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We mainly discuss the properties of a new subclass of starlike functions, namely, almost starlike functions of complex order 𝜆, in
one and several complex variables. We get the growth and distortion results for almost starlike functions of complex order 𝜆. By the
properties of functions with positive real parts and considering the zero of order 𝑘, we obtain the coefficient estimates for almost
starlike functions of complex order 𝜆 on 𝐷. We also discuss the invariance of almost starlike mappings of complex order 𝜆 on
Reinhardt domains and on the unit ball 𝐵 in complex Banach spaces. The conclusions contain and generalize some known results.

1. Introduction

The growth, distortion theorems, and coefficient estimates
for univalent functions are important research contents
in geometric function theory of one and several complex
variables. In one complex variable we have the following
known growth and distortion theorems.

Theorem 1 (see [1]). Let 𝑓 be a normalized biholomorphic
function on the unit disk 𝐷 in C. Then|𝑧|(1 + |𝑧|)2 ≤ 𝑓 (𝑧) ≤ |𝑧|(1 − |𝑧|)2 , ∀𝑧 ∈ 𝐷,

1 − |𝑧|(1 + |𝑧|)3 ≤ 𝑓 (𝑧) ≤ 1 + |𝑧|(1 − |𝑧|)3 , ∀𝑧 ∈ 𝐷. (1)

The distortion theorem for univalent functions on 𝐷
was introduced by Koebe. In the process of generalizing the
distortion theorem for univalent functions on 𝐷 to the unit
ball in C𝑛, Cartan et al. [2, 3] found the distortion theorem
did not hold for general biholomorphic mappings. Cartan et
al. suggested restricting the mappings by geometric properties,
such as starlikeness and convexity. So many people began to
discuss the growth and distortion theorems for biholomorphic
mappings with special geometric properties. Starlike map-
pings and convex mappings are discussed most [4–7]. While
they discussed starlike mappings and convex mappings, they

introduced some subclasses of those mappings. Furthermore,
they always discussed these new subclasses in one complex
variable firstly.The growth and distortion results [8] for starlike
functions are the same as Theorem 1. We have the following
results with respect to convex functions.

Theorem 2 (see [9]). Let 𝑓 be a convex function on 𝐷 with𝑓(0) = 0 and 𝑓(0) = 1. Then|𝑧|1 + |𝑧| ≤ 𝑓 (𝑧) ≤ |𝑧|1 − |𝑧| , ∀𝑧 ∈ 𝐷,1(1 + |𝑧|)2 ≤ 𝑓 (𝑧) ≤ 1(1 − |𝑧|)2 , ∀𝑧 ∈ 𝐷. (2)

In 1936, Robertson [10] obtained the growth, covering
theorems and coefficient estimates for starlike functions of order𝛼.
Theorem 3 (see [10]). Let 𝑓(𝑧) = 𝑧 + ∑𝑛𝑗=2 𝑎𝑛𝑧𝑛 be a starlike
function of order 𝛼 on𝐷. Then|𝑧|(1 + |𝑧|)2(1−𝛼) ≤ 𝑓 (𝑧) ≤ |𝑧|(1 − |𝑧|)2(1−𝛼) , ∀𝑧 ∈ 𝐷,

𝑎𝑛 ≤ 1(𝑛 − 1)! 𝑛∏
𝑘=2

(𝑘 − 2𝛼) , 𝑛 = 2, 3, . . . . (3)

Hindawi Publishing Corporation
Discrete Dynamics in Nature and Society
Volume 2016, Article ID 4732704, 11 pages
http://dx.doi.org/10.1155/2016/4732704



2 Discrete Dynamics in Nature and Society

In 1966, Boyd [11] obtained the coefficient estimates for the
starlike function 𝑓 of order 𝛼, where 𝛼 ∈ (0, 1) and 𝑧 = 0 is the
zero of order 𝑘+1 of𝑓(𝑧)−𝑧. In 1975, Silverman [12] discussed
the distortion theorems and coefficient estimates for univalent
analytic functions with negative coefficients. In 1991, Srivastava
and Owa [13] obtained the distortion theorems and coefficient
estimates for a subclass 𝑆∗(𝛼, 𝛽, 𝛾) of starlike functions.

Recently, there are many nice results about the growth,
distortion theorems, and coefficient estimates for subclasses
of starlike functions and convex functions. Obviously we
hope there exist similar results in several complex variables.
In the process of discussing the properties of subclasses of
starlike mappings and convex mappings, we need the specific
examples of the mappings. It is easy to find specific examples
of these new subclasses in C, while it is very difficult in C𝑛.

In 1995, Roper and Suffridge [14] introduced an operator

𝜙𝑛 (𝑓) (𝑧) = (𝑓 (𝑧1) , √𝑓 (𝑧1)𝑧0) , (4)

where 𝑧 = (𝑧1, 𝑧0) ∈ 𝐵𝑛, 𝑧1 ∈ 𝐷, 𝑧0 = (𝑧2, . . . , 𝑧𝑛) ∈ C𝑛−1,𝑓(𝑧1) ∈ 𝐻(𝐷), and √𝑓(0) = 1. They proved the operator
preserves convexity and starlikeness on 𝐵𝑛. Graham and
Kohr [15] proved the Roper-Suffridge operator preserves the
properties of Bloch mappings on 𝐵𝑛. Thus, we can construct
lots of convex mappings and starlike mappings on 𝐵𝑛 by cor-
responding functions on 𝐷 by the Roper-Suffridge operator.
So the Roper-Suffridge operator plays an important role in
several complex variables. Later, many people generalized the
Roper-Suffridge operator on different domains and different
spaces so as to construct biholomorphic mappings with
specific geometric properties in several complex variables.
Therefore we can discuss the properties of biholomorphic
mappings in several variables preferably. In recent years,
there are many results about the generalized Roper-Suffridge
operators (such as [16–18]).

In this paper, we mainly discuss almost starlike functions
of complex order 𝜆 in one and several complex variables. In
Sections 2 and 3, we discuss the growth, distortion theorems,
and coefficient estimates for almost starlike functions of
complex order 𝜆 on 𝐷, respectively. In Section 4, we discuss
the invariance of almost starlike mappings of complex order𝜆 on Reinhardt domains and on the unit ball 𝐵 in complex
Banach spaces. Thereby, we can construct lots of almost
starlike mappings of complex order 𝜆 in several complex
variables through almost starlike functions of complex order𝜆 on𝐷. The conclusions generalize some known results.

To get themain results, we need the following definitions.

Definition 4 (see [19]). Let Ω ⊂ C𝑛 be a bounded starlike
and circular domain whose Minkowski functional 𝜌(𝑧) is𝐶1 except for a lower-dimensional manifold. Let 𝐹(𝑧) be a
normalized locally biholomorphic mapping onΩ. Let
R [(1 − 𝜆) 2𝜌 (𝑧) 𝜕𝜌𝜕𝑧 (𝑧) 𝐽−1𝐹 (𝑧) 𝐹 (𝑧)] ≥ −R𝜆,

𝑧 ∈ Ω \ {0} , (5)

where 𝜆 ∈ C and Re 𝜆 ≤ 0. Then 𝐹(𝑧) is called an almost
starlike mapping of complex order 𝜆 onΩ.

For 𝑛 = 1, the condition in Definition 4 reduces to

R [(1 − 𝜆) 𝐹 (𝑧)𝑧𝐹 (𝑧)] ≥ −R𝜆. (6)

Definition 5 (see [19]). Let 𝐹(𝑧) be a normalized locally
biholomorphicmapping on the unit ball𝐵 in complexBanach
spaces. Let

R {(1 − 𝜆) 𝑇𝑥 [(𝐷𝐹 (𝑥))−1 𝐹 (𝑥)]} ≥ −R𝜆 ‖𝑥‖ ,𝑥 ∈ 𝐵 \ {0} , (7)

where 𝜆 ∈ C and Re 𝜆 ≤ 0. Then 𝐹(𝑧) is called an almost
starlike mapping of complex order 𝜆 on 𝐵.

Setting 𝜆 = 𝛼/(𝛼−1), 𝛼 ∈ [0, 1) in Definitions 4 and 5, we
obtain the definition of almost starlike mappings of order 𝛼.
2. Growth and Distortion Results

Lemma 6 (see [20]). |(𝑧 − 𝑧1)/(𝑧 − 𝑧2)| = 𝑘 (0 < 𝑘 ̸= 1, 𝑧1 ̸=𝑧2) indicates a circle in C whose center is 𝑧0 and whose radius
is 𝜌, where

𝑧0 = 𝑧1 − 𝑘2𝑧21 − 𝑘2 ,
𝜌 = 𝑘 𝑧1 − 𝑧21 − 𝑘2 . (8)

Theorem7. Let𝑓(𝑧) be an almost starlike function of complex
order 𝜆 on𝐷 with 𝜆 ∈ C \ {−1}, Re 𝜆 ≤ 0. Then

|𝑧|  1 − 𝜆1 + 𝜆2(1+R𝜆)/|1+𝜆|2 ( 1 − 𝜆1 + 𝜆 − |𝑧|)(|1+𝜆|−1−R𝜆)/|1+𝜆|2
⋅ ( 1 − 𝜆1 + 𝜆 + |𝑧|)(−|1+𝜆|−1−R𝜆)/|1+𝜆|2 ≤ 𝑓 (𝑧) ≤ |𝑧|
⋅  1 − 𝜆1 + 𝜆2(1+R𝜆)/|1+𝜆|2
⋅ ( 1 − 𝜆1 + 𝜆 − |𝑧|)(−|1+𝜆|−1−R𝜆)/|1+𝜆|2
⋅ ( 1 − 𝜆1 + 𝜆 + |𝑧|)(|1+𝜆|−1−R𝜆)/|1+𝜆|2 .

(9)

Proof. Since 𝑓(𝑧) is an almost starlike function of complex
order 𝜆 on𝐷, then

R [(1 − 𝜆) 𝑓 (𝑧)𝑧𝑓 (𝑧)] ≥ R (−𝜆) , (10)

which follows2R (−𝜆) 1(1 − 𝜆) (𝑓 (𝑧) /𝑧𝑓 (𝑧)) − 1 ≤ 1. (11)
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Let

𝑔 (𝑧) = {{{{{{{
𝑧𝑓 (𝑧)(1 − 𝜆) 𝑓 (𝑧) , 𝑧 ∈ 𝐷 \ {0} ,11 − 𝜆 , 𝑧 = 0. (12)

Therefore |2R(−𝜆)𝑔(𝑧)−1| ≤ 1. Let𝑝(𝑧) = 2R(−𝜆)𝑔(𝑧)−1. We have |𝑝(𝑧)| ≤ 1 and 𝑝(0) = 2R(−𝜆)/(1 − 𝜆) − 1. Let
ℎ (𝑧) = 𝑝 (𝑧) − 𝑝 (0)1 − 𝑝 (0)𝑝 (𝑧) , 𝑧 ∈ 𝐷. (13)

Then ℎ(0) = 0 and |ℎ(𝑧)| < 1. By Schwarz lemma we obtain|ℎ(𝑧)| ≤ |𝑧| which follows 2R (−𝜆) 𝑔 (𝑧) − 2R (−𝜆) / (1 − 𝜆)1 − (2R (−𝜆) / (1 − 𝜆) − 1) [2R (−𝜆) 𝑔 (𝑧) − 1] ≤ |𝑧| . (14)

For

1 − (2R (−𝜆)1 − 𝜆 − 1) [2R (−𝜆) 𝑔 (𝑧) − 1]
= 1 + 1 + 𝜆1 − 𝜆 [2R (−𝜆) 𝑔 (𝑧) − 1]
= −2R𝜆 [(1 + 𝜆) 𝑔 (𝑧) + 1]1 − 𝜆 ,

(15)

then, by (14), we obtain (1 − 𝜆) 𝑔 (𝑧) − 1(1 + 𝜆) 𝑔 (𝑧) + 1  ≤ |𝑧| , (16)

which follows 𝑧𝑓 (𝑧) /𝑓 (𝑧) − 1𝑧𝑓 (𝑧) /𝑓 (𝑧) + (1 − 𝜆) / (1 + 𝜆)  ≤  1 + 𝜆1 − 𝜆 |𝑧| . (17)

By Lemma6we get that 𝑧𝑓(𝑧)/𝑓(𝑧) is in a circlewhose center
is 𝑎 and whose radius is 𝜌, where

𝑎 = 1 + |(1 + 𝜆) / (1 − 𝜆)|2 |𝑧|2 ((1 − 𝜆) / (1 + 𝜆))1 − |(1 + 𝜆) / (1 − 𝜆)|2 |𝑧|2 ,
𝜌 = |(1 + 𝜆) / (1 − 𝜆)| |𝑧| |1 + (1 − 𝜆) / (1 + 𝜆)|1 − |(1 + 𝜆) / (1 − 𝜆)|2 |𝑧|2= 2 |𝑧| |1 − 𝜆||1 − 𝜆|2 − |1 + 𝜆|2 |𝑧|2 .

(18)

So we obtain

R𝑎 − 𝜌 ≤ R
𝑧𝑓 (𝑧)𝑓 (𝑧) ≤ R𝑎 + 𝜌. (19)

By direct computation we have

R𝑎 − 𝜌 = 1 + |(1 + 𝜆) / (1 − 𝜆)|2 |𝑧|2R ((1 − 𝜆) / (1 + 𝜆))1 − |(1 + 𝜆) / (1 − 𝜆)|2 |𝑧|2 − 2 |𝑧| |1 − 𝜆||1 − 𝜆|2 − |1 + 𝜆|2 |𝑧|2
= 1 + |(1 + 𝜆) / (1 − 𝜆)|2 |𝑧|2 ((1 − |𝜆|2) / (1 + |𝜆|2 + 2R𝜆))1 − |(1 + 𝜆) / (1 − 𝜆)|2 |𝑧|2 − 2 |𝑧| |1 − 𝜆||1 − 𝜆|2 − |1 + 𝜆|2 |𝑧|2
= |1 + 𝜆|2 ((1 − |𝜆|2) / (1 + |𝜆|2 + 2R𝜆)) |𝑧|2 − 2 |1 − 𝜆| |𝑧| + |1 − 𝜆|2|1 − 𝜆|2 − |1 + 𝜆|2 |𝑧|2 .

(20)

Similarly, we can get

R𝑎 + 𝜌 = |1 + 𝜆|2 ((1 − |𝜆|2) / (1 + |𝜆|2 + 2R𝜆)) |𝑧|2 + 2 |1 − 𝜆| |𝑧| + |1 − 𝜆|2|1 − 𝜆|2 − |1 + 𝜆|2 |𝑧|2 = 𝑚 |𝑧|2 + 2 |1 − 𝜆| |𝑧| + |1 − 𝜆|2|1 − 𝜆|2 − |1 + 𝜆|2 |𝑧|2 , (21)

where𝑚 = |1 + 𝜆|2((1 − |𝜆|2)/(1 + |𝜆|2 + 2R𝜆)). Let
𝑓 (𝑥) = 𝑚𝑥2 + 2 |1 − 𝜆| 𝑥 + |1 − 𝜆|2|1 − 𝜆|2 − |1 + 𝜆|2 𝑥2 , 𝑥 ∈ [0, 1) (22)

Immediately, we have

𝑓 (𝑥) = 𝑃(|1 − 𝜆|2 − |1 + 𝜆|2 𝑥2)2 , (23)
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where𝑃 = (2𝑚𝑥 + 2 |1 − 𝜆|) (|1 − 𝜆|2 − |1 + 𝜆|2 𝑥2) + (𝑚𝑥2+ 2 |1 − 𝜆| 𝑥 + |1 − 𝜆|2) 2 |1 + 𝜆|2 𝑥 = 2 |1 − 𝜆| |1+ 𝜆|2 𝑥2 + 2 |1 − 𝜆|2 (𝑚 + |1 + 𝜆|2) 𝑥 + 2 |1 − 𝜆|3
= 2 |1 − 𝜆| [|1 + 𝜆|2 𝑥2 + |1 − 𝜆| |1 + 𝜆|2
⋅ 2 (1 +R𝜆)1 + |𝜆|2 + 2R𝜆𝑥 + |1 − 𝜆|2] = 2 |1 − 𝜆| |1 + 𝜆|2
⋅ [[(𝑥 + |1 − 𝜆| (1 +R𝜆)1 + |𝜆|2 + 2R𝜆 )2 + |1 − 𝜆|2|1 + 𝜆|2
− |1 − 𝜆|2 (1 +R𝜆)2(1 + |𝜆|2 + 2R𝜆)2]] = 2 |1 − 𝜆| |1 + 𝜆|2{{{(𝑥
+ |1 − 𝜆| (1 +R𝜆)1 + |𝜆|2 + 2R𝜆 )2
+ |1 − 𝜆|2|1 + 𝜆|2 (1 + |𝜆|2 + 2R𝜆)2 [(1 + |𝜆|2 + 2R𝜆)2
− |1 + 𝜆|2 (1 +R𝜆)2]}}} = 2 |1 − 𝜆| |1 + 𝜆|2 [[(𝑥
+ |1 − 𝜆| (1 +R𝜆)1 + |𝜆|2 + 2R𝜆 )2
+ |1 − 𝜆|2 (I𝜆)2|1 + 𝜆|2 (1 + |𝜆|2 + 2R𝜆)2]] ≥ 0,

(24)

which follows 𝑓(𝑥) ≥ 0. Therefore 𝑓(𝑥) is monotone
increasing. So

R𝑎 + 𝜌 = 𝑚 |𝑧|2 + 2 |1 − 𝜆| |𝑧| + |1 − 𝜆|2|1 − 𝜆|2 − |1 + 𝜆|2 |𝑧|2
≤ 𝑚𝑟2 + 2 |1 − 𝜆| 𝑟 + |1 − 𝜆|2|1 − 𝜆|2 − |1 + 𝜆|2 𝑟2 , (25)

where 𝑧 = 𝑟𝑒𝑖𝜃, 𝜃 ∈ [0, 2𝜋). By (19) we haveR(𝑧𝑓(𝑧)/𝑓(𝑧)) =𝑟(𝜕/𝜕𝑟) ln |𝑓(𝑧)| ≤ R𝑎 + 𝜌. Therefore𝜕𝜕𝑟 ln 𝑓 (𝑧) ≤ 1𝑟 𝑚𝑟2 + 2 |1 − 𝜆| 𝑟 + |1 − 𝜆|2|1 − 𝜆|2 − |1 + 𝜆|2 𝑟2
= 1𝑟 (|1 − 𝜆|2 − |1 + 𝜆|2 𝑟2) [ |𝜆|2 − 11 + |𝜆|2 + 2R𝜆 (|1
− 𝜆|2 − |1 + 𝜆|2 𝑟2) + 1 − |𝜆|21 + |𝜆|2 + 2R𝜆 |1 − 𝜆|2 + |1

− 𝜆|2 + 2 |1 − 𝜆| 𝑟] = 1𝑟 [ |𝜆|2 − 11 + |𝜆|2 + 2R𝜆 + 2 |1
− 𝜆| 𝑟 + (1 +R𝜆) |1 − 𝜆| / (1 + |𝜆|2 + 2R𝜆)|1 − 𝜆|2 − |1 + 𝜆|2 𝑟2 ] .

(26)

Integrating both ends of (26) on [𝜀, 𝑟], we obtain
∫𝑟
𝜀

𝜕𝜕𝑡 ln 𝑓 (𝑡𝑒𝑖𝜃) 𝑑𝑡 ≤ |𝜆|2 − 11 + |𝜆|2 + 2R𝜆 ∫𝑟
𝜀

𝑑𝑡𝑡 + 2 |1
− 𝜆| [∫𝑟

𝜀

𝑑𝑡|1 − 𝜆|2 − |1 + 𝜆|2 𝑡2
+ (1 +R𝜆) |1 − 𝜆|1 + |𝜆|2 + 2R𝜆 ∫𝑟

𝜀

1𝑡 𝑑𝑡|1 − 𝜆|2 − |1 + 𝜆|2 𝑡2]
= |𝜆|2 − 11 + |𝜆|2 + 2R𝜆 ln 𝑡|𝑟𝜀 + 2 |1 − 𝜆| 12 1 − 𝜆2⋅ ln  𝑡 + |(1 − 𝜆) / (1 + 𝜆)|𝑡 − |(1 − 𝜆) / (1 + 𝜆)| 𝑟𝜀 + 2 (1 +R𝜆) |1 − 𝜆|21 + |𝜆|2 + 2R𝜆
⋅ 12 |1 − 𝜆|2 ln 𝑡2|1 − 𝜆|2 − |1 + 𝜆|2 𝑡2


𝑟

𝜀

.

(27)

Therefore

ln 𝑓 (𝑧) − ln 𝑓 (𝜀𝑒𝑖𝜃) ≤ |𝜆|2 − 11 + |𝜆|2 + 2R𝜆 (ln 𝑟
− ln 𝜀) + 1|1 + 𝜆| (ln  𝑟 + |(1 − 𝜆) / (1 + 𝜆)|𝑟 − |(1 − 𝜆) / (1 + 𝜆)| − ln

 𝜀 + |(1 − 𝜆) / (1 + 𝜆)|𝜀 − |(1 − 𝜆) / (1 + 𝜆)| )
+ (1 +R𝜆)1 + |𝜆|2 + 2R𝜆 (ln 𝑟2|1 − 𝜆|2 − |1 + 𝜆|2 𝑟2
− ln 𝜀2|1 − 𝜆|2 − |1 + 𝜆|2 𝜀2) .

(28)

Since

ln 𝑓 (𝜀𝑒𝑖𝜃) − |𝜆|2 − 11 + |𝜆|2 + 2R𝜆 ln 𝜀
− 1 +R𝜆1 + |𝜆|2 + 2R𝜆 ln 𝜀2 = ln

𝑓 (𝜀𝑒𝑖𝜃)𝜀 → 0
(𝜀 → 0) ,

(29)
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setting 𝜀 → 0 in (28), we have

ln 𝑓 (𝑧) ≤ |𝜆|2 − 11 + |𝜆|2 + 2R𝜆 ln 𝑟 + 1|1 + 𝜆|
⋅ ln  𝑟 + |(1 − 𝜆) / (1 + 𝜆)|𝑟 − |(1 − 𝜆) / (1 + 𝜆)| 
+ 1 +R𝜆1 + |𝜆|2 + 2R𝜆 (ln 𝑟2|1 − 𝜆|2 − |1 + 𝜆|2 𝑟2
+ ln |1 − 𝜆|2) .

(30)

Therefore𝑓 (𝑧) ≤ 𝑟(|𝜆|2−1)/(1+|𝜆|2+2R𝜆)
⋅  𝑟 + |(1 − 𝜆) / (1 + 𝜆)|𝑟 − |(1 − 𝜆) / (1 + 𝜆)| 1/|1+𝜆|
⋅ ( |1 − 𝜆|2 𝑟2|1 − 𝜆|2 − |1 + 𝜆|2 𝑟2)

(1+R𝜆)/(1+|𝜆|2+2R𝜆)

= 𝑟  𝑟 + |(1 − 𝜆) / (1 + 𝜆)|𝑟 − |(1 − 𝜆) / (1 + 𝜆)| 1/|1+𝜆|
⋅ ( 11 − |(1 + 𝜆) / (1 − 𝜆)|2 𝑟2)

(1+R𝜆)/(1+|𝜆|2+2R𝜆)

= 𝑟  1 − 𝜆1 + 𝜆2(1+R𝜆)/(1+|𝜆|2+2R𝜆)
⋅ 𝑟 −  1 − 𝜆1 + 𝜆−1/|1+𝜆|−(1+R𝜆)/(1+|𝜆|2+2R𝜆)
⋅ 𝑟 +  1 − 𝜆1 + 𝜆1/|1+𝜆|−(1+R𝜆)/(1+|𝜆|2+2R𝜆)
= 𝑟  1 − 𝜆1 + 𝜆2(1+R𝜆)/|1+𝜆|2
⋅ 𝑟 −  1 − 𝜆1 + 𝜆(−|1+𝜆|−1−R𝜆)/|1+𝜆|2
⋅ 𝑟 +  1 − 𝜆1 + 𝜆(|1+𝜆|−1−R𝜆)/|1+𝜆|2 = |𝑧|
⋅  1 − 𝜆1 + 𝜆2(1+R𝜆)/|1+𝜆|2
⋅ |𝑧| −  1 − 𝜆1 + 𝜆(−|1+𝜆|−1−R𝜆)/|1+𝜆|2
⋅ (|𝑧| +  1 − 𝜆1 + 𝜆)(|1+𝜆|−1−R𝜆)/|1+𝜆|2 .

(31)

Obviously |(1 − 𝜆)/(1 + 𝜆)| ≥ 1 forR𝜆 ≤ 0. Thus |𝑧| ≤ |(1 −𝜆)/(1 + 𝜆)|. So we obtain
𝑓 (𝑧) ≤ |𝑧|  1 − 𝜆1 + 𝜆2(1+R𝜆)/|1+𝜆|2

⋅ ( 1 − 𝜆1 + 𝜆 − |𝑧|)(−|1+𝜆|−1−R𝜆)/|1+𝜆|2
⋅ ( 1 − 𝜆1 + 𝜆 + |𝑧|)(|1+𝜆|−1−R𝜆)/|1+𝜆|2 .

(32)

Similarly, by (19) we can get

𝑓 (𝑧) ≥ |𝑧|  1 − 𝜆1 + 𝜆2(1+R𝜆)/|1+𝜆|2
⋅ ( 1 − 𝜆1 + 𝜆 − |𝑧|)(|1+𝜆|−1−R𝜆)/|1+𝜆|2
⋅ ( 1 − 𝜆1 + 𝜆 + |𝑧|)(−|1+𝜆|−1−R𝜆)/|1+𝜆|2 .

(33)

Theorem8. Let𝑓(𝑧) be an almost starlike function of complex
order 𝜆 on𝐷 with 𝜆 = −1. Then

1 − |𝑧| ≤  𝑧𝑓 (𝑧)𝑓 (𝑧)  ≤ 1 + |𝑧| ,
|𝑧| 𝑒−|𝑧| ≤ 𝑓 (𝑧) ≤ |𝑧| 𝑒|𝑧|,(1 − |𝑧|) 𝑒−|𝑧| ≤ 𝑓 (𝑧) ≤ (1 + |𝑧|) 𝑒|𝑧|.

(34)

Proof. By (14) we have |2𝑔(𝑧) − 1| ≤ |𝑧| which follows|𝑧𝑓(𝑧)/𝑓(𝑧) − 1| ≤ |𝑧|. Therefore

1 − |𝑧| ≤  𝑧𝑓 (𝑧)𝑓 (𝑧)  ≤ 1 + |𝑧| ,
1 − |𝑧| ≤ R

𝑧𝑓 (𝑧)𝑓 (𝑧) ≤ 1 + |𝑧| . (35)

For |𝑧| = 𝑟 we have
1 − 𝑟 ≤ 𝑟 𝜕𝜕𝑟 ln 𝑓 (𝑧) = R

𝑧𝑓 (𝑧)𝑓 (𝑧) ≤ 1 + 𝑟. (36)

Similar to Theorem 7, we get

∫𝑟
𝜀

𝑑𝑡𝑡 − ∫𝑟
𝜀
𝑑𝑡 ≤ ∫𝑟

𝜀

𝜕𝜕𝑡 ln 𝑓 (𝑡𝑒𝑖𝜃) 𝑑𝑡
≤ ∫𝑟
𝜀

𝑑𝑡𝑡 + ∫𝑟
𝜀
𝑑𝑡. (37)
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Let 𝜀 → 0; we obtain |𝑧|𝑒−|𝑧| ≤ |𝑓(𝑧)| ≤ |𝑧|𝑒|𝑧|. Hence (1 −|𝑧|)𝑒−|𝑧| ≤ |𝑓(𝑧)| ≤ (1 + |𝑧|)𝑒|𝑧|.
Setting 𝜆 = 𝛼/(𝛼 − 1) in Theorems 7 and 8, we get the

following corollary.

Corollary 9. Let 𝑓(𝑧) be an almost starlike function of order𝛼. Then |𝑧|(1 + (1 − 2𝛼) |𝑧|)2(1−𝛼)/(1−2𝛼) ≤ 𝑓 (𝑧)
≤ |𝑧|(1 − (1 − 2𝛼) |𝑧|)2(1−𝛼)/(1−2𝛼) , 𝛼 ∈ [0, 1) \ 12 ,

|𝑧| 𝑒−|𝑧| ≤ 𝑓 (𝑧) ≤ |𝑧| 𝑒|𝑧|, 𝛼 = 12 ,
1 − |𝑧| ≤  𝑧𝑓 (𝑧)𝑓 (𝑧)  ≤ 1 + |𝑧| ,
(1 − |𝑧|) 𝑒−|𝑧| ≤ 𝑓 (𝑧) ≤ (1 + |𝑧|) 𝑒|𝑧|,

𝛼 = 12 .

(38)

Theorem 10. Let 𝑓(𝑧) be an almost starlike function of
complex order 𝜆 on𝐷 with 𝜆 ∈ C \ {−1}, Re 𝜆 ≤ 0. Then1 − |𝑧|1 + |(1 + 𝜆) / (1 − 𝜆)| |𝑧| ≤  𝑧𝑓 (𝑧)𝑓 (𝑧) ≤ 1 + |𝑧|1 − |(1 + 𝜆) / (1 − 𝜆)| |𝑧| ,

(1 − |𝑧|)  1 − 𝜆1 + 𝜆2(1+R𝜆)/|1+𝜆|2+1
⋅ ( 1 − 𝜆1 + 𝜆 − |𝑧|)(|1+𝜆|−1−R𝜆)/|1+𝜆|2
⋅ ( 1 − 𝜆1 + 𝜆 + |𝑧|)(−|1+𝜆|−1−R𝜆)/|1+𝜆|2−1 ≤ 𝑓 (𝑧)
≤ (1 + |𝑧|)  1 − 𝜆1 + 𝜆2(1+R𝜆)/|1+𝜆|2+1
⋅ ( 1 − 𝜆1 + 𝜆 + |𝑧|)(|1+𝜆|−1−R𝜆)/|1+𝜆|2
⋅ ( 1 − 𝜆1 + 𝜆 − |𝑧|)(−|1+𝜆|−1−R𝜆)/|1+𝜆|2−1 .

(39)

Proof. By (17) we have 𝑧𝑓 (𝑧)𝑓 (𝑧) − 1 ≤  1 + 𝜆1 − 𝜆 |𝑧|  𝑧𝑓 (𝑧)𝑓 (𝑧) + 1 − 𝜆1 + 𝜆 . (40)

Since  𝑧𝑓 (𝑧)𝑓 (𝑧)  − 1 ≤  𝑧𝑓 (𝑧)𝑓 (𝑧) − 1 , 𝑧𝑓 (𝑧)𝑓 (𝑧) + 1 − 𝜆1 + 𝜆 ≤  𝑧𝑓 (𝑧)𝑓 (𝑧)  +  1 − 𝜆1 + 𝜆 ,
(41)

then we have 𝑧𝑓 (𝑧)𝑓 (𝑧)  − 1 ≤ ( 𝑧𝑓 (𝑧)𝑓 (𝑧)  +  1 − 𝜆1 + 𝜆)  1 + 𝜆1 − 𝜆 |𝑧| , (42)

which follows 𝑧𝑓 (𝑧)𝑓 (𝑧)  ≤ 1 + |𝑧|1 − |(1 + 𝜆) / (1 − 𝜆)| |𝑧| . (43)

On the other hand, we also have

1 −  𝑧𝑓 (𝑧)𝑓 (𝑧)  ≤ ( 𝑧𝑓 (𝑧)𝑓 (𝑧)  +  1 − 𝜆1 + 𝜆)  1 + 𝜆1 − 𝜆 |𝑧| , (44)

which leads to 𝑧𝑓 (𝑧)𝑓 (𝑧)  ≥ 1 − |𝑧|1 + |(1 + 𝜆) / (1 − 𝜆)| |𝑧| . (45)

Hence 1 − |𝑧|1 + |(1 + 𝜆) / (1 − 𝜆)| |𝑧| ≤  𝑧𝑓 (𝑧)𝑓 (𝑧) ≤ 1 + |𝑧|1 − |(1 + 𝜆) / (1 − 𝜆)| |𝑧| . (46)

Then, by Theorem 7 we obtain the desired conclusion (39).

Setting 𝜆 = 𝛼/(𝛼 − 1) inTheorem 10, we get the following
result.

Corollary 11. Let 𝑓(𝑧) be an almost starlike function of order𝛼 with 𝛼 ∈ [0, 1) \ 1/2. Then1 − |𝑧|1 + |1 − 2𝛼| |𝑧| ≤  𝑧𝑓 (𝑧)𝑓 (𝑧)  ≤ 1 + |𝑧|1 − |1 − 2𝛼| |𝑧| ,1 − |𝑧|1 + |1 − 2𝛼| |𝑧| |𝑧|(1 + (1 − 2𝛼) |𝑧|)2(1−𝛼)/(1−2𝛼)≤ 𝑓 (𝑧)≤ 1 + |𝑧|1 − |1 − 2𝛼| |𝑧| |𝑧|(1 − (1 − 2𝛼) |𝑧|)2(1−𝛼)/(1−2𝛼) .
(47)

3. Coefficient Estimates of Almost Starlike
Functions of Complex Order 𝜆

Lemma 12 (see [21]). Let 𝑝(𝑧) = 1 + ∑∞𝑛=1 𝑐𝑛𝑧𝑛 be a
holomorphic function on 𝐷 with R𝑝(𝑧) > 0. Then |𝑐𝑛| ≤2 (𝑛 = 1, 2, . . .).



Discrete Dynamics in Nature and Society 7

Lemma 13 (see [22]). Let𝑝(𝑧) = 1+∑∞𝑛=1 𝑐𝑛𝑧𝑛 be holomorphic
on𝐷. ThenR𝑝(𝑧) > 0 if and only if

𝑝 (𝑧) ̸= 𝜉 − 1𝜉 + 1 , 𝜉 ∈ 𝜕𝐷. (48)

Theorem 14. Let 𝑓(𝑧) = 𝑧 + ∑∞𝑛=2 𝑎𝑛𝑧𝑛 be an almost starlike
function of complex order 𝜆 with 𝜆 ∈ C, Re 𝜆 ≤ 0 on𝐷. Then𝑎𝑛 ≤ 𝑛−1∏

𝑗=2

( 2|1 − 𝜆| + 𝑗 − 2𝑗 − 1) , 𝑛 = 2, 3, . . . . (49)

Proof. Since 𝑓(𝑧) is an almost starlike function of complex
order 𝜆, then

R [(1 − 𝜆) 𝑓 (𝑧)𝑧𝑓 (𝑧) + 𝜆] > 0, 𝑧 ∈ 𝐷. (50)

Let 𝑝(𝑧) = (1 − 𝜆)(𝑓(𝑧)/𝑧𝑓(𝑧)) + 𝜆. Then we have𝑧𝑓 (𝑧) (𝑝 (𝑧) − 𝜆) = (1 − 𝜆) 𝑓 (𝑧) (51)

and 𝑝(0) = 1 andR𝑝(𝑧) > 0. Let 𝑝(𝑧) = 1 + ∑∞𝑛=1 𝑐𝑛𝑧𝑛. Then𝑐𝑛 ≤ 2 (𝑛 = 1, 2, . . .) (52)

by Lemma 12. For 𝑓(𝑧) = 𝑧 + ∑∞𝑛=2 𝑎𝑛𝑧𝑛, (51) follows
𝑧(1 + ∞∑

𝑛=2

𝑛𝑎𝑛𝑧𝑛−1)(1 − 𝜆 + ∞∑
𝑛=1

𝑐𝑛𝑧𝑛)
= (1 − 𝜆)(𝑧 + ∞∑

𝑛=2

𝑎𝑛𝑧𝑛) . (53)

Therefore(1 − 𝜆) 𝑧 + [𝑐1 + 2𝑎2 (1 − 𝜆)] 𝑧2 + ⋅ ⋅ ⋅ + [𝑐𝑛−1+ 2𝑎2𝑐𝑛−2 + ⋅ ⋅ ⋅ + (𝑛 − 1) 𝑎𝑛−1𝑐1 + 𝑛𝑎𝑛 (1 − 𝜆)] 𝑧𝑛+ ⋅ ⋅ ⋅ = (1 − 𝜆) 𝑧 + 𝑎2 (1 − 𝜆) 𝑧2 + ⋅ ⋅ ⋅ + 𝑎𝑛 (1 − 𝜆)⋅ 𝑧𝑛 + ⋅ ⋅ ⋅ .
(54)

So 𝑎𝑛 = 𝑐𝑛−1 + 2𝑎2𝑐𝑛−2 + ⋅ ⋅ ⋅ + (𝑛 − 1) 𝑎𝑛−1𝑐1(𝑛 − 1) (𝜆 − 1) . (55)

By (52) we get𝑎𝑛 ≤ 2 [1 + 2 𝑎2 + ⋅ ⋅ ⋅ + (𝑛 − 1) 𝑎𝑛−1](𝑛 − 1) |1 − 𝜆| . (56)

Bymathematical induction we obtain the desired conclusion.

Theorem 15. Let 𝑓(𝑧) be an almost starlike function of
complex order 𝜆 with 𝜆 ∈ C, Re 𝜆 ≤ 0 on 𝐷, and let 𝑧 = 0
be the zero of order 𝑘 + 1 (𝑘 ∈ N) of 𝑓(𝑧) − 𝑧. Let 𝑓(𝑧) =𝑧 + ∑∞𝑛=𝑘+1 𝑎𝑛𝑧𝑛. Then𝑎𝑛+1 ≤ 2|𝜆 + 𝑛| (𝑛 = 𝑘, 𝑘 + 1, . . .) . (57)

Proof. Since 𝑓(𝑧) = 𝑧 + ∑∞𝑛=𝑘+1 𝑎𝑛𝑧𝑛, similar to Theorem 14,
by (51) we obtain

𝑧(1 + ∞∑
𝑛=𝑘+1

𝑛𝑎𝑛𝑧𝑛−1)(1 − 𝜆 + ∞∑
𝑛=1

𝑐𝑛𝑧𝑛)
= (1 − 𝜆)(𝑧 + ∞∑

𝑛=𝑘+1

𝑎𝑛𝑧𝑛) , (58)

which follows(1 − 𝜆) 𝑧 + 𝑐1𝑧2 + ⋅ ⋅ ⋅ + 𝑐𝑘−1𝑧𝑘+ [𝑐𝑘 + (𝑘 + 1) 𝑎𝑘+1] 𝑧𝑘+1 + ⋅ ⋅ ⋅+ [𝑐𝑛 + (𝑛 + 1) 𝑎𝑛+1] 𝑧𝑛+1 + ⋅ ⋅ ⋅= (1 − 𝜆) 𝑧 + (1 − 𝜆) 𝑎𝑘+1𝑧𝑘+1 + ⋅ ⋅ ⋅+ (1 − 𝜆) 𝑎𝑛+1𝑧𝑛+1 + ⋅ ⋅ ⋅ .
(59)

Therefore 𝑐1 = ⋅ ⋅ ⋅ = 𝑐𝑘−1 = 0,𝑐𝑛 = (−𝜆 − 𝑛) 𝑎𝑛+1 (𝑛 = 𝑘, 𝑘 + 1, . . .) . (60)

By (52) we get the desired conclusion.

Theorem 16. 𝑓(𝑧) = 𝑧 + ∑∞𝑛=2 𝑎𝑛𝑧𝑛 is an almost starlike
function of complex order 𝜆 with 𝜆 ∈ C and Re 𝜆 ≤ 0 on 𝐷
if and only if
∞∑
𝑛=2

[(1 + (𝑛 − 1) 𝜆) (𝜉 + 1) + 𝑛 (1 − 𝜉)] 𝑎𝑛𝑧𝑛 ̸= −2
(𝜉 ∈ 𝜕𝐷, 𝑛 = 2, 3, . . .) . (61)

Proof. Let 𝑝(𝑧) = (1 − 𝜆)(𝑓(𝑧)/𝑧𝑓(𝑧)) + 𝜆. Since 𝑓(𝑧) is
an almost starlike function of complex order 𝜆, then 𝑝(𝑧)
is holomorphic on 𝐷 and 𝑝(0) = 0 and R𝑝(𝑧) > 0. By
Lemma 13 we get(1 − 𝜆) 𝑓 (𝑧)𝑧𝑓 (𝑧) + 𝜆 ̸= 𝜉 − 1𝜉 + 1 , 𝜉 ∈ 𝜕𝐷, (62)

which follows(1 − 𝜆) (𝜉 + 1) 𝑓 (𝑧) + 𝜆 (𝜉 + 1) 𝑧𝑓 (𝑧)̸= (𝜉 − 1) 𝑧𝑓 (𝑧) . (63)

For 𝑓(𝑧) = 𝑧 + ∑∞𝑛=2 𝑎𝑛𝑧𝑛, we have(1 − 𝜆) (𝜉 + 1) (𝑧 + ∞∑
𝑛=2

𝑎𝑛𝑧𝑛)
+ 𝜆 (𝜉 + 1) (𝑧 + ∞∑

𝑛=2

𝑛𝑎𝑛𝑧𝑛)
̸= (𝜉 − 1) (𝑧 + ∞∑

𝑛=2

𝑛𝑎𝑛𝑧𝑛) ,
(64)

which leads to the desired conclusion.
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Remark 17. Setting 𝜆 = 𝛼/(𝛼 − 1) in Theorems 14–16, we
get the corresponding results for almost starlike functions of
order 𝛼.
4. The Invariance of Almost Starlike Mappings

of Complex Order 𝜆
In this section, we mainly discuss the invariance of almost
starlike mappings of complex order 𝜆 on Reinhardt domains
and on the unit ball in complex Banach spaces under some
generalized Roper-Suffridge operators.

Lemma 18 (see [23]). Let Ω ⊂ C𝑛 be a bounded and
completely Reinhardt domain whose Minkowski functional𝜌(𝑧) is 𝐶1 except for a lower-dimensional manifold Ω0. Then
for ∀𝑧 = (𝑧1, . . . , 𝑧𝑛) ∈ Ω \ Ω0, we have𝜕𝜌 (𝑧)𝜕𝑧 = (𝜕𝜌 (𝑧)𝜕𝑧1 , 𝜕𝜌 (𝑧)𝜕𝑧2 , . . . , 𝜕𝜌 (𝑧)𝜕𝑧𝑛 ) ,

𝜕𝜌 (𝑧)𝜕𝑧𝑗 𝑧𝑗 ≥ 0,
𝜌 (𝑧) = 2 𝑛∑

𝑗=1

𝜕𝜌 (𝑧)𝜕𝑧𝑗 𝑧𝑗.
(65)

Theorem 19. Let 𝑓(𝑧) be an almost starlike function of com-
plex order 𝜆 on 𝐷 with 𝜆 ∈ C and Re 𝜆 ≤ 0. Let Ω ⊂ C𝑛 be a
bounded and completely Reinhardt domain whose Minkowski
functional 𝜌(𝑧) is 𝐶1 on Ω \ {0}. Let

𝐹 (𝑧) = (𝑟𝑓(𝑧1𝑟 ) , (𝑟𝑓 (𝑧1/𝑟)𝑧1 )𝛽2
⋅ 𝑧2, . . . , (𝑟𝑓 (𝑧1/𝑟)𝑧1 )𝛽𝑛 𝑧𝑛) ,

(66)

where 𝛽𝑗 ∈ [0, 1], 𝑟 = sup{|𝑧1| : 𝑧 = (𝑧1, . . . , 𝑧𝑛) ∈ Ω}, and(𝑟𝑓(𝑧1/𝑟)/𝑧1)𝛽𝑗 |𝑧1=0 = 1 (𝑗 = 2, . . . , 𝑛). Then 𝐹(𝑧) is an almost
starlike mapping of complex order 𝜆 on Ω.
Proof. For

𝐹 (𝑧) = (𝑟𝑓(𝑧1𝑟 ) , (𝑟𝑓 (𝑧1/𝑟)𝑧1 )𝛽2
⋅ 𝑧2, . . . , (𝑟𝑓 (𝑧1/𝑟)𝑧1 )𝛽𝑛 𝑧𝑛) ,

(67)

immediately we have

𝐽𝐹 (𝑧) =
((((((((((
(

𝑓 (𝑧1𝑟 ) 0 ⋅ ⋅ ⋅ 0
𝛽2𝑟 [𝑓 (𝑧1/𝑟)𝑓 (𝑧1/𝑟) − 𝑟𝑧1 ](𝑟𝑓 (𝑧1/𝑟)𝑧1 )𝛽2 𝑧2 (𝑟𝑓 (𝑧1/𝑟)𝑧1 )𝛽2 ⋅ ⋅ ⋅ 0

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
𝛽𝑛𝑟 [𝑓 (𝑧1/𝑟)𝑓 (𝑧1/𝑟) − 𝑟𝑧1](𝑟𝑓 (𝑧1/𝑟)𝑧1 )𝛽𝑛 𝑧𝑛 0 ⋅ ⋅ ⋅ (𝑟𝑓 (𝑧1/𝑟)𝑧1 )𝛽𝑛

))))))))))
)

. (68)

Therefore

𝐽−1𝐹 (𝑧) =
((((((((((
(

1𝑓 (𝑧1/𝑟) 0 ⋅ ⋅ ⋅ 0
𝛽2𝑟 [ 𝑟𝑧1𝑓 (𝑧1/𝑟) − 1𝑓 (𝑧1/𝑟)] 𝑧2 (𝑟𝑓 (𝑧1/𝑟)𝑧1 )−𝛽2 ⋅ ⋅ ⋅ 0

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
𝛽𝑛𝑟 [ 𝑟𝑧1𝑓 (𝑧1/𝑟) − 1𝑓 (𝑧1/𝑟)] 𝑧𝑛 0 ⋅ ⋅ ⋅ (𝑟𝑓 (𝑧1/𝑟)𝑧1 )−𝛽𝑛

))))))))))
)

. (69)
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Then 𝐽−1𝐹 (𝑧) 𝐹 (𝑧)
= (𝑟𝑓 (𝑧1/𝑟)𝑓 (𝑧1/𝑟) , (1 − 𝛽2 + 𝛽2 𝑟𝑓 (𝑧1/𝑟)𝑧1𝑓 (𝑧1/𝑟))
⋅ 𝑧2, . . . , (1 − 𝛽𝑛 + 𝛽𝑛 𝑟𝑓 (𝑧1/𝑟)𝑧1𝑓 (𝑧1/𝑟)) 𝑧𝑛) .

(70)

By Lemma 18 we get(1 − 𝜆) 2𝜕𝜌𝜕𝑧 (𝑧) 𝐽−1𝐹 (𝑧) 𝐹 (𝑧) = 2 (1 − 𝜆)
⋅ [[ 𝑟𝑓 (𝑧1/𝑟)𝑧1𝑓 (𝑧1/𝑟) 𝜕𝜌 (𝑧)𝜕𝑧1 𝑧1
+ 𝑛∑
𝑗=2

(1 − 𝛽𝑗 + 𝛽𝑗 𝑟𝑓 (𝑧1/𝑟)𝑧1𝑓 (𝑧1/𝑟)) 𝜕𝜌 (𝑧)𝜕𝑧𝑗 𝑧𝑗]] .
(71)

Since𝑓(𝑧) is an almost starlike function of complex order𝜆, then
R[(1 − 𝜆) 𝑟𝑓 (𝑧1/𝑟)𝑧1𝑓 (𝑧1/𝑟)] ≥ −R𝜆. (72)

Therefore, by Lemma 18 we obtain

R [(1 − 𝜆) 2𝜕𝜌𝜕𝑧 (𝑧) 𝐽−1𝐹 (𝑧) 𝐹 (𝑧)] = R[(1 − 𝜆)
⋅ 𝑟𝑓 (𝑧1/𝑟)𝑧1𝑓 (𝑧1/𝑟)] 2𝜕𝜌 (𝑧)𝜕𝑧1 𝑧1 + 𝑛∑

𝑗=2

{(1 − 𝛽𝑗)R (1 − 𝜆)
+ 𝛽𝑗R[(1 − 𝜆) 𝑟𝑓 (𝑧1/𝑟)𝑧1𝑓 (𝑧1/𝑟)]} 2𝜕𝜌 (𝑧)𝜕𝑧𝑗 𝑧𝑗 ≥ −R𝜆
⋅ 2𝜕𝜌 (𝑧)𝜕𝑧1 𝑧1 + 𝑛∑

𝑗=2

{(1 − 𝛽𝑗) (1 −R𝜆) + 𝛽𝑗 (−R𝜆)}
⋅ 2𝜕𝜌 (𝑧)𝜕𝑧𝑗 𝑧𝑗 = (−R𝜆) [2𝜕𝜌 (𝑧)𝜕𝑧1 𝑧1 + 2𝜕𝜌 (𝑧)𝜕𝑧𝑗 𝑧𝑗]
+ 𝑛∑
𝑗=2

(1 − 𝛽𝑗) 2𝜕𝜌 (𝑧)𝜕𝑧𝑗 𝑧𝑗 ≥ (−R𝜆) 𝜌 (𝑧) .

(73)

Hence 𝐹(𝑧) is an almost starlike mapping of complex order 𝜆
onΩ by Definition 4.

Theorem 20. Let 𝑓𝑗 (𝑗 = 1, 2, . . . , 𝑛) be almost starlike
functions of complex order 𝜆 on 𝐷 with 𝜆 ∈ C and Re 𝜆 < 0.
Let Ω ⊂ C𝑛 be a bounded starlike and circular domain whose
Minkowski functional 𝜌(𝑧) is𝐶1 onΩ\{0}. Let 𝑟𝑗 be the radius
of the disk 𝑈𝑗 = {𝑧𝑗 ∈ C : 𝑧 = (𝑧1, . . . , 𝑧𝑗, . . . , 𝑧𝑛) ∈ Ω} whose
center is zero. Let

𝐹 (𝑧) = 𝑧 𝑛∏
𝑗=1

(𝑟𝑗𝑓𝑗 (𝑧𝑗/𝑟𝑗)𝑧𝑗 )𝜆𝑖 , (74)

where 𝜆𝑖𝑗 ≥ 0, ∑𝑛𝑗=1 𝜆𝑖𝑗 = 1, and (𝑓𝑗(𝑧𝑗)/𝑧𝑗)𝜆𝑖𝑗 |𝑧𝑗=0 = 1 (𝑖, 𝑗 =1, 2, . . . , 𝑛).Then𝐹(𝑧) is an almost starlikemapping of complex
order 𝜆 on Ω.
Proof. Let

𝜁𝑗 = 𝑧𝑗𝑟𝑗 ,
𝑔 (𝑧) = 𝑛∏

𝑗=1

(𝑓𝑗 (𝜁𝑗)𝜁𝑗 )𝜆𝑖 , (75)

which follows 𝐹(𝑧) = 𝑧𝑔(𝑧). Then 𝐽𝐹(𝑧) = 𝐽𝑔(𝑧)𝑧 + 𝑔(𝑧). By
direct computation we get

𝐽𝑔 (𝑧) 𝑧 = 𝑔 (𝑧) [[
𝑛∑
𝑗=1

𝜆𝑗𝑓𝑗 (𝑧𝑗/𝑟𝑗) 𝑧𝑗𝑟𝑗𝑓𝑗 (𝑧𝑗/𝑟𝑗) − 1]]
= 𝑔 (𝑧) [[

𝑛∑
𝑗=1

𝜆𝑗𝑓𝑗 (𝜁𝑗) 𝜁𝑗𝑓𝑗 (𝜁𝑗) − 1]] . (76)

Since 𝑓𝑗 are almost starlike functions of complex order 𝜆 on𝐷, then

R[[(1 − 𝜆) 𝑓𝑗 (𝜁𝑗)𝜁𝑗𝑓𝑗 (𝜁𝑗)]] ≥ −R𝜆 > 0. (77)

Therefore

R[ 11 − 𝜆 (1 + 𝐽𝑔 (𝑧) 𝑧𝑔 (𝑧) )]
= R[[ 11 − 𝜆 𝑛∑

𝑗=1

𝜆𝑗𝑓𝑗 (𝜁𝑗) 𝜁𝑗𝑓𝑗 (𝜁𝑗) ]]
= 𝑛∑
𝑗=1

𝜆𝑗R[[ 11 − 𝜆 𝑓𝑗 (𝜁𝑗) 𝜁𝑗𝑓𝑗 (𝜁𝑗) ]] > 0.
(78)

Then 𝐽𝑔(𝑧)𝑧+𝑔(𝑧) ̸= 0. It is obvious that𝐹(0) = 0 and 𝐽𝐹(0) =𝐼, so 𝐹(𝑧) is a normalized locally biholomorphic mapping onΩ and

𝐽−1𝐹 (𝑧) 𝐹 (𝑧) = 𝑔 (𝑧) 𝑧𝐽𝑔 (𝑧) 𝑧 + 𝑔 (𝑧) . (79)

Let

𝑞𝑗 (𝜁𝑗) = 2Re (−𝜆) 𝑓𝑗 (𝜁𝑗) 𝜁𝑗(1 − 𝜆) 𝑓𝑗 (𝜁𝑗) − 1. (80)

(77) follows 2Re (−𝜆) 𝑓𝑗 (𝜁𝑗) 𝜁𝑗(1 − 𝜆) 𝑓𝑗 (𝜁𝑗) − 1 ≤ 1; (81)
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that is, |𝑞𝑗(𝜁𝑗)| ≤ 1. For Re 𝜆 < 0, by (76), (79), and Lemma 18
we obtain2R (−𝜆) 1(1 − 𝜆) (2/𝜌 (𝑧)) (𝜕𝜌/𝜕𝑧) (𝑧) 𝐽−1𝐹 (𝑧) 𝐹 (𝑧)

− 1 =
2R (−𝜆) 11 − 𝜆 𝑛∑

𝑗=1

𝜆𝑗𝑓𝑗 (𝜁𝑗) 𝜁𝑗𝑓𝑗 (𝜁𝑗) − 1
=  𝑛∑𝑗=1𝜆𝑗𝑞𝑗 (𝜁𝑗)

 ≤ 𝑛∑𝑗=1𝜆𝑗 = 1,
(82)

which leads to

R [(1 − 𝜆) 2𝜕𝜌𝜕𝑧 (𝑧) 𝐽−1𝐹 (𝑧) 𝐹 (𝑧)] ≥ −R𝜆𝜌 (𝑧) . (83)

Hence 𝐹(𝑧) is an almost starlike mapping of complex order 𝜆
onΩ by Definition 4.

Similar to Theorem 20, we can get the following conclu-
sion.

Theorem 21. Let 𝑓𝑗 (𝑗 = 1, 2, . . . , 𝑛) be almost starlike
functions of complex order 𝜆 on 𝐷 with 𝜆 ∈ C and Re 𝜆 < 0.
Let

𝐹 (𝑥) = 𝑥 𝑛∏
𝑗=1

(𝑓𝑗 (𝑇𝑢𝑗 (𝑥))𝑇𝑢𝑗 (𝑥) )𝜆𝑗 , 𝑥 ∈ 𝐵, (84)

where 𝜆𝑖𝑗 ≥ 0, ∑𝑛𝑗=1 𝜆𝑖𝑗 = 1, (𝑓𝑗(𝑥𝑗)/𝑥𝑗)𝜆𝑖𝑗 |𝑥𝑗=0 = 1 (𝑥𝑗 =𝑇𝑢𝑗(𝑥), 𝑖, 𝑗 = 1, 2, . . . , 𝑛), and 𝑢𝑗 is the unit vector of the
complex Banach space 𝑋. Then 𝐹(𝑥) is an almost starlike
mapping of complex order 𝜆 on the unit ball 𝐵 in complex
Banach space𝑋.

Theorem 22. Let 𝑓 be an almost starlike function of complex
order 𝜆 on𝐷 with 𝜆 ∈ C and Re 𝜆 ≤ 0. Let

𝐹 (𝑥) = 𝑛−1∑
𝑗=1

(𝑓(𝑇𝑥1 (𝑥))𝑇𝑥1 (𝑥) )𝛽𝑗 𝑇𝑥𝑗 (𝑥) 𝑥𝑗 + 𝑥
− 𝑛−1∑
𝑗=1

𝑇𝑥𝑗 (𝑥) 𝑥𝑗, 𝑥 ∈ 𝐵, (85)

where 𝑥1 ∈ 𝐵, ‖𝑥1‖ = 1, 𝛽𝑗 ∈ [0, 1], (𝑓(𝑧)/𝑧)𝛽𝑗 |𝑧=0 = 1 (𝑗 =1, 2, . . . , 𝑛 − 1), and 𝑥1, . . . , 𝑥𝑛 are linearly independent and𝑇𝑥𝑖 ∈ 𝑋∗ such that ‖𝑇𝑥𝑖‖ = 1, 𝑇𝑥𝑖(𝑥𝑖) = 1, and 𝑇𝑥𝑖(𝑥𝑗) =0 (𝑖 ̸= 𝑗) for ∀𝑥𝑖. Then 𝐹(𝑥) is an almost starlike mapping of
complex order 𝜆 on the unit ball 𝐵 in complex Banach space𝑋.

Proof. From [24] we get 𝐹(𝑥) is a normalized biholomorphic
mapping on 𝐵 and‖𝑥‖ 𝑇𝑥 [𝐷𝐹 (𝑥)−1 𝐹 (𝑥)]= ‖𝑥‖2

+ 𝑛−1∑
𝑗=1

𝛽𝑗 𝑇𝑥𝑗 (𝑥)2 [ 𝑓 (𝑇𝑥1 (𝑥))𝑇𝑥1 (𝑥) 𝑓 (𝑇𝑥1 (𝑥)) − 1] . (86)

Since𝑓 is an almost starlike function of complex order𝜆, then
R[[(1 − 𝜆) 𝑓 (𝑇𝑥𝑗 (𝑥))𝑇𝑥𝑗 (𝑥) 𝑓 (𝑇𝑥𝑗 (𝑥))]] ≥ −R𝜆. (87)

Therefore

R {(1 − 𝜆) 𝑇𝑥 [𝐷𝐹 (𝑥)−1 𝐹 (𝑥)]} = (1 −R𝜆) ‖𝑥‖
+ 𝑛−1∑
𝑗=1

𝛽𝑗 𝑇𝑥𝑗 (𝑥)2‖𝑥‖
⋅R{(1 − 𝜆) [ 𝑓 (𝑇𝑥1 (𝑥))𝑇𝑥1 (𝑥) 𝑓 (𝑇𝑥1 (𝑥)) − 1]}
≥ (1 −R𝜆) ‖𝑥‖ + 𝑛−1∑

𝑗=1

𝛽𝑗 𝑇𝑥𝑗 (𝑥)2‖𝑥‖⋅ [R (−𝜆) − (1 −R𝜆)] = −R𝜆 ‖𝑥‖
+ 1‖𝑥‖ [[‖𝑥‖2 −

𝑛−1∑
𝑗=1

𝛽𝑗 𝑇𝑥𝑗 (𝑥)2]] ≥ −R𝜆 ‖𝑥‖ ,

(88)

which lead to the desired conclusion by Definition 5.

Similar to Theorem 22, we can get the following conclu-
sion.

Theorem 23. Let 𝑓 be an almost starlike function of complex
order 𝜆 on𝐷 with 𝜆 ∈ C, Re 𝜆 ≤ 0. Let𝐹 (𝑥) = Φ𝛽 (𝑓) (𝑥)= 𝑓 (𝑇𝑥1 (𝑥)) 𝑥1

+ (𝑓 (𝑇𝑥1 (𝑥))𝑇𝑥1 (𝑥) )𝛽 (𝑥 − 𝑇𝑥1 (𝑥) 𝑥1) ,
(89)

where 0 ≤ 𝛽 ≤ 1, 𝑥1 ∈ 𝐵, ‖𝑥1‖ = 1, (𝑓(𝑧1)/𝑧1)𝛽|𝑧1=0 = 1, and𝑓(𝑧1) ̸= 0 for 𝑧1 ̸= 0. Then 𝐹(𝑥) is an almost starlike mapping
of complex order 𝜆 on 𝐵.
Remark 24. Setting 𝜆 = 𝛼/(𝛼 − 1) in Theorems 19–23, we
get the corresponding results with respect to almost starlike
mappings of order 𝛼.
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