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Given a graph G, the general sum-connectivity index is defined as y,(G) = ZuveE(G)(dG(u) + dg(v)%, where dg(u) (or dg(v))
denotes the degree of vertex u (or v) in the graph G and « is a real number. In this paper, we obtain the sharp bounds for general
sum-connectivity indices of several graph transformations, including the semitotal-point graph, semitotal-line graph, total graph,
and eight distinct transformation graphs G, where u, v, w € {+, —}.

1. Introduction

In this paper, we consider simple, undirected, and connected
graphs. Let G be the graph with vertex set V(G) and edge
set E(G). The order and size of G are denoted by »n and
e, respectively. For a vertex a € V/(G), dg(a) denotes the
degree of a. Two vertices in G are adjacent if and only if they
are end vertices of an edge, and each of the two vertices is
called incident to the edge. Besides, two edges are adjacent
to each other if and only if they share a common vertex. The
minimum and maximum degrees of graph G are denoted by
6(G) and A(G), respectively. We will use the notations P,, C,,,
and K,, for a path, cycle, and complete graph of order # [1],
respectively.

The complement of G, denoted by G, is the graph with
V(G) = V(G) and two vertices in G are adjacent if and only if
they are not adjacent in G. Thus, the size of G is (}) — e and if
a € V(G) then ds(a) =n—1-dg(a).

A topological index is a numeric quantity associated
with a graph which characterizes the topology of graph.
A topological index Top(G) of a graph G is equal to the
topological index Top(H) of H, if and only if two graphs G
and H are isomorphic. The idea of topological index appears
from work done by Wiener in 1947, this index is called
Wiener index. The first and second Zagreb indices have been
introduced by Gutman and Trinajesti¢ [2]. These indices are
defined on the ground of vertex degrees as follows:

MG = Y (dg@),

aeV(G)

M,(G) = ) dg(a)dg(b).

abeE(G)

@

The Randi¢ connectivity index was defined in 1975 by Randi¢
[3]. It has been extended to the general Randi¢ connec-
tivity index. The general Randi¢ connectivity index (general
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product-connectivity index) was defined by Bollobds and
Erdds [4] as follows:

R,(G) = Y (dg(@)ds ()", @)

abeE(G)

where « is a real number. Then R_; , is the classical Randi¢
connectivity index. The sum-connectivity index was proposed
in [5]. This concept was extended to the gemeral sum-
connectivity index in [6], which is defined as

Y@= ) (dg(@)+ds®)", 3)

abeE(G)

where « is a real number. Then x_,,,(G) is the classical
sum-connectivity index. The sum-connectivity index and the
product-connectivity index correlate well with the 7-electron
energy of benzenoid hydrocarbons [7].

The total graph T(G) of the graph G is a graph whose
vertex set is the union of V(G) and E(G) such that ab €
E(T(Q)) if and only if a and b are either adjacent or incident
in G [8]. Let u, v, and w be the variables having values + or —.
The transformation graph G**" is a graph whose vertex set is
the union of V(G) and E(G), and ab € E(G"") if and only if

(1) a,b € V(G);thenu = + oru = —ifaand bare adjacent
or nonadjacent in G, respectively;

(2) a,b € E(G); thenv = + orv = —ifa and b are adjacent
or nonadjacent in G, respectively;

(3) a € V(G) and b € E(G); thenw = + orw = —ifa and
b are incident or nonincident in G, respectively.

There are eight different transformations of the given
graph G. For instance, G'"" is the total graph T(G) of G with
number of vertices n + e and number of edges (1/2)M,(G) +
2e, and G™ is the complement of total graph G™"*. For
other transformations of graph, G™~,G"™",and G"~ are the
complements of G, G "7, and G, respectively.

The concepts of semitotal-point graph and semitotal-line
graph are introduced by Sampathkumar and Chikkodimath
[9]. The semitotal-point graph T, (G) is a graph whose vertex
set is the union of V(G) and E(G), and ab € E(T,(G)) if and
only if (i) a and b are adjacent vertices in G or (ii) one is a
vertex of G and the other is an edge of G incident to it. Thus,
semitotal-point graph has n + e number of vertices and 3e
number of edges.

The semitotal-line graph T, (G) is a graph whose vertex set
is the union of V(G) and E(G), and ab € E(T,(G)) if and only
if (i) a and b are adjacent edges in G and (ii) one is a vertex of
G and the other is an edge of G incident to it. Thus, semitotal-
line graph has n + e number of vertices and (1/2)M,(G) + e
number of edges.

Eventually, many properties of these transformation
graphs can be determined. For example, the Zagreb indices of
transformation graphs and total transformation graphs were
calculated by Basavanagoud and Patil [10] and Hosamani and
Gutman [11], respectively. Wu and Meng [12] investigated
the basic properties (connectedness, graph equations and
iteration, and diameter) of total transformation. Xu and Wu
[13] determined the connectivity, the Hamiltonian, and the
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independence number of G, Yi and Wu [14] determined
the connectivity, the Hamiltonian, and the independence
number of G,

In this paper, we obtain lower and upper bounds for
the general sum-connectivity indices of the above-defined
transformation graphs.

2. Main Results

In this section, we discuss the lower and upper bounds for the
general sum-connectivity indices of transformation graphs
defined in Section L.

Theorem 1. For a < 0, we have y; < x,(T,(G)) < y,, where

7 =2%x, (G) + 2% e (A (G) + 1),
(4)
Y2 = 2%x, (G) + 2" (8 (G) + 1)%;
the equalities hold if and only if G is a regular graph.

Proof. Since T, (G) has n+e vertices and 3e edges, it holds that

(@)= )

abeE(T, (G))
(04
= Y (dne@+dye©®)
abeE(T, (G)), (5)
a,beV(G)

(dre) (@ +dr) (B)”

(24
+ Y (Ao @+drg®) .
abeE(T, (G)),
aeV(G),beE(G)

Note that if a € V(G) then dy, )(a) = 2ds(a) and if a €
E(G) then dTl(G) (a) = 2.1Itis clear that §(G) < dg(a) and
A(G) = dg(a). And these equalities hold if and only if G is a
regular graph. Therefore,

X(T(G)=2" ) (@ +dg®)"

abeE(T,(G)),
a,beV(G)

+2¢ Z
abeE(T, (G),
acV(G),beE(G)

(do@+1)* (0

> 2%y, (G) + 2 e (A (G) + 1)*.
Similarly, we can compute
X (T1(G) S 2% (G) +2% e (@@ + ). ()

The two equalities in (6) and (7) obviously hold if and only if
G and H are regular, respectively. O

Example 2. By Theorem 1, the general sum-connectivity
indices of some semitotal-point graphs are given below:

(1) n(8% +2x6%) -3 x 8% < y, (T, (P,)) < 2%*n(2* +2) +
2% 6% -3 x 8% — 2%+,
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(2) xo(Ty(C,)) = 2%n(4% + 2 x 3%).

3) xu(Ty(K,)) = 2%n(n — D)[2°7 (n - 1)* + n°].

Theorem 3. If« < 0 then y, < x,(T,(G)) < y,, where

Y = 227" M, (G) A* (G) + eA* (G) [2 x 3% — 4],
(8)
Yy = 227 M, (G) 8% (G) + e8“ (G) [2 x 3% — 4*];

the equalities hold if and only if G is a regular graph.

Proof. Since |V(T,(G))| =
2)M,(G) + e, we have

n + e and |E(T,(G))| = (1/

Xo (T, (G)) = Z (dTZ(G) (a) +dr, g (b))a

abeE(T,(G))

= Y (Ao @ +dre®)
abeE(Ty(G)), )
a,beE(G)

L)
abeE(T,(G)),
aeV(G),beE(G)

(A1) @) +dry) )"

Note thatifa € E(G) then dy (g)(a) = dg(w;) + dG(wj) and if
a € V(G) then dTZ(G)(a) = dg(a). Therefore, we have

Xa (TZ (G)) = Z
wiijE(G),
ijkEE(G),

w;Fwy

[(do (w) +dg (w)))

o
+ (dG (w]-) +dg (wk))] + Z
abeE(T,(Q)),
acV(G),
b=ax€E(G),
xeV(G)

[dG (a)

« (10)

+(dg@+dg )] = Y
w,-ijE(G),
ijkGE(G),
w;Fwy

[dc (w;)

+2dg (w;) +dg (W) + Y [dg(a)

aeV(G),
b=ax€E(G),
xeV(G)

+(dg (@) + dg (x))]°.

Since d(a) > 8(G) and d(a) < A(G), each equality holds if
and only if G is a regular graph.

After simplification we get

X (T G)2[4AG)I* Y 1

ww; €E(G),

ijkEE(G),
w; Fwy,

+BAGIY Y 1
abeE(T,(G)),
aeV(G),
b=ax€E(G),
V(©) ()

=[4A @) [E(T(G)) - 2€]
+[3A(G)]* - (2e)
=2""M, (G) A* (G)
+eA” (G) [2 x 3% —47].
Similarly, we can calculate

Xe (T, (G)) < 27" M, (G) 8% (G) .
+ed8" (G) [2x 3% —4].

Obviously the equalities in (11) and (12) hold if and only
if G is a regular graph. O

Example 4. By Theorem 3, the general sum-connectivity
indices of some semitotal-line graphs are given below:

(1) 2%n(4% +2x 3%) 2" (4% = 3%) < y (T,(P,)) < n(4*+
2% 3%) —2(4% + 2 x 3%).

(2) xalTH(C,)) = 2%n(4% +2 x 3%).

(3) Xu(To(K,)) = n(n— D)™ [22 7 + 22% 4 3%].
Theorem 5. Let & < 0. Then y; < x,(T(G)) < y,, where

7 = 2% (G) + 22" M, (G) A% (G) + 4%eA* (G),

P2 = 2%x (G) + 27 M, (G) 6% (G) + 4%e8* (G) ; "
the equalities hold if and only if G is a regular graph.

Proof. Since |V(T(G))| = n+eand |[E(T(G))| = (1/2)M,(G) +
2e, we have

Xa (T(G))

Z (drg) (@) + dpg) (b)°

abeE(T(G))

Z (dr) (@) +dr) ()"

abeE(T(G)),
a,beV(G)

p)
abeE(T(G)),
a,beE(G)

D)
abeE(T(G)),
aeV(G),beE(G)

a (14)
(dr (@) +dr) (b))

(dT(G) (a) + dT(G) (b))“ .



Note that dr)(a) = 2dg(a) for a € V(G) and drg)(a) =
dg(w;) + dg(w;) for a € E(G). So

X (TG)=2" % (dga)+ds )"
abeE(G),
a,beV(G)

o) [(do(w) +dg (w;))
a:wiwjeE(G),
b=w;w,€E(G),

w;Fwy

+ (dG (wj)+dG (wk))]a+ Z

b=ax€E(G),
aeV(G)xeV(G) (15)

+(dg (@) +dg (0))]" = 2% 1, (G)

o
+ Z [dG (w;) +2dg (wj) +dg (wk)]
u:w,-ijE(G),
b:ijkeE(G),
w; Fwy,

)
b=ax€E(G),
aeV(G),xeV(G)

[2dG (a)

[2dg (a) + (dg (a) + dg (x))]".

Note that d;(a) < A(G) and dg(a) = 8(G). The equalities
hold if and only if G is a regular graph.
After simplification, we get

% (T(G)) = 2%, (G) + [4A (G))* [%Ml @) - e]

+ [4A (G)] [2e]

(16)
= 2%x, (G) + 22 'A% (G) M, (G)
+2%eA" (G).
Similarly, we can compute
Xa (T (G)) < 21, (G) + 2718 (G) M, (G) -

+2%e8% (G).

Since x,(G) > 2%eA”(G), we can also write the results
above as

£5°(G) [ M, 6) + 2¢] < 1, (TG
(18)
< 4% (G) [%Ml G) + ze] :

Thus, if G is a regular graph, then we obtain the equality
in (16), (17), and (18). O

Example 6. By Theorem 5, the general sum-connectivity
indices of some total graphs are given below:

(1) 21+ 2x 6% -7 x 8% < y (T(P)) < 4*n(2* + 1) +
2%(2 x 3% = 3 x 4% + —2%*2),
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(2) x.(T(C,)) = 4 x 8%n.
(3) x(T(K,)) =2 "n(n— 1)* (n + 1).

Theorem 7. Let o < 0. Then y; < x,(G™ ") < y,, where

y, =2% BMI (G) +2e] (e+n—-1-2A%(G))",

(19)
o 1 04 24
y, =2 [EM1 (G)+2e] (e+n-1-28(G)";
the equalities hold if and only if G is a regular graph.
Proof. For a given graph G, since G~ = G*** and G =
T(G), then [V(G )| = n+ e |[EG ) = (%" -
(1/2)M,(G) - 2¢, and 2A(G) = e + n—1—2A(G). Using these
values, we can compute the required results. O
Theorem 8. Let a < 0. Then y, < x,(G™7) < y,, where
y = 2% 4 2% [%M1 (G) - e] [n—4+2A(G)*
e+n n e
{05766
2 2 2
le+n—-4+2A(G)]%,
(20)

o o+l

1, = 2% +2"‘[%M1 (G)—e] [n—4+25(G)°

()-0)-()-=]
+ ()= )-2e
2 2 2
le+n—4+25(G)]%;

the equalities hold if and only if G is a regular graph.

Proof. Since [V(G™7)| =n+eand |[E(G™)| = (3") - (%) -
(3) + (1/2)M,(G) - 2m,

X (G = ) (dgw- (@) +dg- (b)"

abeE(G™7)

abeE(G'™),
a,beV(G)

)
abeE(G),
a,beE(G)

)
abeE(G™),
aeV(G),beE(G)

(dgr (a) + dgee (b))"

(21
(dG++— (a) + dG++f (b))[x

(dG++— (61) + dG++— (b))‘x .
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Note that if a € V(G) then dg++(a) = eand if a € E(G) then
dgi-(a) = dg(w;) + dG(wj) +n-4

X (GTT)= Y [2e]"

abeE(G),
a,beV(G)

)
a:w,ijE(G),
b:ijkGE(G),

w;Fwy

[(dG (w;) +dg (wj) +n- 4)

+ (dG (wj)+dG (wk)+n—4)]“+ Z [e
b=xy€E(G),
aeV(G),
ag¢{x,y}
(22)

+(dg (x) +dg (y) +n—4)]" = 2%

o)
wiijE(G),
ijkEE(G)

[2n -8+dg(w,) +2dg (w]-)

o
+dg (wk)] + Z
b=xy€E(G),
aeV(G),
ag¢{x,y}

[e+n—4+dg(x)

+dg ()]

Note that d;(a) < A(G) and d(a) > 8(G). The equalities
hold if and only if G is a regular graph. After simplification,
we get

Yo (GTF7) 2 2% 4 2% [%Ml (G) - e]

[n-4+2A(G)]"

(23)
e+n n e
+ - - —2e
()-CG)-0)=]
(e+n—-4+2A(G)".
Similarly, we can compute
Xa (G++—) < Zoceszrl + 20c [%Ml (G) _ 6]
-(n—-4+28(G)"
(24)

(57)-0)-()

(e+n—-4+25(G)".

The equalities in (23) and (24) obviously hold if and only
if G is a regular graphs. O]

Theorem 9. Let a < 0. Then y, < x,(G ) < y,, where

y=2%[e+n—-1-2A(G)]" [(Z)—e]

+2%[n—4+2A G [%Ml G) - e]

e+n n e
+(e+2n—5)“[( )—()—()—26],
2 2 2 (25)
n
y2=2“[e+n—1—25(G)]“[(2)—6]

+2%[n-4+25(G)]"

%Ml G) - e]

et [(7)-()-() )

the equalities hold if and only if G is a regular graph.

Proof. Since [V(G ") =n+eand |[E(G )| = (") - (5) +
(1/2)M,(G) — 4e,

W(GT)= ) (Ao (@) +dg 0)

abeE(G™*7)

abeE(G™),
a,beV(G)

o)

abeE(G™*),
a,beE(G)

D)
abeE(G™),
a€V(G),beE(G)

(dg+ (@) +dg+ ()"

(26)
(dg+ (@) +dg+ (b))

(dG**’* (a) + de# (b))“ .

Note that d-+(a) =e+n—1-2ds(a) fora € V(G) and
dg+(a) = dg(w;) + dg(w;) + n— 4 for a € E(G). Then

1 (G ) = Z [(e+n-1-2d;(a)
ab ),
:fe(g(c))

+(e+n—1-2dgb)]"

o)
wiijE(G),
ijkGE(G),

w;Fwy

[(dG (w;) +dg (wj) +n-— 4)

+ (dG (w]-) +dg(wy) +n— 4)]‘x



[(e+n-1-2d;(a)

D)
abeE(G™*),
a€V(G),b=xycE(G)

+(dg (x) +dg (y) +n—4)]" = 2% Z [e+n
ab¢E(G),
abeV(G)

~1-dg@)-de®]"+ Y [2n-8
w,-w]-EE(G),
ijkeE(G),
w;Fwy

+dg (w;) +2dg (wj) +dg (wk)]“ +

2, e
b=xy€E(G),

ag¢{x,y},
acV(G)

+2n—5-2dg(a) +dg (x) +de (»)]".
(27)

Note that ds(a) < A(G) and dg(a) > 8(G). The equalities
hold if and only if G is a regular graph.
After simplification, we get

X (G7)

> 2" [e+n—l—2A(G)]“[<Z)—e]

, (28)
+2%[n—4+2A(G)]" [EMI G) - e]
e+n n e
rerzn-97|(7)-(0)-(5) 2|
2 2 2
Similarly, we calculate
X (GT)<2%[e+n—1-28(G)]"
n
n-4+25(GQ))" [(2) —e]
(29)

+ 2 [%Ml (G)—e]

A7) (e (2]

If G is a regular graph then we obtain the equalities in (28)
and (29). ]

In fully analogous manner, we also arrive at the following.

Theorem 10. If« < 0 then
(D), < x(G77) < ,, where

e
Y = 2%t 4 [(2> - %Ml (G)+e]

n+e-1-2A(G)]"
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()-()-C)+]
+ - - - 2e
2 2 2
‘[2e+n-1-2A0(G)]%,
_ 2[x o+l 21x € 1M G
Y, =2 + ,) =3 M (G)+e
m+e-1-28(G)]"
()-(6)-C)+]
+ - - —2e
2 2 2

‘[2e+n-1-28(G)]%;
(30)

(2) y1 < Xo(GTF) < y,, where

y, =2° [(Z) —e] (n-1)"

+2° [(Z) - %Ml (G) + e] [e-3-2A(G)]"

+2ee+n+2-2A(G)%,

y, =2° [(Z) —e] (n-1)>~

+2° [(Z) - %Ml (G) + e] [e-3-25(3)]"

(31)

+2ele+n+2-25(G)%;

(3) 11 < xo(G™™) <y, where

[ o

+4%A% (G) [%M1 G) - e]

+2e[n-1+2A(G)]%,

o n (04
e [()

+455% (G) [%M1 @) - e]

(32)

+2e[n-1+28(G)]";

(4) y; < xo(G") < y,, where
Y, = 2%%eA% (G)

+ [C) - %Ml G) + e:| [3-2A(G)]"

+2e(e+3)",
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¥, = 2%%e8% (G)

+ [(Z) - %Ml G) + e] [3-28(G)]"

+2e(e+3)".
(33)

In all the above cases, the equalities hold if and only if G is a
regular graph, respectively.

3. Conclusion

In this paper, we obtain the sharp lower and upper bounds
for general sum-connectivity indices of the semitotal-point
graph, the semitotal-line graph, the total graph, and the eight
distinct transformation graphs G*"", where u, v, w € {+, -} in
terms of the order, minimum degree, and maximum degree
of a graph. Moreover, the extremal graphs achieving these
bounds have been described.
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