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We study the following initial-boundary value problem {ut—(M(t)+(x(t)(a/8t))(82u/ax2+(y/x)(au/8x)) + f(u)=fi(x,1),] <x <R,
t > 0;u(l,t) = g,(t), u(R,t) = gg(t); u(x,0) = #,(x)}, where y > 0,R > 1 are given constants and f, f,, g;» gr, Uy @ and p are
given functions. In Part 1, we use the Galerkin method and compactness method to prove the existence of a unique weak solution
of the problem above on (0, T), for every T > 0. In Part 2, we investigate asymptotic behavior of the solution as t — +0c0. In Part 3,
we prove the existence and uniqueness of a weak solution of problem {u, — (u(t) + a(t)(3/0t))(0*u/0x* + (y/x)(Ou/0x)) + f(u) =
fi(e 1), 1 < x <Rt > 0;u(l,t) = g,(t), u(R,t) = gx(t)} associated with a “(, T)-periodic condition” u(x, 0) = yu(x, T), where
0 < |yl < 11is given constant.

1. Introduction wherey > 0,R > 1,and 0 < || < 1 are given constants
and f, f, 91> gp> Uy> & and p are given functions satisfying

In this paper, we consider the following nonlinear pseu-  .nditions specified later.
doparabolic equation: Inthe case of y = L, u(t) = p > 0,and a(t) = a > 0
3 Pu  you being the constants, the initial-boundary value problems (1)-
u, - <M (t) + () a) (ﬁ + —a—) + f (u) (3) are classical and have a long history of applications and
rooxox @ mathematical development. We refer to the monographs of
= fi(xt), 1<x<R, t>0, Al’shin et al. [1] and of Carroll and Showalter [2] for references
' ' N and results on pseudoparabolic or Sobolev type equations.
associated with the boundary conditions We also refer to [3] for asymptotic behavior and to[4] for
u(lL,t) =g, @), nqnlinear problgms. Pr.oblems of this type.arise in rpaterial
(2)  science and physics, which have been extensively studied, and
u(R,t) = gp(t) several results concerning existence, regularity, and asymp-

totic behavior have been established.

Equation (1) arises within frameworks of mathematical
u(x,0) =1, (x), (3) models in engineering and physical sciences (see [5-11] for
references therein and interesting results on second grade
fluids or a fourth grade fluid or other unsteady flows). It is
u(x,0)=nu(xT), (4) well known that fluid solid mixtures are generally considered

and the initial condition

or the “(y, T)-periodic condition”



as second-grade fluids and are modeled as fluids with variable
physical parameters; thus, an analysis is performed for a
second-grade fluid with space dependent viscosity, elasticity,
and density.

In [9], some unsteady flow problems of a second-grade
fluid were considered. The flows are generated by the sudden
application of a constant pressure gradient or by the impulsive
motion of a boundary. Here, the velocities of the flows
are described by the partial differential equations and exact
analytic solutions of these differential equations are obtained.
Suppose that the second-grade fluid is in a circular cylinder
and is initially at rest, and the fluid starts suddenly due to
the motion of the cylinder parallel to its length. The axis of
the cylinder is chosen as the z-axis. Using cylindrical polar
coordinates, the governing partial differential equation is

ow 0 ? 10
E = <’V+(Xa>(w + ;a)w(r,t)—Nw,

0<r<a, t>0, (5)

w(a,t) =W, t>0,

w(r,0)=0, 0<r<a,

where w(r, t) is the velocity along the z-axis, v is the kinematic
viscosity, « is the material parameter, and N is the imposed
magnetic field. In the boundary and initial conditions, W
is the constant velocity at ¥ = a and a is the radius of the
cylinder.

In [6], two types of time-dependent flows were investi-
gated. An eigenfunction expansion method was used to find
the velocity distribution. The obtained solutions satisfy the
boundary and initial conditions and the governing equation.
Remarkably, some exact analytic solutions are possible for
flows involving second-grade fluid with variable material
properties in terms of trigonometric and Chebyshev func-
tions.

In [5], Mahmood et al. have considered the longitudinal
oscillatory motion of second-grade fluid between two infinite
coaxial circular cylinders, oscillating along their common
axis with given constant angular frequencies Q; and ,.
Velocity field and associated tangential stress of the motion
were determined by using Laplace and Hankel transforms. In
order to find exact analytic solutions for the flow of second-
grade fluid between two longitudinally oscillating cylinders,
the following problem was studied:

ov 0 ? 10
E:(M+“E><W+;§)V(r’t)’

R, <r <R, t>0,
v(Ry,t) =V sin (Q4t), ()
v(Ry, t) = V,sin (Qyt),
v(r,00=0, R, <r<R,,

where 0 < R, < Ry, 4, &, V1, V,, Q, and Q, are positive
constants. The solutions obtained have been presented under
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series form in terms of Bessel functions J(x), Y,(x), J,(x),
Y, (x), J,(x), and Y, (x), satisfying the governing equation and
all imposed initial and boundary conditions.

The nonlinear parabolic problems of the form (1)-(3),
with/without the term u,, + (y/r)u,, were also studied in
[12, 13] and references therein. In [12], by using the Galerkin
and compactness method in appropriate Sobolev spaces with
weight, the authors proved the existence of a unique weak
solution of the following initial and boundary value problem
for nonlinear parabolic equation:

u, —a(t) (u,,+’—/ur>+F(r,u)=f(r,t),
r
0<r<l1, 0<t<T,

lim r"*u, (r,t)| < +00, )

r—0,

u, (L) +h(t) (u(l,t)—uy) =0,
u(r,0) =uy(r).

Furthermore, asymptotic behavior of the solution as
t — +o0o was studied. In [13], the following nonlinear
heat equation associated with Dirichlet-Robin conditions was
investigated:

=[] + £ @) = fi (),
(1) € (0,1) x (0,T),
u, (0,1) = hyut (0,6) + gy (1), (8)
(LD = hu (LD + g, (1),
0 (%,0) = p (x) .

Condition (4), which we call “(y, T)-periodic condition,”
is known as a drifted periodic condition (see [14]). Indeed, if
u(t) = qu(t +T), Vt > 0, in the case of 0 < || < 1, then we
have

u(t+7T)= %u(t):u(t)+<%—1>u(t), Vt>0, (9)

which means
u+T)=u(@)+6(), Vi=0, (10)
with 8(t) = (1/5n — 1)u(t) satisfying the condition
S()=né(@t+T), Vt=0. (11)

Note that (11) holds by the fact that

r]6(t+T):17[<%—1>u(t+T)] :<%—l>u(t)

(12)
=40(), Vt=0.
With # = 1, (4) leads to T-periodic condition
u(x,0)=u(xT), (13)
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and with # = -1, we have the antiperiodic condition
u(x,0)=-u(xT). (14)

The present paper is concerned with the second-grade
fluid in a circular cylinder associated with the initial condi-
tion (3) or a drifted periodic condition (10). The extensive
study of such flows is motivated by both their fundamental
interest and their practical importance (see [9]).

This paper is a continuation of paper [15] dealing with
the nonlinear pseudoparabolic equation (1) associated with
the mixed inhomogeneous condition, in the case of y = 1,
ut) = u > 0, at) = « > 0 being the constants. It consists
of five sections. First, preliminaries are done in Section 2.
Under appropriate conditions, the existence of a unique weak
solution of problems (1)-(3) is proved in Section 3. Next,
an asymptotic behavior of the solution of problems (1)-(3),
ast — +00, is discussed in Section 4. Finally, Section 5 is
devoted to the establishment, the existence, and uniqueness
of a weak solution of problems (1), (2), and (4).

Because of mathematical context, the results obtained
here generalize relatively the ones in [12, 13, 15], by improving
the techniques used as before and with appropriate modifica-
tions.

2. Preliminaries

Put O = (1,R), Qp = Q x (0,T), T > 0. We omit the
definitions of the usual function spaces: C™(Q), L (Q)), and
W™P(Q). We define W™ = W™P(Q), LP = W*(Q) and
H™ = W™ (Q),1 < p<oo,m=0,1,.... The norm in L* is
denoted by || - |l. We also denote by (-, ) the scalar product in
L2. We denote by || - [ x the norm of a Banach space X and by
X' the dual space of X. We denote by L?(0,T; X)1 < p < 0o

for the Banach space of the real functions u : (0,T) — X
measurable, such that
T 1/p
Il Lo o,1%) = (L Nl ()15 dt) <00
(15)

for 1 < p < oo,

lletll oo o,723) = €ss sup [lu ()]l for p = oo.
0<t<T

Let u(t),u'(t) = u,(t), ') = u,, (1), u,(t), and u,(t)
denote u(x,t), (Qu/ot)(x, 1), (0*u/ot*)(x,t), (Ou/dx)(x,1),

(0*u/0x)(x, 1), respectively.
On H', we shall use the following norm:

e (16)
We put
Hy={veH" (Q):v(1)=v(R) =0}. (17)

Hé isaclosed subspace of H' and on H}, two norms VIl e
and [|v, || are equivalent.

Note that L* and H' are also the Hilbert spaces with
respect to the corresponding scalar products

(u,vy = LR Lu(x)v(x)dx, (w,v)+ (u,v.), (18)

respectively. The norms in L* and H' induced by the cor-
responding scalar products are denoted by || - ||, and || - [I;,
respectively. H, is continuously and densely embedded in L.
Identifying L* with (L?)' (the dual of L?), we have Hé —
> & (Hé)' = H%; on the other hand, the notation (-, )
is used for the pairing between Hj and H™".

We then have the following lemmas, the proofs of which
can be found in [16].

Lemma 1. We have the following inequalities:

() vl < lvlly < VRV IV, Vv e L?,

(19)
(i) [Vl < IVl < VR [V, Vve H'.
Lemma 2. The imbedding H' — C°(Q) is compact.
Lemma 3. The imbedding Hy — C°(Q) is compact and
() Moo < VR=1|v| V¥veH,,
. R-1 1
(i) [Ivl < v| VveH,,
il wen; o

RY
(iii) [Iv], < \j7 R-D]v,l, VveH,.

Remark 4. On L?, two norms v — |v| and v +— Ivll, are
equivalent. So there are two norms v +— |[v||;p and v — |v|;
on H! and four norms v — IVllgs, v = vlly, v = v, ll, and
v vl on Hé.

Consider a(, -) is the symmetric bilinear form on HS X Hé
defined by
a(ww) = (u,w,), YuweH,. (21)

Then, the symmetric bilinear form a(:, -) is continuous on
Hé X Hé and coercive on H&.
We have also the following lemma.

Lemma 5. There exists the Hilbert orthonormal base {wj} of

L? consisting of the eigenfunctions w; corresponding to the

eigenvalue Xj such that
0<A <A< <A <A, <

lim A; = +oo, (22)

j—+oo
a(wj,w):xj<wj,w> VweHl,j:Lz,_“_

Furthermore, the sequence {wj/\/x\j} is also the Hilbert

orthonormal base of Hy with respect to the scalar product a(:, -).



On the other hand, we also have w; satisfying the following
boundary value problem:

Y _3 :
- (wjxx + ;wjx> =Aw;, in(LR), o)
w; (1) =w;(R) =0, w; €C*([LR]).

The proof of Lemma 5 can be found in [17, p. 87, Theorem
7.7], withH = L*and V = Hé and a(, -) as defined by (21).

3. The Existence and the Uniqueness

Now, we consider problems (1)-(3) in which y is a positive
constant and make the following assumptions:

(H,) @i, € H".

(H,) 1> gr € W"(0,T), 71y(1)—g,(0) = #y(R)— gx(0) = 0.
(H;) « € WH(0,T), a(t) > «, > 0, V¢ € [0, T].

(Hy) u € WH(0,T), u(t) = u, > 0,Vt € [0, T].

(Hs) f, € L'(0,T; L?).

(Hy) f € C°(R; R) satisfies the condition that there exists
positive constant & such that (y — 2)(f(y) — f(2)) =
8|y —z|*, forall y,z € R.

In case g, # 0 or gy # O, it is clearly that problems
(1)-(3) reduce to a problem with homogeneous boundary
conditions by the suitable transformation. Indeed, putting
9(x,8) = ((x - D/(R - 1)gp(®) + (R - x)/(R - 1))g, (8), by
the transformation v(x, t) = u(x, t)—¢(x, t), problems (1)-(3)
reduce to the following problem:

2\ (o 0
i (w0200 2) (T2 4124 s o)
=f,(x1t), 1<x<R t>0, (24)

v(1,t) =v(R,t) =0,
v(x,0) =7, (x),

where
— 1 '
fien =fixn - — [(x-1) gy (®)

+(R-x) g, (t)]

Y
(R-1)x

+a() (g -9, ®)],

* [!4 ) (gr ) =g, (1)) (25)

o (x) = Ty (x) — @ (x,0), 7, € H,

and 7, g,, and gy, satisfy the condition %,(1)—g, (0) = %, (R)—
gr(0) = 0.

The weak formulation of the initial-boundary value
problem (24) can be given in the following manner: Find
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v e L=(0,T; Hé) with tv, € 120, T; Hé), such that v satisfies
the following variational equation:

d

ZlvO,wra®ar®,w)
Hu) - ®)aw®),w)
+H{fr®+o®),w) = (f, O,w),

Vw € H,, ae., t €(0,T),

(26)

v(0) =7,

where a(-,-) is the symmetric bilinear form on H& X Hé
defined by (21).
Then, we have the following theorem.

Theorem 6. Let T > 0 and (H,)-(Hg) hold. Then, problem
(24) has a unique weak solution v such that

veL®(0,T;Hy),
(27)
tv, € L’ (0, T; Hy) .

Moreover, if (Hs) is replaced by f, € L*(Qy), then the
solution v satisfies

veL®(0,T;Hy),
(28)
v, € L*(0,T; Hy ).

Proof. The proof consists of several steps.

Step 1 (the Faedo-Galerkin approximation (introduced by
Lions [18])). Consider the basis {wj} for Hé as in Lemma 5.
We find the approximate solution of problem (24) in the form

Vo (6) = D Gy (D w5, (29)
j=1

where the coefficients ¢,,; satisty the system of linear differen-
tial equations

(vl ), w;) +a)a(v), (1), w;)
tu (t)a (Vm (), wj)
+{(f (v ®) +9®),w;) = (f, (1), w;), (30)

I1<j<m,
Vm (0) = VOm’

where

m
Vom = Z“mjwj — ¥, strongly in Hé . (31)
j=1
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The system of (30) can be rewritten in the form

1.
Gy () + L(t)
1+/\joc ()

1
" Tjoc(t) <f (Vm O ‘P(t)) ’wj> (32)

1 _
ST aew O

Cnj (0) =, l<j<m

It is clear that for each m there exists a solution v,,(t) in
the form of (29) which satisfies (30) almost everywhere on
0<t<T,forsomeT,,0<T,, <T.Thefollowing estimates
allow one to take T, = T for all .

Step 2 (a priori estimates)
(a) The First Estimate. Multiplying the jth equation of (30)
by ¢,,;(t) and summing up with respect to j, afterwards,

integrating by parts with respect to the time variable from 0
to t, we get after some rearrangements:

[ 1 + @) e O
= [vomlls + @ ©) [vonls

t
- L (2;4 (s)—o (s)) "me (s)||§ ds

(33)
t
-2 J-o (f (v () +9(s)),v,,(s)) ds
t —
+2 L <f1 (8)>v,, (s)> ds.
By v,,, — ¥, strongly in H,, we have
ol + o O [vomells < Sor - Vm (34)
where S, always indicates a bound depending on .
Put
S () = v O3 + s [ OG- (35)

By the assumptions (H;)-(Hg), we estimate without
difficulty the following terms in (33) as follows:

- | u© o @) I O s

< (xi* Lt |2y (s)—a (s)' S, (s)ds;

5
-2 L (f (v () + 9 (5)),v,, (5)) ds
<26 j 1,0 <) dis
0
t
#2 [ 1f (9Nl b )l s
! 2 T 2
<@+ [ I ©lds+ [ 1F el ds
0 0
2 Jot <71 (8),v,, (s)> ds
< [Pl * J, 72 Ol b 3
< ”71 ||L1(O,T;L2) + Jo "71 (S)”o Sm (s)ds.
(36)
Hence, it follows from (33), (34), and (36) that
S, (1) < C Jt A (5)S,, () ds, (37)
0

where

Cg"l) = §0 + ”71'

T
ronr) L "f (¢ (5))"3 ds,
— 1
di) ()= 1420+ | 9)], + — o) - o' ()], (38)
d¥P e L' (0,T).

By Gronwall’s lemma, we obtain from (37) that

t
S, (1) < C(Tl) exp (J d(Tl) (s) ds) <Cy, (39)

0

forallm e N, forallt,0 <t < T, < T;thatis, T,, = T, where
C; always indicates a bound depending on T

(b) The Second Estimate. Multiplying the jth equation of (30)
by 2t°¢/, ;(£) and summing up with respect to j, we have

2o, @ + 2000 |17 0]

d
+ 2 [u® e, O]

= (Pu®) e O (10)

=20 (f (v, (1) + 9 (1)) ¥, ()
+212 <?1 t), v, (t)>-



Integrating (40), we get

2 Lt "sv:n (s)"i ds+2 -Lt «(s) "sv:nx (s)“é ds
4 (®) [, Ol

¢ !
~ | (240) I Ol ds

0

2 L (f (s (5) + 9 (), v () ds

+2 L <571 (s), sv:n (s)> ds.

We shall estimate the terms of (41) as follows:
Lo , 5
Jo (s ,u(s)) ”me (s)||0 ds

< (xi Lt ‘(szy (s))" S, (s)ds

*

& [ o] as

*

2 J: <s?1 (s), sv:n (s)> ds

T t
<2 |7 @lds+ 3 [ vl ds
On the other hand, we have

[V (3, 9)] + |9 (2, 9)| < [V 9| oy + 191 )]

+|gr )|

[FETe
) J— oo

“*
+ ||gR||(,‘°([O,T]) =Cr,

and hence
t !
2 JO <sf (V () + 9 (5)) 5 sv, (s)> ds
<2 I (n, ) + 9Ol s
t
+ % Jo "sv:n (s)"i ds

¢ R
S2J szdsj x" sup f*(z)dx
1

0 |z1<Cy

+ % J(: "sv:n (s)"i ds
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v+l _
S2T2<Ry+ll) sup f°(z)dx

|z|<Cr

+ % Lt "sv:n (s)"z ds.

(45)
() It follows from (41)-(43) and (45) that
41
b 5 te B
JO "svm (5)"0 ds + 2a, L "5me (s)"O ds
2 Cp (T !
i, v O < 22 L ()] ds
. (46)
+2 j |57, @[] ds
Y+l _
+2T2<R 1) sup f*(z)dx < Cp,
Y+ |2|<Cy
forallm e N, for all t € [0, T], where C; always indicates a
(42)  bound depending on T.
By (tvmx)' = tv:nx + v, and (39) and (46), we deduce that
! !
"(tvmx) 12(Qp) < “tvmx 12(Qp) + “me"LZ(QT)
T 2
<] v s @7)
(43) °
+ VT “Vm"LZ(o,T;Hg) <Cr.
Step 3 (the limiting process). By (39), (46), and (47), we
deduce that there exists a subsequence of {v,,}, still denoted
by {v,,} such that
v, — v in L% (O,T; Hé) weakly”,
. (48)
(44) (tv,) — (tv)) in L* (0, T; Hé) weakly.

Using a compactness lemma ([18], Lions, p. 57), applied
to (48), we can extract from the sequence {v,,} a subsequence

still denoted by {v,,}, such that
tv, — tv strongly in L* (Qp). (49)

By the Riesz-Fischer theorem, we can extract from {v,,} a
subsequence still denoted by {v,,}, such that

vy, (1) — v(x,t) ae (xt) in Q. (50)
Because f is continuous, it gives
fnat)+e(xt) — f(v(xt)+e(xt)) -
a.e. (x,t) in Q.
On the other hand, by (Hy), it follows from (44) that
[f G ey +p D) < sup [f @ <Cr (5

|Z|SET

where C; is a constant independent of m.
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Using the dominated convergence theorem, (51) and (52)
yield

f(v,+¢) — f(v+¢) strongly in L*(Q;).  (53)

Passing to the limit in (30) by (31), (48), and (53), we
obtain

d
7 (v, w) +at)alv (), w)]
+(u® - ®)aw®),w)
+{(f v+ ), w) = (f, (1), w),

Yw € Hé, ae, t€(0,T),

(54)

v(0) =7,
Step 4 (uniqueness of the solution). First, we shall need the
following lemma.

Lemma 7. Let v be the weak solution of the following problem:

0 0? 0 ~
vt—(u(t)+a(t)5><a—);+)—t£> - Fx0,

1<x<R, 0<t<T,

v(1,t) =v(R,t) =0, (55)
v(x,0) =7, (x),
vel®(0.T:Hy), tv, e I (0. Hy ), woa e W (0,7).
Then,
v ()2 +a () v, O
[ u - ) Il 5

t —_~
> ooy + o« @ Il +2 | (7@ vo)ds
Furthermore, if ¥, = 0, then the equality in (56) holds.

Lemma 7 is a slight improvement of a lemma used in [12]
(or it can be found in Lions’s book [18]).

Now, we will prove the uniqueness of the solutions.

Let v, and v, be two weak solutions of (24). Then, v = v, —
v, is a weak solution of (55) with the right-hand side function

replaced by f(x,t) = — f(v, +9) + f (v, +¢) and ¥, = 0. Using
Lemma 7, we have equality

o, (t) = — j (2u(s) =o' () v, 9|5 ds
" (57)
2| ()= (4 9) v ) ds
where

oy () = IOl +a () v, )5 (58)

7
By (Hg), we obtain
2[ (F0i+9) =+ ) v @) ds
> 26 Jt v (92 ds > -2 r 0, (s) ds;
0 0
(59)

t
- | u© o @) Il ds

< i Lt '2[4 (s)—o (s)| o, (s)ds.

It follows from (57)—(59) that
t

o, (t) < j

0

(28 + ai 2u(s) - o (S)|> oy (s)ds.  (60)

By Gronwall’s lemma, v = 0.

Assume now that (Hs) is replaced by f, € LZ(QT); then
we only have to show that {v:n} is bounded in L*(0, T; Hé).

Indeed, multiplying the jth equation of (30) by ¢, ;(£) and
summing up with respect to j, afterwards, integrating with
respect to the time variable from 0 to ¢, we get after some
rearrangements

X,, () = X,, (0) + L U (5) [Vye ()] s
+2 L <71 (s),v, (s)> ds (61)

t
2 [ (F 09+ 09, 9) ds,

where

X, (1) =2 L (v, O +a® |v... (s)||z) ds "

2
+ O [vnx O -
By the same estimates as above, we obtain

p(0)<
(04

X, (0) = 4 (0) [vomsll < =234

*

JO U () [V () s < j a (S)|sm (s)ds

0 &,
< Cr jT |‘u’ (s)| ds;
0

4

2 Jo <T1 (s), v:n (s)> ds

1 t
vt | Il ds

2|7,

2 'y «
pan t 7X@

<2|f,



2 [ (PO @+, 9) ds

y+1 _ £
<or(S5) s @ [ ol

|z|<Cr 2

Y+l _
ng(RyHl) supfz(z)+‘—11Xm(t).

|z|g@,
(63)
This implies
2 - T
X, 05 = (s@F+Cr [ ' ©]ds
— 12
+4||f1 LZ(QT) (64)

R 2 —)
+4T( - ) sup f7(z) =Cy .

|Z|S6T

Then, the sequence {vin} is bounded in L*(0, T; Hé).

Applying a similar argument used as above, the limit v of
the sequence {v,,} in suitable function spaces is a unique weak
solution of (24) satisfying (28).

Therefore, Theorem 6 is proved. O

4. Asymptotic Behavior of the Solution
ast — +00

In this part, let T > 0, (H,)-(H,) hold. Then, there exists a
unique solution u = v + ¢ of problems (1)-(3) such that

U-—@Q=ve LOO(O,T;HS),
(65)
t(u,—¢,) =tv, € L? (O,T;Hé).

We shall study asymptotic behavior of the solution u(t) as
I — +00.

We make the following supplementary assumptions on
the functions g, (t), gg(t), a(t), u(t), and f,(x,1):

(H,) 91> gr € WH(R,), Tig(1) — g, (0) = Ty(R) — gr(0) = 0,

and there exist the positive constants 61, ER, y,>and
Y- such that

lg: )]+ |g} ®)] < Cie™, vtz0,ie{l,R}.  (66)

(Hy) « € WH(R,), at) >, > 0,Vt > 0, a(0) < a(T).

(Hi) u € WP(R,), and there exist the positive constants
o> B> Poo» E#, and y,,, such that

ut)=u, >0, Vt=0,
| (£) = | < Cue ™', VE2 0, (67)

2ut) - (t)=2u, >0, Vt>0.
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(Hé) fi € L%(0,00; L*), and there exist the positive

constants C,, y; and the function f,, € L?, such that
If1() = freollo < Cre ", vt > 0.

(Hé) f e C°(R; R) and there exists a positive constant &,
with 0 < 8 < 2., /RY(R—1)?, such that (y—z)(f(y) -
f(2)) = =8|y — z|*, forall y,z € R.

First, we consider the following stationary problem:

?u  you B
Moo (@ + ;a) +f (W) = fie (x),

68
1<x <R, (68)

u(l,t) =u(R,t) =0.

The weak solution of problem (68) is obtained from the
following variational problem. Find u,, € H, such that

Hoot (uoo’ w) + <f (uoo) > w> = <floo’ w) > (69)

forallw € Hé, where a(, -) is the symmetric bilinear form on
Hé X Hé defined by (21).
We then have the following theorem.

Theorem 8. Let (Hi)—(Hé) hold. Then, there exists a unique
solution u,, of the variational problem (69) such that u,, € H,.

Proof. Consider the basis {wj} for Hé as in Lemma 5. Put

m
ym = dejwj’ (70)
=1
where d,; satisfies the following nonlinear equation system:

Hool (ym’wj) + <f(ym),wj> = <floo’“’j>’

By Brouwer’s lemma (see Lions [18], Lemma 4.3, p. 53), it
follows from the hypotheses (Hzi)—(H é) that systems (70) and
(71) have a solution y,,,.

Multiplying the jth equation of system (71) by d,,,;, and
then summing up with respect to j, we have

Hool (ym’ym) + <f (ym)’ym> = <floo’ym>' (72)

By using (Hg), we obtain

(S 0o = [ (7 O ) £00) 3y ()

R
+ J x" £(0) y,, (x) dx
1
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R
> -0 J x'y2 (x)dx
1

R
+ J x" £(0) y,, (x) dx
1
>-4 ”)’m"é - & ”ym"é

L JR x' % (0) dx

481 1

=~ (& +e) |yl
y+1 _
! (R 1)f2 0),

_E y+1

Ve, > 0.
(73)

By using inequalities (20)(iii) and (73), we obtain from
(72) that

Hoo ||ymx“§ = (6 + 81) ||ym”g

+1
. (Ry _1>f2(0>

E y+1

[ fricollo 17l

<(@+e) |yl
+1
s 1 (RY _1>f2(0)

E y+1

1 74
+ 2o Uil el ”

= (8+2¢) |yl
1 R 1
- [(—)f 0+ ||f100||§]

y+1

¥
= (5 +2¢) R; (R-1)° ”)’mx“é

1 R 1Y , 2
(B ror k]

By 0 < 8 < 2u/R"(R - 1)%, choose &, > 0 such that
(8 +26)(R'/2)(R—1)" < .
Hence, we deduce from (74) that

b, <+ B0 G+ D) P O+ ol
Fmllo = de) [poo — (0 +26)) (RV/2) (R-1)?]  (75)

= 51,

and D, is a constant independent of 1.

By means of (75) and Lemma 3, the sequence {y,,} has a
subsequence still denoted by {y,,} such that

Yy — Uy 1N Hé weakly,
(76)
Y,y — Uy, in C°([1,R]) strongly.

On the other hand, by (76), and the continuity of f, we
have

f (Um) — f(u) in C°([L,R]) strongly.  (77)

Passing to the limit in (71), we find without difficulty from
(76) and (77) that u, satisfies the equation

Ul (uoo’wj) + <f (uoo) ’wj> = <floo’wj> . (78)

Equation (78) holds for every j = 1,2,..; that is, (69) is
true.

The solution of problem (69) is unique, which can be
shown by the same arguments as in the proof of Theo-
rem 6. O

Now we consider asymptotic behavior of the solution u(t)
ast — +o0o.
We then have the following theorem.

Theorem 9. Let (H,), (Hé)—(H;), and (Hg) hold. Let f satisfy
the following condition, in addition,

(Hé’) VM > 0, 3kp, > 0 : [f(y) = f@| < kyly — zl,
Vy,z € [-M, M].

And let § > 0 in (Hg) satisfy the following condition, in
addition,

(H") 0 <8 < 2/RY(R - 1)*)min{uy,, 1, }.
Then we have

[l () = ug |, < Ce™, Vt>0, (79)

wherey > 0, C > 0 are constants independent of t.

Proof. Put Z,,(t) = v,,(t) — y,,. Let us subtract (30), with (71)
to obtain

(Z,,),w;) +a(t)a(Z, ), w))
08 (Z 0,7) + (10 - hoo) a (0 0)
+(f U@+ 0 @) = f (3)w;) (80)
= (L~ fiww;), 1<js<m,

Zm (0) =Vom = Ym-
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By multiplying (80), by c,,;(t) - d,,; and summing up in j, we Hence,
obtain

2
t)) - m

1 (88)
, i < —— (R - 1)@;{/2 ).
+(2u () - o' () |2 O r+l
+2(M(t) _Auoo)a(yrmzm (t)) Thus,
_ (81)
P2 O 9 O)= S i+ 9 ©): 200 20 O 9 0) = (). 20 )
+2<f(ym+¢(t))_f(ym)’zm (t)> 1
_ < 1 Omte®) = f Ol + &1 120 Ol
=2(f,0- (1), 2, ®) ! )
1 1 +1 2 g2
+2(f1 (0 = fio Z ). Sl L A0
By the assumptions (H,)-(H.), (Hy), (H,'), and (H,") RY
and using inequality (20)(ii§), anc:i) with6s1 > 6, we estimfite + 817 (R- 1)2 ”me (t)llg'
without difficulty the following terms in (81) as follows:
(i) Estimate 2u(t) = &' (DIZ,5x (Bl as (v) Estimate (F,(t) - f,(£), Z,,(t)). We have
(26(0) ~a' ) |Zype Olg 2 28, |Zpe O3 (82) _ . ,
f1let) = fi(x1) = “Ro1 [(x— 1) gg (£)
(ii) Estimate 2(u(t) — theo)A(Yy» Z (1)), as -
+(R-x)g; (1)
2(u(0) = poo) @ (Vs Zn (1)) 70l (90)
Y
<2010 = ol Dl 120 Oy FR D OO0, 0)
< 2C,e T | Zpe 1), ®9 +a(t) (g (0 - g} )]
< slazaie_ﬁ”t +& | Zs (t)Hé . Hence,
1
(iii) Estimate 2 f (v,,(t) + @()) = f(y,,, + (1)), Z,,,(t)), as |f, e t) = £ (e 0)| < |y O] + |9k @)
2 <f(vm (t) +(P(t)) _f(ym +(P(t))’zm (t)> + Ry ] ((x(t) + M(t))
RY (84) B L
2 28], 05 2 ~20= (R~ 1) Z,,, ;- gy @] +|g, )] + gr )] + |gk 0)]] < Cre ™
(iv) Estimate 2{f(y,, + ¢(t)) — f(¥,,), Z,,(t)). Note that, +Cpe T® 4 _r (”a”Lm(R )+ ”1"||L°°(R ))
from the inequalities R-1 ' *
_ _ . ral _?ﬂ ral _?Rt
lp (0] < |9y O] + g 0)] < C; + Ci, [Cae ™+ Coe™] o
1mlco < VR =1yl < VR~ 1D, (85) = [1 + R)i ] (||“||L°°(R+) + ”M“L‘X’(RQ)]
|y + ‘P”cﬂ(ﬁ) < VR-1D, +C, +Cr=M,, : [Ele_w + ERE_?Rt]
and (H}'), we deduce that = [1 + R’i ; (ol oo, + ||M||L(X,(R+))] ¥ (1)
|f G+ @ @) = f ()| < bag, o0 (1) (86) =C (o, p) ¥ (t).

<ky, (g O] +[gr ®)]) =k, ¥ (1),
It follows that

where
1

¥ () = Cye ™ + Cre . @ ho-Aols prl

(R}'Jrl - 1) 62 ((x, y) p? #). (92)
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Thus,
2 <71 w-0),2, (t)>

< i 7.0 - A +e |2, OF

(93)
1 1 . =2
<o RT-)T @

sl%y (R=1)* | Zs D5 -
(vi) Estimate (f,(£) = fra Zon(£)), as
2{fi(®) = fioo Zm (1))
< 217 O folh + 120 O

(94)
< lcfe*W + is—y (R=1)* | Ze D5 -
& 2
It follows from (81)-(84), (89), (93), and (94) that
d
7 (12, @15 + a2, 0]
RY
+ |2 e - 0 +30) 5 R |2 0
(95)
(c Cre M+ Cle™")
51
1R -1
+ — e ﬁ (kM +C ((X,H))"P (t) = V/(t)

By 0 < 8 < (2/R"(R-1)%) min{u.., %} < 2, /RV(R-1)%,
choose &, > 0 such that 2y = 2, — &, — (28 + 3¢;)(R"/2)(R -
1% > 0. o

Put y, = min{y;, ¥, Vg, ¥,,}> and we have y/(t) < Coe Vet
forallt >0, as

120 1G] + 27 1, 015

< (t) < Cpe M,

d 2
dr [“Zm (t)uo +a(t) (96)

By
2 1 2 1 2
"me (t)no =3 "me (t)no + 3 “me (t)llo
1 1
2 T D) [ Z e )]
1
+ERY(R 2" m()”O

11
> —-— Z 2
2 ||05||L00(R @ () [ Zmx O
1
"2 W 12, ®l
2 By (601 Zpwe O + 12,0 OI2).
(97)

where f3; = (1/2)min{1/||oc||Lm(R+),2/RV(R - 1%, it follows
from (96) and (97) that

& 120 Ol + & 012, O]

+ 298, (|Zn O + ) |Zpe O3) <7 (0) O
< Eoe_mt.

Choose y > 0 such that y < min{y,,2yf,}, and then we
have from (98) that

d 2 2
I Zm )]y + e (t) me )
{12, OF + €0 |2y O] -

+ 27 (| Zoy O + & () | Ze O]7) < Coe 7"
Hence, we obtain from (99) that
120 O + & 1 OF, < 12, O + 20

2
: ”me (t)||0

60 > (100)

< (||Zm Oy + @ (0) |1, O]y + 2G.-7)

s
Letting m — +00 in (100), we obtain
v (8) = ooy + et v (8) ~ ool

< lrlnl’Il_'l—Iolg(“Vm (t) - ym"(z) +a, ”me (t) - me"(z))

— _ (101)
< (12 ol + 0 0 e~ e
+ _CO — ) e w0,
2(¥o-7)
or
||v(t) —Ugy ||1 < 526_%, vVt >0, (102)
where

Do (I —u P 7w P o 103
Dz_\jmin(l,(x*) (”vo uoo||0+oc(0)||v0x uoox||0+2(?0_?)>. (103)
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Note that

|(p (x, t)| < |gR (t)| + |g1 (t)| < Ele_w + ERe_?Rt

=Y ®; (104)
_lgr®-g 0] _ 1
lpx o) = === < Y O
Hence,
lo OIF = le @I + lo. 0
1 1
< —— (R™ -1 (1 )‘Pzt
y+1( ) o) YO a0
< Eiefm.
It follows from (102) and (105) that
4 ® = weol, < v (&) = ucolly + o @,
- -\ (106)
<(D,+D,)e™, vtzo.
This completes the proof of Theorem 9. O

5. The Existence and the Uniqueness of
a (1,T)-Periodic Weak Solution

In this section, we shall consider problems (1), (2), and (4)
with R > 1,0 < [g| < 1 as given constants and u, «,
f, f1> 91> and gy as given functions satistying the following
assumptions:

(H,) g1>9r € W"'(0,T),and g, and gy are (1, T)-periodic;
that is,

9, (0) =ng, (T),

gr (0) =ngg (T).

(107)

(H;) a e WH(0,T), a(t) = &, > 0,Vt € [0,T],0 < a(0) <
a(T);

(Hy) p € WO, T), p(t) = p, > 0,V € [0,T], 2u(t) -
o (t) =20, >0,ae,t€[0,T];

(HS) fl,fll € LZ(QT), f11s (n, T)-periodic, f,(0) = nf,(T);

(Es) f e C%°(R;R) and there exists a positive constant &,
with

-
y “, .
RY(R-1)

such that (y-2)(f(y)- f(2) 2 =8|y -2,
Vy,z € R.

(108)

Remark 10. An example of the functions g,, gy satisfying
(HZ) is

gi () = e, (109)
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where p > 0, {;, and k € {1, R} are constants. It is obvious
that (H,) holds, because

g () = e P e!™ D =g (t+T), (110)

with 77 = e ?T and
9 (0) =g, (T),
Similarly, by the transformation v(x, t) = u(x, £) — p(x, t),
with ¢(x, ) = ((x - 1)/(R-1))gg(t) + (R - x)/(R - 1)) g, (t),

¢@(x,0) = ne(x,T), problems (1), (2), and (4) reduce to the
following problem:

k € {LR}. i)

AVAS 0
i (w0 ra0 2) (L4124 s o)
=f,(ot), 1<x<R 0<t<T, (112)

v(1,t) =v(R,t) =0,
v(x,0) =nv(x,T),

where 71 (x, 1) is defined by (25),.

The weak formulation of problem (112) can be given in
the following manner: Find v € L%(0,T;H,) with v, €
LZ(O, T; Hé), such that v satisfies the following variational
equation:

T T
J <v'(t),w(t)>dt+J at)ya(v' (t),w())dt
0 0

T
+J u)ya(v(t),w(t))dt

0

T
+ L (fr@®)+e®),w () dt (113)

= LT (FfL®),w®)ydt, YwelL*(0,T;Hy),

v(0) =nv(T),

where a(:,-) is the symmetric bilinear form on HS X Hé
defined by (21).

Then, we have the following theorem.

Theorem 11. Let T > 0 and (Hz)—(ﬁﬁ) hold. Then, problem
(112) has a unique weak solution v such that

velL®(0,T;Hy),
(114)
v, € L*(0,T; Hy ).

Proof. The proof consists of several steps.

Step 1 (the Faedo-Galerkin approximation (introduced by
Lions [18])). Consider the basis {wj} for HS as in Lemma 5.
Let V,, be the linear space generated by w;, w,,...,w,,. We
consider the following problem.
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Find a function v,,(t) in the form (29) satisfying the
nonlinear differential equation system (30), and the (, T)-
periodic condition:

v, (0) =nv,, (T). (115)

We consider an initial value problem given by (30), where
Vom 1S givenin'V, .

It is clear that, for each m, there exists a solution v,,(¢)
in the form (29) which satisfies (30) almost everywhere on
0<t<T,forsomeT,,0<T,, <T. The following a priori
estimates allow us to take T, = T for all .

Step 2 (a priori estimates). Multiplying the jth equation of
(30); by ¢,,;(t) and summing up with respect to j, we get

3 o OF +® 1 O]

+(2u(®) =o' ) Ve ®)
+2(f (v, ) + 9 (1),v,, (1))
=2{f,(1),v, (®)).

By the same estimates as in Section 3, and with ; > 0, we
obtain

2(f (v ) + 9 (1)) v, (1))
=2(f (v +o®) - f(9®),v, )
+2(f (¢ (1), v, 1)

(116)

RY
> (20 +) 5 R= 1 [, 0]
117)

2
0>

1
—gMWmN

2

2(F, v ) < = [F, O+ [ O
1

| ION CR & 2 2
<o IR ol a5 @17 e @l
Hence, it follows from (116) and (117) that

& o OF +® I O]
Y
+2 [P* - (6+2) R? (R~ 1>2] v Oy (118)

< - (If. o 1 ).

By 0 < & < 21, /R'(R - 1)% choose ¢, > 0 such that
P=u, - (6 +&)R/2)(R-1)*>0.
It is similar to (97); we get

e Ol 2 By (2O [V D5 + v Of)>  (119)

where B, = (1/2) min{1/{|al| ;e o, 1)> 2/RY(R - 1)*}.

13
From (118) and (119), it leads to
d 2 2
A "Vm (t)" +o(t) "me (t)“
+2B,7 ([ g + & () [y ON5) < F @),
in which £(£) = (1/&))[I f, (Ol + | f @(E)I)-
Integrating (120), we have
v 5 + & ) v D
t o~ —
< (Il + a @ roneli + [ #7F 01
0 (121)
&P < o7t ([l + 0 (0) oy — )
. e—zﬁl?t’
where p* = sup,,.rp; (t), with
1 r 2B 75T
——— | e f(s)ds, 0<t<T,
Py () = ezf”}‘ Lo (122)
— 1 (0), t=0.
2By

Therefore, if we choose v, such that [|v,,, ||g +0(0)|Voynax ||3
< p2 , we obtain from (121) that

1V Ol + @ () [V D3 < P
ie., Tm =T (123)
Ym.

Let B,,(p) be a closed ball in the space V,,, with the norm

Vom = Vomlly, = (Ive, |5 + a(0) Vg ll5)/2.
By 0 < «(0) < a(T'), we obtain

[V (DI, = [ (Dl + 0 0) [, (D5
(124)

< [y (D + @ () v (D < P
Let us define
F o By (p) — B, (p)

Yom F gm (VOm) =MVm (T) .

(125)

We prove that %, is a contraction. Let vy, "V, €
Em(O, p)andlet y, (t) = v,,(t) = v,,(t), where v, (t) and v, (t)
are solutions of system (30); on [0, T] satisfying the initial
conditions v,,,(0) = v, and ¥,,(0) = ¥,y,,, respectively. Then,
¥, (t) satisfies the following differential equation system:

<y:n () ,wj> + oc(t)a(y,’n (t),wj)
+u®a(y,®,w))

+{f,®+o®)- fF, O+ @), w;)
=0,

(126)
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where 1 < j < m, with initial condition
YV (0) = Vo, = Vo (127)

By using the same arguments as before, we can show that

d 2 2
- 1 Vm (t) ta (t) Ymx (t)
O + 00 L OF) -

£ 28, [y O + @ ®) [ O] < 0.
where 8, = B,(i, — 8(R"/2)(R - 1)*) > 0, 8, = (1/2)min{1/

"“”LOO(O)T)) 2/R¥(R ~ 1)2}-
Integrating inequality (128), we obtain

19 O + & () [ 9 O
< P (|| O[5 + & (0) [y O[5

=e Py, (0)||2Vm , Vtelo,T].

(129)

By 0 < a(0) < a(T), it follows that
1 (DI, = 170 (D + @ 0) [y (D
<y (Dl + 0 (D) [ (D

<5y, O,

-28,T |

(130)

— 2
=e |V0m - VOm"Vm >

or

"‘G/Tm (VOm) - gm (TIOm)“Vm = "’7ym (T)"Vm
o (131)
<1l " [vom = Fomly,

that is, &, is a contraction.

Therefore, there exists a unique function v,,, € B,,(p)
such that the solution of the initial value problem (30) is a
solution of system (30);, (115). This solution satisfies inequal-
ity (124) a.e., in [0, T'].

On the other hand, multiplying the jth equation of (30),
by ¢, ;(f) and summing up with respect to j, afterwards,
integrating with respect to the time variable from 0 to T, we
get after some rearrangements

T
[ (b @l + @ )
T d
t[ 2 (0O e O
+2 LT (f @ + (@), v, (1)) dt (132)
T
= [ W Ol

T ra !
v2| (Fi 0.9, 0) d.
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We estimate without difficulty the following terms in
(132):

Ta 2
- JO % ([’l (t) "me (t)HO) dt

=~ (T) [V D5+ 1 O) |1 Of5  (133)

2
L
4

< 1 (0) [V O)]2 < 4 (0)

Note that

"(P(t)"CO([l,R]) < lgi )] +|gr ®)]

134
< sup (|9, )]+ |gx O (139
0<t<T

v, (©) + @ (Ol co 1
<[V Ollcoary * 19 Ollcorp

< \/R—l\/p_ + sup (|g; )] + |gr (1)])

Ky 0<t<T

(135)

= M, (T).

Hence,

T
2 L (f (v () + @ (), v, (1)) dt

T 2
< zj Lf v (6) + 9 ()] dt
0 (136)

T
#5 ), Pl

1 (T , 2
<My (1) + 5 L [, @), dt.

where

sup £ (). (137)

lzl<M,(T)

y+l _
MZ(T):ZT(R 1)
y+1

Moreover,

T — !
2| (i@, @)

<2 JT "7 (t)“2 dt + 1 J-T ”V’ (t)||2 At (138)
=2, 171 Wl 3 ), v @t

T ! 2 P2 T !
J i (@) [|[ve @) dt < —J l# (t)|dt.
0 a, Jo
It follows from (132), (133), (136), and (138) that

T, ) T, )
L [, | dt + 20 j [, o) de
P’ "F P
se@ @z [Fofa a9

2
+ z— L |;4’ (t)]dt <Cp,
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forallm € N, for all t € [0,T], where C always indicates a
bound depending on T.

Step 3 (the limiting process). By (123) and (139), we deduce
that there exists a subsequence of {v,,}, still denoted by {v,,}
such that

v, — v in L% (0, T; HS) weakly”,

(140)
v —v in L (0, T; Hé) weakly.
From (115), we obtain
v(0) =nv(T). (141)

Indeed, we prove (141) as follows.

By Vol < (1/\/04_*)||V0m||vm < p/+/e,, and by the
imbedding Hy < C°(Q) being compact, there exists a
subsequence of {v,,,}, still denoted by {v,y,,} such that

Vom — Vo In Hé weakly,
(142)
Vo — Vo in C° ([1,R]) strongly.

By v,,(t) = v,,(0) + _[Ot v;n(s)ds, we deduce from (140) and
(142) that

v(t) =Ty + Jt v (s)ds. (143)
0
This implies
v(0) = 7,, (144)
Vo — v(0) in Hé weakly,
(145)
Vo, — v(0) in C’([1,R)) strongly.
From (115), we obtain
<vm (0), wj> =7 <vm (T), wj>
T
:;1(<vm (0),wj> + J <V:n (t),wj>dt>, (146)
0
VjeN.
By (140), (145), and (146), it yields
T
<v(0),wj> = <<v(0),wj> + L <v’ (t),wj> dt)
(147)
=7 <V(T),wj> , VjeN.
Therefore,
v(0) =nv(T). (148)

Therefore, (141) is proved.

Using a compactness lemma ([18], Lions, p. 57), applied to
(140), we can extract from the sequence {v,,} a subsequence
still denoted by {v,,}, such that

v,, — v strongly in L* (Qy). (149)

15

By the Riesz-Fischer theorem, we can extract from {v,,} a
subsequence still denoted by {v,,}, such that

v, (1) — vixt) ae, (xt) in Qp, (150)
Because f is continuous, then
(v (e, t) + 9 (x,8)) —
(151)
f(v(xt)+o(xt) ae, (xt) in Q.
On the other hand,
|f (v ) +@ (1)) < sup |f(2)],
|2l<M, (T) (152)

a.e, (x,t) in Qr,
where M, (T) is the constant defined by (135).
Using the dominated convergence theorem, (151) and

(152) yield

f,+9)— f(v+¢) stronglyin L*(Q;). (153)

Denote by {{;, i = 1,2,...} the orthonormal base in the
real Hilbert space L2(0,T). The set {Cw;, i,j=1,2,...} forms
an orthonormal base in L*(0, T; Hé). From (30), we have

T
| (0wt o) ar
T
+ L a(t)a(v, &), wd (t))dt
T
+J u(tya(v, &), wd (t))dt (154)
0
T
+ L (f,®+o®),wi; 1)) dt

T —
- [ 0wt @),

foralli,j, 1< j<m,ieN.
For i, j fixed, passing to the limit in (154) by (140) and
(153), we get

T
L V@0, wi (1) dt
T !
+ L a®ya(v' (), wgd;(t)dt
T
o[ uwa(vo.wg @) (153)
0
T
+ L (Fr@®+e®) wi(®)dt

T J—
- [ Gio.wg o)
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Note that (155) holds for every i, j € N; that is, the equality
T T
j (V' ®O,w®))dt+ J a)a(v (), w))dt
0 0
T
+ [ H0av©.wed
’ (156)

T
N jo (f () + 9 0),w (D) dr

T —
=L (fi®,w®)dt, YwelL’(0,T;Hy),

is fulfilled.

Step 4 (uniqueness of the solutions). Let v; and v, be two
solutions of (113). Then v = v; — v, satisfies the following
problem:

T T
J <V’(f),w(t)>dt+J oc(t)a(v'(t),w(t))dt
0 0
T
+J ptya(v(t),w(t))dt
0

T
[ rorem)

—fr,®O+e®),w®)dt=0,

vw e L* (0, T; Hy ),

(157)

v(0) =nv(T),

veL®(0,T;Hy), v, € L*(0,T; Hy).

Taking w = 2v in (157), and using (157),, we get
T ! 2 T d 2

I (2u®) - o' @) |ve O] dt + J 5 M ®lgdt
0 o at

T d 2
o | S @Ol ol)d (158)

T
2] (Fn 0+ 9 )
0
~fr, O +e®),v(t))dt=0.
By 2u(t) — ' (t) > i, > 0, we have

T
[ Cuw-o ®) ol d
0 (159)

T
> 27, L v ()] .

Discrete Dynamics in Nature and Society

On the other hand,
Td 2 2 2
JO T lv®llg dt = llv(Dlly — v (0)llg

=(1-7") Iv(Dlg = 05

Td
L - (@@ ], )] dt (160)

=a(®) v, D -« ) v, O

> a(0) (1-1) v, (D)5 = 0.

Hence,
T ) T
27, [ I oldes 2| (£ 0+ ow)

—fm@®+e@®),v®)dt

RY (R-1)? (161)

T
< 26J v (£)lI; dt < 28
0 2

T 2
| ol

By 0 < & < 21, /R"(R - 1)%, implying 8(RY/2)(R - 1)* <
U, we deduce from (161) that _[OT ||vx(t)||gdt = 0; that is, v =
v, — v, =0.

This completes the proof of Theorem 11. O
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