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We investigate the dynamical behaviors of a class of discrete SIRS epidemic models with nonlinear incidence rate and varying
population sizes. The model is required to possess different death rates for the susceptible, infectious, recovered, and constant
recruitment into the susceptible class, infectious class, and recovered class, respectively. By using the inductive method, the positivity
and boundedness of all solutions are obtained. Furthermore, by constructing new discrete type Lyapunov functions, the sufficient
and necessary conditions on the global asymptotic stability of the disease-free equilibrium and endemic equilibrium are established.

1. Introduction

As well known in the theoretical study of epidemic models,
the susceptible-infected-recovered (SIR) compartmental epi-
demic models are a kind of very important epidemic models
and in recent years have been widely investigated. According
to the assumptions of Kermack and McKendrick [1], the
population of size N(¢) at time ¢ is divided into three distinct
classes: the susceptible class of size S(¢), the infectious class
of size I(t), and the recovered class R(t) at time t. When a
susceptible individual acquires the disease by contacting with
an infectious individual, the susceptible individual moves
into the infectious compartment and, subsequently, as a result
of some measures such as medication or isolation the infector
takes into the recovered class. If the recovered individuals
retain their immunity permanently, then he/her remains
in the recovered compartment. The model based on these
assumptions is known as the SIR epidemic model. Further-
more, if the immunity is not permanent, that is, the recovered
individual may lose his/her immunity after a period of time,
then he/her returns to the susceptible class. Thus, we obtain
the SIRS epidemic model.

Usually, there are two kinds of epidemic dynamical mod-
els: the continuous-time models described by differential

equations and the discrete-time models described by differ-
ence equations. In this paper, we will focus our attention on
discrete-time epidemic dynamical models. For an epidemic
model, which is continuous-time model or discrete-time
model, we all know that an important subject is to deter-
mine the global stability of the disease-free equilibrium and
endemic equilibrium. Particularly, we expect to compute
basic reproduction number %, of the model and also to
obtain the fact that the disease-free equilibrium is globally
stable when %, < 1, as well as the endemic equilibrium exists
and is globally stable when %, > 1.

Until now, the discrete-time SIR and SIRS epidemic mod-
els have been extensively studied in many articles; for exam-
ple, see [2-22] and the reference therein. Many important
results have been established. These results focus on the
computation of the basic reproduction number, the local and
global stability of the disease-free equilibrium and endemic
equilibrium, the permanence, persistence, and extinction of
the disease, and so forth. Particularly, in [2, 3], the authors
studied a class of discrete-time SIRS epidemic models with
time delays derived from corresponding continuous-time
models by applying Mickens’ nonstandard finite difference
scheme. The sufficient conditions on the global asymptotic
stability of the disease-free equilibrium and the permanence



of the disease are established. In [4], the authors studied a
discrete-time SIRS epidemic model with bilinear incidence
rate derived from corresponding continuous-time model
by applying backward Euler finite difference scheme. The
sufficient and necessary conditions on the global asymptotic
stability of the disease-free equilibrium and endemic equilib-
rium are established. In [5], the authors discussed a class of
discrete-time SIRS epidemic models with general nonlinear
incidence rate derived from corresponding continuous-time
model by applying forward Euler scheme. The sufficient
conditions for the existence and local stability of the disease-
free equilibrium and endemic equilibrium are obtained. In
[6], the authors discussed a class of discrete-time SIRS epi-
demic models with standard incidence rate discretized from
corresponding continuous-time model by applying forward
Euler scheme. The sufficient condition for the global stability
of the endemic equilibrium is established.

However, we can see from the above literatures that the
studies on the global stability for discrete-time SIRS epidemic
models are not perfect. The necessary and sufficient condi-
tions for the global stability of the disease-free equilibrium
when basic reproduction number %, < 1, as well as the
global stability of the endemic equilibrium when %, > 1,
are established only for bilinear incidence rate (see [4]).
Therefore, motivated by the above works, as an extension
of the results given in [4], in this paper, we consider the
following discrete-time SIRS epidemic model with nonlinear
incidence rate and varying population sizes derived from
corresponding continuous-time model by applying backward
Euler scheme:

Sn+1 - Sn =aA- ﬁSnJrlg (In+1) - d18n+1 + 6Rn+1’

In+1 - In =bA + ﬁSrng (In+1) - (d2 + Y) In+1’ (1)
Ry =R, = cA+yL,, — (d3 + 6) Ryi1-

By constructing new discrete type Lyapunov functions
and using the theory of stability of difference equations,
we will establish the global asymptotic stability of equilibria
only under basic hypothesis (H) (see Section 2). That is, the
disease-free equilibrium is globally asymptotically stable if
and only if basic reproduction number %, < 1, and the
endemic equilibrium is globally asymptotically stable if and
only if #, > 1.

The organization of this paper is as follows. In the second
section, we give a model description and further obtain the
results on the positivity and boundedness of solutions of
model (1). In the third section, we discuss the existence
and global asymptotic stability of equilibria of model (1)
for case b = 0. In the fourth section, we will study the
global asymptotic stability of endemic equilibrium of model
(1) for case b > 0. Lastly, in the fifth section, we will give a
conclusion.

2. Preliminaries

In model (1), S,, I,, and R, denote the numbers of sus-
ceptible, infected, and recovered individuals at nth period,
respectively. A is the recruitment rate of the total population,
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parameters a > 0, b > 0, and ¢ > 0 are the fraction
constants of input to susceptible class S,,, infected class I,
and recovered class R,, respectively, and satistying a + b +
¢ = 1. d,, d,, and d; represent the death rate of susceptible,
infected, and recovered individuals, respectively. Particularly,
death rate d, includes the natural death rate and the disease-
related death rate of the infected individuals. § is the rate
at which recovered individuals lose immunity and return to
the susceptible class. y is the natural recovery rate of the
infective individuals. 8 is the proportionality constant, and
the transmission of the infection is governed by a nonlinear
incidence rate 3Sg(I). In this paper, we always assume that
A,d,,d,,d;, 0, B,y are positive constants.
The initial condition for model (1) is given by

So >0, I, >0, Ry, > 0. (2)

Throughout this paper, we always assume that

(H) g(I) is continuous and monotonically increasing on
[0,+00), g(0) = 0, I/g(I) is also monotonically
increasing on (0, +00), and g'(O) exists with g'(O) > 0.

Remark 1. Hypothesis (H) is basic for model (1). Particularly,
g(I) = I/(1 + wI) with constant @ > 0; then assumption
(H,) naturally holds. Furthermore, if function g(I) satisfies
that second-order derivative g”(I ) exists and g”(I ) < 0 for
all I € [0, 00), then we easily prove that I/g(I) is monotone
increasing on I € (0, +00).

On the positivity and boundedness of all solutions of
model (1) with initial condition (2), we have the following
results.

Lemma 2. Forany solution (S, I,,, R,)) of model (1) with initial
condition (2), it holds that

S,>0, I,>0,

. R,>0 Vn>0. 3)
Proof. Model (1) is equivalent to the following form:

_ aA+0R,, + S,
e 1+ Bg (L) +dy

— bA + ﬁsn+lg (Im—l) + In (4)
il l+d, +y ’
cA+yl,,, +R,
Rn+1 = T 3 s
1+d;+6

When n = 0, we have
_ aA+0R; + S,
L1+ pg () +dy

- bA + 8S,g () + 1,
| =

5
1+d,+y ®

cA+yI +R,
l+d;+6

1=
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LetC, =1+d;+dandlet C, = 1 +d, + y; then obviously,

C,C, — 6y > 0. Substituting S;, R, into I;, we obtain that I,

satisfies the following equation:

_ Bg (1) h+8yBg (1) I, + C, (bA + 1) (1 +d,)
(1+Bg (1) +d,) C,C,

where h = C;A(a+b) + 8(cA + Ry) + C,(Sy + I;). From this,

we further obtain that I; satisfies the following equation:

H(I}) £ (C,C, - 8y) Bg (I,) + C,C, (1 + 4d,)

I , (6)

G (bA+ 1) (1+4,)

Il

I

=0.
From hypothesis (H), we obtain that H(I;) is monotonically
increasing on (0, +00), and, obviously,

lim H (I;) = —o0.
Jim H (1)) = =00 (®)

Iflim; _, ,,g(I;) < 0o, then we have
Illi_r}looH (1) = C,C, (1 +4d,) + (C,C, - 8y)

‘ (9)
x p lim g(I,) >0

and if lim; _, ,g(I;) = +oo, then lim; _,  H(I;) = +oo.
Hence, there is a unique positive solution x* > 0 such that
H(x") = 0. Therefore, we have I, = x* > 0. Further, from (5)
we also obtain §; > 0 and R; > 0.

When n = 1, in a similar way, we can obtain S, > 0, I, > 0
and R, > 0. By the induction, we finally obtain that S, > 0,
I, >0and R, > 0 forall n > 0. This completes the proof. [J

Lemma 3. For any solution (S, I, R,) of model (1) with initial
condition (2), it holds that

limsup (S, +1,+R,) < 3, (10)
where d = min{d,, d,, d,}.

Proof. Let N, = S, + I, + R, ;; then from model (1) we have
N,=A+N, ,-d,S,-d,],~d,R, < A+N,_, —dN,.
(11
Hence,
A+ N,
N, < —2, n=12... 12
" 1+d " 12
By using iteration method, we obtain
A+ N,
N < " nl
g 1+d
<A + A + A +ot A
T1+d  (1+d)? (1+4d) (1+d)

N, (13)

T a+dy’

A 1 A
= E[l_ (1+d)"]+ At ay

3
Therefore, it holds that
limsup N,, < é (14)
n—+00 d
This completes the proof. O

3.Caseb=0

Ifb=0,wehavea+c=1,anda > 0, c > 0; then model (1)
becomes into the following form:

Sn+1 - Sn =aA- ﬁSnJrlg (In+1) - dlsn+1 + 8Rn+1’

In+1 - In = ﬂsnﬂg (In+1) - (dz + Y) In+17 (15)
Rn+1 - Rn =cA+ yIrHl - (dS + 8) Rn+1'

Particularly, when b = ¢ = 0, then a = 1 and model (1) will
become into the following well-known form:

Spi1 =Sy =A- ﬁsnﬂg (In+1) - dlsn+1 + 8Rn+1’

In+1 - In = ﬁsn+1g (In+l) - (dZ + V) In+1’ (16)
Rn+1 - Rn = yIn+l - (dS + 8) Rn+1'

For model (15), under hypotheses (H), the basic repro-
duction number, that is an average number of secondary
infectious cases produced by an infectious individual during
his or her effective infectious period when introduced into an
entirely susceptible population, can be defined by

_ BA(8+ad,) g’ (0)

A0 = 4 dy e ) (@ rdy) W

Here, f3 is the disease transmission rate, 1/(d, + y) is the
average infection period, and

BA(S +ads) g(I) _ PA(S +ad;) ,
M d ) 1 drd) @

implies that (BA(d+ad;)/d, (5+d3))g' (0) denotes the number
of new cases infected per unit time by one infective individual
which is introduced into the susceptible compartment in the
case that all the members of the population are susceptible.
Particularly, for model (16) we have the basic reproduction
number as follows:

o, B O )

di(dy+y)
On the existence of equilibria of model (15), we have the
following result.

Theorem 4. (1) If R, < 1, then model (15) only has a unique
disease-free equilibrium E, = (8°,0,R°), where S° = A(S +
ady)/d,(8 +d;) and R® = cA/(S + ds).

(2) If B, > 1, then model (15) has a unique endemic equi-
librium E* = (S",1",R"), except for the disease-free equilib-
rium E,,.



Proof. We know that an equilibrium E = (S, I, R) of model
(15) satisfies

aA-fSg(I)-d,S+0R=0,
BSg(I) - (dy +y)I =0, (20)
cA+yl—(d;+8)R=0.
Firstly, when I = 0, we have
aA-d;S+S6R =0,

(21)
cA-(d;+8)R=0,

from which we obtain the disease-free equilibrium E,
(8°,0,R°), where $° = A(S + ad,)/d,(8 + d;) and R°
cA/(S +ds).

Secondly, when I > 0, from the second and third
equations of (20), we obtain

_cA+yl
C 8+d,]

_ (dy+y)I
Bg ) -

Substituting R, S into the first equation of (20), we have

(22)

A +ady) dy(dy+y)+0dy  di(dy+y)T _
5+ d, 8+ d, Bg(I)
(23)
Denote
dy(dy+y)I

Bg (I)
(24)

A(8+ady) dy(d,+7y)+0d,

B =—574, 5+d,

By hypothesis (H), H(I) is monotonically decreasing on
(0, +00) satistying

A(8+ad;) d,(dy+7y)

lim H(I) =
B A0
(25)
_ A(d +ad;) (1 1 >
C 0+d, R, )’
and we also have
IgrpooH (I) = —oo0. (26)

When %, < 1, we have lim; _, ,« H(I) < 0. Then, there is
not any I" > 0 such that H(I*) = 0. Therefore, model (15)
only has a unique disease-free equilibrium E,,.

When %, > 1, we have lim; _, ;+H(I) > 0. Then, there
exists a unique I > 0 such that H(I*) = 0. Furthermore, we
have S* = (d, + )I"/Bg(I") > 0and R* = (cA + yI")/(8 +
d;) > 0. This implies that model (15) has a unique endemic
equilibrium E* = (§*, 1%, R™). This completes the proof. [J

Remark 5. Particularly, for model (16), the disease-free equi-
librium given in Theorem 4 will become into E, = (A/d,,
0,0).
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Now, we study the stability of equilibria of model (15). On
the global stability of the disease-free equilibrium E,), we have
the following result.

Theorem 6. Disease-free equilibrium E, of model (15) is
globally asymptotically stable if and only if R < 1.

Proof. The necessity is obvious; we only need to prove the
sufficiency. Model (15) can be rewritten as the following form:

sn+1 - Sn == (ﬂg (In+1) + dl) (Sn+1 - SO) +0 (Rn+1 - RO)

- ﬁsog (In+1) >
In+1 - In = /';g (In+1) (Sn+1 - SO) - (dZ + Y) In+1
+ ﬁsog (In+1) >
Rn+1 - Rn = YInJrl - (d3 + 6) (Rn+1 - RO) .
(27)
We consider the following Lyapunov function:
W, = 1(5,-8"+1,+R,—R) + ]ﬁ(sn -8’
2 2
(28)
+(ky+ky) L, + IE(R —RO)2
2 3)n 2 n 4
where
ky = - gds’ ky =k, So,
(29)
=d1+d2 =d2+d3+<x
@ y

Calculating the difference of W, along (27), we have
k 2 2
Wi =W, = ?1 [(Snﬂ - SO) - (Sn - SO) ]

+ (ky +k3) (Ipr = 1,)

k
+ 2[Ry - R) - (R, - R)’]
+ % [(Sn+1 - SO + In+1 + Rn+1 - R0)2

~(8,-$"+1,+R, - RO)Z]
- % (Suer = Su) (S = Sir +2(Sp1 = "))
+ (ky + k) (Lysy — 1)
. % (Rysr = Ry) (Ry = Ryt + 2Ry ~ B%))
" % (Sper =Sy + Iy = I, + Ry — R))

x (Sn - Sn+1 +2 (Sn+1 - SO) + In - In+1

+2L,,+R, - R, +2 (R"+1 B RO))
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Sn) (Sn+1 - SO)
+ (ky +k3) (Lyy — 1)
+ky (Ryi1 = R,) (Rﬂ‘rl B RO)

- Sn + In+1

<ky (Sper -

+ (Span -I,+ R, —R,)
% (Sy1 = S* + Iyy + R,y — R)
= ki [~ (Bg (L) + i) (Sp1 = S°)
+8 (R = R*) = "9 (I,1)] (S = °)
+ Ky [Bg (1r) (Spr =) = (da +¥) L
+45°9 (L))
+ ks [BSs19 (Insr) = (dy + ) L ]
Ky [Py~ (ds +6) (R ~ B)]
x (R, — R")
+ (=d1Spi1 = doyy — d3R,1y)
X (Spey = 8"+ 1, + R,y —R°).

(30)

Since R, = fAg'(0)(8 +ads)/d, (d, +y)(8 +d;) < 1, we have
BS°g'(0) < d, +y. Hence,

Wit = Wy < Ky [~ (Bg (L,1) + 1) (Spy = S)
8 (R = R°) = B89 (1,11)] (S = 8°)
k2 [BG (1) (Su1 = 8°) = BS"9" (0)
+48°g (I.1)]
ks [BS,019 (1r) = S (0) 1]
+ky [yl1 = (d5 +8) (Rysy — R°)]
(Rus ~ )
[-d, (Sui1 = ") = dyL,y — ds (Ryyy - R°)]
(s

X (Sppr = 8"+ Lyy + Ry — RO)

X

+

[k (Bg () + ) + ] (S0 - )

—d,I’

n+1

= [ky (d5 +0) + d;] (Rn+1 - RO)2

5
IVl
+ Kyl S0 [M -g <0>]
In+1
In+
+ k3 BS 1L [? - 9, (0)]
n+l
+ k3ﬁ1n+lg’ (0) (Sn+1 - SO)
2
[k (B (r) +dy) + 1] (Sn = S”)
2
n+1 [k (d +6)+d]( n+1_RO)
IVI+
+ Bl (kzso + k3Sn+1) <g§ ) - g' (0)>-
n+l
(31)
Under hypothesis (H), we have for any n > 0
1 I
91 < lim 9 b _ g (0). (32)
In+1 1—ot I
Hence,
0\2
Wy =W, < = [k, (Bg (I,11) +d,) +4d,] (Sn+1 =S )
2
- d21j+1 — [ky (d5 +0) +d;] (Rn+1 - RO) .
(33)
This implies that
W - W, <0 Y(S,I,R,) # (50,R%). (34)

By Lyapunov’s theorems on the global asymptotical stability
for difference equations, we directly obtained that the disease-
free equilibrium E,, is globally asymptotically stable. This
completes the proof. O

On the global stability of the endemic equilibrium E*, we
have the following result.

Theorem 7. Endemic equilibrium E* of model (15) is globally
asymptotically stable if and only if B, > 1.

Proof. The necessity is obvious, we only need to prove the
sufficiency. Model (15) can be rewritten as the following
form:

w1 = Sp = = (B (Tsr) + ) (S
-BS" (g (1) -9 (1)),

Lt = I = Bg (Lisr) (Suir = S7) = (dy +9) (Lyy = T)
+BS" (g (L) -9 (7)),

I")-(d;+96)(R,;y —R7).

S =8") +8 (R —R7)

Rn+1 R _Y(n+1

(35)



We also have

I _I _ﬁsnﬂg( +1) (d2+Y)In+l

= Iy -ﬁsn+1 gglnjl) - (d, + V)]
= In+1 —ﬁSnJrl ggln-;l) - ﬁs* ggl**) :|
= In+1 -IBSn+1 gEI”'Il) ﬁs* ggi*) + ﬂsn+1 gg{k*)
g (")
_/*;Snﬂ I* :|

_ 9 (L) g(I")
- n+1 [ﬁsrﬁl( I I* )

2 (5150,

(36)

We consider the following Lyapunov function:

* * * k *
:%(sn—s +I,-I"+R, -R )2+?1(sn—s )’

I, _ I*
+kzj Lg()df.k IE(R”_R*)Z
I* g (1) 2
+k4< n —l—lnI—">,
I* I*
(37)
where
d, +d
k, = 1; 5 k= kS
o6y
k _dytdyta k _(d1+d2)(1)
’ y ! By (I*)

Calculating the difference of W, along (35), we have

k N *
Vn+1 _Vn = El [(Sn+1 =S )2 - (Sn =S )2]

b g (1) - g (I")
ik, Ln e

> [(Run ~R°) = (R, ~R")']

N|?\“

+k, <—I"“I*_ L II—“>

n
1 * * )2
+ 5 [(SnJrl -S +In+1 -1 +Rn+1 -R )

~($,-8"+I,-I" +R,~R")’]
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< kl (Sn+1 - Sn) (Sn+1 - S*)

+ky (L — 1)[%]

+k3 (Ryi1 — R,) (R4 —RY)

I, -I
+k ( n+1 In)[ Vl+*11 :|

and Society

+ (Sn+1 - Sn + In+1 - In + Rn+1 - Rn)

X (Syy —S" +I,,-I"+R,,, - R

n+1

= ki [-(Bg (Ls1) + 1) (Ssr = S7)

+0 (R = R7) = S (g (Lysr) =

X (Spe1 = 57)

55 [Bg (Tis1) (S1 = S7)
~(d+y) (L - T7)
+BS™ (9 (L) =g (I'))]

[

ks [y Ly = 17) = (d5 + 6) (R
X(RnJrl_R*)

t kI, [ﬁsn+1 (95 wi) ()

"
+1 I

1*
9 5 * )
+(=d, S, —dyl, —dsR,,))
X (Sp1 =S" + Ly —I" + R,y — R
< = [ky (Bg (L) + i) + ] (S
—dy(Iyy = I
—[ks (ds + ) + ds] (R,,,, — R*)?

s g (L) —g(I")
k2 g(n+1)

x [BS" (g (1) =g (I7))

=(da+7) (L = 17)]

S (1 - 1) (25020

I

n+l

(ua-5)|[ 225 ]

)

g(")]

-R)]

)

I"I

n+l

)

_S*)Z

I*

),

(39)
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Further, from hypothesis (H) and d, +y = S*(g(I*)/T"), we
have

kzg( L) -g(I")

9 (L)
< [BS™ (g (Ipsr) g (I7)) = (dy +y) (L - T7)]
=k w (BS" g (Lis1) = (dy +y) Ly ]
kZIn+1
= a9 =g (1)
* (In+1)
x [ﬁs T s y)]
k In+1
= g( n+1) (g( n+1) g(I ))
[ﬁs*g(ln?) gs @]
_ k,BS° I, g (Li1) 9(1*)
g o) | ) -2
<0,
b 01 22) 90Y)
' (40)
Hence,
Vi1 — = [ky (Bg (Lis1) + 1) + ] (Sua _S*)z
( n+l I ) (41)
= [k (ds +8) + ds] Ry — R*)z-
This implies that
V1=V, <0 VY(S,I,R,)# (S, I",R"). (42)

By Lyapunov’s theorems on the globally asymptotical sta-
bility for difference equations, we directly obtained that the
endemic equilibrium E” is globally asymptotically stable. This
completes the proof. O

Remark 8. From the above discussion we immediately see
that the basic reproduction number %, can completely deter-
mine the global asymptotic stability of model (15).

As a consequence of Theorems 6 and 7, for model (16) we
have the following corollary.
Corollary 9. For model (16) one has the following.

(1) Disease-free equilibrium E, is globally asymptotically
stable if and only if R, < 1.

(2) Endemic equilibrium E* is globally asymptotically sta-
ble if and only if B, > 1.

Remark 10. From Corollary 9, we see that the corresponding
results on the global asymptotic stability obtained in [4] for
discrete-time SIRS epidemic models with bilinear incidence
rate are extended to the models with nonlinear incidence rate.
Furthermore, comparing with Lyapunov functions estab-
lished in [4], we see that, in order to study the global asymp-
totic stability of model (15), a new Lyapunov function is
constructed in this paper.

4.Caseb >0

We firstly discuss the existence of equilibria of model (1). It
is easy to see that if b > 0, model (1) has no disease-free
equilibrium. We have the following result about the existence
of endemic equilibrium of model (1).

Theorem 11. Model (1) always has a unique endemic equilib-
rium E* = (§*,I",R").

Proof. From model (1) we know that the endemic equilibrium
E* = (S*,I",R") satisfies

aA-fSg(I)-d,S+6R=0,
bA+BSg(I) - (d, +y)I =0, (43)
cA+yl—(d;+8)R=0.

By the second and third equations of (43), we can obtain

I1-bA
R=CA+YI, Szw_ (44)
d+d, Bg (I)
Substituting (44) into the first equation of (43), we have
—[ds(dy+y)+8d,| I+ A[S+ (a+b)d,]

4 (dy+y)(8+d;)1
Bg (D)

dibA(0+dy) (45)
Ba()

Denote

o) =-[d;(dy+y)+08d,] I+ A[6+ (a+b)d;s],

dy(dy+y) (8 +d;5)1 B
Bg (I)

d\bA (5 +ds)

I =
v Bg (I)

(46)

Now, we consider equation ¢(I) = w(I), which is equiv-
alent to (45). By hypothesis (H), ¢(I) is monotonically
decreasing on (0, +00) and y(I) is monotonically increasing

on (0,+00). Let d = min{d,,d,,d;}; then we have 0 <
bA/(d, + y) < A/d. By calculating, we obtain

bA bA
=-|d;(d od
o( 70 ) = - s ) o) 75

+A[6+(a+b)d;]

_A[8(1-b)d, + 8y +ad; (d, +7)]
N dy +y

> 0,



A A
p(5) =~ 1ds(d +7)+ 8] 5 + AL+ (@ +b)dy]

A
=7 [dy(dy+y)+8d, —d(6+(1—-¢c)d;)]

- _3 [d, (y +dc) + (8 +dy) (dy - d)]

<0,
bA A
"’(d2+y> =0 "’(Z) >0
(47)

Hence, there exists a unique I* € (bA/(d, + y), A/d) such
that o(I") = y(I"). Furthermore, we have S* = ((d, + y)I" —
bA)/Bg(I*) > 0and R* = (cA + yI")/(8 + d;) > 0. This
implies that model (1) has a unique endemic equilibrium E* =
(§*,I",R"). O

Now, we study the global stability of endemic equilibrium
E*; we have the following result.

Theorem 12. Endemic equilibrium E* of model (1) is always
globally asymptotically stable.

Proof. Model (1) becomes into the following form:

Spit = Sn == (Bg (Li1) + 1) (Sur1 = S7) + 8 (Ryyy = R7)
=S (g (Ls) = g(I7)),
Lt =1, = Bg (Lis1) (Sus = S7) = (da +9) (L = I7)
+BS" (g (L) =g (I"))
Ry =Ry =y (L = 1") = (d5 + 8) (R —R).
(48)

We also have

-1, = bA + ﬁsn+lg (In+1) - (dz + Y) Lo

[ bA g (L)
=1L, T + ﬁsn+11—+1 —(dy + Y)]

L “n+1 n+l

=1 — + S
n+l _In+1 :B n+l In+1 I*
[ bA  bA

- —+
I*

A gl bA+ﬁS*g(I*)]

g(1n+1) *g(I*)
ﬁsn+l Ji _ﬁs I

n+l
I n+l1

L “n+1

+/38n+1 I—* - ﬁsm—l I*

g(I") 9(1*)]

< Bs (g(ln+1)_g(1*))
| - T
B s, —s*)] .

(49)
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We consider the following Lyapunov function:

1 * * * k *
Uy = (S, =8 +1,~I"+R,~ R )2+71(sn—s )’

I, _ I*
+kzj 9m-9g( )dr+]3(Rn—R*)2
I* g(1) 2
I I
+k4(—”—1—ln—”>,
I* I*
(50)
where
d, +d N
k, = 18 = k, =k,S",
NG
k :d2+d3 _ (dy +d,)(I")
ooy Bg (")

Calculating the difference of U,, along (48), we have
Uit = Uy < ki [ (B (1) + 1) (81 = S7)
+8 (R, —R")
—BS™ (9 (L) =g (I )] (S = 57)
+ 563 [Bg (Lis1) (S1 =S7)
~(d+y) (L - T)
+S™ (9 (Lus1) = g (I'))]

ks [y (Ly = T7) = (d; +0) (Ryyy = R7)]

X (Rn+1 - R*)

+k,I

1 1
41n+1 [bA< __>
L I7

In+1 I
I* .
+:Bg§* ) (Sn+1 =S ):|

x <In+1 -1 )
I*In+1
+(=d, Sy — dalyy — d3R,,)

X (Sn+1 -§° +In+1 -r +Rn+1 _R*)
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— [y (Bg (Lsr) +dy) + ] (Spr — S*)2
- dZ(InJrl - I*)Z
—[ks (ds +8) + ds] (Ryy — R*)Z

(e = (1)

(In+1) [ﬁs (g( n+1) g(I ))

~(dy+y) Ly = T7)]

b (-1 (7=~ 1)

k oy (9 L)
+ I_jﬁsnﬂ (In+1 -1 ) (—1 -

I

g (I*))
n+l I
(52)
From hypothesis (H) and d, + y = S*(g(I*)/I"), we have
. 9Unn) —g (")
N
g( n+1)

x [BS™ (g (L1) = g (I7)) -

I;_fﬁsnﬂ (In+1 ) (g( H)

(d;+y) (L - I7)] <0,
9(1*))@’

Ly I
(53)
and it is easy to see that
k4 . ( 1 1 )
—DbA (L, -1 -—]<0.
G =7~ 7 (54)
Hence,
2
Unit = Uy < = [k (Bg (1) +di) + 1] (S = S7)
—dy(Lyy = I°)
*\2
= [ks (d5 +6) + ds] (Ryy - R7)".
(55)
This implies that
Upr —U, <0 VY(S,,I,R,) # (S, I",R"). (56)

By Lyapunov’s theorems on the global asymptotical stability
of difference equations, we directly obtained that the endemic
equilibrium E* is globally asymptotically stable. This com-
pletes the proof. O

5. Conclusion

From the main results obtained in this paper, we see that
the results on the global asymptotic stability of the disease-
free equilibrium and endemic equilibrium for a discrete-time
SIRS epidemic model with bilinear incidence rate obtained
in [4] are directly extended. By constructing new discrete

type Lyapunov functions we established the sufficient and
necessary conditions on the global asymptotic stability of the
disease-free equilibrium and endemic equilibrium for a class
of discrete-time SIRS epidemic models with general nonlin-
ear incidence rate $Sg(I) and different death rates d,, d,, and
d;. That is, the disease-free equilibrium is globally asymptot-
ically stable if and only if basic reproduction number %, < 1,
and the endemic equilibrium is globally asymptotically stable
ifand only if %, > 1.

An interesting and important open problem is whether
the results obtained in this paper can be extended to the fol-
lowing discrete-time SIRS epidemic models with general
nonlinear incidence rate:

Sn+1 - Sn =aA- /';f (Sn+1) g (In+1) - dlsn+1 + 8Rn+1’
Ly — 1, = bA + ﬁf (Sn+1) g (In+1) - (dz + V) L

Rn+1 - Rn =cA+ y1n+1 - (d3 + 8) Rn+1

(57)
and with distributed delay

m
Sn+1 - Sn =aA - ﬁsnﬂz.f (]) g9 (Infj) - dlsnﬂ + 8Rn+1’
j=0

I +1 _In = bA + IBSnJrlZf (])g(ln—]) - (dZ + Y) In+1’

=0
Ry =R, = cA+ 7yl —(d; +0) R,y
(58)

That is, only under the assumption which functions g(I)
and I/g(I) are monotonically increasing with respect to I,
whether we also can obtain that the disease-free equilibrium
is globally asymptotically stable if basic reproduction number
R, < 1, and the endemic equilibrium is globally asymptoti-
cally stable if £, > 1.

In addition, in this paper, functions g(I) and I/g(I) in
model (1) are assumed to be monotonically increasing with
respect to I. Obviously, these conditions are rather strong and
not easily satisfied in many practical applications. Therefore,
an interesting and important open problem is whether the
results obtained in this paper can be extended to model (1)
with function g(I) or I/g(I) is not monotonically increasing
with respect to I.
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