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We study the following third-order p-Laplacian m-point boundary value problems on time scales:
v e

(@p(u®™))" +a(d) f(t,u(t)) = 0, t € [0,T]y, pu(0) - yut(0) = 0, u(T) = T au(&), dp(u"(0)) =

ZZ]Zbizﬁp(uAv(gi)), where ¢, (s) is p-Laplacian operator, that is, ¢,(s) = IsP2s, p > 1, ¢;1 = ¢y,

1/p+1/g=1,0<¢ < < épuo < p(T). We obtain the existence of positive solutions by using

fixed-point theorem in cones. The conclusions in this paper essentially extend and improve the

known results.
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1. Introduction

The theory of time scales was initiated by Hilger [1] as a means of unifying and extending
theories from differential and difference equations. The study of time scales has lead to
several important applications in the study of insect population models, neural networks,
heat transfer, and epidemic models, see, for example [2-6]. Recently, the boundary value
problems with p-Laplacian operator have also been discussed extensively in the literature,
for example, see [7-13].

A time scale T is a nonempty closed subset of R. We make the blanket assumption that
0, T are points in T. By an interval (0, T), we always mean the intersection of the real interval
(0, T) with the given time scale; that is (0, T)NT.

In [14], Anderson considered the the following third-order nonlinear boundary value
problem (BVP):

x"(t) = f(t,x(t), t1<t<ts,

(1.1)
x(t1) =x'(t) =0, yx(t3) +6x"(t3) = 0.
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Author studied the existence of solutions for the nonlinear boundary value problem by
using the Krasnoselskii’s fixed point theorem and Leggett and Williams fixed point theorem,
respectively.

In [8, 9], He considered the existence of positive solutions of the p-Laplacian dynamic
equations on time scales

(¢ ()" +a(t) f(u(t) =0, te[0,T]y, (12)
satisfying the boundary conditions
u(0) - Bo(u®()) =0,  u(T) =0, (1.3)
or
u®(0) =0, u(T) - B; (u* (1)) =0, (1.4)

where 77 € (0,p(T)). He obtained the existence of at least double and triple positive solutions
of the boundary value problems by using a new double fixed point theorem and triple fixed
point theorem, respectively.

In [13], Zhou and Ma firstly studied the existence and iteration of positive solutions for
the following third-order generalized right-focal boundary value problem with p-Laplacian
operator:

(¢p(u")'(B) = q(t) f (tu(t)), 0<t<1,

m n 15
u(©0) = Y au(&), uw(m =0, w@1)=>D pu"(6). (1.5)
i=1 i=1

They established a corresponding iterative scheme for the problem by using the monotone
iterative technique.

However, to the best of our knowledge, little work has been done on the existence
of positive solutions for third-order p-Laplacian m-point boundary value problems on time
scales. This paper attempts to fill this gap in the literature.

In this paper, by using different method, we are concerned with the existence
of positive solutions for the following third-order p-Laplacian m-point boundary value
problems on time scales:

(@p ()" +a(t) f(tu(®) =0, te[0,Tly,

m-2 m-2 (16)
pu(0) - yut(0) =0, w(T) = > au(), ¢p (u2V(0)) = D bighy (utV (&),
i=1 in1

where ¢, (s) is p-Laplacian operator, that s, ¢, (s) = [s|P%s, p > 1, 4);1 =¢, (1/p)+(1/q) =1,
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and aj;, b;, a, f satisfy

(H1)By=>0, p+y>0,a,€[0,+0),i=1,2,...,m=3, ano>0,0<¢ <+ <{¢pun <
p(T),0< ™% <1, 0< ™% <T,d=p(T -3 ai&) +y(1 - X %a;) > 0;

(Hp) f : [0,T]y x [0,400) — R* is continuous, a € Cig((0,T),R*) and there exists
to € [&m-2, T)1 such that a(ty) > 0, where R* = [0, +o0).

2. Preliminaries and lemmas

For convenience, we list the following definitions which can be found in [1-5].

Definition 2.1. A time scale T is a nonempty closed subset of real numbers R. For t < sup T and
r > inf T, define the forward jump operator o and backward jump operator p, respectively,

by

o) =inf{reT|T>t}eT,
(2.1)
p(r)y=sup{treT|T<r}eT,

forallt,r € T.If o(t) > t, t is said to be right scattered; if p(r) < r, r is said to be left scattered;
if o(t) = t, t is said to be right dense; if p(r) = r, r is said to be left dense. If T has a right
scattered minimum m, define Ty = T — {m}, otherwise set Ty = T. If T has a left scattered
maximum M, define TK = T — { M}, otherwise set T¥ = T.

Definition 2.2. For f : T — R and t € T¥, the delta derivative of f at the point ¢ is defined
to be the number f2(t), (provided it exists), with the property that for each e > 0, there is a
neighborhood U of ¢ such that

|f(o®) - f(s) - FA(t) (o(t) —s)| < e|lo(t) - s|, (2.2)

forall s € U.
For f : T — R and t € Ty, the nabla derivative of f att, denoted by fV (t) (provided it
exists), with the property that for each e > 0, there is a neighborhood U of t such that

|f(p(®) = f(s) = (1) (p(t) = 5)| < e|p(t) - 5], (2.3)

forall s e U.

Definition 2.3. A function f is left-dense continuous (i.e., Id-continuous), if f is continuous at
each left-dense point in T and its right-sided limit exists at each right-dense point in T.

Definition 2.4. If $* () = f(t), then one defines the delta integral by

b
[ rwat=4)-pta 2.4
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If FV(t) = f(t), then one defines the nabla integral by
b
j f(t)Vt=F(b) - F(a). (2.5)

Lemma 2.5. Ifd = B(T - X7 ai&) + y(1 — X" 2a;) > 0, then for h € C4[0, Ty, the boundary
value problem (BVP)

utV+h(t)=0, tel0,T]y,

R m=2 (2.6)
pu(0) —yut(0) =0,  u(T)= > au(é)
i=1
has the unique solution
t T
u(t) = - f (t - )h(s)Vs + P - YI (T - 5)h(s)Vs

0 0

) (2.7)
Pty (/.
i ga . (& —s)h(s)Vs.

Proof. By direct computation, we can easily get (2.7). So, we omit it. O

Lemma 2.6. If0 < X7%b; <1, 0< X" 2%a;&i < T, d = (T - X2 @) +y(1- X0 2a;) > 0, then
for h € Cy[0,T]y, the boundary value problem (BVP)

(@p (™))" +h(t) =0, te[0,Tly,

m=2 m=2 (2.8)
pu0) —yut(0)=0,  w(l) =D au(&),  $p(ut7(0)) = D bigy (u*¥ (&)
i=1 i=1
has the unique solution
(- . prey (T :
u(t) = fo(t )¢y <f0h(r)Vr + B) Vs + 3 jo (T -9)¢, (joh(r)Vr + B) Vs oo

t m-2 & s
_P ;‘Y ;ai . (& —s)dq (Joh(r)Vr + B> Vs,

where B = XM 2b; [ h(r)Vr/ (1 - S2b;).

Proof. Integrating both sides of (1.6) on [0, ], we have

t
¢p (WY () = p(uV(0)) - J‘Oh(r)Vr. (2.10)
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So
&
¢p (Ut (&) = ¢p (utV(0)) - IO h(r)Vr. (2.11)

By boundary value condition ¢, (u2¥(0)) = 371%bi¢, (12 (&), we have

f h(r)V

¢p(utY(0)) = - Z’“ ) (2.12)
By (2.10) and (2.12), we know

2> ey IO

_ ¢q< e foh(r)vr). (2.13)
This together with Lemma 2.5 implies that

~ t s pt +y T s
u(t) =- ,[o(t - 8)¢g (Joh(r)Vr + B) Vs + 3 fo (T -3s)p, (Joh(r)Vr + B> Vs
PR (2.14)
t m i s
P ; 14 Sa O (& - s)qb,,(foh(r)w + B>Vs,
i=1

where B = 3.1] f h(r)Vr/(1 = 3" %b;). The proof is complete. O

Lemma 2.7. Let 0 < Z;ﬁ;zaigi <1,d>0.Ifh € Ciu[0, T]y and h(t) > 0, then the unique solution
u of (2.8) satisfies

u(t) > 0. (2.15)

Proof. By uY (t) = —¢q(Z1"17b; J'g’h(r)Vr/(l >r2h)) + foh(r)Vr) < 0, we can know that the
graph of u(t) is concave down on (0,T). So we only prove u(0) >0, u(T) > 0.
Firstly, we will prove u(0) > 0 by the following two perspectives.

(i) Ifo<>m 2g; <1, we have

u(0) = g [JZ(T - 5)Pg (JZh(r)Vr + B> Vs - erZalle (&i—9)dg (J h(r)Vr + B) ]
[I (T -3s)p, (I h(r)Vr + B> Vs - t;za,J‘Z( - 5)¢g (J- h(r)Vr + B) \Y ] (2.16)
<1 ':1_12111> JZ(T - 8)¢, (th(r)Vr + B>

D-I‘<

&.I‘<
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(i) If X";%a; > 1, by (2.8), we have

u(0) = [J (T -5)¢, (f h(r)Vr + B> 5— gaijzi (&i—9)dq <J‘Zh(r)Vr + B) Vs]
> g UOT(T —5)¢, (f:h(r)w + B) Vs — gaiﬂ(gi — )y qZh(r)Vr + B) VS]
_ gﬂ [(T _ gaigi> ‘ <§ai - 1>5] ¢q<j2h(r)vr + B> Vs > 0.

On the other hand, we have

(2.17)

u(T) = J (T - s)d)q(f h(r) Vr+B>Vs+ —J (T - s)qbq(f h(r)Vr+B>V
ﬂ+Y Zalj (& —s)d)q(f h(r) Vr+B>Vs
Z[Za,f (&(T —s) =T (& —s))(i)q(J‘ h(r)Vr+B)

+ rgaiéf .(T -9)¢, <JTJh(r)Vr + B) Vs]

Zal I:f (T-s (]Sq(f h(r)Vr+B> Vs - J (&i—9)¢q (f h(r)Vr+B)Vs]
= g 2 a, [Ji (T - cjl)sd)q(I r)Vr+B>Vs+§lJ (T-s (,I),,(J‘ h(r)Vr+B>Vs]

gm . UOT(T ) éi)d)q(J‘:h(r)Vr + B) VS] >0,

i=1

3

&.I‘-<

”"M

(2.18)

The proof is completed. O

Lemma28. Let a; >0, i=1,...,m—-2,0< X" %a;& <T,d>0.Ifh € Cyuy[0,T]y and h(t) >0,
then the unique positive solution u(t) of (BVP) (2.8) satisfies

inf  u(t) > ol|ul|, 2.19
ORI (219)

m-2,4 |T

where o = min{am—Z(T - ém—Z)/(T - am—ng—Z)/ am—ng—Z/T/ ém—Z/T}l ||u|| = Supte[o,T]T|u(t)|'
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Proof. Let u(t) = maxwepr), u(t) = |lul|, we shall discuss it from the following two
perspectives.

Case 1. If0 < 31" %a; < 1.
Firstly, assume t < &no < T, then mine, , 1), U(t) = u(T). By u(T) = 37 alu(gl) >
am2u(ém-2), we have

_ T) —u(&,_ T
u(t) <u(T) + %(0 -T)=u(T) - Tu(T) T é T u(&m2)

. " . m_:r ; " (2.20)

Am-26m-2

: u(T) <1 - T- §m72 ’ am—2(T - ém—Z)) ( )am Z(T gm 2)

So
Am-2 (T - §m72)

gﬂl}?] u(t) > m”u“. (2.21)
Secondly, assume ¢, < t < T, then minep,, 11, 4(t) = u(T). Otherwise, we have

mingepg, , 1), U(t) = u(gm-2), then t € [Em—2,Tlr, u(@m—2) 2 u(ém-1) = -+ > u(é&) > u(ér).
By 0 < 37%a; < 1, we have

m-2 m-2
w() = 3 au(E) < > au(@ns) <ul@ns) <u(l), (222)
i=1 i=1

a contradiction.
By concave of u(t), we get u(&m—2)/&mo > u(t)/t > u(t)/T. In fact, since u(T) >
Am-2U(ém-2), then u(T)/ am-2ém-> > u(t) /T, which implies

ull. 2.23
oin |l (2.23)

Case 2. 1If Y1 %a; > 1.
Firstly, assume u(éy,2) < u(T), then mingepg,, , 71, u(t) = u(§n-2). By concave of u(t), we
have t € [¢,-2, t]y, which implies u(&y-2)/&n-2 > u(t) /t > u(t)/T, then

énm] u(t) > - 2||u|| (2.24)
- 2

Secondly, assume u(gm 2) > u(t), then minyeg, , 77, u(t) = u(T), and t € [&,T]y. If not,
t€[0,&), thenu(&;) > - > u(&m2) > u(T). So, we have

m— m=2
u(T) = ZZaiu(gi) >u(T) D a; > u(T), (2.25)
i=1 i=1
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a contradiction. By Z;ﬁ[zai > 1, there exists 3 € {&1,¢2,...,¢m—2]} such that u(g) < u(T), then
u(&) <u(g) <+ <u(@mo) <u(l). By concave of u(t), we have u(1) /& > u(&)/é& > u(t) /t >
u(t)/T, then

i £ > ) 22
o nin u(t) > &iflul| (2.26)

m-2,4 |1

Therefore, by (2.21)—(2.26), we have

inf  u(t) > ollull, 2.27
ot () = of[ul] (2.27)

m-2,4 |T

where 0 = min{a,;—2(T = &n—2) /(T — am-28m-2), Am-2ém—2/T, ém—/T}. The proof is complete.
O

Let E = Ciq[0, T] be endowed with the ordering x < y if x(t) < y(t), forallt € [0, T],
and |||l = maxe[or,|u(t)| is defined as usual by maximum norm. Clearly, it follows that
(E, ||lu||) is a Banach space.

We define a cone by

K = {u :u € E, u(t) is concave, nonnegative on [0, T], t [éinfT u(t) > o||u||}. (2.28)
€

m-2,4 |1

Define an operator S : K — E by setting
Su(t) =- f;(t - 5)pg <f:a(r)f(r, u(r))Vr + A) Vs
pt+y T B s
= fo (T -5)pq (foa(r)f(r, u(r))Vr + A) Vs (2.29)

ﬂt +y m-2 &i s
g ;aifo (& - S)¢q<f0a(r)f(r,u(r))w + A) Vs,

where A = Z:’i{zbifg"a(r)f(r,u(r))Vr/(l — >™2p;). Obviously, u is a solution of boundary
value problem (1.6) if and only if u is a fixed point of operator S.

Lemma 2.9. S: K — K is completely continuous.

Proof. By (H;) and Lemmas 2.7-2.8, we easily get SK C K. By Arzela-Ascoli theorem and
Lebesgue dominated convergence theorem, we can easily prove S is completely continuous.
O

Lemma 2.10 (see [15]). Let K be a cone in a Banach space X. Let D be an open bounded subset of X

with Dx = DN K # @ and Dy # K. Assume that A : Dx — K is a compact map such that x # Ax
for x € 0Dx. Then the following results hold.
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(1) If | Ax|| < ||x|l, x € 0Dk, then ix (A, Dx) = 1.

(2) If there exists xog € K \ {0} such that x # Ax + Ax, for all x € 0Dk and all X > 0, then
iK(A/ DK) =

(3) Let U be open in X such that U C Dg. Ifix(A,Dk) =1land ig(A,Uk) =0, then A has a
fixed point in Dg \EK. The same result holds if ix (A, Dx) = 0 and ix (A, Uk) = 1, where
ix (A, Dk) denotes fixed point index.

One defines

K,={ut)eK:|ul<p}, Q= {u(t) €K min x(t) < O'p}. (2.30)

Lemma 2.11 (see [15]). Q, defined above has the following properties:

(a)

(b) &, is open relative to K;

(c) x € 0, if and only if ming, ,<<7x(t) = op;

(d) if x € 0, then op < x(t) < p, for t € [{m—2,T]y.

For the convenience, we introduce the following notations:

t, t,
fb, =min {gm 2<t<Tj;)i Z)) u € [op,p] }r f& = max {622); J(;i (;l)) uef0,p] },

_ f(tu) f(t,u) _ N
P e LA L RS W A
T+y) (7 r 2[5 a(r)V
1_¢ +Y)f (T—s)ngbq(f a(ryvr + 2o tde () r>,
m d 0 0 1-3>"7b;
1 1 T s m=2 m=2
i HJ (T-s)¢q (J‘ a(r)Vr) Vsmin {ﬂgmg +Y, pmax {Za,-gl, angmz} +YZ ai}.
émfz ém—Z i=1 i=1
(2.31)
Lemma 2.12. If f satisfies the following condition:
fo < ¢p(m), u#Su, uedk,, (2.32)

then

ix(S,K,) = 1. (2.33)
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Proof. For u € 0K,, then from (2.32), we have

SIS ar) f(r,u(r)) Vr

f a(r)f(r,u(r))Vr+ A = f a(r)f (r,u(r))Vr +

1- 3%
r S fLa frum)Vr
< foa(r)f(r,u(r))Vr + s (2.34)

T SIS a(r)Vr
< dyomp) ([ atwrs 2 )
So that
s T 25 a(r)Vr

}q (Ioa(r)f(r,u(r))Vr + A> < mpg, (L a(r)Vr + 1 S ) (2.35)

Therefore,

Su(t) < ﬂi%ﬂ(r )b, <f:a(r)f(r, u(r))Vr + A> Vs

T T T SIS a(r)Vr (2.36)
< WJ‘O (T—s)Vs¢q<J‘0a(7‘)VT+ . z'[:m %, )

= p
This implies that [[Su|| < |[u|| for u € OK,. Hence, by Lemma 2.10(1) it follows that
ix(5Kp) =1. O
Lemma 2.13. If f satisfies the following condition:
fop ¢p(Mo), u#Su, u€oQ,, (2.37)
then
ix(S,Q,) =0. (2.38)

Proof. Lete(t) =1 fort € [0,T]y. Then e € 0K;. We claim that

u#Su+le, u€of, A>0. (2.39)
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In fact, if not, there exist uy € 9Q, and Ao > 0 such that uy = Sug + Age. By fgp > ¢p(Mo), we
have

SIS a(r) f(r,uo(r) Vr

JZa(r)f(r, up(r))Vr+ A = Jt)a(r)f(r, uo(r))Vr +

1- 3%
> j;mza(r)f+(r,u(r))Vr (2.40)
> ¢, (Mop) < f ;za(r)Vr>.
So that
bo([ a1 u)Vr+ 2) > Mapp, (f;zamw). (241)

By [16, Theorem 2.2(iv)], for t > 0, we have

(ff)(t - s)(,bq(fga(r)f(r, uo(r))Vr + A)Vs)A - fgsd)q (f;a(r)f(r, uy(r))Vr + A)Vs -0
t B to(t) -

(2.42)
So,fori=1,2,...,m-2,we have

ff;”‘z (ém—2 = 5)Pq([alr) f(r,uo(r))Vr + A)Vs . J'gi (&= s)pq([oa(r) f(r,uo(r))Vr + A)Vs
ém—Z - éi ’

(2.43)

Therefore,

Sug(ém—) > g [gm_2IZ(t - 5)Pg (JZa(r)f(r, u(r))Vr + A) Vs
- szmz (&m—2—5)Pq <f2a(r)f(r, uy(r)) Vr + A> Vs]
+ g UZ(t -5)¢q (I:a(r)f(r, uy(r))Vr + A) Vs

— Jimz (&m—2—5)Pq <f2a(r)f(r, uy(r))Vr + A) Vs]
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ﬂém 2 YLM Z(T - s)¢q<f2a(r)f(r, uo(r))Vr + A) Vs

s Wz M [ ([ arwr)ws,

(2.44)

Suy(T) > 'g mgl U (t—&)sdq (J:a(r)f(r, u(r))Vr + A) Vs
+ §iJ‘§i (T -5)9, (JZa(r)f(r, uo(r)) Vr + A) Vs]
+ grg U:(t - 5)Pg <f2a(r)f(r, uo(r))Vr + A) Vs
- Ij(T —5)g (fZa(r)f(r, ug(r))Vr + A) Vs]
aigiJ‘:(t - 5)pg (JZa(r)f(r, uy(r))Vr + A> Vs

. f;(t — )¢y <jza(r)f(r, uy(r))Vr + A> Vs

> M;P <[5 max {Tgaigl, am_zgm_z} + y§> JZ 2(T - 5)¢q <JZ _Za(r)Vr> Vs

N ' (2.45)

Obviously, we can know

min  Suy(t) = min {Sug(ém—2), Suo(T) }

[‘.:m 27 ]T
M S
OP (T -s)¢, <I a(r)Vr) Vs
ém 2 §m—2

m-2 m-2
aiéi, amzémz} + YZ }

i=1

(2.46)
X min {ﬂgmz + ¥, fmax {

i=1

> op.
Fort € [¢,,-2, T]y, then

ug(t) = Sug(t) + Aoe(t) > . minT Suy(t) + Ao
€[gm-2,T] (2.47)
= min {Sug(én), Suo(T)} + Ao > op + Ao.
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This together with Lemma 2.11(c) implies that

op 2 0p+ A, (2.48)
a contradiction. Hence, by Lemma 2.10(2), it follows that ix (S, €2,) = 0. O

3. Main results
We now give our results on the existence of positive solutions of BVP (1.6).

Theorem 3.1. Suppose conditions (Hy) and (Hy) hold, and assume that one of the following
conditions holds.

(Hs) There exist p1, ps € (0, +00) with p1 < opy such that i < ¢,(m), for, > ¢p(Mo).
(Hy) There exist py, ps € (0,+00) with py < py such that f§* < ¢,(m), f5, > ¢p(Mo).

Then, the boundary value problem (1.6) has at least one positive solution.

Proof. Assume that (H3) holds, we show that S has a fixed point u; in Q,, \fpl. By fi' < ¢,(m)
and Lemma 2.12, we have that

ix(S,K,) =1. (3.1)

By f45, > ¢p(Mo) and Lemma 2.13, we have that

ix(S,K,,) =0. (32)

By Lemma 2.11(a) and p; < op;, we have fpl C Kgp, C €p,. It follows from Lemma 2.10(3)
that S has a fixed point u; in ), \Epl. When condition (H4) holds, the proof is similar to the
above, so we omit it here.

As a special case of Theorem 3.1, we obtain the following result. O

Corollary 3.2. Suppose conditions (Hy) and (H) hold, and assume that one of the following
conditions holds.

(Hs) 0 < f0 < ¢, (m) and ¢,(M) < fu, < 0.
(He) 0 < f* < ¢ (m) and p,(M) < fo < 0.

Then, the boundary value problem (1.6) has at least one positive solution.

Theorem 3.3. Assume conditions (Hi) and (Hy) hold, and suppose that one of the following
conditions holds.

(Hy) There exist p1, pp, and ps € (0,+00) with py < op; and py < ps such that

< pp(m),  fho, >¢p(Mo), u#Su, YueoQ,, fi<,(m). (3.3)

0'p2



14 Discrete Dynamics in Nature and Society
(Hg) There exist p1, pp, and p3 € (0, +00) with p1 < pa < op3 such that

"< Pp(m), 5’;1 >¢p(Mo), u#Su, VuedkK,, 5;3 > ¢p(Mo). (3.4)

Then, the boundary value problem (1.6) has at least two positive solutions. Moreover, if in (H7) fg '<

¢p(m) is replaced by f' < ¢, (m), then the BVP (1.6) has a third positive solution uz € K,,.

Proof. Assume that condition (H7) holds, we show that either S has a fixed point u; in 0K,
or p, \ Epl. If u# Su for u € 0K, U0K,,. By Lemma 2.12 and Lemma 2.13, we have that

ix(S, K,) =1,
ix(S,Kp) =1, (3.5)
ix(S, K,,) =0.

By Lemma 2.11(a) and p; < op, we have fp] C Kgp, C Lp,. It follows from Lemma 2.10(3)

that S has a fixed point u; in €, \ fpl. Similarly, S has a fixed point u, in K, \ ﬁpz. When
condition (Hg) holds, the proof is similar to the above, so we omit it here.
As a special case of Theorem 3.3, we obtain the following result. O

Corollary 3.4. Assume conditions (Hy) and (H>) hold, if there exists p > 0 such that one of the
following conditions holds.

(Ho) 0< fO < ¢, (m), f2, > §p(Mo0), u# Su, Yu € 8Q, and 0 < = < ¢, (m).

(Hio) pp(M) < fo < oo, f§ < ¢p(m), u# Su, Yu € 3K, and ¢,(M) < fo, < oo.

Then, the boundary value problem (1.6) has at least two positive solutions.

4. Some examples
In this section, we present some simple examples to explain our results. We only study the
case T=R, (0,T)r = (0,1).

Example 4.1. Consider the following three-point boundary value problem with p-Laplacian:

(p (")) +a(t)f(tu)=0, 0<t<1,
1

v@=0,  um=zu(3) @) =5(401(3)).

(4.1)

where f=0,y=1, a1 =1/2, by =1/4, ¢ =1/3,a(t) =1, p = g = 2. By computing, we can
know o =1/6, M = 819/16, m = 9/10. Let p; = 1, p, = 208, then op1 < p1 < op2 < p2. We
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define a nonlinearity f as follows:

(0 (1w, 0<t<t,uelog],
91_t033m<g%u—%%>, O<t<1, uc %1]

= (8N (88, ocicnue [ 2], aa)
%+t3<u—¥>z, O0<t<l, ue :2%8,208],
L%+t3<208_?)z[u(u—zoz;)], 0<t<1l, ue :208,+oo].

Then, by the definition of f, we have

(i) o' < ¢p(m) =9/10;
(i) f&p, > pp(Mo) = 819/19968.

So condition (H3) holds, by Theorem 3.1, boundary value problem (4.1) has at least
one positive solution.
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