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We mainly discuss the properties of a new subclass of starlike functions, namely, almost starlike functions of complex order A, in
one and several complex variables. We get the growth and distortion results for almost starlike functions of complex order A. By the
properties of functions with positive real parts and considering the zero of order k, we obtain the coefficient estimates for almost
starlike functions of complex order A on D. We also discuss the invariance of almost starlike mappings of complex order A on
Reinhardt domains and on the unit ball B in complex Banach spaces. The conclusions contain and generalize some known results.

1. Introduction

The growth, distortion theorems, and coeflicient estimates
for univalent functions are important research contents
in geometric function theory of one and several complex
variables. In one complex variable we have the following
known growth and distortion theorems.

Theorem 1 (see [1]). Let f be a normalized biholomorphic
function on the unit disk D in C. Then

<|f(2) < —2’ zeD,

|z[)

1+ |z|
~ 2]’

1+ 2l II)
Lz
(1+||)

The distortion theorem for univalent functions on D
was introduced by Koebe. In the process of generalizing the
distortion theorem for univalent functions on D to the unit
ball in C", Cartan et al. [2, 3] found the distortion theorem
did not hold for general biholomorphic mappings. Cartan et
al. suggested restricting the mappings by geometric properties,
such as starlikeness and convexity. So many people began to
discuss the growth and distortion theorems for biholomorphic
mappings with special geometric properties. Starlike map-
pings and convex mappings are discussed most [4-7]. While
they discussed starlike mappings and convex mappings, they

@

|f()| Vz € D.

introduced some subclasses of those mappings. Furthermore,
they always discussed these new subclasses in one complex
variable firstly. The growth and distortion results [8] for starlike
functions are the same as Theorem 1. We have the following
results with respect to convex functions.

Theorem 2 (see [9]). Let f be a convex function on D with

f(0) =0and f'(O) = 1. Then
|zl z|
1+ |Z| < |f(Z)| < 1——|Z|, Vz € D,
(2)
> <|f @ )| ———, VzeD.

1+ e

In 1936, Robertson [10] obtained the growth, covering
theorems and coefficient estimates for starlike functions of order
a.

Theorem 3 (see [10]). Let f(z) = z + Z;’:Z
function of order & on D. Then

B
(1+ 2>~

a,z" be a starlike

W) Vz € D,

<|f@)|<
3)

n

1
|an| < = 1)!kll(k— 2a),

n=2,3,....



In 1966, Boyd [11] obtained the coefficient estimates for the
starlike function f of order o, where o € (0, 1) and z = 0 is the
zero of order k+1 of f(z)—z. In1975, Silverman [12] discussed
the distortion theorems and coefficient estimates for univalent
analytic functions with negative coefficients. In 1991, Srivastava
and Owa [13] obtained the distortion theorems and coefficient
estimates for a subclass S™ (e, 3, y) of starlike functions.

Recently, there are many nice results about the growth,
distortion theorems, and coeflicient estimates for subclasses
of starlike functions and convex functions. Obviously we
hope there exist similar results in several complex variables.
In the process of discussing the properties of subclasses of
starlike mappings and convex mappings, we need the specific
examples of the mappings. It is easy to find specific examples
of these new subclasses in C, while it is very difficult in C".

In 1995, Roper and Suftridge [14] introduced an operator

b (f) (2) = (f (z1), VS (21)20)1, (4)

where z = (z,,2,) € B", 2z, € D, zy = (25,...,2,) € C"},
f(z,) € H(D), and /f'(0) = 1. They proved the operator

preserves convexity and starlikeness on B". Graham and
Kohr [15] proved the Roper-Suffridge operator preserves the
properties of Bloch mappings on B". Thus, we can construct
lots of convex mappings and starlike mappings on B" by cor-
responding functions on D by the Roper-Suftridge operator.
So the Roper-Suffridge operator plays an important role in
several complex variables. Later, many people generalized the
Roper-Suftridge operator on different domains and different
spaces so as to construct biholomorphic mappings with
specific geometric properties in several complex variables.
Therefore we can discuss the properties of biholomorphic
mappings in several variables preferably. In recent years,
there are many results about the generalized Roper-Suffridge
operators (such as [16-18]).

In this paper, we mainly discuss almost starlike functions
of complex order A in one and several complex variables. In
Sections 2 and 3, we discuss the growth, distortion theorems,
and coefficient estimates for almost starlike functions of
complex order A on D, respectively. In Section 4, we discuss
the invariance of almost starlike mappings of complex order
A on Reinhardt domains and on the unit ball B in complex
Banach spaces. Thereby, we can construct lots of almost
starlike mappings of complex order A in several complex
variables through almost starlike functions of complex order
A on D. The conclusions generalize some known results.

To get the main results, we need the following definitions.

Definition 4 (see [19]). Let O ¢ C" be a bounded starlike
and circular domain whose Minkowski functional p(z) is
C! except for a lower-dimensional manifold. Let F(z) be a
normalized locally biholomorphic mapping on Q). Let

2 op -1
R (1—A)%£(Z)JF (2)F(2) | = -RA, -

z € Q\ {0},
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where A € C and ReA < 0. Then F(z) is called an almost
starlike mapping of complex order A on Q.
For n = 1, the condition in Definition 4 reduces to

F(z)
F () > -RA. (6)

R [(1 -1)

Definition 5 (see [19]). Let F(z) be a normalized locally
biholomorphic mapping on the unit ball Bin complex Banach
spaces. Let

R{(1- VT, [(DF )" F(0)]} = -RA |« -
x € B\ {0},

where A € C and ReA < 0. Then F(z) is called an almost
starlike mapping of complex order A on B.

Setting A = a/(a—1), & € [0, 1) in Definitions 4 and 5, we
obtain the definition of almost starlike mappings of order «.
2. Growth and Distortion Results
Lemma 6 (see [20]). |(z—21)/(z—2,)| =k (0 <k +# 1, z; #

z,) indicates a circle in C whose center is z, and whose radius
is p, where

z, - K’z
Z(): 11—k22’
(8)
_ klz, - z,]
Pr el

Theorem 7. Let f(z) be an almost starlike function of complex
order A on D with A € C\ {~1}, Re A < 0. Then

1-21 2(1+RN)/[1+A] Y (IL+AI-1-RA) /| 147
z -z
||1+/\ <1+/\‘ ||>
1-1 (=11+A-1-RA)/[14A]
(=5 ) <|f @<k
2
1 = A POHRD/[14A
s 9)
+
1-21 (~11+M-1=-RA) /| 1+A]?
([l-)
1-1 (I1+A-1-RA)/|1+A ]
. ( 1+A * lZl)

Proof. Since f(z) is an almost starlike function of complex
order A on D, then

f @)
zf' (z)

ER[(l—/\) ] >R (-A), (10)

which follows

1
1-2)(f (=) /zf" (2))

l29{ G20) - 1‘ <1 @)
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Let
of (@)
T AN~ 0 D 0)
g l0-nr@ <PV
ﬁ, z=0.

Therefore [22R(-1)g(z)—1] < 1. Let p(z) = 2R(-A)g(z)—
1. We have |p(z)| < 1 and p(0) = 2R(-A)/(1 — A) — L. Let
- L@ -pO)
1-p(0)p(2)

Then h(0) = 0 and |h(z)| < 1. By Schwarz lemma we obtain
|h(2)| < |z| which follows

(13)

2R (1) g()-2R (/1 -

3
then, by (14), we obtain
(1-V)gz)—-1
|(1+A)g(z)+1 <lal, 16)
which follows
: zf (2)/f(z) -1 < 1+A‘Iz|. 1)
zf' (@) [f @) +(A-A) /(1 +A)] [1-A

By Lemma 6 we get that zf "(2)/ f(z)isinacircle whose center
is a and whose radius is p, where

- LI+ /A =M P (A=) /(1 +))
L=+ )/ (A= 1)P Jz)?

1-(2R D/ (1-2) - 1) 2R (D g -1]|  (4) 1A+ /(A= Dl [T+ (1= A) /(1 + ) )
< |z]. -1+ 0/ -0 1P
For _ 2|z |1 = A
1= A2 =11+ AP |21
1—(%—1)[29{(4”@)—1]
1-2 So we obtain
1+A
=1+ — 2R (-V) g(z) -1] 15) !
1-1 ma—psm%gma+p. (19)
2RA[1+ M) g (2) +1]
1-1 , By direct computation we have
L+](1L+ 1) /A= D)P P RA-1)/A+1) 2lz[11 - Al
Ra-p= 2.2 - 2 2.2
1-|(1+A)/ Q=N |zl [1-A" =1+ A |2
1A+ N/ A-DP P ((L-AP) /(14 AP +2RY)) 2z - A (0
B =11+ 4) /A=) |z 1= AP =1+ AP |2l
L+ AP (1= 1AP) /(1 + AP +2RX)) [z =21 = Al 2] + 1 - AP
) 1= AP = 11+ AP |2 '
Similarly, we can get
L+ AP (1= AP) /(1 + AP +2R4)) 2P + 211 = Azl + 1= AP iz + 211 = Al 2] + |1 = AP an
Ra+p= 2 2.2 = 2 2.2
11— AP =1+ A1 2| 1= AP =1+ |2|
where m = |1+ A[*((1 = |A]*)/(1 + [A]* + 2RA)). Let Immediately, we have
mx®+ 21— Al x+ |1 - AP " ix) = p
fo)= , xe01)  (22) frea= (23)

[1-AP = |1+ A x2

(=P =1+ AP 2)"



where

P=Qmx+2[1-A) (1= AP - [1+ A %) + (mx®
+2[1-Alx+]1-AP) 21+ AP x=21-A|1

+ AP+ 211 = AP (m+ 1+ AP ) x+2[1 - AP

:2|1—)t|[|1+A|2x2+|1—)L||1+/\|2

.%x+|1—A|2] =201 =M1+ AP
+AP +
| (x+|1_)\|(1+W»A))2+I1—A|2

1+ A +2RA 11+ A7

CL=AP (1 +RA)Y
(1+ P +2%2)’

=211-M1+AP <|<x
(24)

+|1—/\|(1+ER/\)>2
1+ AP +2R)

I1-A]?

1+ A2 +2RA)
1+ A2 (1+ AP +2R2)° ( )

(+

—|1+A|2(1+m)2]} =21 = A1+ AP

I1-Al(1+RA) )2
1+ AP +2R)

11— AP (SA)?
11+ AP (14 M2 +2R2)°

= U,

which follows f’'(x) > 0. Therefore f(x) is monotone
increasing. So

mlzP+2|1- Az + 11 - A
11— AP =1+ A |2

Ra+p=
(25)
<mr2+2|1—)t|r+|1—/\|2
I s = Y | D e

wherez = re?,0 € [0, 277). By (19) we have ER(zf'(z)/f(z)) =
r(0/0r)In| f(z)| < Ra + p. Therefore

Imr® +2(1 = A7 +[1-A]
ro L= AP =L+ A2

0
Eln|f(z)|£

~ 1 AP -1 (
r(IL=AP =1+ AP72) [1+A7 +2RA

1-A)

1+|)t|2+

1-AP+1
2R

AP =L AP )+
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AP -1

—A|2+2|1—)\|r:|:l L
r [ 1+A" +2RA

L rra + R [ =2/ (1+]AF +2R))
B 1= AP =1+ AP ‘
(26)

Integrating both ends of (26) on [e, r], we obtain

|A|2—1 jrﬂ
L+ AP +2RA Je t

‘ dt
_M“ . —
e AP - [1+ APt

(1+RA1) 1= Jrl dt ]
T+ AP +2RA Je t1=AP =1+ AP ¢2

[ 2 tn] ()] e < 201

27
—Wz—_llntlr+2|1—)t|; 7
L+AP+2RA - ° 2|12

N t+|(1-1)/(1+A)]
t=11-1) /1 +A)]

f+2(1+9vt)|1—/\|2
e 1+ 4202

r

1 £

. In
20-AP |1 =AP - 1+ AP 2|

€

Therefore

; AP -1
Inlf @ =tn]f (e)] < gy (0
] rl(1=2)/(1+ M)
RRRARTET <ln r=11=2)/ 1+ M)

lEr A=/ as ) )
e=|(1-24)/ (1 +A)

(28)

(1+RN) 7
2 ln 2 2
1+ AP+ 2R '|1—)L| Y r2|

82
—In > 5 .
||1—A| — 1+ A 82|
Since

AP -1

e
|f ()] @9)

— 0

1+RA 2
—2—1n€ =1I1
1+ A" +2RA €

(e—0),
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setting ¢ — 0 in (28), we have
AI” -
> Inr+
1+ A +2R) 1+ Al

r+]1-0)/ 1+ M)
r=11=A)/(1+A)

In|f (2)| <

1+ R\ 2 (30)
+ 3 In 5 >
1+ A + 2R ||1—/\| |1+ Al r2|

+ln|1—/\|2>.

Therefore

lf(z)| < r(|A|271)/(1+|/1|2+zm)

rla =)/ @+ )

==/ 1+

. 1= A7
[lL=AP =11+ AP 7

>(1+m)/(1+|)t|2+zm)

r4 (1= M)/ (1+ )|/
r—|(1-A1)/(1+A)]
. (1+RA)/(1+]A[2+2R1)
'<|1 —la+1/a —A)WI)

2(1+RA)/(1+ A2 +2R 1)

1-1
i
1 — A [|7Y A=+ R)/A+HAP +2RA)
.‘r_ 2
(31)
1 = A ||/ RA)/A+HAP +2R2)
Sr+ i1
1-2 2(1+RV) /|14
Y
(~I1+A|-1-RA) /1A
1+ AH
1 — A |[(EFA=1=RY /A
by = |2|
1 — A [2a+RV/IAP
1+
—[14A|-1-RA)/|1+A[?
el = 1+AH

_ A|>(|1+M_1_M)/“+Mz

1
-<IZI+
1

Obviously [(1 = A)/(1 + A)| = 1 for RA < 0. Thus |z] < [(1 -
A)/(1 + A)|. So we obtain

2(1+RA)/|1+A [

- )L
|f (2)] < |z|
1-2 (=1A|-1=RA) /| 1+A]?
< ) (32)
- (J1+A-1-RA)/|1+A)?
< 1+A " |z|>
Similarly, by (19) we can get
_ /\ 2(1+RN) /144
|f )| = IZI
1= (I+A-1-RV)/11+A]
(m k1) (33)
1=-21 (—11+A-1=RA) /| 1+A]?
( 1+A " |z|>
]

Theorem 8. Let f(z) be an almost starlike function of complex
order A on D with A = —1. Then

zf' (2)
f(2)

|z|e*'2' <|f @] <zl

1-1z| < <1+|z|,

(34)

(1-lzhe™ <|f' (2)| < (1 + |zl €.

Proof. By (14) we have |2g(z) — 1| < |z| which follows

lzf'(2)/ f(z) - 1] < |z|. Therefore

1-|z] < % <1+|z|,
(35)
#f' (2)
I-lz| <R @ <1+]z].
For |z| = r we have
0 (2)
l—rgrgln|f )| =R z}f(j (36)
Similar to Theorem 7, we get
J dtt j dt < Jr%m | ()| dt
€ € (37)

sjdt jdt
St &



Let ¢ — 0; we obtain |z|e ! < |f(z)] < |z|e?!. Hence (1 -
lzl)e ™ < |/ (2)] < (1 + |z])e. O

Setting A = a/(a — 1) in Theorems 7 and 8, we get the
following corollary.

Corollary 9. Let f(z) be an almost starlike function of order
o. Then

|z|
(1+(1—2a)ppﬂvaw04a)Slf(Zﬂ
|zl 1

- (1 - (1 - 2a) |z])2-/(1-20)7 a € [0,1)\ >

2le ¥ <|f @) <l e, a-= 1,
? (38)

1-z| < }C(() Lt Ll,
(1-lzl)e < 'f’ (z)| <1+ |2,

1
o=-.
2

Theorem 10. Let f(z) be an almost starlike function of
complex order A on D with A € C\ {-1}, Re A < 0. Then

1-|z| RETC)
L+ [T+ ) /(A =MVllz| | f(2)

- 1+ |z|
T1- 1+ /=Ml

2(1+RA) /1A +1

1-A
1-— -
A -l2l) |5
1-1 (IL+A|-1-RA)/|1+A]?
([75al-)
1+A
(39)
_ (~114A1-1-RA) /144 -1 )
(m +|Z|> S|f (Z)|
1-2 2(1+RA) /1A +1
1 .
<(+lzh)|
<| >(|1+/\| 1-RA)/[1+A1°
(~11+A]-1-RA)/[1+A -1
( 1+A - Il >
Proof. By (17) we have
Zf'(z) 1+/\|| |zf (z) 1-X (40)
f (@ - f(2) 1Al
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Since
o' @] . me_l”
@ 1@ (an
CREIN LN
then we have
Tl (R @
which follows
zf' @) _ 1+ 2| (43)
f @ 1—|(1+/\)/(1—)L)IIZ|
On the other hand, we also have
- Z}((S) g( z;(z) + 1+;D ] [T
which leads to
2f' @) 1 -2 )
/@ 1+|(1+/\)/(1—A)||Z|
Hence
1-|z| < zf' (2)
1+|[1+0) /A =Mllzl | f(2) (46)

1+ |z|
1=+ /(=D 2l

Then, by Theorem 7 we obtain the desired conclusion (39).
O

Setting A = a/(« — 1) in Theorem 10, we get the following
result.

Corollary 11. Let f(z) be an almost starlike function of order
awithoa € [0,1)\ 1/2. Then

1 - [z] zf (z) 1+ |z
1+I1—2cx|IZI f (@ 1—|1—20¢||z|
1 - [z] ||
1+ 1 =2allz] (1+(1-2a) |Z|)2(1—06)/(1—2a) (47)
<|f' @)
1+ |z| |z

T 1-1-2allz] (1-(1 -2a) |z|)2(1—fx)/(1—20£) )

3. Coefficient Estimates of Almost Starlike
Functions of Complex Order A

Lemma 12 (see [21]). Let p(z) = 1 + Y.2 c,2" be a
holomorphic function on D with Rp(z) > 0. Then |c,| <
2(n=12..)
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Lemma13 (see [22]). Let p(z) = 1+.,2, ¢,2" be holomorphic
on D. Then R p(z) > 0 if and only if
&-1
p2)# 1
Theorem 14. Let f(z) = z + Y., a,z" be an almost starlike
function of complex order A with A € C, Re A < 0 on D. Then

n-1 2 )
|an|SH(|1_M +J—>, n=2,3,....

j=2 j-1

& eoD. (48)

(49)

Proof. Since f(z) is an almost starlike function of complex
order A, then

f(z)
m[(l—/\)m+Aj|>0, ze€D. (50)
Let p(z) = (1 - /\)(f(z)/zf'(z)) + A. Then we have
zZf @) (p(2)-A) =(1-1) f(2) (51)

and p(0) = 1and Rp(z) > 0. Let p(z) = 1 + Y2, ¢,z". Then
e,/ <2 (n=1,2,..) (52)

by Lemma 12. For f(z) =z + Y., a,2", (51) follows

[ee) [ee)
z (1 + Znanznl) (1 -A+ chz”>
n=2 n=1

(53)
=(1-X) <z+ Zanz").
n=2
Therefore
(1-Nz+[c +2a,(1-M)]2*+-+ [,
+2ay6, 5+ + (-1 a, ¢ +na,(1-1)]z"
(54)
+o=(1-Nz+a,(1-AN)2Z*+-+a,(1-1)
. Zn + DI
So
€1 +2a,6, 5+ - +(n-1)a,_q
= . 55
o n-1)(A-1) 55)
By (52) we get
|an|g2[1+2|a2|+---+(n—1)|an,1|]. (56)

(n-1)11-Al

By mathematical induction we obtain the desired conclusion.
O

Theorem 15. Let f(z) be an almost starlike function of
complex order A with A € C, ReA < 0on D, and letz = 0
be the zero of order k + 1 (k € N) of f(z) — z. Let f(z) =
Z+ Y ks 2" Then

2
|an+1|s—n n=kk+1,...). (57)

Proof. Since f(z) = z + Yoy, a,2", similar to Theorem 14,
by (51) we obtain

z(l + i nanz"_1> (1 - A+ OZO:cnz")
n=1

n=k+1

(58)
=(1—/\)<Z+ Y a,,z"),
n=k+1
which follows
(1-Nz+¢z +---+ck_lzk
+ g+ (k+Dag, |2+
te+(m+)a,, | 2™+ (59)
=(1-MNz+(1-Na,, 25"+
+(1 —)L)anﬂz'”r1 oeen
Therefore
== =0,
(60)
G=(A-ma,, m=kk+1,..).
By (52) we get the desired conclusion. O

Theorem 16. f(z) = z + Y..2,a,z" is an almost starlike
function of complex order A with A € C and ReA < 0 on D
if and only if

Z [(I+m-DAV)E+ D) +n(1-8)]a,z" + -2
n=2 (61)

((e€eoD, n=2,3,...).
Proof. Let p(z) = (1 - A)(f(z)/zf’(z)) + A. Since f(z) is
an almost starlike function of complex order A, then p(z)

is holomorphic on D and p(0) = 0 and Rp(z) > 0. By
Lemma 13 we get

(1-1) + £edD,

f (z)) +A (62)

£-1
zf' (z E+ 1

which follows

I-NE+D) f@+AE+Dzf (2)
+(E-1)zf' (2).

For f(z) =z + Yo, a,2", we have

(1-1M)E+1) (z + ianz”>
n=2

+AE+1) <z + ina,j’)

n=2

+E-1 (z + inanz") ,
n=2

which leads to the desired conclusion. O

(63)

(64)



Remark 17. Setting A = «/(a — 1) in Theorems 14-16, we
get the corresponding results for almost starlike functions of
order a.

4. The Invariance of Almost Starlike Mappings
of Complex Order A

In this section, we mainly discuss the invariance of almost
starlike mappings of complex order A on Reinhardt domains
and on the unit ball in complex Banach spaces under some
generalized Roper-Suffridge operators.

Lemma 18 (see [23]). Let Q < C" be a bounded and
completely Reinhardt domain whose Minkowski functional
p(z) is C" except for a lower-dimensional manifold Q. Then

forVz =(z,...,2,) € Q\ Q, we have
op(2) _ (aP(Z) dp (2) ap(Z))
0z dz, = 0z, " 0z, )’

dp (2)
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Theorem 19. Let f(z) be an almost starlike function of com-
plex order A on D with A € C and ReA < 0. Let O ¢ C" be a
bounded and completely Reinhardt domain whose Minkowski
functional p(z) is C' on Q\ {0}. Let

F(z)=<rf<§>,<@)ﬁz
.zz,._.,<M)ﬁnzn>/’
21

where /3j € [0,1], r = sup{|z;| : z = (zl,...,zn)' € O}, and

(rf(zl/r)/zl)ﬁflzlzo =1(j=2,...,n). Then F(z) is an almost
starlike mapping of complex order A on Q.

Proof. For

ro=(r(2)(*52)

oz, 17" (65) , (67)
. . rf(zl/r))“" )
P (Z):Zzlagz(%)'zr ZZ""’( 2 )
=1 9%j
immediately we have
+(2) S
&[f'(zlm_LKrf(zl/r))ﬁzz (rf(zlm)ﬁz L
I (2) = r| flz/r) = z, 2 z; (68)
&[f’(zl/r) _L](rf(zl/r))ﬁ"z . (rf(zl/r)>/3”
rlflalr) = 21 " 2
Therefore
_ 0 0
f' (/)
&[ r 1 ]Z (M)ﬁ 0
i (2) = rlaf () falr)]™ 21 (69)

% [f G f(zll/r) ] ‘

Z)
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Then
J7' (2)F (2)
_ (rf(zl/r) <1 B+ B rf (z1/7) )
f' (zl/r)’ ? zzlfl (21/7’) (70)
rf (z1/r) '
.’<1 _ﬁn+ﬁnzlfl (21/7’)>Z"> '
By Lemma 18 we get
0
1-03L @R @FE@=20-
) rf (z1/r) aP(Z)Z
2, f' (z,/r) 9z, " (71)

+Z<l—ﬁJ
j=2

Since f(z) is an almost starlike function of complex order
A, then

rf (z1/1) '\ 9p(2)
b ) e ]

rf (z1/r)
z f' (Zl/”)

Therefore, by Lemma 18 we obtain

R [(1 -A) —= ] -RA. (72)

0,
R [(1 ) % @ (z)F(z)] - R [(1 )

rf (z,/r) ] 20p(2) n
.Zlf'(z1/f’)] 0z, Z1+j_zz{(1—l3j)91(l—/\)

f (2/7) }zap(z> Y

z f' (z,/r) 0z; %

20p (2) c
2O, $H-p)a

j=2

+BR [(1 -
(73)

- RA) + B; (R}

_ 20p (z)
0z i

z;=(-RA) [zap () + 20p (2) ]]

0z, = 0z

z 20p (2)

+ Y (1-8) 252> (R p (2).

= z;
i

Hence F(z) is an almost starlike mapping of complex order A

on Q) by Definition 4. O

Theorem 20. Let f; (j = 1,2,...,n) be almost starlike
functions of complex order A on D with A € C and Re A < 0.
Let Q ¢ C" be a bounded starlike and circular domain whose
Minkowski functional p(z) is C' on Q\{0}. Let r; be the radius
of the diskU;={z; e C:z=(2y,...,2 ,z,)" € Q} whose
center is Zero Let

o

i’
- 2[] (rjfj (;/ r;) > ) (74)

j=1 j

F(z)

where A;; > 0, Z] Ay = L and (fi(z; )/z) JIZ o=10Gj=
1,2,...,n). Then F(z) is an almost starlike mapping of complex
order A on Q.

Proof. Let
)
6=
2, (75)
n )N
(1Y
j=1 j

which follows F(z) = zg(z). Then Jp(z) = Jg
direct computation we get

(2)z + g(2z). By

J,@)z=g(2) Z
=

fi (zi0m) % 1]
ij(z/r>
£ )¢, ]
fj()

Since f; are almost starlike functions of complex order A on
D, then

=9g(2) Z

£ (6)
G

1 Jy(2) 2
%[H(“ )]
)4 ]
/\
AZ f]( ) | (78)
i 154
j=1 1_A £() ]
Then ] (2)z+g(2) # 0.1t is obvious that F(0) = 0 and J5(0) =

I, so F(z) is a normalized locally biholomorphic mapping on
Qand

1-1)—"2 1 >-Rr>o. (77)

Therefore

> 0.

1 3 g(2)z
F@F@ = I 79)
Let
£ (8)¢
(¢.)=2Re(-1) — 2L (80)
qJ( J) ¢ -, ((j)
(77) follows
2Re (-1 M 1l <1 (81)
-2 £;(¢)
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that is, Iqj((j)l < 1.ForRe A < 0, by (76), (79), and Lemma 18
we obtain

1
(1-21)(2/p (2)) (9p/0z) (2) J5' (2) F (2)

f6)5
S

‘ZER (=A)

= 2R (-A)

(82)

n

SZ/\jzl,

j=1

Z i4; (Cj)

which leads to
ZBp -1
R [(1 -A) 5% (2) ]z (z)F(z)] > -RAp(z). (83)

Hence F(z) is an almost starlike mapping of complex order A
on Q) by Definition 4. O

Similar to Theorem 20, we can get the following conclu-
sion.

Theorem 21. Let f; (j = 1,2,...,n) be almost starlike
functions of complex order A on D with A € C and Re A < 0.
Let

where Ay > 0, ¥ Ay = 1, (fi(x)/x)l, o = 1(x; =
Tuj(x), i,j = 1,2,...,n), and u; is the unit vector of the
complex Banach space X. Then F(x) is an almost starlike
mapping of complex order A on the unit ball B in complex
Banach space X.

Theorem 22. Let f be an almost starlike function of complex
order A on D with A € C and Re A < 0. Let

n-1 f(Txl (x)) B;
F(x) = Jz:; (W) ij (x)xj + X
(85)
n—1
_ Zij (x)x;, x€B,
=1

(0,1, (f(2)/2) /] = 1 (j =
, X, are linearly independent and
T, € X* such that T, || =1,T.(x) =1 and T, (x) =
0 (i # j) for Vx;. Then F(x) is an “almost starlike mappzng of
complex order A on the unit ball B in complex Banach space X.

where x, € B, ||lx,|| = 1, [J’j €
,2,...,n—1), and x,,...

Discrete Dynamics in Nature and Society

Proof. From [24] we get F(x) is a normalized biholomorphic
mapping on B and

x|l T, [DF (x)™" F (x)]

2
= [lxI

+ Z/ﬁ’]

Since f is an almost starlike function of complex order A, then

f (ij (x))
1, 0 1 (T, @)

(86)

|[ £ (T, @) _1].

T, (x) f' (T, (x))

R|1-1 >-RA. (87)

Therefore

R{1-V)T,[DF(x)" F(x)]} = 1 - R |Ix]

n—lﬁj ij (x)‘
L7
T
m{(l_w f (T, @) _1”
T, (x) f' (T, (x))
|2 (88)
n—lﬁj Tx- (x)
>(1-RA _—
> ( ) lxll + le B
REN-A-RV] = -RA x|
tod [ Il - Zﬁj > -RA x|,
which lead to the desired conclusion by Definition 5. O

Similar to Theorem 22, we can get the following conclu-
sion.

Theorem 23. Let f be an almost starlike function of complex
order A on D with A € C, Re A < 0. Let

F(x) = @4 (f) (x)
= £ (T, @) %, ﬁ )
+ (f(TT:—(:)C))> (x-T, (x)x,),
where 0 < B< 1, x; € B, x| = 1, (f(2,)/2))F], - = 1, and

f(z,) # 0 for z; # 0. Then F(x) is an almost starlike mapping
of complex order A on B.

Remark 24. Setting A = «f(a — 1) in Theorems 19-23, we
get the corresponding results with respect to almost starlike
mappings of order «.
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