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The local fractional Laplace variational iterationmethodwas applied to solve the linear local fractional partial differential equations.
The local fractional Laplace variational iteration method is coupled by the local fractional variational iteration method and Laplace
transform. The nondifferentiable approximate solutions are obtained and their graphs are also shown.

1. Introduction

Fractional calculus [1] has successfully been used to study the
mathematical and physical problems arising in science and
engineering. Fractional differential equations are applied to
describe the dynamical systems in physics and engineering
(see [2, 3]). It is one of the hot topics for finding the
solutions for the fractional differential equations for scientists
and engineers. There are many analytical and numerical
methods for solving them, such as the spectral Legendre-
Gauss-Lobatto collocation method [4], the shifted Jacobi-
Gauss-Lobatto collocationmethod [5], the variation iteration
method [6], the heat-balance integral method [7], the Ado-
mian decomposition method [8], the finite element method
[9], and the finite difference method [10].

The above methods did not deal with some nondiffer-
entiable problems arising in mathematics and physics (see
[11–13]). Local fractional calculus (see [12–14] and the cited
references) is the best choice to deal with them. Some

methods for solving the local fractional differential equa-
tions were suggested, such as the Cantor-type cylindrical-
coordinate method [15], the local fractional variational iter-
ation method [16, 17], the local fractional decomposition
method [18], the local fractional series expansion method
[19], the local fractional Laplace transform method [20],
and local fractional function decomposition method [21,
22]. More recently, the coupling schemes for local fractional
variational iteration method and Laplace transform were
suggested in [23]. However, the results are very little. In this
paper, our aim is to use the local fractional Laplace variational
iteration method to solve the linear local fractional partial
differential equations.The structure of the paper is suggested
as follows. In Section 2 the basic theory of local fractional cal-
culus and local fractional Laplace transform are introduced.
Section 3 is devoted to the local fractional Laplace variational
iterationmethod. In Section 4, the four examples for the local
fractional partial differential equations are given. Finally, the
conclusions are considered in Section 5.
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2. Local Fractional Calculus and Local
Fractional Laplace Transform

In this section, we present the basic theory of local fractional
calculus and concepts of local fractional Laplace transform.

The local fractional derivative of𝑓(𝑥) of order𝛼 is defined
as [12–15]

𝑑𝛼𝑓 (𝑥
0
)

𝑑𝑥𝛼
=
Δ𝛼 (𝑓 (𝑥) − 𝑓 (𝑥

0
))

(𝑥 − 𝑥
0
)
𝛼

, (1)

where

Δ𝛼 (𝑓 (𝑥) − 𝑓 (𝑥
0
)) ≅ Γ (1 + 𝛼) [𝑓 (𝑥) − 𝑓 (𝑥

0
)] . (2)

The local fractional integral of 𝑓(𝑥) of order 𝛼 in the interval
[𝑎, 𝑏] is defined as [12–14, 16–23]

𝑎
𝐼(𝛼)
𝑏

𝑓 (𝑥) =
1

Γ (1 + 𝛼)
∫
𝑏

𝑎

𝑓 (𝑡) (𝑑𝑡)
𝛼

=
1

Γ (1 + 𝛼)
lim
Δ𝑡→0

𝑗=𝑁−1

∑
𝑗=0

𝑓 (𝑡
𝑗
) (Δ𝑡
𝑗
)
𝛼

,

(3)

where the partitions of the interval [𝑎, 𝑏] are (𝑡
𝑗
, 𝑡
𝑗+1
), with

Δ𝑡
𝑗
= 𝑡
𝑗+1
−𝑡
𝑗
, 𝑡
0
= 𝑎, 𝑡
𝑁
= 𝑏, andΔ𝑡 = max{Δ𝑡

0
, Δ𝑡
1
, Δ𝑡
𝑗
, . . .},

𝑗 = 0, . . . , 𝑁 − 1.
The local fractional series of nondifferentiable function

used in this paper are presented as follows [12–14]:

𝐸
𝛼
(𝑥𝛼) =

∞

∑
𝑘=0

𝑥𝛼𝑘

Γ (1 + 𝑘𝛼)
,

sin
𝛼
(𝑥𝛼) =

∞

∑
𝑘=0

(−1)
𝑘

𝑥(2𝑘+1)𝛼

Γ [1 + (2𝑘 + 1) 𝛼]
,

cos
𝛼
(𝑥𝛼) =

∞

∑
𝑘=0

(−1)
𝑘

𝑥2𝛼𝑘

Γ (1 + 2𝛼𝑘)
,

sinh
𝛼
(𝑥𝛼) =

∞

∑
𝑘=0

𝑥(2𝑘+1)𝛼

Γ [1 + (2𝑘 + 1) 𝛼]
,

cosh
𝛼
(𝑥𝛼) =

∞

∑
𝑘=0

𝑥2𝛼𝑘

Γ (1 + 2𝛼𝑘)
.

(4)

The properties of local fractional derivatives and integral of
nondifferentiable functions are given by [12, 13]

𝑑𝛼

𝑑𝑥𝛼
𝑥𝑛𝛼

Γ (1 + 𝑛𝛼)
=

𝑥(𝑛−1)𝛼

Γ (1 + (𝑛 − 1) 𝛼)
,

𝑑𝛼

𝑑𝑥𝛼
𝐸
𝛼
(𝑥𝛼) = 𝐸

𝛼
(𝑥𝛼) ,

𝑑𝛼

𝑑𝑥𝛼
sin
𝛼
(𝑥𝛼) = cos

𝛼
(𝑥𝛼) ,

𝑑𝛼

𝑑𝑥𝛼
cos
𝛼
(𝑥𝛼) = −sin

𝛼
(𝑥𝛼) ,

𝑑𝛼

𝑑𝑥𝛼
sinh
𝛼
(𝑥𝛼) = cosh

𝛼
(𝑥𝛼) ,

𝑑𝛼

𝑑𝑥𝛼
cosh
𝛼
(𝑥𝛼) = −sinh

𝛼
(𝑥𝛼) ,

0
𝐼(𝛼)
𝑥

𝑥𝑛𝛼

Γ (1 + 𝑛𝛼)
=

𝑥(𝑛+1)𝛼

Γ (1 + (𝑛 + 1) 𝛼)
.

(5)

The local fractional Laplace transform is defined as [12, 20–
22]

𝐿̃
𝛼
{𝑓 (𝑥)} = 𝑓

𝐿̃,𝛼

𝑠
(𝑠)

=
1

Γ (1 + 𝛼)

× ∫
∞

0

𝐸
𝛼
(−𝑠𝛼𝑥𝛼) 𝑓 (𝑥) (𝑑𝑥)

𝛼, 0 < 𝛼 ≤ 1,

(6)

where𝑓(𝑥) is local fractional continuous and 𝑠𝛼 = 𝛽𝛼+𝑖𝛼∞𝛼.
The inverse formula of local fractional Laplace transform

is defined as [12, 20–22]

𝑓 (𝑥) = 𝐿̃
−1

𝛼
{𝑓𝐿,𝛼
𝑠

(𝑠)}

=
1

(2𝜋)𝛼
∫
𝛽+𝑖∞

𝛽−𝑖∞

𝐸
𝛼
(𝑠𝛼𝑥𝛼) 𝑓𝐿̃,𝛼

𝑠
(𝑠) (𝑑𝑠)

𝛼,
(7)

where 𝑠𝛼 = 𝛽𝛼 + 𝑖𝛼∞𝛼 and Re(𝑠𝛼) = 𝛽𝛼.
The local fractional convolution of two functions is

defined as [12, 20–22]

𝑓
1
(𝑥) ∗ 𝑓

2
(𝑥) =

1

Γ (1 + 𝛼)
∫
∞

−∞

𝑓
1
(𝑡) 𝑓
2
(𝑥 − 𝑡) (𝑑𝑡)

𝛼. (8)

The properties for local fractional Laplace transform used in
the paper are given as [12]

𝐿̃
𝛼
{𝑎𝑓 (𝑥) + 𝑏𝑔 (𝑥)} = 𝑎𝐿̃

𝛼
{𝑓 (𝑥)} + 𝑏𝐿̃

𝛼
{𝑔 (𝑥)} ,

𝐿̃
𝛼
{𝑓(𝑛𝛼) (𝑥)} = 𝑠

𝑛𝛼𝐿̃
𝛼
{𝑓 (𝑥)}

−
𝑛

∑
𝑘=1

𝑠(𝑘−1)𝛼𝑓(𝑛−𝑘)𝛼 (0) ,

𝐹
𝛼
{𝑓
1
(𝑥) ∗ 𝑓

2
(𝑥)} = 𝑓

𝐹,𝛼

𝜔,1
(𝜔) 𝑓
𝐹,𝛼

𝜔,2
(𝜔) ,

𝐿̃
𝛼
{sin
𝛼
(𝑐𝛼𝑥𝛼)} =

𝑐𝛼

𝑠2𝛼 + 𝑐2𝛼
,

𝐿̃
𝛼
{cos
𝛼
(𝑐𝛼𝑥𝛼)} =

𝑠𝛼

𝑠2𝛼 + 𝑐2𝛼
,

𝐿̃
𝛼
{𝑥𝑘𝛼} =

Γ (1 + 𝑘𝛼)

𝑠(𝑘+1)𝛼
.

(9)

3. Analysis of the Method

In this section, we introduce the idea of local fractional
variational iteration method [16, 17], which is coupled by
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the local fractional variational iteration method and Laplace
transform.

Let us consider the following nonlinear operator with
local fractional derivative:

𝐿
𝛼
𝑢 − 𝑁

𝛼
𝑢 = 0, (10)

where the linear local fractional differential operator denotes
𝐿
𝛼
= (𝑑𝑘𝛼/𝑑𝑠𝑘𝛼) and 𝑢(𝑥) is a source term of the nondiffer-

ential function.
Following the local fractional Laplace variational itera-

tion method [23], we have the local fractional functional
formula as follows:

𝑢
𝑛+1

(𝑥) = 𝑢
𝑛
(𝑥) +

0
𝐼(𝛼)
𝑥

{
𝜆(𝑡)𝛼

Γ (1 + 𝛼)
[𝐿
𝛼
𝑢
𝑛
(𝑡) − 𝑁

𝛼
𝑢
𝑛
]} ,

(11)

which leads to

𝑢
𝑛+1

(𝑥) = 𝑢
𝑛
(𝑥) +

0
𝐼(𝛼)
𝑥

{
𝜆(𝑥 − 𝑡)𝛼

Γ (1 + 𝛼)
[𝐿
𝛼
𝑢
𝑛
(𝑡) − 𝑁

𝛼
𝑢
𝑛
]} .

(12)

Using the local fractional Laplace transform, from (12), we get

𝐿̃
𝛼
{𝑢
𝑛+1

(𝑥)} = 𝐿̃
𝛼
{𝑢
𝑛
(𝑥)}

+ 𝐿̃
𝛼
{

𝜆(𝑥)𝛼

Γ (1 + 𝛼)
} 𝐿̃
𝛼
{𝐿
𝛼
𝑢
𝑛
(𝑥) − 𝑁

𝛼
𝑢
𝑛
(𝑥)} .

(13)

Taking the local fractional variation [21], we obtain

𝛿𝛼 {𝐿̃
𝛼
{𝑢
𝑛+1

(𝑥)}}

= 𝛿𝛼 {𝐿̃
𝛼
{𝑢
𝑛
(𝑥)}}

+ 𝛿𝛼 {𝐿̃
𝛼
{

𝜆(𝑥)𝛼

Γ (1 + 𝛼)
} 𝐿̃
𝛼
{𝐿
𝛼
𝑢
𝑛
(𝑥) − 𝑁

𝛼
𝑢
𝑛
(𝑥)}}

(14)

which leads to

𝛿𝛼 {𝐿̃
𝛼
{𝑢
𝑛+1

(𝑥)}} = 𝛿
𝛼 {𝐿̃
𝛼
{𝑢
𝑛
(𝑥)}}

+ 𝐿̃
𝛼
{

𝜆(𝑥)𝛼

Γ (1 + 𝛼)
} {𝛿𝛼 {𝐿̃

𝛼
{𝐿
𝛼
𝑢
𝑛
(𝑥)}}}

= 0,

(15)

where

𝐿̃
𝛼
{𝐿
𝛼
𝑢
𝑛
(𝑥)} = 𝑠

𝑘𝛼𝐿̃
𝛼
{𝑢
𝑛
(𝑥)} − 𝑠

(𝑘−1)𝛼𝑢
𝑛
(0)

− 𝑠(𝑘−2)𝛼𝑢(𝛼)
𝑛
(0) − ⋅ ⋅ ⋅ − 𝑢

((𝑘−1)𝛼)

𝑛
(0)

= 𝑠𝑘𝛼𝐿̃
𝛼
{𝑢
𝑛
(𝑥)} .

(16)

Hence, from (15) and (16) we get

1 + 𝐿̃
𝛼
{

𝜆(𝑥)𝛼

Γ (1 + 𝛼)
} 𝑠𝑘𝛼 = 0, (17)

which yields

𝐿̃
𝛼
{

𝜆(𝑥)𝛼

Γ (1 + 𝛼)
} = −

1

𝑠𝑘𝛼
. (18)

Hence, we get the new iteration algorithm as follows:

𝐿̃
𝛼
{𝑢
𝑛+1

(𝑥)} = 𝐿̃
𝛼
{𝑢
𝑛
(𝑥)}

−
1

𝑠𝑘𝛼
𝐿̃
𝛼
{(𝐿
𝛼
𝑢
𝑛
(𝑥) − 𝑁

𝛼
𝑢
𝑛
(𝑥))}

= 𝐿̃
𝛼
{𝑢
𝑛
(𝑥)} −

1

𝑠𝑘𝛼
𝐿̃
𝛼
{𝐿
𝛼
𝑢
𝑛
(𝑥)}

+
1

𝑠𝑘𝛼
𝐿̃
𝛼
{𝑁
𝛼
𝑢
𝑛
(𝑥)} ,

(19)

where the initial value is suggested as

𝑠(𝑘−1)𝛼𝑢 (0) + 𝑠(𝑘−2)𝛼𝑢(𝛼) (0) + ⋅ ⋅ ⋅ + 𝑢((𝑘−1)𝛼) (0)

𝑠𝑘𝛼
= 0. (20)

Therefore, we have the local fractional series solution of (10)

𝐿̃
𝛼
{𝑢} = lim

𝑛→∞

𝐿̃
𝛼
{𝑢
𝑛
} (21)

so that

𝑢 = lim
𝑛→∞

𝐿̃−1
𝛼
{𝐿̃
𝛼
𝑢
𝑛
} . (22)

The above process is called the local fractional variational
iteration method.

4. The Nondifferentiable Solutions for Linear
Local Fractional Differential Equations

In this section, we present the examples for linear local
fractional differential equations of high order.

Example 1. The local fractional differential equation is pre-
sented as

𝜕3𝛼𝑢 (𝑥, 𝑡)

𝜕𝑡3𝛼
=
𝜕2𝛼𝑢 (𝑥, 𝑡)

𝜕𝑥2𝛼
, (23)

subject to the initial value

𝜕𝛼𝑢 (0, 𝑡)

𝜕𝑥𝛼
= 0, 𝑢 (0, 𝑡) = 𝐸

𝛼
(−𝑡𝛼) . (24)
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From (19) and (23) we obtain

𝐿̃
𝛼
{𝑢
𝑛+1

(𝑥, 𝑡)}

= 𝐿̃
𝛼
{𝑢
𝑛
(𝑥, 𝑡)}

−
1

𝑠2𝛼
𝐿̃
𝛼
{
𝜕2𝛼𝑢
𝑛
(𝑥, 𝑡)

𝜕𝑥2𝛼
−
𝜕3𝛼𝑢
𝑛
(𝑥, 𝑡)

𝜕𝑡3𝛼
}

= 𝐿̃
𝛼
{𝑢
𝑛
(𝑥, 𝑡)}

−
1

𝑠2𝛼
{𝑠2𝛼𝑢

𝑛
(𝑠, 𝑡) − 𝑠

𝛼𝑢
𝑛
(0, 𝑡) − 𝑢

(𝛼)

𝑛
(0, 𝑡)

−
𝜕3𝛼𝑢
𝑛
(𝑠, 𝑡)

𝜕𝑡3𝛼
}

= 𝐿̃
𝛼
{𝑢
𝑛
(𝑥, 𝑡)}

−
1

𝑠2𝛼
{𝑠2𝛼𝑢

𝑛
(𝑠, 𝑡) − 𝑠

𝛼𝑢
𝑛
(0, 𝑡) −

𝜕3𝛼𝑢
𝑛
(𝑠, 𝑡)

𝜕𝑡3𝛼
} ,

(25)

where the initial value is given by

𝐿̃
𝛼
{𝑢
0
(𝑥, 𝑡)} = 𝑢

0
(𝑠, 𝑡) = 𝐿̃

𝛼
{𝐸
𝛼
(−𝑡𝛼)} =

𝐸
𝛼
(−𝑡𝛼)

𝑠𝛼
. (26)

Therefore, the successive approximations are

𝐿̃
𝛼
{𝑢
1
(𝑥, 𝑡)}

= 𝐿̃
𝛼
{𝑢
0
(𝑥, 𝑡)}

−
1

𝑠2𝛼
{𝑠2𝛼𝑢

0
(𝑠, 𝑡) − 𝑠

𝛼𝑢
0
(0, 𝑡) −

𝜕3𝛼𝑢
0
(𝑠, 𝑡)

𝜕𝑡3𝛼
}

=
𝐸
𝛼
(−𝑡𝛼)

𝑠𝛼
−
𝐸
𝛼
(−𝑡𝛼)

𝑠3𝛼

= 𝐸
𝛼
(−𝑡𝛼)

1

∑
𝑘=0

(−1)
𝑘

1

𝑠(2𝑘+1)𝛼
,

𝐿̃
𝛼
{𝑢
2
(𝑥, 𝑡)}

= 𝐿̃
𝛼
{𝑢
1
(𝑥, 𝑡)}

−
1

𝑠2𝛼
{𝑠2𝛼𝑢

1
(𝑠, 𝑡) − 𝑠

𝛼𝑢
1
(0, 𝑡) −

𝜕3𝛼𝑢
1
(𝑠, 𝑡)

𝜕𝑡3𝛼
}

=
𝐸
𝛼
(−𝑡𝛼)

𝑠𝛼
−
𝐸
𝛼
(−𝑡𝛼)

𝑠3𝛼
+
𝐸
𝛼
(−𝑡𝛼)

𝑠5𝛼

= 𝐸
𝛼
(−𝑡𝛼)

2

∑
𝑘=0

(−1)
𝑘

1

𝑠(2𝑘+1)𝛼
,

𝐿̃
𝛼
{𝑢
3
(𝑥, 𝑡)}

= 𝐿̃
𝛼
{𝑢
2
(𝑥, 𝑡)}

−
1

𝑠2𝛼
{𝑠2𝛼𝑢

2
(𝑠, 𝑡) − 𝑠

𝛼𝑢
2
(0, 𝑡) −

𝜕3𝛼𝑢
2
(𝑠, 𝑡)

𝜕𝑡3𝛼
}

=
𝐸
𝛼
(−𝑡𝛼)

𝑠𝛼
−
𝐸
𝛼
(−𝑡𝛼)

𝑠3𝛼
+
𝐸
𝛼
(−𝑡𝛼)

𝑠5𝛼
−
𝐸
𝛼
(−𝑡𝛼)

𝑠7𝛼

= 𝐸
𝛼
(−𝑡𝛼)

3

∑
𝑘=0

(−1)
𝑘

1

𝑠(2𝑘+1)𝛼
,

𝐿̃
𝛼
{𝑢
4
(𝑥, 𝑡)}

= 𝐿̃
𝛼
{𝑢
3
(𝑥, 𝑡)}

−
1

𝑠2𝛼
{𝑠2𝛼𝑢

3
(𝑠, 𝑡) − 𝑠

𝛼𝑢
3
(0, 𝑡) −

𝜕3𝛼𝑢
3
(𝑠, 𝑡)

𝜕𝑡3𝛼
}

=
𝐸
𝛼
(−𝑡𝛼)

𝑠𝛼
−
𝐸
𝛼
(−𝑡𝛼)

𝑠3𝛼
+
𝐸
𝛼
(−𝑡𝛼)

𝑠5𝛼

−
𝐸
𝛼
(−𝑡𝛼)

𝑠7𝛼
+
𝐸
𝛼
(−𝑡𝛼)

𝑠9𝛼

= 𝐸
𝛼
(−𝑡𝛼)

4

∑
𝑘=0

(−1)
𝑘

1

𝑠(2𝑘+1)𝛼
,

...

𝐿̃
𝛼
{𝑢
𝑛
(𝑥, 𝑡)}

= 𝐿̃
𝛼
{𝑢
𝑛−1

(𝑥, 𝑡)}

−
1

𝑠2𝛼
{𝑠2𝛼𝑢

𝑛−1
(𝑠, 𝑡) − 𝑠

𝛼𝑢
𝑛−1

(0, 𝑡)

−
𝜕3𝛼𝑢
𝑛−1

(𝑠, 𝑡)

𝜕𝑡3𝛼
}

= 𝐸
𝛼
(−𝑡𝛼)

𝑛

∑
𝑘=0

(−1)
𝑘

1

𝑠(2𝑘+1)𝛼
.

(27)

Hence, we get

𝑢 (𝑥, 𝑡) = lim
𝑛→∞

𝐿̃−1
𝛼
{𝐿̃
𝛼
𝑢
𝑛
}

= lim
𝑛→∞

𝐿̃−1
𝛼
{𝐸
𝛼
(−𝑡𝛼)

𝑛

∑
𝑘=0

(−1)
𝑖

1

𝑠(2𝑘+1)𝛼
}

= 𝐸
𝛼
(−𝑡𝛼)

𝑛

∑
𝑘=0

(−1)𝑘𝑥2𝑘𝛼

Γ (1 + 2𝑘𝛼)

= 𝐸
𝛼
(−𝑡𝛼) cos

𝛼
(𝑥𝛼)

(28)

and its graph is shown in Figure 1.
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Figure 1: Plot of 𝑢(𝑥, 𝑡) with the fractal dimension 𝛼 = ln 2/ ln 3.

Example 2. We report the following local fractional partial
differential equation:

𝜕2𝛼𝑢 (𝑥, 𝑡)

𝜕𝑡2𝛼
=
𝜕3𝛼𝑢 (𝑥, 𝑡)

𝜕𝑥3𝛼
. (29)

The initial value is given by

𝜕2𝛼𝑢 (0, 𝑡)

𝜕𝑥2𝛼
= 0,

𝜕𝛼𝑢 (0, 𝑡)

𝜕𝑥𝛼
= 𝐸
𝛼
(𝑡𝛼) , 𝑢 (0, 𝑡) = 0. (30)

In view of (19) and (29) the local fractional iteration algo-
rithm can be written as follows:

𝐿̃
𝛼
{𝑢
𝑛+1

(𝑥, 𝑡)}

= 𝐿̃
𝛼
{𝑢
𝑛
(𝑥, 𝑡)}

−
1

𝑠3𝛼
𝐿̃
𝛼
{
𝜕3𝛼𝑢
𝑛
(𝑥, 𝑡)

𝜕𝑥3𝛼
−
𝜕2𝛼𝑢
𝑛
(𝑥, 𝑡)

𝜕𝑡2𝛼
}

= 𝐿̃
𝛼
{𝑢
𝑛
(𝑥, 𝑡)}

−
1

𝑠3𝛼
{𝑠3𝛼𝑢

𝑛
(𝑠, 𝑡) − 𝑠

2𝛼𝑢
𝑛
(0, 𝑡) − 𝑠

𝛼𝑢(𝛼)
𝑛
(0, 𝑡)

−𝑢(2𝛼)
𝑛

(0, 𝑡) −
𝜕3𝛼𝑢
𝑛
(𝑠, 𝑡)

𝜕𝑡3𝛼
}

= 𝐿̃
𝛼
{𝑢
𝑛
(𝑥, 𝑡)}

−
1

𝑠3𝛼
{𝑠3𝛼𝑢

𝑛
(𝑠, 𝑡) − 𝑠

𝛼𝑢(𝛼)
𝑛
(0, 𝑡) −

𝜕3𝛼𝑢
𝑛
(𝑠, 𝑡)

𝜕𝑡3𝛼
} ,

(31)

where the initial value is

𝐿̃
𝛼
{𝑢
0
(𝑥, 𝑡)} = 𝑢

0
(𝑠, 𝑡)

= 𝐿̃
𝛼
{

𝑥𝛼

Γ (1 + 𝛼)
𝐸
𝛼
(𝑡𝛼)} =

𝐸
𝛼
(𝑡𝛼)

𝑠2𝛼
.

(32)

Making use of (31) and (32), the successive approximate
solutions are shown as follows:

𝐿̃
𝛼
{𝑢
1
(𝑥, 𝑡)}

= 𝐿̃
𝛼
{𝑢
0
(𝑥, 𝑡)}

−
1

𝑠3𝛼
{𝑠3𝛼𝑢

0
(𝑠, 𝑡) − 𝑠

𝛼𝑢(𝛼)
0
(0, 𝑡) −

𝜕3𝛼𝑢
0
(𝑠, 𝑡)

𝜕𝑡3𝛼
}

= 𝐿̃
𝛼
{𝑢
0
(𝑥, 𝑡)}

−
1

𝑠3𝛼
{𝑠3𝛼𝑢

0
(𝑠, 𝑡) − 𝑠

𝛼𝐸
𝛼
(𝑡𝛼) −

𝜕3𝛼𝑢
0
(𝑠, 𝑡)

𝜕𝑡3𝛼
}

=
𝐸
𝛼
(𝑡𝛼)

𝑠2𝛼
+
𝐸
𝛼
(𝑡𝛼)

𝑠5𝛼

= 𝐸
𝛼
(𝑡𝛼)
1

∑
𝑘=0

1

𝑠(3𝑘+2)𝛼
,

𝐿̃
𝛼
{𝑢
2
(𝑥, 𝑡)}

= 𝐿̃
𝛼
{𝑢
1
(𝑥, 𝑡)}

−
1

𝑠3𝛼
{𝑠3𝛼𝑢

1
(𝑠, 𝑡) − 𝑠

𝛼𝑢(𝛼)
1
(0, 𝑡) −

𝜕3𝛼𝑢
1
(𝑠, 𝑡)

𝜕𝑡3𝛼
}

=
𝐸
𝛼
(𝑡𝛼)

𝑠2𝛼
+
𝐸
𝛼
(𝑡𝛼)

𝑠5𝛼
+
𝐸
𝛼
(𝑡𝛼)

𝑠8𝛼

= 𝐸
𝛼
(𝑡𝛼)
2

∑
𝑘=0

1

𝑠(3𝑘+2)𝛼
,

𝐿̃
𝛼
{𝑢
3
(𝑥, 𝑡)}

= 𝐿̃
𝛼
{𝑢
2
(𝑥, 𝑡)}

−
1

𝑠3𝛼
{𝑠3𝛼𝑢

2
(𝑠, 𝑡) − 𝑠

𝛼𝑢(𝛼)
2
(0, 𝑡) −

𝜕3𝛼𝑢
2
(𝑠, 𝑡)

𝜕𝑡3𝛼
}

=
𝐸
𝛼
(𝑡𝛼)

𝑠2𝛼
+
𝐸
𝛼
(𝑡𝛼)

𝑠5𝛼
+
𝐸
𝛼
(𝑡𝛼)

𝑠8𝛼
+
𝐸
𝛼
(𝑡𝛼)

𝑠11𝛼

= 𝐸
𝛼
(𝑡𝛼)
3

∑
𝑘=0

1

𝑠(3𝑘+2)𝛼
,

𝐿̃
𝛼
{𝑢
4
(𝑥, 𝑡)}

= 𝐿̃
𝛼
{𝑢
3
(𝑥, 𝑡)}

−
1

𝑠3𝛼
{𝑠3𝛼𝑢

3
(𝑠, 𝑡) − 𝑠

𝛼𝑢(𝛼)
3
(0, 𝑡) −

𝜕3𝛼𝑢
3
(𝑠, 𝑡)

𝜕𝑡3𝛼
}
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=
𝐸
𝛼
(𝑡𝛼)

𝑠2𝛼
+
𝐸
𝛼
(𝑡𝛼)

𝑠5𝛼
+
𝐸
𝛼
(𝑡𝛼)

𝑠8𝛼
+
𝐸
𝛼
(𝑡𝛼)

𝑠11𝛼
+
𝐸
𝛼
(𝑡𝛼)

𝑠14𝛼

= 𝐸
𝛼
(𝑡𝛼)
4

∑
𝑘=0

1

𝑠(3𝑘+2)𝛼
,

...

𝐿̃
𝛼
{𝑢
𝑛
(𝑥, 𝑡)}

= 𝐿̃
𝛼
{𝑢
𝑛−1

(𝑥, 𝑡)}

−
1

𝑠3𝛼
{𝑠3𝛼𝑢

𝑛−1
(𝑠, 𝑡) −

𝜕3𝛼𝑢
𝑛−1

(𝑠, 𝑡)

𝜕𝑡3𝛼
}

= 𝐸
𝛼
(𝑡𝛼)
𝑛

∑
𝑘=0

1

𝑠(2𝑘+1)𝛼
.

(33)
Therefore, the nondifferentiable solution of (29) reads

𝑢 (𝑥, 𝑡) = lim
𝑛→∞

𝐿̃−1
𝛼
{𝐿̃
𝛼
𝑢
𝑛
}

= lim
𝑛→∞

𝐿̃−1
𝛼
{𝐸
𝛼
(𝑡𝛼)
𝑛

∑
𝑘=0

1

𝑠(3𝑘+2)𝛼
}

= 𝐸
𝛼
(𝑡𝛼)
𝑛

∑
𝑘=0

𝑥(3𝑘+2)𝛼

Γ (1 + (3𝑘 + 2) 𝛼)

(34)

and its plot is presented in Figure 2.

Example 3. The following local fractional partial differential
equation

𝜕2𝛼𝑢 (𝑥, 𝑡)

𝜕𝑡2𝛼
−
𝜕4𝛼𝑢 (𝑥, 𝑡)

𝜕𝑥4𝛼
= 0 (35)

is considered and its initial value is
𝜕3𝛼𝑢 (0, 𝑡)

𝜕𝑥3𝛼
= 𝐸
𝛼
(𝑡𝛼) ,

𝜕2𝛼𝑢 (0, 𝑡)

𝜕𝑥2𝛼
= 0,

𝜕𝛼𝑢 (0, 𝑡)

𝜕𝑥𝛼
= 0,

𝑢 (0, 𝑡) = 0.

(36)
Making use of (19) and (35) the local fractional iteration
algorithm reads

𝐿̃
𝛼
{𝑢
𝑛+1

(𝑥, 𝑡)}

= 𝐿̃
𝛼
{𝑢
𝑛
(𝑥, 𝑡)}

−
1

𝑠4𝛼
𝐿̃
𝛼
{
𝜕4𝛼𝑢
𝑛
(𝑥, 𝑡)

𝜕𝑥4𝛼
−
𝜕2𝛼𝑢
𝑛
(𝑥, 𝑡)

𝜕𝑡2𝛼
}

= 𝐿̃
𝛼
{𝑢
𝑛
(𝑥, 𝑡)}

−
1

𝑠4𝛼
{𝑠4𝛼𝑢
𝑛
(𝑠, 𝑡) − 𝑠

3𝛼𝑢
𝑛
(0, 𝑡) − 𝑠

2𝛼𝑢(𝛼)
𝑛
(0, 𝑡)}

−
1

𝑠4𝛼
{−𝑠𝛼𝑢(2𝛼)

𝑛
(0, 𝑡) − 𝑢

(3𝛼)

𝑛
(0, 𝑡) −

𝜕3𝛼𝑢
𝑛
(𝑠, 𝑡)

𝜕𝑡3𝛼
}

= 𝐿̃
𝛼
{𝑢
𝑛
(𝑥, 𝑡)}

−
1

𝑠4𝛼
{𝑠4𝛼𝑢

𝑛
(𝑠, 𝑡) − 𝑢

(3𝛼)

𝑛
(0, 𝑡) −

𝜕3𝛼𝑢
𝑛
(𝑠, 𝑡)

𝜕𝑡3𝛼
} ,

(37)
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Figure 2: Plot of 𝑢(𝑥, 𝑡) with the parameters 𝛼 = ln 2/ ln 3 and 𝑘 =
50.

where the initial value is suggested as

𝐿̃
𝛼
{𝑢
0
(𝑥, 𝑡)} = 𝑢

0
(𝑠, 𝑡)

= 𝐿̃
𝛼
{

𝑥3𝛼

Γ (1 + 3𝛼)
𝐸
𝛼
(𝑡𝛼)} =

𝐸
𝛼
(𝑡𝛼)

𝑠4𝛼
.

(38)

From (38) we have the successive approximations as follows:

𝐿̃
𝛼
{𝑢
1
(𝑥, 𝑡)}

= 𝐿̃
𝛼
{𝑢
0
(𝑥, 𝑡)}

−
1

𝑠4𝛼
{𝑠4𝛼𝑢

0
(𝑠, 𝑡) − 𝑢

(3𝛼)

0
(0, 𝑡) −

𝜕3𝛼𝑢
0
(𝑠, 𝑡)

𝜕𝑡3𝛼
}

=
𝐸
𝛼
(𝑡𝛼)

𝑠4𝛼
+
𝐸
𝛼
(𝑡𝛼)

𝑠8𝛼

= 𝐸
𝛼
(𝑡𝛼)
1

∑
𝑘=0

1

𝑠4(𝑘+1)𝛼
,

𝐿̃
𝛼
{𝑢
2
(𝑥, 𝑡)}

= 𝐿̃
𝛼
{𝑢
1
(𝑥, 𝑡)}

−
1

𝑠4𝛼
{𝑠4𝛼𝑢

1
(𝑠, 𝑡) − 𝑢

(3𝛼)

1
(0, 𝑡) −

𝜕3𝛼𝑢
1
(𝑠, 𝑡)

𝜕𝑡3𝛼
}

=
𝐸
𝛼
(𝑡𝛼)

𝑠4𝛼
+
𝐸
𝛼
(𝑡𝛼)

𝑠8𝛼
+
𝐸
𝛼
(𝑡𝛼)

𝑠12𝛼

= 𝐸
𝛼
(𝑡𝛼)
2

∑
𝑘=0

1

𝑠4(𝑘+1)𝛼
,
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𝐿̃
𝛼
{𝑢
3
(𝑥, 𝑡)}

= 𝐿̃
𝛼
{𝑢
2
(𝑥, 𝑡)}

−
1

𝑠4𝛼
{𝑠4𝛼𝑢

2
(𝑠, 𝑡) − 𝑢

(3𝛼)

2
(0, 𝑡) −

𝜕3𝛼𝑢
2
(𝑠, 𝑡)

𝜕𝑡3𝛼
}

=
𝐸
𝛼
(𝑡𝛼)

𝑠4𝛼
+
𝐸
𝛼
(𝑡𝛼)

𝑠8𝛼
+
𝐸
𝛼
(𝑡𝛼)

𝑠12𝛼
+
𝐸
𝛼
(𝑡𝛼)

𝑠16𝛼

= 𝐸
𝛼
(𝑡𝛼)
3

∑
𝑘=0

1

𝑠4(𝑘+1)𝛼
,

𝐿̃
𝛼
{𝑢
4
(𝑥, 𝑡)}

= 𝐿̃
𝛼
{𝑢
3
(𝑥, 𝑡)}

−
1

𝑠4𝛼
{𝑠4𝛼𝑢

3
(𝑠, 𝑡) − 𝑢

(3𝛼)

3
(0, 𝑡) −

𝜕3𝛼𝑢
3
(𝑠, 𝑡)

𝜕𝑡3𝛼
}

=
𝐸
𝛼
(𝑡𝛼)

𝑠4𝛼
+
𝐸
𝛼
(𝑡𝛼)

𝑠8𝛼
+
𝐸
𝛼
(𝑡𝛼)

𝑠12𝛼
+
𝐸
𝛼
(𝑡𝛼)

𝑠16𝛼
+
𝐸
𝛼
(𝑡𝛼)

𝑠20𝛼

= 𝐸
𝛼
(𝑡𝛼)
4

∑
𝑘=0

1

𝑠4(𝑘+1)𝛼
,

...

𝐿̃
𝛼
{𝑢
𝑛
(𝑥, 𝑡)}

= 𝐿̃
𝛼
{𝑢
𝑛−1

(𝑥, 𝑡)}

−
1

𝑠4𝛼
{𝑠4𝛼𝑢

𝑛−1
(𝑠, 𝑡) − 𝑢

(3𝛼)

𝑛−1
(0, 𝑡) −

𝜕3𝛼𝑢
𝑛−1

(𝑠, 𝑡)

𝜕𝑡3𝛼
}

=
𝐸
𝛼
(𝑡𝛼)

𝑠4𝛼
+
𝐸
𝛼
(𝑡𝛼)

𝑠8𝛼
+
𝐸
𝛼
(𝑡𝛼)

𝑠12𝛼
+
𝐸
𝛼
(𝑡𝛼)

𝑠16𝛼
+
𝐸
𝛼
(𝑡𝛼)

𝑠20𝛼

= 𝐸
𝛼
(𝑡𝛼)
𝑛

∑
𝑘=0

1

𝑠4(𝑘+1)𝛼
.

(39)

Hence, the approximate solution of (35) is given by

𝑢 (𝑥, 𝑡) = lim
𝑛→∞

𝐿̃−1
𝛼
{𝐿̃
𝛼
𝑢
𝑛
}

= lim
𝑛→∞

𝐿̃−1
𝛼
{𝐸
𝛼
(𝑡𝛼)
𝑛

∑
𝑘=0

1

𝑠4(𝑘+1)𝛼
}

= 𝐸
𝛼
(𝑡𝛼)
4

∑
𝑘=0

𝑥4(𝑘+1)𝛼

Γ (1 + 4 (𝑘 + 1) 𝛼)

(40)

and its graph is presented in Figure 3.

5. Conclusions

Local fractional calculus was successfully applied to deal
with the nondifferentiable problems arising in mathematical
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Figure 3: Plot of 𝑢(𝑥, 𝑡) with the parameters 𝛼 = ln 2/ ln 3 and 𝑘 =
50.

physics. In this work we considered the coupling method
of the local fractional variational iteration method and
Laplace transform to solve the linear local fractional partial
differential equations and their nondifferentiable solutions
were obtained.The results are efficient implement of the local
fractional Laplace variational iteration method to solve the
partial differential equations with local fractional derivative.

Conflict of Interests

The authors declare that they have no competing interests in
this paper.

Acknowledgments

This work was supported by National Scientific and Techno-
logical Support Projects (no. 2012BAE09B00), the National
Natural Science Foundation of China (no. 51274270), and the
National Natural Science Foundation of Hebei Province (no.
E2013209215).

References

[1] J. Sabatier, O. P. Agrawal, and J. A. T. Machado, Advances in
Fractional Calculus: Theoretical Developments and Applications
in Physics and Engineering, Springer, Berlin, Germany, 2007.

[2] A. A. Kilbas, H. M. Srivastava, and J. J. Trujillo, Theory and
Applications of Fractional Differential Equations, vol. 204 of
North-Holland Mathematics Studies, Elsevier Science, Amster-
dam, The Netherlands, 2006.

[3] J. Klafter, S. C. Lim, and R.Metzler, Fractional Dynamics: Recent
Advances, World Scientific, 2012.

[4] A. H. Bhrawy and D. Baleanu, “A spectral Legendre-Gauss-
LOBatto collocation method for a space-fractional advection
diffusion equations with variable coefficients,”Reports onMath-
ematical Physics, vol. 72, no. 2, pp. 219–233, 2013.

[5] A. H. Bhrawy and M. A. Alghamdi, “A shifted Jacobi-Gauss-
Lobatto collocation method for solving nonlinear fractional
Langevin equation involving two fractional orders in different
intervals,” Boundary Value Problems, vol. 2012, article 62, 2012.



8 Discrete Dynamics in Nature and Society

[6] J. Hristov, “An exercise with the He’s variation iteration method
to a fractional Bernoulli equation arising in a transient conduc-
tionwith a non-linear boundary heat flux,” International Review
of Chemical Engineering, vol. 4, no. 5, pp. 489–497, 2012.

[7] J. Hristov, “Approximate solutions to fractional subdiffusion
equations,” European Physical Journal: Special Topics, vol. 193,
no. 1, pp. 229–243, 2011.

[8] S. Momani and Z. Odibat, “Analytical solution of a time-
fractional Navier-Stokes equation by Adomian decomposition
method,” Applied Mathematics and Computation, vol. 177, no. 2,
pp. 488–494, 2006.

[9] Z. Zhao and C. Li, “Fractional difference/finite element approx-
imations for the time-space fractional telegraph equation,”
AppliedMathematics and Computation, vol. 219, no. 6, pp. 2975–
2988, 2012.

[10] F. Liu, M. M. Meerschaert, R. J. McGough, P. Zhuang, and
Q. Liu, “Numerical methods for solving the multi-term time-
fractional wave-diffusion equation,” Fractional Calculus and
Applied Analysis, vol. 16, no. 1, pp. 9–25, 2013.

[11] K. M. Kolwankar and A. D. Gangal, “Fractional differentiability
of nowhere differentiable functions and dimensions,” Chaos,
vol. 6, no. 4, pp. 505–513, 1996.

[12] X.-J. Yang, Local Fractional Functional Analysis and Its Applica-
tions, Asian Academic Publisher, Hong Kong, 2011.

[13] X.-J. Yang, Advanced Local Fractional Calculus and Its Applica-
tions, World Science Publisher, New York, NY, USA, 2012.

[14] G. A. Anastassiou and O. Duman, Advances in Applied Math-
ematics and Approximation Theory, Springer, New York, NY,
USA, 2013.

[15] X.-J. Yang, H. M. Srivastava, J.-H. He, and D. Baleanu, “Cantor-
type cylindrical-coordinate method for differential equations
with local fractional derivatives,” Physics Letters A, vol. 377, no.
28–30, pp. 1696–1700, 2013.

[16] X. Yang and D. Baleanu, “Fractal heat conduction problem
solved by local fractional variation iteration method,” Thermal
Science, vol. 17, no. 2, pp. 625–628, 2013.

[17] A. M. Yang, Y. Z. Zhang, and X. L. Zhang, “The non-
differentiable solution for local fractional tricomi equation
arising in fractal transonic flow by local fractional variational
iteration method,” Advances in Mathematical Physics, vol. 2014,
Article ID 983254, 6 pages, 2014.

[18] S. P. Yan, H. Jafari, and H. K. Jassim, “Local fractional Ado-
main decomposition and function decomposition methods for
Laplace equation within local fractional operators,”Advances in
Mathematical Physics, vol. 2014, Article ID 161580, 7 pages, 2014.

[19] A. M. Yang, Z. S. Chen, H. M. Srivastava, and X.-J. Yang,
“Application of the local fractional series expansion method
and the variational iteration method to the Helmholtz equation
involving local fractional derivative operators,” Abstract and
Applied Analysis, vol. 2013, Article ID 259125, 6 pages, 2013.

[20] Y. Z. Zhang, A. M. Yang, and Y. Long, “Initial boundary value
problem for fractal heat equation in the semi-infinite region
by Yang-Laplace transform,”Thermal Science, vol. 18, no. 2, pp.
677–681, 2014.

[21] C. G. Zhao, A. M. Yang, H. Jafari, and A. Haghbin, “The Yang-
Laplace transform for solving the IVPs with local fractional
derivative,” Abstract and Applied Analysis, vol. 2014, Article ID
386459, 5 pages, 2014.

[22] S. Wang, Y. J. Yang, and H. K. Jassim, “Local fractional
function decomposition method for solving inhomogeneous
wave equations with local fractional derivative,” Abstract and
Applied Analysis, vol. 2014, Article ID 176395, 7 pages, 2014.

[23] C. F. Liu, S. S. Kong, and S. J. Yuan, “Reconstructive schemes
for variational iterationmethod within Yang-Laplace transform
with application to fractal heat conduction problem,” Thermal
Science, vol. 17, no. 3, pp. 715–721, 2013.



Submit your manuscripts at
http://www.hindawi.com

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Mathematics
Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Mathematical Problems 
in Engineering

Hindawi Publishing Corporation
http://www.hindawi.com

Differential Equations
International Journal of

Volume 2014

Applied Mathematics
Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Probability and Statistics
Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Mathematical Physics
Advances in

Complex Analysis
Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Optimization
Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Combinatorics
Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

International Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Operations Research
Advances in

Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Function Spaces

Abstract and 
Applied Analysis
Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

International 
Journal of 
Mathematics and 
Mathematical 
Sciences

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

The Scientific 
World Journal
Hindawi Publishing Corporation 
http://www.hindawi.com Volume 2014

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Algebra

Discrete Dynamics in 
Nature and Society

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Decision Sciences
Advances in

Discrete Mathematics
Journal of

Hindawi Publishing Corporation
http://www.hindawi.com

Volume 2014 Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Stochastic Analysis
International Journal of


