ /R (0, R + 63))

(17)
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Now, whenever the right-hand side of equation (17) is
strictly positive, an increase in the Mtb incidence in the soci-
ety results in an increase in the incidence of helminth infec-
tion in the society.

If RHS of equation (17) is equal to zero, it means that Mtb
incidences have no influence on the spread of helminth infection.

Also, expressing b in terms of %y from the expression of
Ry in equation (6), we get

b= By — 0s Ry

, (18)
Ry

OR _ ke, Rypy BuPr(1+n(p—1)

[Ru(py(dr +k+71,) -

where 0g = p,,(dy +7,). Then, expressing Z; in terms of
Ry, we have

P Brk(1+n(p — )p Fh
U Byt + (k= 06) F) (Byey + (g (dy + 75) = 06) )
(19)

Differentiating % with respect to %y, we get

205) + 2fye ]

0%,

Whenever u,,(dr +k+1,) =20, then 0R/0Ry is
strictly positive. This indicates that helminth infection inci-
dence results in an increase in Mtb infection incidence in
the society. Thus, helminth infection enhances Mtb infection
in the society.

2.7. Existence of Backward Bifurcation. To determine the
local asymptotic stability of the endemic equilibrium, we
apply the Center Manifold Theorem developed by [25]. To
use the theory, we make the subsequent change of variables:
let x, =5, X, =vp, X3 =€, X, =iy, X5 =y, Xg = igp> X7 = I
Xg = Iy and x4 = m. Then, model system (4) is often written
within the following form:

(Z—f = F(x) = (f1(x): f2(0): f5(x), £330 f5(%): fs (2)s £7.(2): f (%), £5 (%))

(21)

W:ﬂ(x) =(1=n)b+y,x3+y,%; = (b+ Br(x, +0x)

—dpxy — (dy + &1)x5 — (dyr + &)%6) %,

dx, _ _ Bixo
W—fz(x)—’?b <b+P/3T(x4+‘7x6)+ T+,

—drxy — (dy + € )x5 — (dyr + 52)"6) X2»
dx Bux
= H0 =Byl rox) (5 + ) (b ke 2

—dpxy— (dy +&)xs — (dur + ez)xe)xss

where ], = (dy = Br)so, i = (dyg + 81250’ J, = (0 — (dur
+&))s0, J3=(dy +&)vrg J4=(pofr = (dur +€))vres J5

(R (kg = 06) + Pryey) (Ru(py(dr +73) = 06) + ﬁHsl)Z

. (20)

dx,

X
W=f4(x)=kx3+‘rlx6— <b+dT+‘rz+1ﬁf—x9 —drx,

= (dy + &)x5 = (dyr + 52)"6) X4

dxs Xg
=fi(x) = HEZ (x4 x, + X)) + Ty,
dt 5 1+x9 1 2 7 276

—(b+dy+1, +e +gPp(x,+0x4)
—dpxy — (dyg + &;)x5 — (dyr + &)%) %5,

dxg Buxo
—2=f (x)= X4 +0X: )X + X, + X
dt Jo(x) = gPr(x4 6)%s 1+x9( 3t Xy)

—(b+1, +1y+& +dyr —drxy

= (dy +&1)x5 = (dur + &)%6) X6

dx Brx
d—;:f7(x)272x4— <b+)’z+ 12;:9 —drx,

= (dy +&)xs — (dyr + 52)x6>x7>

dx
d_t8 =fs(x) =71x5 = (b+ 7y, + Pr (x4 + 0Xg)
—dpxy — (dy +&;)x5 = (dyr + &)%) X,

dx
d_;o =fo(X) = &1X5 + €,X6 — Py X10- (22)

So the Jacobian matrix of system (22) at the disease-free
equilibrium (&) is given by

=(b+dr+1,), Jo=(b+dy+1)), J,=(b+1,+17,+& +
dyr), Js=(b+y,), and Jo = (b+y,).
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0 Jo
b 0 (pBr = dr)vo
=(b+k)  Br(so+pVro)
I

Je

s
Il
o o o o o o o o
o o o o o o o
o o o o (=) =
o

Recall that Ry = max { Ry, By }. If we consider Ry
=1 (that is, Ry <R =1), let B =P} be a bifurcation
parameter. Then, #1 =1 gives

(b+k)(b+dr+1,)

k(1+n(p-1)) 24

ﬁT:ﬁ:lk":

The Jacobian Jg has a simple zero eigenvalue whose

related right eigenvectors are denoted by w=
(W, Wy, Wy, Wy, Ws, We, Wy, W, W) .where  w, = ((Jg(dyp —
Br)so + v,72)/bIg)wy + (a1 71 = T1 o = Brerso o) bty s)
ws, Wy = (((pPr = dr)veg)Ib)wy — ((py (dyg + &) + Py )1b
) Ws, ws = PBr(so + pvro)wy/ (b +k), wy=w, >0, ws =ws
>0, wg=0, w, = (1,wy)/ ] wg=(T,W5)/]y, and wy = (g,
Ws )/t

The left eigenvectors of ] associated with the simple eigen-
values are denoted by v=[v|,v,, Vs, Vy, Vs, Ve, V5, Vg, Vg}T,
where v, =v,=v,=v4=0, v;=kv/(b+k), vy=v,>0, vg
=v5 >0, vg=((kBro(sy+pvro) + 7, (b+k))/];(b+k))vy +
((Taptpg + &Py )T 70000 )Vs> and vg = (Byyvs)lpyy.

The coefficients a and b that decide the local dynamics of
the endemic equilibrium point are defined in equations (25)
and (26):

a= Z kaiwjvakx(gw ) (25)
k,j,i=1 ey
n aZf

b= VW, —2k_ (&, B2). 26
k’izzl k axiaﬁT( 0 T) ( )

From system (22), the nonzero partial derivatives of F
related to a at DFE are given by

-J,
-J,

0
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-],
~J,

Pro(so + pvo)

T
T
-7,
0
0

&

0x,0x,
o*f,
0x50%,
o*f,
0x¢0x,
*f,
0x,0x,
9*f,
0x50x,
0*f,
0x40x,
o’f,
0x40x,
0’f,
0x,0x;
*f,
0x50x;

o’f
0x40x;

o’f,
0x40x;

0’f,
0x,0x,

0’f,
0x40x,

0*f,
0x,0x,

7 —Bus

0 —Buvro

0 0

0 0

0

P ’ (23)

0 0

0 0

Jo 0

0 “Hum
=dr - P
=dy+ep,

*
=dy+e—0of

=dr - pPrs

=dy +e¢,

*
=dyr +& - 0pPr

= ﬁT’

=P

= pPr>
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o, = pof.
0x0x, T
o’f, y
0x,0xg T
0*f,
0x40xg =Pr
o’f,
= d 5
o2 T
o*f,
= d s
Oxs0x, o T
o*f,
=d R
Oxs0x, T &
o*f, g
0x40x, H
ofs
:d — *)
ax4ax5 T gﬁT
aZ
Wg =dy +eé,
0*f, x
Ixgoxs dyr + & — goPr,
0*f, y
dxy0x, O
0%f, y
0xg0x, ' 1
aZ
Grix, P
90%7
0*f,
:d 5
0x,0xs |
62
axsaj% =dy +& + goPi
aZ
ng =dyr + &,
0*f, .
0x,0x5 9Pr
0*f, y
0xg0x; ' 1
0*f, y
0xg0x, 1
aZ

ai:a;7 =d

ai:a;7 =duten
ai:a;7 =dur + &
ai:aics =P
ai:aics dig + &1,

Ofs

0x0xg

*
=dyr +& — 0P

Therefore, equation (25) becomes

a= ( Wy 4 W Ws >v
b(b+k)Js  bluyJsle(b+k) ’
+ (dTwi + (Bar(dy +&1) = Buey) w4w5> v,
U
(a2w4w5 a3w§ >v a,Ww,Ws v
blsiy,  blopiy (b +k) ¢

where

ag = bdrB1Js(So + pvro) + JspBrvre(b + k) (pPr — dr)

+ (Js(dr — Br)so + v272) 0 Br>
ay = Pr(so + pvro) 0T (ppy (A + &) = Byer)

(28)

+ Britg (b + k) (0To (¥ 71 = T1Ts = Breiso)s) — b1Jg)

= pBTIsJob(b + k) (pp (A + &) + P&y )s

a, = (dy - gﬂ;)blsﬂﬁxf + (Js(dr = Br)so + ¥272) €1 Bk

+ by Pty

as = b]9!"12v1(dH +&1) + Byuer (My V171 = T1Jo = Prersols)s
ay = (HpPr(b+k) + Br(sy + pyro)e By + Buei (b +k)).

(29)

To determine the sign of b, we find the subsequent non-

vanishing partial derivatives of F.
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TaBLE 2: Sensitivity indices for the reproduction number of Mtb
infection R .
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TaBLE 3: Sensitivity indices for the reproduction number of
helminth infection %y.

Parameter Description Sensitivity indices Parameter Description Sensitivity indices
Br Transmission rate for Mtb +1.0000 B Ingestion rate of parasitic +1
H
k Progression to active TB +0.9935 worms
o c Shading rate for helminth- +0.4402
n Rate of vaccination -0.5385 1 infected individuals E
Vaccine wane rate +0.5385 u Clearance rate of parasitic -1.0000
b Natural birth rate -0.9942 M worms .
dr Mtb disease-induced death rate -0.9691 b Natural birth rate -0.0003
Helminth disease-induced
7 NatuFal recovery rate for -0.0303 dyy et ot _02177
Mtb-infected individuals
Natural recovery rate for
1 helminth-infected individuals -0.2221
2
0x,0r v
2f From Tables 2 and 3, the most positive parameter
Fp 6,1/3* = =08y, indices are 3}, k, and f3;; while the most negative param-
evrT (30) eter indices are b, dr, and p,,. This implies that when

aZ
ax4z§;3; =So T PV10>

aZ
axéé(;ﬁ =0 (s + prro)-

Therefore, b= (BLk(sy + pveo) /(b + k) )w,v,.
Now, according to [25], the signs of a and b dictate the
local dynamics; thus, we have the following lemma.

Lemma 3. Suppose that b > 0. Then, we have the following:

(i) System (4) undergoes backward bifurcation if the coef-
ficient a is positive

(ii) System (4) will exhibit transcritical bifurcation if the
coefficient a is negative

3. Sensitivity Analysis

In this section, we perform a sensitivity analysis of the
effective reproduction number subject to each parameter
in order to determine the impact of every parameter on
the effective reproduction number. Therefore, we compute
the forward sensitivity index of the effective reproduction
number Ry with respect to the parameters using the
approach by Chitnis et al. [26]. Since %y =max { %y,
R}, then the sensitivity indices for & and % are com-
puted. The normalized forward sensitivity index of a vari-
able P with respect to parameter r is defined as

{¥ = (r/P)(3P/dr). For instance, the sensitivity index of
R with respect to f is given by C?;T = (Bp/Rr) (0K 1/
Br) =1, and other indices are evaluated using parameter

values in Table 1. The remaining indices are given in
Tables 2 and 3.

parametersf;,k, andfjare increased, and while the
remaining are kept constant, the endemicity of the disease
is increased, while when the parametery,,is increased, the
endemicity of disease is decreased. Increasing the natural
birth rate and Mtb mortality rate does not make biological
sense that the disease would be contained. Thus, we sug-
gest the application of optimal control to sensitive param-
eters such as f;, By, and p,, to study how effectively we
can contain the helminth-Mtb infection.

4. The Optimal Control Problem

In this section, the extension of model (1) is formed by
including four time-dependent controls so as to decide the
optimal strategy for controlling the two diseases. The con-
trols are defined as follows:

(i) Educational campaign u, () that sensitizes the par-
ents to vaccinate more infants. Therefore, the
recruitment for the Mtb-vaccinated individuals
changes to #N(1 + u,(¢)) meaning that when this
control is 100% implemented, then the number of
vaccinated babies doubles

(ii) Treatment o u,(t) of individuals with active TB,
where a, is the drug efficacy use for Mtb infection.
Therefore, the Mtb recovery rate changes to 7, +

uy(t)

(ili) Deworming at a rate a,u;(t) for the helminth-
infected individuals and coinfected individuals,
where a, is the drug efficacy use for helminth infec-
tion. Therefore, the helminth recovery rate changes
to T, + a,u,(t)

(iv) Sanitation and proper hygiene u, that reduces the
ingestion rate of parasites. Therefore, the force of
infection for the helminth infection is changed to
A= (1 —uy) ByM/(K + M)
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After incorporating the controls u, (t), u,(t), us(t), and
u,(t) in the Mtb-helminth infection model (4), then the opti-
mal control model becomes
ds
3 = (L=mbN 4y Ry +y,Ry = (A + (1= u)Ay)S,
av
TtT =nb(1+u )N = (u+ pAr + (1= uy)Agg) Vips
dE;
T ArS+ pAr Vo + ARy — (p+ k+ (1 = uy)Ay)Er,
dl;
G kEp + (7, + aquz) Iy = (p+ dp + 75 + (1 = uy)Ag) I = (7, + @y I,
dly 31
ar (1= ug)AgS+ (1= uy)Ay Ve + (1= uy)AgRy + Ty lyp = (gAr + p+ dy + &)y — (7, + aus) Iy, (31)
T GA Ty + (1 = ug) Ay (Br + Ir) = (p + dyr + Ty + &) Ty = (71 + o1i3) Ty
dR
anT = (ry o) Iy = (1= ) Ay + p + 7)) Ry
Ry
ar (11 + ot ) Iy = (A + i+ 1 )Ry
dM
I ely + &l — ppyM.

We employ Pontryagin’s Maximum Principle to
figure out the required conditions for the optimal
control of helminth-Mtb coinfection. The control set
U is Lebesgue measurable and is defined as U= {uy,
(1), uy(t), us(t), uy(t): O<uy(t) <1,0<t<t;}. Then, the
objective is to minimize individuals with active TB,
individuals infested with helminth parasites, and coin-
fected individuals while keeping the cost low. For this
problem, we consider the objective functional defined

by

tf 1 4
J= J {CIIT +Coly+ Gl + 5 Y wiuiz}dt, (32)

t i=1

where C,I;, C,Iy, are C;ly; are the costs related to
active tuberculosis individuals, individuals infected with
helminths, and coinfected individuals, respectively. The
expression (1/2)w;u? is related to the background costs
with relative cost weights w; for every control measure.
The quadratic cost is tailored as utilized in other models
with controls (see [16, 27]). The particular value of the
weights requires intensive data processing; hence, we elect
estimate values for theoretical purposes.

The aim is to minimize the objective functional ] as
defined in (32) subject to model (31). Therefore, we seek to
get the optimal controls u}, 13, 1}, and u} such that

* * * * .
J(uy, us,us,u, )= min
(uy>uys uz, uy) iyttt €U

J(uys s tis, 1), (33)

U = {(u;, uy, u3, u,) and therefore the controls su,,
Uy, Uy, are u, are measurablewith0 <u; <1,0<u, <1,0< u,4
<Land0<u, <lforte[tyts]}.

where

Theorem 4. Consider the control problem with the system
of equations in (31). There exist u* = (uj,u;,uj,u}) €U
such that

i Tt ) = (505, 05). (34)

The necessary conditions that an optimal solution
must satisfy are derived from Pontryagin’s Maximum
Principle [28]. The principle converts equations (31)
and (32) into the problem of minimizing the pointwise
Hamiltonian H, with reference to u,, u, u; and u,.
The Hamiltonian is given by
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1
H=C Iy +Cpy+ Cslyp + 3 (w147 +w,u5 + wyus5 +w,u3)

+A{(I=1)bN +y,Ry +y,Rp — (u+ Ap + (1 - uy)Ay)S}
+ AvT {nb(1+u)N = (pu+pAr+ (1 -uyAy)Ve}

+ AET{/\TS + AV + ApRy = (u+k+ (1 —-uy)Ay)Er
(u+dp+ (1-ugAy)ly
—u)Ay(S+ Vi +Ryp)

+Ap AkEp + (11 + oquz) p —
— (Tt oquy)Ip} + A A1
+ Tolyr = (M+ dy + &+ ghp) Iy — (1) + agus) Iy}
+ A A9 ATy + (1 - uy)Ay(Er + 1)

— (W +dyr + T+ &)y — (7 + auz) Iy}

+ Ap A (T2 +aguy) I — (A +p+y,)Re }
+ A (1) +aus)ly— (Ap+u+y)Ry}
+ Myle Iy + &lyr — pyM}.
(35)
where Ag Ay, Ap, A, A, A Ags Ag,, and Ay

are the costate variables or the adjoint variables. Now,
applying Pontryagin’s Maximum Principle [28], the prob-
lem has a solution following the results of the optimal
control problem in [29].

Theorem 5. Given the optimal controlu,, fori= 1,2, 3,4, and
the solutionsS,V 1, Ep,] .1y Iy, Ry, Ry, andM, and the state
systems (31) and (32) that minimize] (u,, u,, us, u4)overU
there exist adjoint variablesAg, Ay ,Ag A A1 A SAg AR,
and>,, satisfying
d\; OH
dt  ox, (36)

where x; =8, Vo, I, Ly, Iyp, Ry, Ry, M with  transversality
conditions  Ag(t;) =Ay (tp) =Ag (tp) =A; () =A; (tf) =
Ay, (tp) = Ag (tg) = Ag, (t7) = Ay (tf) = 0, and the subsequent
characterization holds on the interior of the control set U:

bNA
u] = max {O, min {1,—u}},
w

alr (A, —A
u; = max O)min {]’ M}})
w;
1

. { { Iy (A, = Ay, ) + @l (A
Uz = max , ”
3

/\ (S)\S+VT/1V +EpAg, +IpA;, ) }}

Wy

)

{ /\HAIH (S+Vr+Rp)+ /\HAIHT (Er +17)

Wy

0, min
0, min

(37)

Proof. Flemming and Rishel [23] provide the existence of an
optimal control model (31) and the costate variables (36)
due to the boundness of state equations and the Lipschitz
structure of the ordinary differential equations. Therefore,
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applying the necessary conditions from Pontryagin’s Max-
imum Principle, we obtain the following system for cost-
ate variables:

dAg Br(Iy + olyr)S
L e

+ Br(Iy +0lyr) Vy

(Ag, — As)

(P/\ET - )\VT) —nb(1+u;)Ay,

NZ

Bl b,y Bl o )
WZ—SIHT)IH (At = Ary)

N % (A= Ay, ) +pihs,

A;’T =—(1-n)bAs + W (PAg, — Av,)

; W (Ag, = Ag,) —nb(1+ 1)y,

. W (A~ A¢) + M (Av, = PAs,)
f’ﬁT(ITZI—;ﬂHT)IH (A, ~Ar,)

e R

dAg, Br(Ip +0lyr)S
= (= mbAs+ TTNizﬂT (Ag, - )
+ W (AET _)‘VT) _ ,117(1 + ”1)AVT
n Br(Iy +I\;72[HT)RH (Ag, ~Ag,) + gIBT(IT;\']fIHT)IH (A, ~Ar)
(1 —uy)BuM
dAIT Br(Ir +0lyr)S
pra -C, - (1-n)bAg+ TT (AET 7/15)
I+ +0lyp) V.
+ pﬁT(TN—ZHT)T (AET — AVT) —nb(1 + ul)lvl
+ Br(Ir +‘721HT)RH (e~ A ) + Br(SAs + Vidy, +IAg,)
N T H N
9B (It + olyr)ly (1 - uy)ByM
+ N2 (AIHT _A[H) + K+MH (AIT _AIHT)
o, + PPl ) A - A
+(ptdp)A, + N ( Ty IHT)+(72+“1“2)( I RH)’
d)‘IH Br(It +0lyr)S
a =Gy = (1= m)bAg + o N2 (Ag, = As)
I +0ol) V.
+ w (AET _,\VT) ~nb(1 + ”1)/\VT
Br(Ip +olyr)Ry 9Pr(Ir +olyr)
" : N2 (AET - /\RH) + - N (A]H - AIHT)
I+ olyp)l
+ 9P TNz HT)*H (AIHT - /\IH) + (1) + ayuy) (/\IH - /\RH)

+(ptdyte)d, +edy
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di I+ 0ly0)S
it — _Cy — (1-n)bAs + BT(TNizﬂT) (Ag, = As)

dt
I+ +0lyp) V.
+ M (AET _,\VT) - nb(1 +”1)’\VT

NZ
I +o0lyr)R o It +olyyr
+ﬂT( T = ) H(AET*/\RH)ﬁL 9B+ ( 11\] Hl)(Afuf/\Im)
Iy +0lyr)l
+ WBT(TNizHT)H (A, —Ar) + (11 + ous) (A, = Ay

H(ptdgr + 1t 8)A tedy — T

L Bro(SAs+pVrdy, + Rudw,)  oBy(S+pVy+Ry)

>

N N
dng =—(1-n)bAg + W (Ag, —As)
N W (Ag, = Ay.) —nb(1+u) Ay,
+ ’BT(IT+N$)RH (Ae, = Ary) + 72 (Ar, = As)
kg, + gﬁT(IT;,—fIHT)IH (At = s,
‘ % (M, = M)
d;‘fT = (1= )bAs+ W (e, = As)
o PPrlln ThanlVe g, n,,)
—nb(1+ u)Ay, + ﬁT(IT;—fIHT)R‘* (A, = Ar,)
91 (g, = As) + pihy, + gﬁT(ITZ,—fIHT)IH (Atyy = As,)

I 1
+ Bx( T;]U Hr) (A/\RH _AET)’
MJ: (1 - uy)ByMS (/\ _ ) (1
dt (K+M)? Ve 78 (K + M)?
(1= uy) ByMRy
+ (K4+ 1\;)2 (/\In - ART)
1-u ME 1-u MI
n ( 4)Bu . T (Alm _AET) + % (Alm _AIT>
(K+M) (K+M)
. (1= uy) By (SAs+ Vady +Epdp +1IpA; +Rpdg )
K+M
e (1= u)By((S+ Vp+Rp)Ay + (Ep+1Ip)Ay )
Hum K+M '

(38)

To get the controls, we solve the equations 0H/du; =0
at u for i=1,---,4 and obtained the following:

. nbNAy,
uy = o
o oIy (AIT /\RT)

2= >

w,

. mly (/11 /\RH) + oIy ()‘IHT - /\IT) (39)
uj = v, R
J e )LHAIH(S + Vi +Rp)+ AHAIHT(ET +1y)

v =

Wy

= A (SAs+ Vidy, + Exdp +1IpAp ).

13

Then, we write by standard control arguments involv-
ing the bounds on the controls as

0, if0<O, <1,

uy=10, if®, <0,
1, if®, =1,
0, if0<0,<1,
uy=|0, if®,<0,
1, if®,>1,
(40)
0, if0<O;<1,
u;=10, ifO©,<0,
1, ife,>1,
0, if0<O,<1,
uy=|0, if©,<0,
1, ife,>1,
where
nbNAy,
@ _ (XIIT(AIT _ART)
2 - -
w,
_ ol (A, —Ag,) + Ty (A, —Ar,) (41)
3= w >
4
6 /\H/\IH (S+Vy+Rp)+ ’\H’\Im (Er+1Iy)
4 =
wy

~ M (SAs + Vipdy, +Eghg +Iph, ).

5. Numerical Simulation

In this section, different optimal control strategies are used to
investigate numerically their effect on the spread of helminth
and Mtb coinfection. The state system (31), the adjoint sys-
tem (38), and therefore the characterization in equation
(37) are solved numerically using an iterative scheme so as
to attain the optimal control. Using the initial conditions
for the state system and the transversality conditions for the
adjoint system with the initial guess of the controls, we solve
the state system forward in time and the adjoint system back-
ward in time using the fourth-order Runge-Kutta scheme
with the current solutions of the state system. Then, the con-
trols are updated using a convex combination of the controls
and the values from characterization (37). The solution of the
state system and the adjoint system is repeated until the pres-
ent iteration is close to the previous iteration [30].

In numerical simulation, the weights are assumed to
depend on the cost of investment and importance of the con-
trols. For example, the cost associated with control u,
requires huge investment that includes clinical examination



14

of Mtb cases and procurement and transportation of the
drugs. The cost associated with control u, requires procure-
ment and transportation of antihelminthic drugs and moni-
toring of the distribution of drugs. We choose the weights
as C, = 5822, C,=0.89, C, = 5822.89, w, =20, w, =40, w,
=30, and w, = 10 and the initial state variables as S = 1500,
V. =2000, Ep =200, Iy =150, I;; =100, Iy =80, Ry =5,
Ry =5, and M =200. The efficacy parameters are a; =0.75
and «, = 0.8, and the remaining parameter values are given
in Table 1.

5.1. Control with Educational Campaign (u,) and Treatment
of Individuals with Active TB (u,). The educational campaign
control (u,) and treatment of individuals with active TB con-
trol (u,) are used to optimize the objective functional J while
the other controls (1) and (u,) related to helminths were set
to zero. We observed that in Figure 2(b) the number of indi-
viduals with active TB was controlled but starts to increase
again until the end of the intervention period. This may be
related to our previous analysis that helminth infection
enhances Mtb infection. In this strategy, helminth infection
is not controlled; Figures 2(c) and 2(d) indicate that there is
slight significance in the case with controls and without con-
trols for helminth-infected individuals and coinfected indi-
viduals, respectively. Figure 2(e) indicates that the parasite
population is not controlled with this strategy while
Figure 2(f) indicates that the educational campaign control
should be seized after 158 days while treatment of individuals
with active TB control should be kept maximum in the entire
period of intervention.

5.2. Control with Mass Drug Administration (u;) and
Sanitation (u,). The mass drug administration (MDA) con-
trol (u5) and sanitation control (u,) were used to optimize
the objective functional J. Again, we observe that
Figure 3(a) indicates the increase in vaccinated individuals.
Also, Figure 3(b) indicates that the number of people with
active TB increases rapidly and is eventually controlled after
55 days. An equivalent scenario is observed in Figures 3(c)
and 3(d) where the helminth-infected individuals and coin-
fected individuals were effectively controlled. Figure 3(e)
suggests that the parasite population is substantially con-
trolled at the end of the intervention period. This strategy
seems to be effective in controlling the two diseases from
the community. Figure 3(f) indicates that MDA and sanita-
tion controls should be kept maximum throughout the
intervention period.

5.3. Control with Educational Campaign (u,) and Sanitation
(uy). The educational campaign control (u;) and sanitation
control (u,) are employed to optimize the objective func-
tional J. This strategy has the same profiles as the strategy
with mass drug administration and sanitation controls but
takes a long time to control the two diseases. Figure 4(f) indi-
cates that the educational campaign must be stopped after 30
days whereas sanitation control must be kept maximum in
the entire period of intervention.

5.4. Control with Treatment of Individuals with Active TB
(u,) and MDA (u;). The treatment of individuals with

Computational and Mathematical Methods in Medicine

active TB control (u,) and MDA control (u;) are used
to optimize the objective functional J while the other con-
trols (u;) and (u,) are set to zero. Figure 5(a) indicates a
slight increase in vaccinated individuals compared to the
other strategies (Sections 5.1, 5.2, and 5.3). Figures 5(b)
and 5(d) indicate that the treatment of individuals with
active TB and coinfected individuals is effectively con-
trolled while Figure 5(c) indicates a decrease in the
helminth-infected individuals but a rise at the final inter-
vention period. This is due to the absence of preventive
measures in this strategy. Figure 5(f) indicates that both
controls should be kept maximum until the final interven-
tion period.

5.5. Control with Educational Campaign (u,), Treatment of
Mtb-Infected Individuals (u,), MDA (u;), and Sanitation
(uy). With this strategy, all four controls are employed
to optimize the objective functional J. We observed that
Figure 6(a) indicates that the number of vaccinated indi-
viduals increases more at the end of the intervention
period. Figures 6(b)-6(d) indicate that individuals with
active TB, helminth-infected individuals, and coinfected
individuals are all effectively and efficiently controlled at
the end of the intervention period. Figure 6(e) depicts that
the parasite population is decreased to a number that can-
not harm the human population. This strategy indicates
that optimal educational campaign, treatment of individ-
uals with active TB, MDA, and sanitation would effectively
control the helminth-Mtb infection at the end of the inter-
vention period. Figure 6(f) suggests that the educational
campaign should be stopped after 115 days whereas the
remaining controls should be maintained maximum for
the whole intervention period.

6. Discussions and Conclusions

In this paper, we described and formulated a deterministic
model for the transmission dynamics and control of
helminth-Mtb coinfection. The effective reproduction num-
ber was computed, and we explored the steadiness of the
disease-free equilibrium point. We again established the
existence of backward or forward bifurcation using the
Center Manifold Theorem. Then, we investigated the
impact the two diseases have on each other and found that
helminth infection cases increase Mtb infection cases. In
Section 4, we modified the helminth-Mtb model by incor-
porating four control measures: educational campaign to
sensitize the parents to take babies to the BCG vaccine
clinic, treatment of individuals with active TB, mass drug
administration for helminth and coinfected individuals,
and sanitation to reduce the intake rate of parasites. The opti-
mal control was analyzed using Pontryagin’s Maximum Prin-
ciple [28], by first finding the Hamiltonian, the costate
variables, the characterization of the controls, and the optimal-
ity system.

Then, we solved numerically the optimality system by
the iterative scheme using the Forward-Backward Sweep
Method (FBSM) with the combination of the following
control measures:
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FIGurk 2: Simulations of the helminth-Mtb coinfection model with the effect of educational campaign and treatment of Mtb-infected
individuals.

(i) By applying a combination of educational campaign

(iii) By applying a combination of educational campaign
and treatment of individuals with active TB and sanitation
(ii) By applying a combination of mass drug administra- (iv) By applying a combination of treatment of individ-
tion (MDA) and sanitation

uals with active TB and mass drug administration



16 Computational and Mathematical Methods in Medicine

2000 200
A\
15004 . 150 -
N 1000 - \\\ :; 100
500 - 50 -
0 — == 0 :
0 100 200 0 100 200
Time (days) Time (days)
— u;=0,u,=0,u;#0,u,#0 — u;=0,u,=0,u;#0,u, #0
--- u;=0,i=1.2,34 --- u;=0,i=1234
(a) (b)
100 A 100
Il /,"\\\
30 A 80 J N
y\ / K
\ ,//"‘\\ ’ \\
= 604\ " N S 60 / N
~— \ = // \
N:‘: \\\ N: .l // \\
40 | 40 i /
\\\ “ //
Ay \ I’
20 k N 204 .-
0 . e 0
T
0 100 200 0 100 200
Time (days) Time (days)
I =0,u,=0,u, #0,u, #0
“ 0'14212314431 Y — u;=0,u,=0,u;#0,u,#0
-=-= uU;=0,1=1,24,5, .
' --- u;=0,i=1.234
(0 (d)
2000 1
0.8 1
1500 - -
. -
Vi =
= e S 0.6 1
S ’ a,
= 1000 - =
7’ -
/ 2 04
e o
e O
500 //,' 02 4
0 T 0 T
0 100 200 0 100 200
Time (days) Time (days)
— u;=0,u,=0,u;#0,u,#0 — u;=0 u; #0
S w=0,i=1234 cem =0 u,#0
(e) (f)

FiGure 3: Simulations of the helminth-Mtb coinfection model with the effect of MDA and sanitation.

(v) By applying a.corlnl.)ination f)f edu?ational campaign, The control strategies which focus on TB only while hel-
treatment of individuals with active TB, mass drug  minths are not controlled would not lead to the efficient and
administration, and sanitation effective control of TB or helminth infection. Moreover,
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FIGURE 4: Simulations of the helminth-Mtb coinfection model with the effect of educational campaign and sanitation.

control strategies that focus on helminths only while
TB is not controlled would control both TB and hel-
minth infections. This is linked to the increased suscep-

tibility of Mtb for individuals infested with helminths.
However, control strategies that include all control mea-
sures would effectively control the helminth-Mtb
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FiGure 5: Simulations of the helminth-Mtb coinfection model with the effect of treatment of Mtb-infected individuals and MDA.

coinfection at the end of the intervention period. Thus,

we suggest to the public health stakeholders that in

intervention strategies that target controlling helminth
order to control the

infection and vaccination of babies with BCG

after
helminth-Mtb coinfection, the birth and treatment of individuals with

active
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FI1GURE 6: Simulations of the helminth-Mtb coinfection model with the effect of educational campaign, treatment of Mtb-infected individuals,
MDA, and sanitation.

tuberculosis should be emphasized. One of the limita-
tions of this study is the number of compartments
involved that hinders some analytical analyses; however,
numerical simulation shows the convergence.
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