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Our aim in this paper is to establish some explicit bounds of the unknown function in a certain
class of nonlinear dynamic inequalities in two independent variables on time scales which are
unbounded above. These on the one hand generalize and on the other hand furnish a handy
tool for the study of qualitative as well as quantitative properties of solutions of partial dynamic
equations on time scales. Some examples are considered to demonstrate the applications of the
results.

1. Introduction

During the past decade, a number of dynamic inequalities have been established by
some authors which are motivated by some applications, for example, when studying the
behavior of solutions of certain classes of dynamic equations, the bounds provided by earlier
inequalities are inadequate in applications and some new and specific type of dynamic
inequalities on time scales are required. The general idea is to prove a result for a dynamic
inequality where the domain of the unknown function is a so-called time scale T, which may
be an arbitrary closed subset of the real numbers R. In [1, Theorem 6.1], it is proved that if
u, f,and p € C;q and p € R*, then

ut(t) < f(t) +p(u(t), Ve [ty 00)r, (1.1)

implies

t
u(t) <u(to)ep(t, to) + f ep(t,o(s))f(s)As, Vte€ [ty, o), (1.2)
to
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where R* := {f € R : 1+pu(t) f(t) > 0, t € T} and R is the class of rd-continuous and regressive
functions. A function f : T — R is said to be right-dense continuous (rd-continuous)
provided f is continuous at right-dense points and at left-dense points in T, left-hand limits
exist and are finite. The set of all such rd-continuous functions is denoted by C.q(T). The
graininess function p for a time scale T is defined by u(t) := o(t) — t, and, for any function
f T — R, the notation f°(t) denotes f(o(t)), where o(t) is the forward jump operator
defined by o(t) := inf{s € T : s > t}. We say that a function f : T — R s regressive provided
1+ pu(t)f(t) #£0, t € T. The set of all regressive functions on a time scale T forms an Abelian
group under the addition @ defined by p @ q := p + g + upg. Throughout this paper, we will
assume that sup T = oo and define the time scale interval [t, o0) by [to, o)1 := [to, 00) N T.
The exponential function e, (t, s) on time scales is defined by

ep(t,s) = exp <It ¢u(r) (p(T))AT), fort,s €T, (1.3)

where ¢;,(z) is the cylinder transformation, which is given by

log(1 + hz)
- 47 h 0/

én(z) = h 7 (1.4)
z, h=0.

Alternatively, for p € R, one can define the exponential function e,(-, to) to be the unique
solution of the IVP x® = p(t)x, with x(t)) = 1. If p € R, then ep(t, s) is real-valued and
nonzero on T. If p € R*, then e, (t, tp) is always positive, e, (t,t) = 1, and ey (t, s) = 1. Note that

t
ep(t, to) = exp <J‘t p(s)ds>, if T=R,
0

t-1
ep(t,to) = [ [(Q+p(s), ifT=N, (1.5)

S=l’0

t-1
ep(t,to) = [(1+(9-1)sp(s)), if T=q".

SZtQ

The book on the subject of time scales by Bohner and Peterson [1] summarizes and organizes
much of time scale calculus. The three most popular examples of calculus on time scales
are differential calculus, difference calculus, and quantum calculus (see [2]), that is, when
T=R, T=N,and T=4g" = {g': t € Ny}, where g > 1.

In this paper, we will refer to the (delta) integral which we can define as follows: If
GA(t) = g(t), then the Cauchy (delta) integral of g is defined by _ffz g(s)As = G(t) — G(a).
It can be shown (see [1]) that if g € Ciq(T), then the Cauchy integral G(t) := ftto g(s)As
exists, to € T, and satisfies G*(t) = g(t), t € T. There are applications of dynamic equations
on time scales to quantum mechanics, electrical engineering, neural networks, heat transfer,
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and combinatorics. A recent cover story article in New Scientist [3] discusses several possible
applications. Also, in [1, Theorem 6.4], it is proved that if u,a, and p € Cyq and p € R*, then

u(t) <a(t) + t p(s)u(s)As, Vte [ty, ), (1.6)
to

implies that
u(t) <a(t) + ft ep(t,o(s))a(s)p(s)As, Vte€ [ty, o). (1.7)
to

Since (1.7) provides an explicit bound to the unknown function u(t) and a tool to the study of
many qualitative as well as quantitative properties of solutions of dynamic equations, it has
become one of the very few classic and most influential results in the theory and applications
of dynamic inequalities. Because of its fundamental importance, over the years, many
generalizations and analogous results of (1.7) have been established. Since the discovery of
the inequalities (1.1)—(1.7), much work has been done, and many papers which deal with
various generalizations and extensions have appeared in the literature, we refer the reader to
[4-9] and the references cited therein. On the other hand, a few authors have focused on the
theory of partial dynamic equations on time scales [10-15]. However, to the best of author’s
knowledge, only [16-19] have studied integral inequalities useful in the theory of partial
dynamic equations on time scales. Before, we give a brief summary of some of the results of
dynamic inequalities in two independent variables, we present some basic definitions about
calculus in two variables on time scales (for more details, we refer to [12]).

Let Ty and T, be two time scales with at least two points, and consider the time scale
intervals Q; = [ty,00) N Ty and Q, = [sg,o0) NT, for tp € Ty and sy € Ty. Let 01, p1, A
and 0y, p», A, denote the forward jump operators, backward jump operators, and the delta
differentiation operator, respectively, on Ty and T,. We say that a real valued function f on
Ti x Ty at (t,s) € Q =Qq x £ has a A partial derivative f A1(t,s) with respect to ¢ if for each
€ > 0 there exists a neighborhood U of t such that

|f(ol(t),s) — F(n,8) - f2(t9)[o1() - 7] | <elo(t)-n|, ¥neU. (1.8)

In this case, we say f21(t,s) is the (partial delta) derivative of f(t,s) at t. We say that a real
valued function f on T xT; at (¢, 5) € Q1 x£2; has a A, partial derivative f A2(t,5) with respect
to s if for each € > 0 there exists a neighborhood U of s such that

|£t,02(5) = F(£,8) = £ (t,9)[o2() - &]| < elo(t) &, Ve U, (19)

In this case, we say f22(t,s) is the (partial delta) derivative of f(t,s) at s. The function f is
called rd-continuous in ¢ if for every a, € T, the function f(t,a) is rd-continuous on T;.
The function f is called rd-continuous in s if for every a; € T; the function f(ay,s) is rd-
continuous on T,. Now, we are ready to present some results for dynamic inequalities in
two independent variables on times scales which are related to the main results in our paper.
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In [18], the authors proved that if a, f, and u are positive rd-continuous functions and a is
nonnegative and nondecreasing in each of its variables, then

u(x,y) <a(x,y)+ IX ! f(s, tyu(s, t)AtAs, (1.10)
Xo ¥ Yo

for all (x,y) € [x0,00)1 X [Yo, 0)7, implies

y
u(x,y) <a(x,y)er(x,x0), where F=| f(x,t)At. (1.11)
Yo

In [19], the author proved thatif a, b, g, h, and u are positive continuous real functions defined
on T x T and y > 1 is a real constant, then

u' (x,y) <a(x,y) +b(x,y) fx ! [g(s, t)u" (s,t) + h(s, t)u(s, t)| AtAs, (1.12)
X0 ¥ Yo
implies
u(x,y) < [a(x,y) +b(x,y)m(x,y)ec(t, to)]l/y, (1.13)

for all (x,y) € [xo, 00)1 x [yo, )1, Where

m(x,y) = f" J‘y [a(s, g(s,t) + (% L as, t)>h(s,t)] Athe
w0 vo
G(s,t) = f yy [g(x, b h(a;,t)]b(XIt)At. (1.14)

In this paper, we are concerned with bounds of the double integral nonlinear dynamic
inequality in two independent variables

t s
u'(t,s) < af(t,s) +b(t,s) L f [f('r, mul(t,1) + g(t,n)u’(z, Tl)]lAﬂAT, (1.15)

for all (t,s) € [tg, 00)1 X [Sg, o0)7. For (1.15), we will assume the following hypotheses:

u,a,b, f, and g are rd-continuous positive functions on Q x €2,
(H (1.16)

a,6,1, and y are positive constants.
The main aim in this paper is to establish some explicit bounds of the unknown

function u(t, s) of the inequality (1.15). Our results not only complement the results in [18, 19]
but also improve the results in [19], in the sense that the results can be applied in the cases
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when y < 1. The main results will be proved by employing the Bernoulli inequality [20,
Bernoulli’s inequality]:

(1+x)" <1+yx, forO<y<1, x>-1, (1.17)

the Young inequality [20]:

P q
ab < a—+b—, where a,b>0, p>1, 1+1=1, (1.18)
p 4 p 4

and the algebraic inequalities [20]:

(a+b) <2\ (a)‘ + b*), fora,b>0, A>1, (1.19)

(a+b)*<a*+b', fora,b>0,0<A<1. (1.20)

Some examples are considered to illustrate the main results.

2. Main Results

Before, we stated and proved the main results and we proved some Lemmas which play
important roles in the proofs of the main results. We will assume that the equations or the
inequalities possess such nontrivial solutions.

Lemma 2.1. Let T be an unbounded time scale with (ty,so) and (t,s) € Tx T. Let g : R — R for
i=1,2,...,nbe functions with gi(x1(t,s)) < gi(xa2(t,s)) fori=1,2,...,n, where xj(t,s) : TxT —
R fori =1,2, whenever x1 < x. Let v,w : T x T — R be differentiable with

o0 (1s) < Salt )g@s),  wh(s)2 Yatgws), @D
i=1

i=1
forall (t,s) € T x T. Then, v(ty, so) < w(ty,so) implies v(t,s) < w(t,s) for all (t,s) € [ty, 00) %
[S(), OO)T'

Proof. The proof is by induction and similar to the proof of Theorem 6.9 in [1] and hence is
omitted. O

Lemma 2.2. Let T be an unbounded time scale with (ty, so) and (t,s) € TxT. Suppose that g; : R —
R is nondecreasing fori=1,2,...,nand y : T x T — R* is such that g;(y) is rd-continuous. Let p;
be rd-continuous and positive fori =1,2,...,nand f : T x T — R* differentiable. Then,

n t s
y(t,s) < f(t,s) + Z L f pi(n,7)gi(y(n,s))AnAr, VY(t,s) e TxT, (2.2)
i=1 0¥ So
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implies y(t,s) < x(t,s) for all (t,s) € [ty,o0) x [So, 00), where x(t,s) solves the initial value

problem

xBBe(t,s) = fAR5 (L 5) + zn: pi(t, s)&i(x(t,s)),
= 2.3)

x(to, So) > f(t(), So) > 0.

Proof. Let
n
P

o(t,s) = f(t,s) + Zl] f: ;Pi (t.m)&i(y(7,m))AnArT, (24)
for all (¢, 5) € [to, 50) X [S0, 00)r. Then,
DA (15) = fUSS(L5) + Zl pilt,9)g(y(t,9)), (25)
for all (£,5) € [to, 90)= x [s0,90)x and y(t,5) < v(t, s) s that

vR B (t,5) < fAR(t,s) + Zn: pi(t, s)gi(v(t, s)), (26)

i=1

for all (¢,s) € [to, 00) X [So, 00)¢. Since v(ty,s0) = f(to,S0) < x0 = x(to, So), the comparison
Lemma 2.1 yields v(t,s) < x(t,s) for all (t,s) > (to, o), where x(t, s) solves the initial value
problem (2.3). Hence, since y(t,s) < v(t, s), we obtain y(t,s) < x(t,s). The proof is complete.

O

Now, we are ready to state and prove the main results in this paper. First, we consider
the case when A > 1 and a, 6 < y. For simplicity, we introduce the following notations:

F(t,s) := 2241 It js [f)‘(r,rl) [aé/y(‘r,q)]l] AnAT
4 220-1) jt r [gi\ (7-,11) [aﬂ/Y (7—,11)])‘] AnAr, (2.7)
to ¥ so
G(t,s) := 224D < A, s) [ga(ﬁ/w—l(t, s)] ' +g'(t,s) [%a(“/)’)—l(t, s)] A>.

Theorem 2.3. Let T be an unbounded time scale with (ty,s9) € T x T. Assume that (H) holds,
Ly2>21and a,6 <y. Then,

t

u'(t,s) <a(t,s)+b(t,s) r [f(7',11)u‘5 (t,1) + g(T,n)u*(r, ﬂ)]lAﬂAT, (2.8)

to
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for (t,5) € Q, implies that
u(t,s) <a’/v(t,s) + %a(l/”‘l(t, s)b(t, s)w(t,s), Y(t,s)eQ,
where w(t) solves the initial value problem
whB5(t,5) = FA25(t,s) + b (t,5)G(t, s)w'(t,s),  w(ty,sg) > 0.

Proof. Define a function y(t, s) by

9= [ [ [pemnd @+ st o] anar
This reduces (2.8) to
u'(t,s) <a(t,s)+b(t,s)y(ts), for(ts)eQ.
This implies that
u(t,s) < (a(t,s) +b(t, s)y(t, s))l/y, for (t,s) € Q.
Applying the inequality (1.17) (noting that 1/y < 1), we see that
u(t,s) <a’v(t,s) + %a(lm‘l(t,s)b(t,s)y(t,s), for (t,s) € Q.

From (2.13), we obtain

b(t,s)y(t,s)1™"

att,s) , for (t,s) € Q.

u*(t,s) < a*r(t,s) [1 +

Applying inequality (1.17) on (2.15) (where a < y), we obtain for (t,s) € Q that

u(t,s) < a7 (t,s)

ab(t,s)
1+ ? alt, S)y(t, s)]

_ aa/y(t,s) + %a(u/Y)—l(t, s)b(t,s)y(t,s).

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)



8 Discrete Dynamics in Nature and Society

Also, from (2.13), we obtain

b(t,s)y(t,s)1°7

att.s) , for (t,s) € Q. (2.17)

u0(t,s) < a®r(t,s) [1 +

Applying inequality (1.17) on (2.17) (where 6 < y), we have for (t,s) € Q that

5 b(t s)

ul(t,s) < a1 (t,s) [ y(t, )]

(2.18)
= ab/r(t,s) + ga(ﬁ/y)—l(t, s)b(t,s)y(t,s).

Combining (2.11), (2.16), and (2.18) and applying the inequality (1.19) (noting that A > 1),
we have

t ps A
vt = [ [ [fn e+ gtrmuen] anar
t ps A
32“J‘ f |f (z,m)u (v, )] Anar
to J ty
! A
27 [ [y )] anar 219
t ps 8 A
ngf f FA(rm) [a‘s”(f,n)wa(‘””1(T,n)b(w>y(m)] AnAt
to J ty
t s
4 oMl L J; gA(Tﬂl)[ rx/Y(T 1) + Ya(a/y) 1(T nb(r,n)y(r, q)] AnAr.
This implies that
t ps
y(t,9) <200 [ [ f\r ) [a (5] Anar
to / to

t ps 6 A

+22(A—1)J j (r,m) [;“(6”)_1@/71)17(7371)] y' (T, n) AnAT
to J to
t ps

+22(1—1)I f gA(T/n) [aa/Y(Tzrl)]AAqAT (2.20)
to / to

a7 (z,m)b(z, 1) y (,m) AnAT

t
[ [ o
to / to

t ps
:F(t,s)+J f G(r,n)y*(r,n)AnAT, for (t,s) € Q.
to 7 to
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Now an application of Lemma 2.2 (with 7 = 1 and g(y) = y*) gives that

y(t,s) <w(t,s), for (t,s)€Q, (2.21)

where w(t, s) solves the initial value problem (2.10). Substituting (2.21) into (2.14), we obtain
the desired inequality (2.9). The proof is complete. O

Theorem 2.4. Let T be an unbounded time scale with (ty,s9) € T x T. Assume that (H) holds,
ALy >1and a,6 <y. Then, (2.8) implies

u(t,s) <a’7(t,s) + b1 (t,s)w'"(t,s), V(ts)eQ, (2.22)
where w(t) solves the initial value problem

wAtAS (t/ S) = FAtAS (t/ S) + Gl (t/ S)wl(é/w (t/ S) + G2(tl S)w)l(a/Y) (t/ S)/
(2.23)
w(to, s0) > 0,

where F(t) is defined as in (2.7) and
Gi(t,s) = 224D fA(1, )bV (t,5), Gy = 22ADgh(t, s)b /7 (1, 5). (2.24)
Proof. Define a function y(t, s) by (2.11) and proceed as in the proof of Theorem 2.3 to obtain
u(t,s) < (a(t,s) +b(t, s)y(t, s))l/y, for (t,s) € Q. (2.25)
Applying the inequality (1.20), we see that
u(t,s) < a'’1(t,s) +b"7(t,s)y"/7(t,s), for (t,s) € Q. (2.26)
From (2.25), we obtain
u*(t,s) < (a(t,s) +b(t, s)y(t, s))“/y, for (t,s) € Q. (2.27)
Applying inequality (1.20) on (2.27) (where a < y), we obtain for (¢, s) € Q that
u*(t,s) < a®v(t,s) + b¥(t,s)y*’V (t, ). (2.28)

Also, from (2.25), we have by (1.20) that

ub(t,s) < a®V(t,s) + bV (t,8)y?/V (t,s), for (t,5) € Q. (2.29)
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Combining (2.11), (2.28), and (2.29) and applying the inequality (1.19) (noting that A > 1),
we have

v = [ [ [ @n + glomu @] snar
<2 [ [ [fm )] snar
+241 Jt [g(z, n)u*(z,n)]  Anar (2.30)

t s A
<2 It t fHzm) [aé/y (7,1) + 6% (7, )y (7, ’1)] AnAT
0 0

t ps A
27 gt ema ) w0 (my (o] anar
0 0
This implies that

v, <20 [ [ [ ()] anar
L 9201) I; J: 2 (r,1) [a“/Y(T/ﬂ)])LATZAT
s f : j P B ()] 60 () e (2.31)
vz [ o) [ ()] 'y s

t S
=F(t,s) +f f [Gl (T,q)y)‘(‘s/” (t,n) + Gz(T,n)y)‘(“/Y) (7,11)] AnAT,
oV o

for (t,s) € Q. Now, an application of Lemma 2.2 (with n = 2, g1(y) = y*®/V, and g (y) =
y*@/1) gives that

y(t,s) <w(t,s), for (t,s)€Q, (2.32)

where w(t, s) solves the initial value problem (2.23). Substituting (2.32) into (2.26), we obtain
the desired inequality (2.22). The proof is complete. O
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As in the proof of Theorem 2.3 by employing the inequality (1.20) instead of the
inequality (1.19), we can obtain an explicit bound for u(t) when 0 < A < 1. This will be
presented below in Theorem 2.5 without proof since the proof is similar to the proof of
Theorem 2.3. For simplicity, we introduce the following notations:

Fi(t,s) = JA fs [f)‘ (t,1) a'®/n (T,T[)] AnAT
to 7/ so
+ J‘t fs [g)‘ (t,n) a@/n) (T,T])] AnAT, (2.33)
l’(] So

A A
Gs(t,s) := <f)‘(t,s) [ga(‘s/”‘l(t, s)] +g)‘(t, s) [%a(”‘/”‘l(t, s)] >

Theorem 2.5. Let T be an unbounded time scale with (ty,sg) € T x T. Assume that (H) holds,
y>1, 0<A<1, 6 <y, and a <y. Then, (2.8) implies that

u(t,s) <a’7(t,s) + %a(l/”‘l(t,s)b(t, s)z(t,s), for (t,s) €Q, (2.34)

where z(t) solves the initial value problem
2280 (8) = FM% () + Ga(t, s)b (£, 5)2 (1,8),  2(to, 50) > 0. (2.35)

In the following, we apply the Young inequality (1.18) to find a new explicit upper
bound for u(t) of (2.8) when A > 1 and 0 < A < 1. First, we consider the case when A > 1 and
assume that M(a/y) <1land A(6/7) < 1.

Theorem 2.6. Let T be an unbounded time scale with (ty,s9) € T x T. Assume that (H) holds,
y,A>1and a,6 <y such that (Aa/y) < 1and (A6/y) < 1. Then, (2.8) implies that

u(t,s) < a'/V(t,s) + bl/Y(t,s)F;/ Y(t,5), VY(t,s)eQ, (2.36)
where
a 6
F5(t,s) = Fo(t,8) + ep(s—sy) (t, 1), P=A|=+ _],

Y v

-16) _
Fo(t,s) = F(t,5) + % f (Ga(z,m))"" " Anar (2:37)

to

— ) o,
4 (Y : 0() J (GZ(T/TI))Y/(Y A )ATZAT,
to

and F, Gy, and Gy are defined as in (2.7) and (2.24).
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Proof. Define a function y(t, s) by (2.11) and proceed as in the proof of Theorem 2.4 to obtain

u(t,s) < a'’r(t,s) +b1(t,s)y"’7(t,s), for (ts) €Q, (2.38)

t ps
y(t,s) <F(t,s) + f ’[ [G1 (7, ) " (7,1) + Go (7, 1) y**/V (7, 11)] AnArT, (2.39)
to Jto

where F, Gy, and G; are defined as in (2.7) and (2.24). Applying the Young inequality (1.18)
on the term G;y*®/Y) with g =y/A6 > 1and p = y/(y — A6) > 1, we see that

~16
Gy < (r : )(Gl)y/w—m . (%)y' (2.40)

Again applying the Young inequality (1.18) on the term Goy**/V) with g = y/\a > 1 and
p=7/(y — la) > 1, we see that

Gzy).(a/y) < (r _Y)‘“)

(S A (%) y. (2.41)

Substituting (2.40) and (2.41) into (2.39), we have
-\6) (t (¢ _
y(t,s) < F(t,s) + %I f (Gl (T,ﬂ))y/(y /\G)AHAT
to / to

_/\ t ps g
) : %) f f (Ga(z,m))" I g (2.42)
to / to

t ps
! [J\Y_“ " %] J‘ y(T,n)AnAT, V(t,s) € Q.

to 7 so

From the definitions of Fy(t) and f3, we get that

y(t,s) < Fo(t,s) + ﬂft ) y(T,n)AnAT,  for (t,s) € Q. (2.43)
b

to
Applying the inequality (1.10) with f(¢,s) = B, we have
]/(t/ S) < FO(t/ S) + eﬂ(s—So) (t/ tO)l V(tl S) € Q. (244)

Substituting (2.44) into (2.38), we get the desired inequality (2.36). The proof is complete. [

Theorem 2.7. Let T be an unbounded time scale with (ty,s0) € T x T. Assume that (H) holds,
y>1, 0<A<1,and a,6 <7y. Then, (2.8) implies that

u(t,s) <a’vt,s) + %a(lml(t, s)b(t,s)Fu(t,s), for (t,s) € Q, (2.45)
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where

Fy(t,s) = Fa(t,s) + ex(s—sy) (t, to),

t ps (2.46)
Fa(t,s) i= Fi(t, ) + (1 - ) f (Gs(z, 7))V anar,

to 7 so

and Fy and Gj are defined as in (2.33).

Proof. Define a function y(t, s) by (2.11) and proceed as in the proof of Theorem 2.3 to obtain
1
u(t,s) < a7t s) + ;a(l/”’l(t, s)b(t,s)y(t,s), for (t,s) €Q, (2.47)

t s
y(t,s) < Fi(t,s) +J J‘ Gs(s)y'(t,n)AnAT,  for (t,5) € Q, (2.48)
t() S0

where F; and G; are defined in (2.33). Applying the Young inequality (1.18) on the term G3y*
withg=1/A>1andp =1/(1-1) > 1, we see that

Gyt < (1-1)(G3)"™ + 4. (2.49)
This and (2.48) imply that
t s
y(t,s) < Fi(t,s) + (1 - 1) (Gs(z, 7))V ayar
A (2.50)

t S
+j Ay (T, 1) AnAT.

to 7 so

Using the definition of F;(t,s), we get that

t ps
y(t,s) < Fa(t,s) + .)LJ‘ y(r,m)AnAt, for (t,s) € Q. (2.51)

to ¥ sp
Applying the inequality (1.10) with f(¢,s) = A, we have
y(t/ S) < FZ(t/ S) + e)L(SfSo) (t/ tO)/ V(t/ S) € Q. (252)

Substituting (2.52) into (2.47), we get the desired inequality (2.45). The proof is complete. [
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Next in the following, we consider the case when y < 1 and establish some new explicit
bounds of the unknown function u(t, s) of (2.8).

Theorem 2.8. Let T be an unbounded time scale with (ty,s9) € T x T. Assume that (H) holds,
A<1, y<1,and aX, 6\ <y. Then, (2.8) implies that

u'(t,s) < aft,s) +b(t,s) [H(t,s) + ep,s—s) (t, t0)], for (t,5) € Q, (2.53)

where p1 = (Aa/y) + (A6/y) and

t
H(t,s) = 2261/0-D f

to

fH(z,m) a7 (,1) AnAT
to

t S
+ pra((/y)-1) L ft gA (T, 11) alaly (T, ;1) AnAT
0 0

t (2.54)
-6 s /(y-16
+2w<<1/y>—1>uf J' <f)t(T’11)bA5/Y(T,n)>Y v )AHAT
Y ty J to
—da) (* (® /(-2
+ 2*“((1/Y)—1)(}/—“)f j <gA (T’rl)b)»u/y (T,q)>r & a)AqAT.
Y to Vo
Proof. Define a function y(t, s) by
t ps 1
y(t,s) = J f [f(T,q)u‘S (t,n) + g(T,n)u” (T,TZ)] AnAT. (2.55)
to / to
This reduces (2.8) to
ul(t,s) < a(t,s)+b(t,s)y(ts), for (ts)eQ. (2.56)
This implies that
u(t,s) < (a(t,s) +b(t, s)y(t, s))l/y, for (t,s) € Q. (2.57)
Applying the inequality (1.19) (noting that y < 1), we see that
u(t,s) < 2/m-1 [al/Y(t,s) Bt s)y Y, s)], for (t,s) € Q. (2.58)

From (2.58), we obtain

u'(t,s) < 22/N-D [al/v(t, s)+ b7t s)y /T (t, s)]“, for (t,5) € Q. (2.59)
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Also, from (2.58), we obtain
6
ub(t,s) < 26N [al/f(t,s) +B(t, s)y“r(t,s)] , for (t,5) € Q. (2.60)

Combining (2.55), (2.59), and (2.60) and applying the inequality (1.19) (noting that A < 1),
we have

y(t,s) = L ft [f(T,rl)u‘S(T,q) +g(T, n)u“(r,,l)]*AnAT
< L jt [f(T,Tl)u'S(T,?])])LATlAT
! A
o g () anar @1
to
< 226(/y)-1) ft ) f)‘(T,n) [al/y(t, s) + bl/V(t,s)yl/y(t,s)]MAqAT
to / to

t
+ 2Aa((1/)-1) f

to

° al
gA (7,11) [al/y(t, s) + bl/y(t, S)yl/}’(t, s)] AnAT.
to
This implies (noting that al <1 and 6\ < 1) that
t s
y(t,s) < 216((1/y)-1) f fA (1) a\o/y (1,1) AnAT
to J to

t s
PSCVRY I FH o () y o (z,m) An At
ty 7/ ty (262)

tops

+ 2@/ L L g (t,n)a** v (1,n) AyAT
0 0
t S

+ 2a((1/7)-1) L L g’\(’l’,ﬂ)b“/y(’l‘,ﬂ)ylu/Y(T,ﬂ)AﬂAT-
0 0

Applying the Young inequality (1.18) on the term H;y*©®/Y) with g = y/A6 > 1 and p =
y/(y = A8) > 1, we see that

- 16
Hly“’sm < (Y : )(Hl)r/(y—m " <%>y, (2.63)

where H; = f*b'%/Y. Again applying the Young inequality (1.18) on the term H,y*/7) with
g=v/Aa>1landp=y/(y — \a) > 1, we see that

-1
szua/y) < (Y : 0‘) (HZ)Y/(Y—M) n (%)y, (2.64)
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where H, = ¢'b**/Y. Combining (2.62)—(2.64), we have
t s
y(t,s) < H(t,s) +ﬂlf f y(T,1n)AnAr. (2.65)
to / ko
Applying the inequality (1.10) on (2.65) with f(t,s) = 1, we have
y(t,s) < H(t,s) +ep (s-sp)(t, to), V(t s)€Q. (2.66)

Substituting (2.66) into (2.56), we get the desired inequality (2.45). The proof is complete. [

Remark 2.9. The above results can be extended to the general inequality
t s
u'(t,s) <a(t,s)+ b(t,s)f J L(t,n,u(t,1))AnAT, (2.67)
to 7 sg
when
A
L(t,nm,u) - L(t,1,v) < [Ll (1,1,0) (u—0)° + Ly(1,7,0) (u — v)”‘] . (2.68)
In fact, by using the new substitution
t ps
y(t,s) = f ’[ L(t,n,u(t,n))AnArT, (2.69)
to v sp
the inequality (2.67) can be written as
u'(t,s) <a(t,s) +b(t,s)y(t, s), (2.70)

and then, since y > 1, we have
u(t,s) < A(t,s) + B(t,s)y(t,s), (2.71)
where A(t,s) = al/7(t,s) and B(t,s) = a/V1(t,s)b(t, s). This implies that
t s
y(t,s) = f f L(z,m,u(t,n))AnAT
to / so
t s
< f [L(7,n, A(T, 1) + B(T,m)y (7, 1)) - L(7,1, A(T, 1)) | AnAT (272)

to 7 so

t s
+ f I L(t,n, A(T,1))AnAT.
to ¥ So
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Using (2.68) in the last inequality, we get an inequality similar to the inequality (2.8) and then

follow the proof of the above results to find some explicit bounds of (2.8). The details are left
to the reader.

3. Applications
In this section, we present some applications of our main results.

Example 3.1. Consider the partial dynamic equation on time scales
W' (t, )™ = H(t,s,u(t,s)) +h(t,s),  (ts) €Q=[to,0); x [s0,0)p,  (3.1)
with initial boundary conditions
ut,so) = a(t) >, u(to,s) =b(s) > alty) =b(so) =0, (3.2)

where y > 1is a constant and H and h are rd-continuous functions on Q, a : [ty, o)y — R*
and b : [ty, 00); — R* are rd-continuous functions. Assume that

|H(t,s,u)| < f(t,9)|u(t,s)|° + g(t, )|ut, s)|%, (3.3)

where f(t,s) and g(t, s) are nonnegative rd-continuous functions for (f,s) € Qand a,6 < v.
If u(t, s) is a solution of (3.1)-(3.2), then u(t, s) satisfies

u(t,s)l < 'V (t,5) + AV (t,5), V(t,s)€Q, (3.4)

where

t

attys) = a0+ 07+ [ [ n(rn)lanar,

to ¥ so

a 6
A(t,s) .= Hy(t,s) + €p(s-s0) (t,to), ﬂ = [¥ + =

7

Hy(t,s) = J;t fs [f(T,ﬂ)a‘S/Y(T,Tl)]ATlAT
(3.5)

+ Lt f |g(x.m)a”/" (v, )| anar

(r-96) (* (¢ ¥/ (y-6)
’ Y J‘to :[so (f(T,S)) Anar

(y - )
Y

+

t s
[ | @@my o anar,
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In fact, the solution of (3.1)-(3.2) satisfies

t

lu(t, s)|" = a¥ (t) + bY () + f ) h(t,n) AnAT + It fs H(t,n,u(t,1))AnAT, (3.6)
to ¥ s

to ¥ so

for (t,s) € Q. Therefore,
t s
lu(t,s)|" < af(t,s) +j j |H (7, 1,u(t,n))|AnAT, for (ts) € Q. (3.7)
to v sg

It follows from (3.3) and (3.7) that

t

lu(t,s)|" < a(t,s) +f f(z,s)|u(r,n) |5 +g(7,n)|u(r,n)|*AnAr, (3.8)

to /' so

for (t,s) € Q. Applying Theorem 2.6 on (3.8) with A = 1 and b(t, s) = 1, we obtain (3.4).

Example 3.2. Consider the equation
u'(t,s) = H(t,s,u(t,s)) + h(t,s), (t,5) € Q= [ty, ) x [S0, )T, (3.9)

where y > 1 is a constant and H and h are rd-continuous on Q,a : [fp,o0); — R* and
b: [to,00); — R* are rd-continuous functions. Assume that

H(t,s,1)| < f(t,)[ut, 5)|° + g(t, )lu(t, 5)I7, (3.10)

where f(t,s) and g(t, s) are nonnegative rd-continuous functions for (f,s) € Q and a,6 < v.
If u(t, s) is a solution of (3.1)-(3.2), then u(t, s) satisfies

[u(t, s)| < |h(t, s)|Y" + %|h(t, s)|YVABYY(t,5), V(t,s) €Q, (3.11)
where
- - 1/(1-1)
B(t,s) := F*(t,s) + (1 -\) (G*(7,1)) ANAT + ey (s—s) (t o),
t(] S0
t s
Pt = | [ [FEma @@ + g nmate (n]anar, G12)
to / sp

A A
G*(t,s) := < £, 9) [ga(‘s/y)"1(t,s)] +g\(t,9) [%a(“/y)‘l(t,s)] >
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In fact, the solution of (3.9) satisfies
t s
[u(t, s)|" < |h(t,s)| +J f |H (7, 1,u(t,n))|AnAT,  for (t5) € Q. (3.13)
to v/ so
It follows from (3.10) and (3.13) that
t ps a 1
lu(t,s)|" < |h(t, s)] +f J. [f(T, s)|u(t,n) |'S +g(r,n)|u(r,n)| ] AnAT, (3.14)
to S0

for (t,s) € Q. Applying Theorem 2.7 on (3.14) with b(t, s) = 1, we obtain (3.11).

Example 3.3. Assume that T = R and consider the partial differential equation

% <uV"1(t,s)%u(t,s)) + H(t,s,u(t,s)) = h(t,s), (ts)eQ, (3.15)

where Q* = [0, 00) x [0, c0), with initial boundary conditions
u(t,0) =a(t) >0, u(0,s) =b(s) >0, a(0) =b(0) =0. (3.16)

Assume that y > 1isa constantand H : [0, 00)x[0,00)xR — Rand h : [0,00)p x [0, 0)p — R,
a:R — Rtand b: R — R* are continuous functions. Also, we assume that

[H(t,s,u)| < f(t, s)u(t,s)° + g(t, 5)|u(t, 5)|%, (3.17)

where f(t,s) and g(t, s) are nonnegative continuous functions for (t,s) € Q" and a,6 < y. If
u(t, s) is a solution of (3.1)-(3.2), then u(t, s) satisfies

lu(t,s)| < a'/V(t,s) + y/YBYI(t,s), VY(ts)€Q, (3.18)

where

t s
a(t,s) = a’'(t) + b (s) +y£ f |h(7,1)|AnAT,

a O
_+_
Yy v

7

B(t,s) := Hy(t,s) + €p(s—s0)(t, to), P=

t

Hy(t,s) = js [f(T,Tl)aé/y(T,rl)]ATZAT + Lt fs [g(T,n)a”/Y(T,q)]AqAT (3.19)

to

to 7 so

:
" /(r-)
[ | Gmy o anar,

(y - @)
Y

+
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In fact, the solution formula of (3.15)-(3.16), after integration twice, is given by

|u(t, s)|" — a¥(t) - b (t) + YJt fs H(z,n,u(t,n))AnAT

- (3.20)
=y LO LO h(t,n)AnAT, for (t,5) € Q"
Therefore,
lu(t,s)|” < a(t,s) + th r |H (7, 1m,u(t,n))|AnAT,  for (K s) € Q. (3.21)
Tt follows from (3.17) and (3.21) that
jutt, )" < a(t,s) + yf f @) u(rn)|” + g(r,m) |u(r,n)|*| anar, (3.22)

for (t,s) € Q*. Applying Theorem 2.6 on (3.22) with A = 1 and b(t,s) = y, we obtain (3.18).
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