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This paper studies reciprocals of formal power series whose coefficients are monotone
and bounded by a geometrically decaying sequence. Explicit and applicable, optimal de-
cay rates are provided for the coefficients of the reciprocal series in terms of the parame-
ters of the geometric bound. The results imply a best possible lower bound on the zeros
of the series being considered.
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1. Introduction

This paper studies reciprocals of power series whose coefficients are monotone and
bounded by a geometrically decaying sequence. In particular, for fixed A > 1 and 0 <
r < 1, let the sets %4, and Ojﬁ\,r be defined by

Fa, def {Q :Q(z) =1+ Z qx2*, {gx} is nonincreasing and 0 < g; < Ar’, for each i > 1},
k=1

. > 1
F def {Q Q(z) =1+ Z wpzk, Q= ok for some Q € @A,r}.
k=1
(1.1)

Disregarding its probabilistic context, the well-known Kendall renewal theorem (cf. [2,
16, 17,21, 27]) can essentially be restated as follows.

Tueorem 1.1 [17]. Suppose Q(z) = X" gwiz' € F ,, for some A >0 and r < 1. Then,
|wi| =0(d"), (1.2)
for some o < 1.

Here, we take steps towards obtaining an explicit form of Theorem 1.1. Specifically, we
will prove the following.
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2 Reciprocals of formal power series

THEOREM 1.2. Suppose QO € F , where A and r are constants satisfying
(a) 1<A<1/(2r),
(b) (A%r? —2A%2r + A)(A+ (1/2)/(A+1/2)) + Ar? — 2Ar — A*r> + A%r? > 0,
(c) (—2A%r+A)Y(A+ (1 —Ar)/(A+1—Ar)) - Ar+A%r? >0,
(d) (A -Ar(A2—A+1-Ar)/(A+1—-Ar)) +AA2 —A+1-Ar)+A—-1-A%r+
Ar— A% >0.
IfQ(z) = > wiz', then forn> 1,
lwon] < st +(—1)”s§’”rn _s +52(=1)"(s2/51)" (517)" = Carsln (1.3)

0 0

where 8 VAT 4(1—Ar), s; & (5 +A)/2, 5, % (6 - A)/2,

def
Sar = 151 <1,

(1.4)
A

Ca,
S1

1.

Note that if (A,r) satisfies Ar < 1, then sa,» < 1 and (as suggested by Theorem 1.1) the
coefficients of the reciprocal series decay at an exponential rate. To see this bound, note
thatforO<r<land 0<Ar<1,

2-rA)—rd (2-rA)*—r?6> 2(1-rA)(1-1?)
2 T 22-rA)+2r8 (2-rA)+716

1—rs; = > 0. (1.5)
It is crucial that for given A and r, assumptions (a)—(d) are easily verifiable and are satis-
fied for a significant portion of the strip {(A,7):0 <r <1and A = 1}. Some pairs (A,r)
satisfying the assumptions of Theorem 1.2 are given (in the shaded region) in Figure 1.1.

Monotone sequences and generating functions appear in all facets of applied and pure
mathematics, most notably enumerative combinatorics and applied probability (cf. Wilf
[34] and Feller [14]). Applications of Theorem 1.2 to quantitative convergence rates for
Markov chains will be discussed elsewhere.

For pairs (A, r) satisfying assumptions (a)—(d), Theorem 1.2 gives the optimal value of
o in (1.2) which applies for all Q € F), ,. Consideration of the remaining pairs remains
open.

The next example gives zero-free regions for complex power series with rapidly decay-
ing coefficients.

Example 1.3. Theorem 1.2 has immediate implications on lower bounds for the modulus
of the smallest zero of a power series Q € F 4. Since the result places a lower bound on
the radius of convergence R of Q = 1/Q, via

1 1
- - @@ 0>
limsup,, .., /@, Sar

> (1.6)

it also places a lower bound on zeros of Q. Indeed, we have the following corollary.
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Figure 1.1. Some pairs (A, r) satisfying the assumptions of Theorem 1.2.

CoRrOLLARY 1.4. Suppose zy is a root of a power series Q € Fp,, where Q(z) = 1 + q1z +
q22*+ - - -, and A and r satisfy the hypotheses of Theorem 1.2, then

|zo| = 541 (1.7)
In fact, the series Q € F,4, given by

Q) = 1+Arz+ AP+ Ar’Z + Ar’ 2 + Ar’22 + Ar’ 2%+ - - -
L Arz(L+rtz)  1-r 22+ Arz(1+1%z)
- 1—r222 1— 7222 (1.8)
(Ar—1)(rz)> +A(rz) +1
1—-r2z?

has a zero at z = —sj, and Corollary 1.4 is optimal. The series in (1.8) also serves to show
that the decay rate s4, of Theorem 1.2 is optimal in that context as well.

Power series with restricted coefficients have been studied in the context of determin-
ing distributions of zeros (cf. Flatto et al. [15], Solomyak [26], Beaucoup et al. [3, 4], and
Pinner [24]). Related problems for polynomials have been considered by Odlyzko and
Poonen [23], Yamamoto [36], Borwein and Pinner [12], Borwein and Erdélyi [11], and
others.

Berenhaut and Morton [10] provide a result along the lines of Theorem 1.2, when
the monotonicity assumption is dropped by studying the recurrence in (2.11), below.
Figure 1.2 compares the decay rate s, (i.e., with A = 1) of Theorem 1.2 with the compa-
rable rate bound from [10] (for r near 1/4).
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Figure 1.2. A comparison of the decay rates s, , of Theorem 1.2 with the comparable rates from [10].
The lower and upper curves give the optimal rates with and without the assumption of monotonicity
of coefficients, respectively.

The remainder of the paper proceeds as follows. Section 2 contains some prelimi-
nary notation and the statement of a crucial lemma (Lemma 2.1) on linear recurrences.
Section 3 comprises a discretization approach which serves to limit the scope of possi-
bilities which need to be considered. The paper concludes with a proof of Lemma 2.1
(Section 4). Section 5 contains a proof of a technical lemma employed in Section 3.

2. Preliminaries

Suppose Q € F} . and Q € F 4, satisfy Q = 1/Q. In analyzing the coefficients of €, it will
be convenient to instead consider the coefficients h; = w;/r and ¢; = q;/r' of the series

o ¥al?)
(2.1)
f (2
Q=¥ (%),
respectively.
Note that 0 < ¢; < A and
(/),' = % = q:;l = ¢>,-+1r (22)

follow from 0 < g; < Ar' and the monotonicity assumption on {g;}, respectively.
If we can find a bound of the form |h;| < B;, for i > 1, then

|wi| = |hi|r" < Bir'. (2.3)
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Now, consider solving for the coefficients of Q* in terms of those of Q*, that is, solving
for h; in

1=Q%(2)Q*(2) = (1+¢1z+¢az®+ -+ )1+ hz+hyz>+---)

=14 (g1 +h)z+ (2 +1h +ha) 2>+ (s + ol + prhy +h3)z> + - - - (24)
This yields the general linear recurrence
hy = —¢1,
hy = =42 = ¢1h,
hs = =3 = $2hn = iz, (2.5)
hy = —¢u = u-1h1 — - = 1hy1,

for each n € N.
To simplify the notation, we will represent the recurrence coefficients in (2.5) by the
matrix

_— 0 0
_sz _fbl . (2.6)
: : .0
¢y —Pu1 o —)
Now, by relaxing the Toeplitz restriction in (2.6), we can consider, instead, the matrix
—a1g 0 e 0
—02,0 T, (2.7)
0
_an,O _‘Xn,l e —Qnn—1
The remaining restrictions on the {¢;} imply
O<a;;<A (2.8)
and (the quasimonotone restriction)
1
Qij = O j+1 ; (29)
Define the sequence {B;};>, by the second-order recurrence
A", if0<n<2,
B, = . (2.10)
AB, 1+ (1 —Ar)B,_,, ifn>2.

Note that {B;} is nondecreasing in i, under assumption (a) of Theorem 1.2.
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The key to obtaining a bound of the form in (2.3) will be the following lemma on
bounds for linear recurrences, which will be proved in Section 4.

LemMa 2.1. Suppose the sequence {b,} ;. satisfies by € {—1,1} and

n—1
bu=> (—awu)be, n=1, (2.11)
k=0
where
ank € [0,A], (2.12)
for0<k<n-1,n=1,and
1
Ank = ;‘xn,kﬂa (2.13)

fork <n—1, n=2.If A and r satisfy the hypotheses of Theorem 1.2, then

|b,| < B, (2.14)

forn=0.

Theorem 1.2 follows directly from Lemma 2.1, upon solving the second-order linear
equation in (2.10) and employing (2.3).

Remark 2.2. Perhaps unexpectedly, Lemma 2.1 does not hold for all A > 1 and r < 1. This
fact is illustrated in the following simple example.

Example 2.3. Suppose that by = 1, and {b;} and {a; ;} satisfy (2.11), where the coefficient
matrix in (2.7) is given by

-1 0 0 0 0 0 0]
-1 -05 0 0 0 0 0
0o -1 -1 0 0 0 0
[—aij]=| 0 -1 -05 =025 0 0 0 (2.15)
-1 -05 -025 -1 -1 0 0
-1 -05 -025 -1 -05 -025 0
0 -1 -05 -025 -0.125 -1 —1]
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Here, (bo,...,b7) = (1,—1,-0.5,1.5,0.875,—2.75,—1.625,5.140625). With A = 1 and
r =.5,(2.12) and (2.13) are satisfied, for n < 7, but B; = 5.125 < 5.140625 = b;. Hence,
the inequality b; < B; does not hold in this case. It may be easily verified that of the
conditions (a)—(d) of Theorem 1.2 only the first is satisfied for (A,r) = (1,.5).

Note that, recurrences with varying or random coefficients have been studied by many
previous authors. For a partial survey of such literature see Viswanath [31, 32], Viswanath
and Trefethen [33], Embree and Trefethen [13], Wright and Trefethen [35], Mallik [20],
Popenda [25], Kittappa [18], Odlyzko [22], Berenhaut and Goedhart [8, 9], Berenhaut
and Morton [10], Berenhaut and Foley [6], Zhang and Tian [37], Li and Cheng [19] and
Stevi¢ [28-30] (and the references therein). For a comprehensive treatment of difference
equations and inequalities; see Agarwal [1].

3. Discretization

In this section, we recall a discretization theorem from [7], which is crucial in proving
Lemma 2.1. For completeness, we include a proof here.
First, for a given vector u = (1, Uy, Uz,...,ux) satisfying up = 0, u; > 1 for 1 <i <k and

> ui=N, (3.1)
define the vector p, via
20]
e ——r
Pu A A 10,0,..,0; #O,rh, . ity 4O L gl 0 1 el | (3.2)
In addition, define the set of vectors
Pn = {pu: usatisfies (3.1)}. (3.3)

We require the following lemma regarding inner products.

Lemma 3.1. Suppose that p = (p1,...,pn) and q = (q1,...,qa) are n-dimensional vectors
where p satisfies

rpi < pir1» (3.4)
forl<i<n—1,and0<p; <A, for1 <i<n. Then
min{py-q:pu € P,} <p-q<max{pu-q:pu € P.}, (3.5)

where p - q denotes the standard scalar product Y.}, piq;.

For a vector p = (p1, p2,..., Pu), we will use the notation p*/ to indicate the vector
consisting of the ith through jth entries in p, that is,

pi’j = (pi)PiH:---)Pj)- (36)
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Proof of Lemma 3.1. First, suppose p - q >0, and note that the lower bound in (3.5) fol-
lows from the fact that p, = 0 for u = (n,0,...,0). Now, consider the vectors p; =
(pi(1),pi(2),...,pi(n)), i = —1,0,1,...,n — 1, defined recursively according to the follow-
ing scheme.

(1) Setp-1 =p.

2)IfSi={s:n—i+1<s<nandp;_1(s) = A} is a nonempty set, set v; = minS;,

otherwise set v; = n+ 1.
(3) Fori= 0, set

Pi = (Pi-1(1),pi-1(2),...,Pi1(n—i— 1),
cPici(n—1i),cipici(n—i+1),..,cPia (vi— 1), (3.7)
Pic1(vi),Pic1 (vi+1),...,pi-1(n)),

where ¢; is given by

A e on—ivi—1 .
— , fprbviTh L gnivi—l 0,
Pi—l(n_i) 1 pzfl q >
Ci = 1 rp,ﬁ_l(l’(ln—lsl)’ .fw?:li,v,»fl i qﬂ—i,vi—l < 0) i<n— 1’ (38)
i-1(n—
0, otherwise.
Now, note that (3.7) and (3.8) imply that
Pirq-Piirq=(c-1)@" " q ) 20, (3.9)
and that if p;_; satisfies
Pi1(j—Dr <piai(j) <A, (3.10)
then p; satisfies
pi(j — Dr<pi(j) <A (3.11)

It is not difficult to verify that the final p; (i.e., P,—1) is of the form in (3.2), and the lemma
is proven in this case. The proof follows similarly if p - q < 0, and the proof of the lemma
is complete. O

We are now in a position to prove the following theorem from [7].
THEOREM 3.2. Suppose that {b;} and {«; ;} satisfy (2.11) and (2.13). Then, there exist {b;}
and {rx,()j} such that
[bu| < |,
n-l (3.12)

b, = Z (- )b, n=1,
k=0
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with each vector
o = [a 0, ) 5. 00 ] € P, (3.13)

for 1 <i<n, where P; is as in (3.3).
In fact, there exists a set {&},a),...,a,}, with &; € P;, such that b; is as large as possible
(with its inherent sign) given by, b},b5,...,b;_;.
Proof. The proof, here, involves applying Lemma 3.1 to successively “scale” the rows of
the coefficient matrix [—a; ;] as in (2.7), while not decreasing the value of |b,| at any step.
First, define the sequences

& = (lXi,0>---,06i,i71),

. 3.14
b5 = (by,..., b)), G-19)
for0<k<j<n-landl<i<n.
Assume that b, > 0. Note that expanding via (2.11), b, can be written as
bn = C(l)b()-l‘C}bl, (3.15)

where C{ and C} are constants, which depend on {a; ;}. If C{ >0, then selecta} = (a} ) €
Py so that —&; - b®° is maximal, via Lemma 3.1. Similarly, if C} < 0, select &; = (a] ) €
Py so that —@; - b®° is minimal. In either case, replacing a1 by ] in (2.11) will result
in a larger (or equal) value for C}b;, and in turn, referring to (3.15), a larger (or equal)
value of |b,,].

Now, suppose that the first through (k — 1)th rows of the « matrix are of the form
described in the theorem (i.e., resulting in maximal b; values for 1 < i < k — 1 with respect
to the preceeding b;, 0 < j < i~ 1), and express b, in the form

by = Clby+Clby + - - - + Clby, (3.16)

via (2.11). If Cf = 0, then select @, € P, so that —a, - b is maximal, via Lemma 3.1.
Similarly, if C¥ < 0, select @, € P, so that —a - b*" is minimal. In either case, referring
to (3.16), replacing the values in @ by those in & in (2.11) will not decrease the value of
|b,|. The result follows similarly for the case C,’j < 0, and the theorem follows by induction
for this case. The case b, < 0 is similar and the theorem is proven. O

Remark 3.3. A simpler version of Theorem 3.2 was also employed in Berenhaut and
Bandyopadhyay [5] in proving that all symmetric Toeplitz matrices generated by mono-
tone convex sequences have off-diagonal decay preserved through triangular decomposi-
tions.

A matrix of coefficients will be said to be “fully scaled” when the process suggested in
the proof of Theorem 1.1 terminates; that is, the set {a},a),...,a,,} referred to in the last
sentence of the statement of Theorem 1.1 is attained.

We now turn to a proof of Lemma 2.1.
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4. Proof of Lemma 2.1

By Theorem 3.2, we may restrict attention to sequences {b;} resulting from the “fully
scaled” matrices of a; ;. Hence, suppose we have some “fully scaled” matrix [—a; j |, where
the resulting {b;}}_, has sign configuration s = {s;}, that is,

+1, ifb,'ZO,
;= i (4.1)
-1, 1fb,‘<0.

The following lemma is a direct consequence of Theorem 3.2, via the fact that the a-
matrix is fully scaled, and will be used frequently, without explicit mention, in what fol-
lows.

LemmA 4.1. Suppose that [«; ;] is fully scaled. Then,
(i) if k < K and si = sk, then

k-1
Sk ( > (- OCK,i)bi> < skbi, (4.2)
i=0
(i) ifsk = Sk_1, then spby < spbr_1,
(iii) if k < K and sk = sy # sk—1, then
k-2
Sk(i (—(XK,i)bl) SSk(bk +Abk71). (43)
i=0
Proof. Without loss of generality, we may assume that s = 1. For part (i), we have
k-1 -
by = Z ‘xkl i Z “Kz i> (4.4)
i=0 i=0
since [a; ;] is fully scaled. Similarly, for (ii), we have
k-2 - k=2
b= > (—aki)bi — ark-1b-1 < z —agi)bi = D (—ax_1,)bi = b1 (4.5)
i=0 i=0 i=0
To prove (iii), note that ax x—; = A and hence
k-2 -
b+ Ab = > (—ox;)b Z —ak,i)b (4.6)

i=0

The next technical lemma is proved in Section 5.
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LEmMA 4.2. Suppose that A and r satisfy the hypotheses of Theorem 1.2, ¢,k = 2, and n =
max{c+k,c+3}. Then,

((c-DA*+1-A(r*+- - - +7M2)B,_ .+ Ar*"'B,_., <B,. (4.7)

Proof. See Section 5. 0
We now turn to a proof of Lemma 2.1.

Proof of Lemma 2.1. Suppose we have some “fully scaled” matrix of &; ; where the result-
ing {b;} has sign configuration s = {s;}.

By employing Theorem 3.2 and comparing several low degree polynomials in A and r,
it is not difficult to verify that

| b,‘ | < B,‘, (4.8)

for i < 3. Now, assume that |b;| < B; foralli<n—1.
Note that by Theorem 3.2, if for some j < i, s; = s; (s; + s;), then we need only consider
a;j of the form a; ; = Ark for some k = 1 (k = 0).
We will consider the following cases:
(1) sym1 =su =1

2)sp2=sp1==1Ls,=1;
(3) Sp = 1) Sp—1 = _1) Sh—2 =Sp-3= """ =Sy = 1) Sp—c—1 = _1’ Xnn—c =A7';
(4) su=Lspm1=-Lspa=8p3=-"-=8c=1,8,.1=-1, Xnpn—c = Ark for

some k > 2 and
(a) Snc2=1;
(b) sy—c—2 =—1.
The proofs for the cases where the signs are opposite to those considered are analogous.

Case 1 (s,_1 =s, =1,i.e.,,s=(...,1,1)). Here,
n—2

bn = _(xn,nflhnfl + Z ( - ‘xn,i)bi = _‘xn,nflbnfl +B,-1 <B,_1 <B,. (4-9)
i=0

Case 2 (sp—2 = sy-1 =—1,8, =1,1e,s8=(...,—1,—1,1)). Note that a,, ;-1 = ap -2 = A,

and consider the a-matrix obtained by switching the positions of «,; and a,_;,; for 0 <
i < n— 2. Denote the resulting b-vector by b* = (b, b5,...,b}). Then,

w1 =byt+Ab,y, (4.10)

and hence

bf+b,=—-Ab} | +by_1+b,=—A(b,+Aby_1) +by_1 + by,

(1= Aoyt (1= A)byr = (1= )byt (14 AYpyy). D
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Setting ano = 0,1 = * * * = &py—2 = 0 shows that b, = —Ab,_; — Ab,_», hence
b,+(1+A)b,_1 > —-Ab,_,+b,_ 1 >0, (4.12)

since b,_, < b,—; <0 (by Lemma 4.1(ii)) and A = 1.

Since b_; >0, b} <0, and |b}| > |b,|, we have reduced this case to one of Cases 3 or 4.
For the remaining cases, it will be useful to introduce the following notation (similar
to (3.6)) for subsequences of recurrence coefficients.

Definition 4.3. For 0 <k < j <i—1and i < n, define the subsequences

_k,j def
ai] = [—(X,‘,k,...,—(x,‘,]‘]. (4.13)
Case3(()sp=1,sp1=—-1, 8, 20=8S,3=-"-=8,c=1,8,c1=—-11e,s=(..,—1,
I,...,1,—1,1),and (ii) app— = Ar).
—
c—1
Theorem 3.2 leads to the following entries in the a-matrix:

@bl = AL L R,

4.14)
wtcbnmel = A (
We have
n—2 ] n—c—1
b,=—-Ab,_, + Z —A?’]_(n_c)ﬂbj —Arb,_.+ Z —ocn,jbj. (4.15)
j=n—ct+l j=0

Since bj = 0 for n —c+1 < j < n— 2, the first sum in (4.15) is nonpositive, while by
Lemma 4.1(i), the second sum is bounded by b,,_.. Thus, we have

b, <AB,_1 —Arb,_.+b,_.=AB, 1+ (1 —Ar)b,_.

4.1
<AB, 1+(1 —-Ar)B,_. <AB,_1+(1—-Ar)B,_, = B,. (4.16)

Case 4.

Subcase 4.1 ((i) sy =1, 85 1=~Lsp2=Sy 3=+ =8, c=1L, s c1=-L s c2=1,
ie,s=(..,1,-1,1,...,1,—1,1),and (ii) ay . = Ark for some k = 2). Theorem 3.2 leads
—
c—1
to the following entries in the a-matrix:

an—c—ln-1 _

@,

}’k 1 k k+c—2’1])

(4.17)

—nc2n52
n—c—1

-Al

O = AL ],

RZ g Ln—c-1 _ A[l],
—A[1],

for some v > 1.
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Employing (4.17) and applying Lemma 4.1(iii) give

n—2 n—c—2
by = —Abyi+ >, —Ar IR — Ar by Z ~ 0t b)
j=n-c
n-2 . (4.18)
—Ab, 1+ z —Arji(nic)-'—kbj —Arkilbnfcfl'i'(bnfc +Abn7671),
j=n—c
n—c—3
nl_Z(A)b_Arbncl_Ar nc2+z ‘xn]
]nizc (419)
= (= A)b] —Ar'by— _Arv_lbn7c72 + (bnfcfl +Ahn7C72)-
j=n—c

Hence, substituting (4.19) into (4.18) and using Lemma 4.1(ii) to obtain 0 < b; < b, . <
By o, forn—c<j<n-2,gives
b, < A*— Ari=mRY g b+ (A= ArFTT A2 =AYby
n—
+ ( v 1 Az)bn 2
< > (A2—Ari B, 4By o+ (- AT+ AMY) by (4.20)
j=n—

+ (Azr" I )bnfcfz
=((c—DA*+1-A(rF + 751 4. 4/ e2))B, .

+ (A% — AR O b+ (A2 — AN b,

Now, suppose A2r" — Ark~1 > 0. Then, since b, <0, by_» > 0, and A2 > A?r"~1,
(4.20) and Lemma 4.2 give

by< ((c— DA +1—-A(r*+ 7M1 4. 4 #F2))B,_. < B,. (4.21)
On the other hand, if A2r” — Ark~1 <0, then 1 < A < %717V, and hence
vsk—1>1. (4.22)

Since

n—c—3
0> bn—c—l = _Abn—c—Z + Z —Qp—c— ljb Abn -2~ Bn—c—2) (423)
j=0
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we have

(A% — ArF" Db, o+ (A2 =AYb,y
< (A% — ArF Y (= Aby ey — Byc2) + (A" =AYb,
(4.24)
= (A + AR AT A, o+ (= AP+ AYRY)B,

< Ar*'B,_ .
The final inequality in (4.24) follows since b,_—» > 0,v>1,0<r < 1/2,0 < Ar < 1, and

AN AT AT AT = A2 (T (1 - Ar) - (1= 7RY)
<A*(r(1-Ar)— (1-7r51) (4.25)
<A’(r—-(1-r))=A*Q2r-1)<0.

Application of Lemma 4.2 to (4.20) and (4.24) completes the proof for this case.

Subcase 4.2 (1) sp =1, -1 = —LSy2=Su3="""=8c= L Sycc1 = =1, 84-c2 = —1,
ie,s=(..,—1,-1,1,..,1,—1,1), and (ii) @, = Ar* for some k > 2).
——

c—1
Theorem 3.2 leads to the following entries in the a-matrix:

az—c—l,n—l _ _A[rkfl’rk’”"rk+672)1],

RZ i 2 _A[rV71)rvrl)1)--"1]’ (426)
&Z:E—Z,n—cfl = —A[l,l],

for some v > 1.
Employing Lemma 4.1(i) and (iii), we have

n—2 n—c—2
by=—Ab,1+ > —Ar Ry AR TTh, i+ > —a b

e 0 (4.27)
n-2

—Abnfl‘f' Z —Arj_(n_C)Jrkbj—Ai’k_lbnfcfl+(bn75+Abn7571),
j=n-—c

n—2 n—c-2

bp-1 = z( )b _Arbncl+z ‘Xn]
j=n—c j=0
(4.28)

> (—A)bj —Ar”b,,_c_l +bn_c_1.
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Hence, substituting (4.28) into (4.27) gives

b, < (A2 = Ari= =9t bt b, + (A= AP+ A2P = A) by

< Z (A2 = Ari==9tKYB 4+ B, 4+ (—ArF '+ A2 b,
=n-—

j (4.29)
=((c—DA2+1-A(r*+ "+ oo+ D))B,_ + (A2 — ArF Db,y
<((c-DA>+1-A(r* +r* 1+ .. +/))B,_ + AFF b,
<((c-DA2+1-A(r* + 71+ ... +7))B,_c + Ar*'B,_.,,
where I = k + ¢ — 2, and the result for this case follows by Lemma 4.2. 0

5. Proof of Lemma 4.2

In this section, we will prove Lemma 4.2.
First, note that straightforward manipulation of (2.10), along with the fact that {B;} is
nondecreasing, gives B; < (A+1— Ar)B;_ for all i > 3, and hence

1-Ar

(A+A+(1—Ar)

)B,H <B,<(A+1-ArB, ., (5.1)

for n > 3.
Proof of Lemma 4.2. We will consider two cases: (1) ¢ =2 and (2) ¢ = 3.

Case 1 (¢c=2). Set
2% (A2+1-ArN)B,_, + ArF1B, 4. (5.2)

We have
B,—Z=AB, +(1—Ar)B, ,—Z
= A(AB, 2+ (1 —Ar)B,_3) +(1—Ar)B, , - Z
= (Ar* — Ar)B, ,+A(1 — Ar)B, 3 — Ar*"'B,_4
= (Ar* — Ar)(AB,_3+ (1 — Ar)B,_4) + A(1 — Ar)B,_3 — Ar*'B,_,4
= (A%rF —2A%r +A)B, 3+ ((Ar* = Ar)(1 — Ar) — Ar*"))B, 4
= A(x1By—3 +%2By_4),

(5.3)

for instance. Since Ar < 1/2, k1 = 1 — A(2r — r¥) > 0, and hence, applying (5.1), (5.3), and
assumption (a) of Theorem 1.2 gives

1—-A
Bn—Zz;can,3+szn,4>< ( r >+K2>Bn,4

A+1—A
(a2 o)
=\" A+1/2
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Now, define T by

def 1-Ar
00w (A o) e (5.5)
Then,
FN 42 1—714’) k A2 k4 k-l
T (k) = Arln(r) (A+A+1—Ar +Ar®In(r) — A" In(r) — Ar* ' In(r)

_ ke (Aln(r) (A3r+ A%r — A3r2 +3Ar = 2A%r +r —2Ar  + A’r* — A — 1))

A+1-Ar
(5.6)

Hence, for fixed (A, ), T is monotone in k and we need only consider two cases: T(2) and
limg_. T'(k). Assumption (b) in the statement of Theorem 1.2 (with (5.4)) gives T(2) >
0, while assumption (c) gives limy_ T'(k) = 0, and the lemma follows for this case.

Case 2 (¢ = 3). First, note that
(A2(c—1D)+1-A(r*+- - + 75 2)B,_ + Ar* 'B,_._»
= (A%(c—-2)+1—A(r*+-- - +r*<3))B,_,

+Ar*1B, ., +A’B, . — Ar*" B,

(5.7)
= (AZ(C -2)+1 —A(Tk 4+ 4 rk+(c*l)72))B(n_1)_(c_1)
+Ark’lB(n,1),(c,1),2 +A’B,_. — Arkﬂszn,c
<B, + A? B, <B, + A? B, 3
by induction.
Now, let
WY B, — (B, +A%B,_5). (5.8)
Successively employing (2.10) gives
W =AB,_1+ (1 —Ar)B,_> — (By-1 +A’B,_3)
=(A-1)(AB,,+(1—Ar)B,_3) + (1 - Ar)B,_, —A’B,_3 (5.9)
5.9

=(AA-1D+1-Ar)B, >+ ((A-1)(1-Ar)—A?)B,_3
=y1Bu-2+92Bu-3 = (Ay1+y2)Bus+ (y1(1 — Ar)) By,

where y; défA(A —1)+1—-Arandy, def (A-1)(1—Ar) — A2 Since y; >0, we have (via
(5.1)) that

1
W = <(A)/1+)/2)+()/1(1—A1’))m)3n73ZO (5.10)

by assumption (d) in the statement of Theorem 1.2.

Lemma 4.2 now follows. O
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