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We apply the homotopy perturbation Sumudu transform method (HPSTM) to the time-space fractional coupled systems in the
sense of Riemann-Liouville fractional integral and Caputo derivative. The HPSTM is a combination of Sumudu transform and
homotopy perturbation method, which can be easily handled with nonlinear coupled system. We apply the method to the coupled
Burgers system, the coupled KdV system, the generalized Hirota-Satsuma coupled KdV system, the coupled WBK system, and the
coupled shallow water system. The simplicity and validity of the method can be shown by the applications and the numerical results.

1. Introduction

Fractional calculus, compared to integer calculus, was men-
tioned in a letter from LUHospital to Leibniz in 1695. In the
letter, UHospital raised a question, “what is the result of
d"y/dx" if n = 1/2?” The answer of Leibniz was “d"2x will be
equal to xVdx : x. This is an apparent paradox, from which,
one day useful consequences will be drawn” [1]. Furthermore,
the generalization of this framework indicates that it is more
appropriate to talk about integration and differentiation of
arbitrary order, such as fractional order, real number order,
and even complex number order just as the development
of number system. Thus, there is a basic question: “what
are the definitions of fractional integral and derivative?”
Or “how to define the fractional integral and derivative?”
More and more mathematicians focused on this problem,
like Lagrange, Laplace, Fourier, and so on. Some different
fractional integrals and derivatives have been given according
to different needs, like Riemann-Liouville fractional integral,
Caputo fractional derivative, Weyl fractional derivative, and
so on [2]. But there are no uniform definitions of fractional
integral and derivative, and the frequently used definitions
are Riemann-Liouville integral and Caputo derivative.

Fractional differential equations arise in many engineer-
ing and scientific disciplines as the mathematical modeling
of systems and processes in the fields of physics, chem-
istry, aerodynamics, electrodynamics of complex medium,
polymer rheology, and so on, which involve derivatives of
fractional order. Fractional differential equations also serve as
an excellent tool for the description of hereditary properties
of various materials and processes. In consequence, the
subject of fractional differential equations is gaining much
more attention. For example, in electromagnetism, Sebaa
et al. [3] studied ultrasonic wave propagation in human
cancellous bone by using fractional calculus to describe
the viscous interactions between fluid and solid structure.
In signal processing, Assaleh and Ahmad [4] proposed a
new approach for speech signal modeling through using
fractional calculus. Magin and Ovadia [5] molded the cardiac
tissue electrode interface using fractional calculus. In control
theory, Suarez et al. [6] applied fractional controllers to the
path-tracking problem in an autonomous electric vehicle.
In fluid mechanics, Kulish and Lage [7] applied fractional
calculus to the solution of time-dependent, viscous-diffusion
fluid mechanics problems.
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In this paper, we intend to construct the approximate
solutions to the nonlinear time-space fractional coupled
systems. There are many effective methods to solve this
problem, like Adomian decomposition method [8-10], vari-
ation iteration method [11], differential transform method
[12], residual power series method [13, 14], iteration method
[15], homotopy perturbation method [16], homotopy analysis
method [17], and so on. Furthermore, for the nonlinear
problem, the multiple exp-function method [18, 19], the
transformed rational function method [20-22], and invariant
subspace method [23, 24] are three systematical approaches
to handle the nonlinear terms. The first one is to propose
the exact solution of nonlinear partial differential equations
by using rational function transformations. Its key point is
to search for rational solutions to variable-coefficient ordi-
nary differential equations transformed from given partial
differential equations. The second one is to consider the form
of solution as rational exponential functions with unknown
coeflicients whose advantage is direct applicability to under-
lying equation. The invariant subspace method is refined to
present more unity and more diversity of exact solutions to
evolution equations. The key idea is to take subspaces of
solutions to linear ordinary differential equations as invariant
subspaces that evolution equations admit. Motivated by these
fruitful results, Singh et al. [25] proposed the homotopy
perturbation Sumudu transform method based on the homo-
topy perturbation method and Sumudu transform method
and applied it to nonlinear partial differential equations.
The HPSTM was extended to the time-fractional PDEs in
[26, 27]. It is worth mentioning that the HPSTM is applied
without any using of Adomian polynomials, over restrictive
assumption or linearization, and is capable of reducing the
volume of computational work as compared to the classical
numerical methods while still maintaining the high accuracy
of the result. Meanwhile, it is appropriate not only for strongly
nonlinear system but also for weakly nonlinear system.

The rest of the paper is organized as follows. In Section 2,
we introduce some concepts on fractional calculus and the
Sumudu transform. In Section 3, we illustrate the basic idea of
HPSTM which is applied to the time-space fractional coupled
systems. In Section 4, we apply HPSTM to obtain fractional
power series solutions of nonlinear time-space fractional
coupled systems with initial values, and some numerical
results are presented as well.
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2. Preliminaries

Definition 1 (see [2]). A real function f(x), x > 0 is said to
be in the space C,,, p € R, if there exists a real number p > y,
such that f(x) = x” f1(x), where f,(x) € C[0,00), and it is
said that f(x) € C, if f"(x) € C,,n e N.

Definition 2 (see [2]). The fractional integral of f(t) in the
Riemann-Liouville (left-sided) sense is defined as

I f (t)

LI P )
— r(“)L(t )% f(r)dr, a>0,t>T20;
f(t)7 (XZO,

wherew > 0, f € CM, u = —1,and I is the Gamma func-
tion.

Definition 3 (see [2]). The fractional integral of f(x) in the
Riemann-Liouville sense is defined as

L f (x)
;r (x-1)*" f(r)dr, a>0, —c0<x<co; (2)
') Jooo ’ ’ ’
f (x) > a=0,

wherea > 0, f € C,, p > -1, and I' is the Gamma func-
tion.

Definition 4 (see [2]). The Caputo (left-sided) fractional
derivative operator of order & > 0, of a function f € CZ (u=
-1, n € N), is defined as

D f (t)
! Jt(t—‘r)"_“_lf(")(r)dr n-l<a<mn t>0
T (n—a) Jo ’ ’ © (3)
d'f B
den a=n

Definition 5 (see [2]). The Caputo fractional derivative oper-
ator of order & > 0, of a function f € C (4 > -1, n € N), is
defined as

1 * o
J (x—T)"“lf(”)(T)dT, n—1<a<n —00<x < 00;
(oo}

I'nh-«a) J-
Dif (x) =
d"f (x)

dxm

Lemma 6 (see [28]). fm—-1<a<m meN,and f € C;",
Y = -1, one has

DI f () =f (1),

(4)

m-1 k
EDEf =0~ Y fO 0
k=0 :
©
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In 1998, a new integral transform, named Sumudu trans-
form, was introduced by Watugala [29] to study solutions
of ordinary differential equations in control engineering
problems. The Sumudu transform is defined over the set
of functions A = {f(t) : IM, 1,7, > 0, s.t. [f(¢)| <
M7 ift € (1) x [0, +00)} by the following formula:

Fw)=S[f@®)]= Loof(ut) e'dt, ue(-1,1). (6)

Property 7 (see [30]). (i) The Sumudu transform satisfies lin-
ear property; that is,

Slaf (®) +bh(t)] = aS[f ()] +bS[h(D)], 7)

where a, b are constants.

(ii)
S[t"] =u"T(n+1), neN. (8)

Lemma 8 (see [31]). The Sumudu transform of the Caputo
fractional derivative is

SIDEFI ) =u®S[f )] = Yu ™ %0,
k=0 9)

m<a<m+1, meN.

3. Homotopy Perturbation Sumudu
Transform Method

In this section, to illustrate the basic idea of this method,
we consider a general nonhomogeneous fractional partial
differential coupled system

DU (x, 1) + %' (U, U U) + ! (U, U2, UP)

=g' (%1,
DiU* (x,0) + #* (U, U, U°) + 42 (U, U2, U°)
(10)
= 92 (x, 1),
DIU® (x,t) + #* (U, U, U°) + 47 (U, U, U?)
=g (x1),
with the initial conditions
U' (x,0) = f' (x),
U* (x,0) = £ (x), 1)

U’ (x,0) = f* (x),

where a, B,y € (0,1], &', #', i = 1,2,3, denote linear
differential operators and nonlinear differential operators,

respectively, and g'(x,t) are the source terms. Applying the
Sumudu transform on both sides of (10) yields

S[DfU (x,1)] + S [ (U, U2, U]
+S[t (UL U UY)] = 8[g" (x.1)],

S[DPU (x,1)] + S [%* (U, U, U°)] )
+8[7 (UL UL UY)] =8 [g” (%)),

S[DIU? (x,0)] + $[%* (U, U%,U7)]
+S[47 (UL UL UY)] =84’ (x.1)].

It follows from the property of the Sumudu transform in (9)
that

S[U' (0] = f' () - (s[2' (U, U, U°)]
+$[ (UL UALUN)]) +us g (1],

S[U? (1)) = f2 () - (S[2* (U, U2, U°)]
+8[7 (UL U UY)]) + s [g (1], )

S[UP ()] = £ () -u’ (s[2 (U, U2 U7)]
+S[47(ULUALUY)]) +u's g (x1)].

Furthermore, applying the inverse Sumudu transform ™' on
both sides of (13) yields

U' (x,t) = M' (x,0) =S [u*s [ (U',U%,U°)

+41 (UL UL UY)]],
U? (x,t) = M (x,0) - S [uPS [%* (U', U2, U°)

+ 42 (UL UAL U], "
U (x,8) = M° (x,0) = ST [w!'S[%° (U', U2, UP)

+47° (UL UAUY)]],

where M'(x,t),i = 1,2,3, represent the terms arising from
the source terms and prescribed initial conditions; that is,

M' (x,6) =S [f1 () +u*S [g" (. 1)]],
M (x,0) =S [P () +ufS[g xD]],  (5)
M (x,t) =S [P () +u'S[g° (x,1)]].
Let us construct the homotopy perturbation equations
U' (x,t) = M' (x,5) - px ST [us[&' (U',U%,U?)

+ 4 (UL UR U],



U? (x,t) = M* (x,1) - px S [uPS[%? (U, U, U°)
+ 7 (U U U],
U (x,t) = M° (x,5) - px ST [u'S[%° (U', U, U°)
+47 (UL UR U],
(16)

where homotopy parameter p € [0, 1]. Suppose that U'(x,t)
and the nonlinear terms ./ /U’ (x, t) can be written as

(&8
U'(6t)= Y p'U, (x1), i=1,23,
n=0

A7 (UL U UP) = ip”H,{ (vLutu?),

n=0

17)

i=1,2,3,

where the coefficient polynomials U’ can be determined

below and H/(U",U?, U?) are given by the following formu-
lae:

H, (ULUAUY) = —

aann (/V ! (ip"Ué, NAD YAtk ))
p k=0 k=0 k=0

p=0

1 an . n n n
22 (o (B S S o)

k=0 k=0 k=0

/Vj< i PUL i PU; i pkUi))

k=n+1 k=n+1 k=n+1

p=0
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>

'ap ( (ZP Uk’zp Uk’zp Uk>> pe0

ji=1,23.
(18)

Substituting (17) into (16) gives

i U (x,t) = M (x,t) —

n=0
(oe) (oe) (oe)
s [us[g;zl(zpku;,zpkug,zpku,z>
k=0 k=0 k=0
— 1 < ky 1l < ky 12 < ky13
+ Y p'H, (ZP Up ) PUL Y p Uk>
n=0 k=0 k=0 k=0

Y P'U; (x,t) = M? (x,t) -
n=0

xSt [uﬂs [922 (Z PUL Y PUL Y p"UZ) (19)
k=0 k=0 k=0

=0 k=0 k=0 k=0
(oe]

Zp"US (x,t) = M (x,t) = p

n=0

xS [uyS[ <Zp Uk,Zp Uk,Zp Uk>
+ Zp H, (ZP Uk,Zp"Ui)ZP"Ui>
= k=0 k=0

_ L Comparing the coefficients of p, we obtain the following
n! recurrence equations:

P Uy (x,1) = M' (x,1),
Ug (x,1) = M* (x,1),
U; (x,1) = M (x,1),

n oyl e (50 1 C et S k2 e ke ) ] (20)

Pl Uty ==STusS| R Y Y UUUL L, |+ Hy | Y p"UG Y PUL Y pUR |
L L r=0 =0 k=0 k=0 k=0

U? (x,t) =

r=0 s=0

wheren=1,2,....

n-1n-1-r
s [uﬁs[%(Z Y Uulu, s>+Hj_1
r=0 s=0
[ n—1n-1-r n n n
U2 (x,t) = =S |u!'S <Z Y ulviuL, ) +H (ZpkU;,ZpkU,f, Zp"U,§> ,
k=0 k=0 k=0 J ]

(S Sovi Sou

k=0 k=0 k=0

l\/l
[
i L
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According to the homotopy perturbation method, we
assume that the solution of (10)-(11) can be written as

Vi) = lim (U +Ujp+ Usp® +---+ Upp"),

(21)
i=1,2,3.
Setting p — 1, the approximate solution to (10)-(11) is
U' (x,t) = lin}Vi (%15 s X £)
P—)
:rlli_)IgO(Ué+Ui+U;+---+U;), (22)

i=1,2,3.

The convergence of series (21) depends on the nonlinear
differential operator ./". Generally, the derivative with respect
to U of the nonlinear part in the splitting must be sufficiently
small, since the parameter p may be relatively large; in fact we
take p — 1. The series is convergent for most cases [32].

Remark 9. HPSTM is applied to construct homotophy series
solutions for fractional coupled systems, which has not too
many overstrict assumptions compared to some classical
methods.

4. Application of HPSTM to Time-Space
Fractional Coupled Systems

In this section, we apply HPSTM to nonlinear time-space
fractional coupled systems with initial conditions.

4.1. The Time-Space Fractional Coupled Burgers System. The
Burgers equation is one of the most important partial dif-
ferential equations from fluid mechanics, which not only
describes many phenomena, for example, modeling the
motion of turbulence [33], but also has many applications
in science and engineering [34]. Here we apply HPSTM to
solve the following nonlinear time-space fractional coupled
Burgers system:

DU - DU - 2UDPU + D, (UV) =0,

(23)
DIV - D2V - 2VD’V + D, (UV) =0,
with the initial conditions
U (x,0) = sin x,
(24)
V (x,0) = sin x,

where 0 < o, 5,8,y < 1, (x,t) € R x [0, 00).
Applying the Sumudu transform on both sides of (23)
with the initial conditions, we can obtain

S[U (x,t)] = sinx + u® (S [DiU (x,1)
+2U (x,1) DEU (x,£) - D, (U (x,) V (x,1))]) ,
(25)
S[V (x,t)] = sinx + " (S [DiV (x,1)

+2V (5, 1) DYV (x,1) = D, (U (x, ) V (x,1)]).

5
The inverse Sumudu transform of (25) implies that
U(x,t)=sinx+S* [ua (S [DiU (x,t)
+2U (x,t) DU (x,6) = D, (U (5, 1) V (x,1))])]»
(26)
V(x,t) =sinx+ 8" [v” (S [DiV (x,1)
+2V (x,1) D2V (x,1) = D, (U (x, 1) V (x,£))])].
Now applying the homotopy perturbation method gives
[ee)
Y P, (x,t) =sinx + p
n=0
o0
xS [u"‘s [Di (Zp”Un (x, t))
n=0
(o]
+ Zp”H,‘f(x,t)H ,
n=0
(27)

Zp"Vn (x,t) =sinx + p
n=0
x§* |:VYS [DJZC (Zp"Vn (x, t))
n=0

+ OZO:p"HX (x,t)” ,
n=0

where Hg (x,t) and H,Y (x,t) are polynomials which denote
the homotopy coefficients of the nonlinear term and are given

by

Y p"HY (x,t) = 2U (x,) DU (x,1)

n=0
_Dx (U(X,f)V(X,t)),
(28)
Y p"Hy (x,t) =2V (x,£) DYV (x,1)
n=0
~D, (U NV (x,1).
Set
Un (x, t) = Un (X) m,
(29)
—~ "
Vn (x, t) = Vn (X) m,
and then

H, (x,t) = 2) U, (x) DU, ; (x)
i=0

tnoc

Tla+ )T ((n—i)a+1)

- 3D, (U;(0)V,; (x))

i=0
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tnoc n _ _
Tla+ DI (n-Da+1) ‘;Dx (06 Vs )
n tny
Hy/ (1) = 2) Vi (x) DV, (x) Ty DI ((n-Dy+1)
i=0 (30)
"
T@y+ )T ((n-i)y+1) Comparing the coefficients of p, this gives
pO: U, (x,t) = 170 (x) = sin x,
V, (x,1) = V, (x) = sin x,
p't Uy (xt) =S [u*S[D2U, (x,t) + Hif (x,0)]] = S [u*S [D2T, (%) + 2T, (x) DET, (x) - D, (T, (x) Vy ()] ]
— — — — — t* - (31)
T DU, (x) + 20, (x) DU, (x) - D, (Ty (x) V (%))} = mUl (x),
Vy (x5,1) =S [u'S[DLV, (x,1) + Hy (x,1) || = S7" [u'S [D3V, (x) + 2V, (x) D’V (x) - D, (Ty )V (0)]]
tY —~ — — — — o
ST {DZV, () + 2V, (x) DT, (x) — D, (T, (x) V, (%))} = mv1 (x).
Generally, we have
P Ulxt)
e . = T((k-1)a+1) _ e o
- m <IDx(Jk—l (x) + ;r (l(X + 1) I‘((k —i- 1)“ + 1) (2U1 (X) DxUk—l—i (x) - Dx (Ul (x) Vk—l—i (.X)))
- tkoc l"j
" Tharn (%),
(32)
Vi (x,1)
A . = I((k-1)y+1) _ s o
 T(ky+1) {vak_l o ;F (iy+ )T ((k—i-1)y+1) (29 ) DaVic1-s (9 = D (0 (0 P ()
o
= ka (%),
where Hence, the series solution of (23) is

ka

) U(x,t)=k§0Uk (x,t)=k§0Uk (x)r(k(xﬂ),
(20, (») (34)

(o) 'S} k
V(nt) =Y V(o) = ) Vi (x)
k=0 k=0

Ui (x) = DU, (x)

Ml T((k-1a+1)
+ZF(i0c+1)F((k—i—l)oc+l)

i=0 s

T (ky+1)
— . (33)
Vi (x) = D, Vi (%) Particularly, when « = y = 8 = & = 1, the exact solution of
ki T((k-1)y+1) (23)is
+
T (iy+1)T((k-i-1)y+1)

i=0

) fojkfl—i (x) - D, ((71‘ () Vier4 (X))) ,

(2V; (x)

U (x,t) = e 'sinx,
5 o ) (35)
- DYVi1si (%) = D (U (%) Vi (). V(xt) = e sinx.
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B
5
=)
(a) The third-order approximate solution of U(x, t) (b) The exact solution of U(x, t)
x1073
5 T T T T T T T 0~05
4.5 g 0.045
_ 4 004
5 3.5 é 0.035
g 3 & 003
2 sl 1= oos)
5 2 F g 5: 0.02 +
5 1.5 g 5 0.015 |
=) =}
1+ g 0.01 +
0.5 + g 0.005 +
0 1 1 1 1 1 1 0 " " " " " "
=20 -15 -10 -5 0 5 10 15 20 -20 -15 -10 -5 0 5 10 15 20
x x
(c) The error IUHpp — Ugl of U(x, t) att = 0.01 (d) The error |Uapp — Ugl of U(x,t) att = 0.1
FIGURE 1

Using HPSTM, when o« = y = 8 = § =
approximate solution of (23) is

1, the third

. t £
Uppp (1) = sinx + 7 (—sinx) + 3 (sin x)

3
+ 2 (—sinx)

2 3
-t (-t Lt }

sinx<ll+—+ —
4!

2! 3!

(36)
2

. t . e
Vipp (X, 1) = sinx + 7 (—sinx) + 3 (sin x)

3
+ 2 (—sinx)

2 3

-t -t -t
:sinx{1+—+( ) +—]».

2! 3! 4!

In general, the limit of the approximate solution is
t £
U(x,t) =sinx + 2N (—sinx) + 3 (sin x)

£
+Z(—smx)+~--

2 3
t ﬂ+_t+...}
FTRME TR

=sinx<ll+—+

—t .
=e Ssinx,

t t*
V(x,t) =sinx + 7 (—sinx) + 3 (sin x)

£
+Z(—smx)+---

2 3

-t -t -t
:sinx{1+—+u+—+---}

2! 3! 4!

=e'sinx,
(37)

which is as same as the exact solution. However, if the initial
values are too complex to find the limit of the approximated
solution, then we replace the exact solution by the approxi-
mated solution within a certain scale, which is useful in the
application of engineering.

Thus we plot the images of the approximate solution (see
Figure 1(a)), the exact solution (see Figure 1(b)), and the error
function (see Figures 1(c) and 1(d)). It is clear that the error

function |U,,, — U,| depends on time t. When time ¢ is small

(e.g., t = 0.01), the error function is in the scale of 1072 (see



Figure 1(c)), which indicates that this is a good approximation
in the neighbour of time 0 for system (23) with some explicit
parameters. However, when time becomes large (e.g.,t = 0.1),
the error function tends to be large as well (see Figure 1(d));
that is to say, this method is only suitable for constructing the
approximated solution around the initial data.

4.2. The Time-Space Fractional Coupled KdV System of Gener-
alized Hirota-Satsuma Type. In this subsection, consider the
time-space fractional generalization of the Hirota-Satsuma
coupled KdV system

D¢ U— DU +3UDU - 3D (VW) =

DV + D*V -3uDiv =0, 8)
DW + DXW - 3UD°W = o,
with respect to the initial conditions
U(x,0) =aq,(x),
V(x,0) = b (x), (39)
W(x,0) = ¢ (x),

where 0 < «,9,8,A,7 < 1, 2/3 < B,0,0 < 1,U = U(x,1),
V =V(x,t), W = W(x,t), (x,t) € R x [0,00). The Hirota-
Satsuma coupled KdV equation describes the unidirectional
propagation of shallow water waves, which was initiated by
Wau et al. [35]. Further (38) becomes a generalized fractional
KdV equation for U = 0 and a fractional MKdV equation for
V=0

Applying the Sumudu transform on both sides of (38)
with the initial conditions, we obtain

S[U (x,0)] = a (x) + u® (s [%fou (x, 1)
3U (x,8) DU (x.1) + 3D2 (V (. ) W (, t))]) ,
SIV (1)) = by (x) = v* (S[DIV (x,1)
—3U (x,t) DLV (x,1)]) »
SIW (x,0)] = ¢ (x) - w* (S[DPW (x,1)
—3U (x,t) DIW (x,1)]).
The inverse Sumudu transform of (40) implies that
UGet) =y () +57 [ (s [%fou (x.1)
-3U (x,t) D'U (x,1)
+3D2 (V () W (x, t))])] ,
V(o t)

=by (x) - S [V (S[DIV (x,1)

~3U (x,t) DLV (x,1)])],

Discrete Dynamics in Nature and Society

W (x,t) = 6 (x) =S [w* (S[DFW (x,1)

—3U (x,t) DIW (x,1)])] .-

Via the homotopy perturbation method, it gives

[ee)

Y P'U, (x,1) = ay (x) + p

n=0
xS_l[ "‘s[; 3ﬁ<§p”Un(x,t))
+ZpH x,t)”

Y PV, (1) = by (x) + p
n=0
xS [v“s [—ij‘ (i PV, (x, t)) (42)
n=0
+ ip"H,‘,/ (x,t)H ,
n=0

Y P'W, (6, = (x) + p

n=0

x §7 [wrxs [—fo (iwﬂ (x, t)>
n=0
+ ip”H:‘/ (x, t)” ,
n=0

where Hfl] (x,1), HX (x,t), and HZV (x,t) are polynomials
which denote the nonlinear term, and they are given by

i P'HY (x,1) = 3D (V (x,t) W (x,1))

n=0

-3U (x,t) D'U (x,1),

ianX (x,£) = 3U (x,£) DLV (x,1), (43)

=

ip”HZV (x,£) = 3U (x,t) DOW (x,1).

P

Set

U, () = T, () ﬁ
Vo0 = T o m
W, (x.) = W, () m
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t?’llX

and then

Tla+ DT ((n-ia+1)

" =3D) (ZV () W, (%)

H," = 3T, (x) D{W,,_; (x)

tmx no =
TlGa+ DT (n-i)a+ 1)> - 3;[]" )
tmx
e e . : — .
DU, ; (x)l“(ioc+1)l"((n—i)(x+1)’ Ilia+1)T((n—i)a+1) s
H' = 3&0} (x) DLV, _; (x)
=0 Comparing the coefficients of p shows
P’ Uy (e, t) = Uy (x) = a (x),
Vo (x,t) = Vg (x) = by (%),
Wy (x,t) = WO (%) = ¢ (x),
P U (xt) =S [u“s [%fo*uo (ot)+ HY (x, t)“
! [u"‘s [%Diﬁﬁo (x) +3D2 (¥, () W, (x)) - 30, (x) DT, (x)H
t* 1 — —~ —~ t* (46)
- T ( #T, (x) + 3D (V, (x) W, (x)) - 30, (x) D!, (x)) a0,
Vi (x,8) = ST VIS [-DIV, (e, t) + Hy (i )]] = ST [v*S [-DMV, (x) + 30, (x) DLV, ()] ]
B tOC B o _ y~ B o ~
T (D', (x) + 30, (x) DT, (x)) = TerD 1)v1 (x),
W, (x,1) = ST [w*S [-DIW, (x,1) + Hy' (x,8)]] = §7" [w*S [-DFW, (x) + 30, (x) DLW, (x)]]
A ~ o =
T D (-DEW, (x) + 30, (x) DIW, (x)) = TarD 1)wl (x).
Generally, one has
P Uxt)
ke = T((k-1)a+1) s _ _ .
“Tka+ 1) { O @+ Y iGar ik —i-DarD O (e (W) =30, DTy ()
tkvc _
= mUk (%),
e s = T((k-1a+1) ke - (47)
[ Ty {_Dx Ve )+ i:zol“(ioc+ DF G- Dar ) 0 O PV 01 = ey Ve
_ ot 0 v T(k-Da+1) = e
Wit = 0D {_Dx Wiy () + ;r Gt DIk —i-Dar 1) i DxWers (%)
ko
‘ W (%),

T T(kat 1)
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where

. 1 _
Oi () = 5D Tyy ()

o T((k-1a+1)
! ;F(i(x+ DI ((k—i-1)a+1)
(302 (Vi (1) W ()

-3U, (x) D'U,_,; (x)),

Vi (x) = —DiAVIH (x)
(48)

+"§ T((k-1)a+1)
cTla+ DT ((k-i-1Da+1)

3Ui (x)

i=
) D;chk—l—i (%),

W, (x) = -D*W,_, (x)

+’<§ I((k-1Da+1)

TGt DIk —i-Dar1) r®

i=0
DiWi - (%)

Therefore, the approximate series solution of (38) is
ko

t
T (ko + 1)
kzx

T(ka+1)

U(x,t) = YU (x,1) = Y Uy (x)
k=0 k=0

Vuﬁ—Znuﬂ Zwm (49)

k(x

F(k(x +1)

W (x,t) = ZWk (x,1) Z

k=0 k=0

Particularly, whena =y =6 =A=117=3=0=0=2/3,
and the special initial value of (38) is

U (x,0) = -2 + 4 tanh’x,
V (x,0) = -4 + 4 tanh’x, (50)

W (x,0) = 1 + tanh’x,
then the exact solutions are

U (x,t) = -2 + 4tanh® (x + 2t),

V (x,t) = -4 + 4 tanh® (x + 2t), (51)

W (x,t) = 1 + tanh® (x + 2t).

Under these special conditions, via HPSTM, the first approx-
imate solution of (38) is

Upp (X,1) = -2 +4 tanh’x + 16 (tanh X — tanh3x) t,

(x,t) =—-4+4 tanh’x + 16 (tanh X — tanh3x) t, (52)

aPP

Wopp (,£) = 1+ tanh’x + 4 (tanhx — tanh’x )

Discrete Dynamics in Nature and Society

Similarly, we obtain the following numerical results: see
Figures 2(a), 2(b), 2(c), 2(d), 3(a), 3(b), 3(c), 3(d), 4(a), 4(b),
4(c), and 4(d).

4.3. The Time-Space Fractional Coupled Shallow Water System.
Shallow water systems are widely used in many areas of fluid
dynamics, such as multiphase flows [36], turbulence [37], and
viscoelasticity [38]. It is well known that the shallow water
systems can accurately predict both the hydraulic parameters
under conditions of slow erosion and low sediment concen-
tration. Let us consider the time-space fractional coupled
shallow water system

DU + UDPU + DYV +aD?U =0,
(53)
DYV + VDU + UDLV —aD*V + bD*U = 0

with initial values

U(x,0) =a,(x),
=b (x),

(54)
V (x,0)

where 0 < o, B, 9,A,7 < 1,1/2 < 6,0 < 1,2/3 <0 < 1,
U =U(x,t),V =V(x,t), (x,t) € Rx[0,1/3].
Applying the Sumudu transform on both sides of (53)
with the initial conditions, we obtain
S[U (x,)] = ag (x) + u® (S [-U (x,4) DEU (x,1)
- D'V (x,t) - aDi‘SU (x, t)]) ,
SIV (6,1 = by (x) +v* (S[-V (x,) DU (x,1) (55
~U (x,t) DLV (x,t) + aD*V (x, 1)
-bDYU (x,1)]).
The inverse Sumudu transform of (55) implies that
U(x,1) = ag () + S [u* (S[-U (x,) DEU (x,1)
- DIV (x,t) -aD2XU (x,1)])],
V(xt) =By (x) + S [V (S[-V (x,) DU (x,t)  (56)
~U (x,t) DLV (x,t) + aD*V (x,1)

-bDYU (x,1)])] -

According to homotopy perturbation method, we have

Z P'U, (x,t) = ay(x) + p
n=0

xS [u“S [—Dz (ip"Vn (x, t))
n=0
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5 S
(a) The first-order approximate solution of U(x, t) (b) The exact solution of U(x, t)
%1073
1.6 0.16
14 0.14 |
= L2t = 012t
& 5
‘?& 1+ ‘TS: 0.1}
:f 0.8} DI 0.08 |
506t 006}
S o4l DS 004}
02} 0.02 }
" " " " " 0 " " " " " "
-20 -15 -10 -5 0 5 10 15 20 -20 -15 -10 -5 0 5 10 15 20
X X
(c) The error |Uapp — Ul of U(x, t) att = 0.01 (d) The error |Uapp — Ugl of U(x,t) att = 0.1
FIGURE 2
< - Settin.
- aD? (Zp"Un (x, t)) - Y p"HY (x, t)H , &
n=0 n=0 tmx
U, (x,t) =0, (x) ——,
© n () ”()F(mx+1)
Y PV, (x5 t) = by (x) + p (59)
n=0 _ ne
V (xt)=V_ (x) —,
-1« 20 (N n n (o0 "()F(noc+1)
x§ 7 |v'S|aD; ZP V, (x,t)
n=0 then we arrive at
5 00 00 v HU ¢
o 1 n
oo (S ron) - Seo]| e
n=0 n=0
(57) n . ﬁ~ tTl(X
=)YU; (x)D U, __.(x R
; () DU )F(ioc+ DI((n-ia+1)
where Hfl] (x,t)and HX (x, t) are polynomials of the nonlinear
i v
term and are given by HY (x,1) (60)

Y p"H (x,1) = U (x,4) DEU (x,1),
n=0

i p"HY (x,t) = V (x,t) DU (x, 1) (58)

n=0

+U (x,1) D[V (x,1).

= <ivz (x) Diffn,,- (x) + iﬁi (x) DLV, (x))
=0 0
tna

Tla+HT((n-i)a+1)

Comparing the coefficients of p yields
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0
-1
e
>ﬁ
-3
—4
0.4
5
0" _5 X
(a) The first-order approximate solution of V(x, t) (b) The exact solution of V(x, t)
x107°
1.6 0.16
14+ 0.14 +
— 12} — 012}
il 2 o1t
>|d 0.8} >|N 0.08 |
06t 3 006}
S 04 g 0.04 +
0.2 0.02
0 ' ' ' ' ' ' ' 0 ' ' ' ' ' ' '
-20 -15 -10 -5 0 5 10 15 20 -20 -15 -10 -5 0 5 10 15 20
x x
(c) The error |Vapp — Vil of V(x,t) att = 0.01 (d) The error IVapp — Vil of V(x,t)att = 0.1
FIGURE 3
P’ Uy (1) = Uy (x) = g (x),
Vo (x,t) = Vo (x) = bo (%),
Pt Uy (1) =S [u*S[-DLV, (x,t) — aD2U, (x,t) — Hy (x)]]
=7 [u*S[-DLU, (x) — aD2U, (x) - U, (x) DET, (x)]]
t — 6= o\ . -
= m (_DZICUO (x) - an UO (x) — U() (x) DfUO (X)) = mUl (x) 5
Vi (x,1) = ST [ViS [-bDV, (x,1) + aDXV, (x,t) — Hy (x)]]
=7 V'S [-bDYV, (x) + aDX’V, (x) - V, (x) DU, (x) - Uy (x) DLV, ()] ]
t oty W o\ s = - _
*Te D (-bD¥V, (x) +aDY'V, (x) = V, (x) DU, (x) - U, (x) DLV, (%)) = mV1 (x).

Generally, we have

k-1
— 5
~DViy (%) = ﬂDi Upy (%) - Z

I(k-Da+1)

U.

K U( t)_ tka
R T

i=0

~ tk(x

T T (ka+

I)Uk (x) >

Iia+1)T((k-i-1a+1) '

(x) DﬁUk_l_i (x)}
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E E
=4 =
(a) The first-order approximate solution of W(x, t) (b) The exact solution of W(x, t)
—4
x10 0.04
0.035 |
=3 = 0.03
& 5
= T2 0.025 ¢
3, 2| gl 0.02 |
E 3 0.015 |
g 1t g 0.01
0.005
0 s s s J s s 0 s s s - s s
-20 -15 -10 -5 0 5 10 15 20 -20 -15 -10 -5 0 5 10 15 20
X X
(c) The error IWapp — Wyl of W(x, t) att = 0.01 (d) The error |Wapp — Wyl of W(x,t)att =0.1
FIGURE 4
Vk (x, t)
S (x) +aDYV,, (x) - kzl TG=Lat ) (T, () DyViy (x) + V; (x) L0,y 4 ()
T (ka+1) x Tkt x kel ST(ia+ I ((k-i-Da+1) " kel : x ko
tkzx .
" TkarD) &
(62)
where Hence, the series solution is
TT N oA VA _ 2077 o] © tk‘x
Uy (x) = =D Vi (x) —aD, Up_; (x) U(xt) = ZUk (x,1) = ZUk (x) ,
k - — I'(ka+1)
—1 k=0 k=0
- T((k-1)a+1) T () (64)
ST+ 1) (k-i-a+1) ' S S £k
G DIe=i-Dar V=YVt = YTl .
BT o par I'(ka+1)
DUk (%),
_ . . (6
Vi (x) = =bD’V,_, (x) + aD; ' V_; (x) 4.4. The Time-Space Fractional Coupled KAV System. KdV
. equation plays an important role in nonlinear equations for
N F((k-1a+1) (fj x) wide applications in physics and engineering. Hirota and
SZla+ I ((k-i-1a+1) i Satsuma [39] firstly found coupled KdV system to describe

DV (%) + V; (¥) DOy (%))

the iterations of water waves; meanwhile, they claimed that
the system exists with a soliton solution. In [40], Fan and
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Zhang settled several kinds of solutions by an improved
homogeneous method. The time-space fractional coupled
KdV equation is a generalization of the classical coupled KdV
equation. In this subsection, we consider the following time-
space fractional coupled KdV system:

DU - aD*U - 6aUDYU - 2bVD2V =0,

(65)
DYV + D'V + 3UDLV =0,
with respect to initial values
U (x,0) =a,(x),
(66)

V(x,0) =b, (x),
where 0 < &,9,8,7<1,2/3 < 5,1 < 1,(x,t) € R x [0, 00),
and the coeflicients a, b are constants.

Applying the Sumudu transform on both sides of (65)
with the initial conditions, we obtain

S[U (x,0)] = aq (x) + u” (S [aDYU (x,1)

+6aU (x,t) DIU (x,t) + 2bV (x,£) D)V (x,1)]),

(67)
SIV (x,1)] = by (x) = v* (S [DIV (1)
+3U (x,1) DLV (x,1)]).
The inverse Sumudu transform of (67) implies that
U(xt) =ay(x) + S [u* (S[aDYU (x,1)
+6aU (x,t) DIU (x,t) + 2bV (x,£) D)V (x,1)])], .
68

V(x,t) = by (x) - S [v* (S[DIV (x,1)
+3U (x,1) DLV (x,1)])] .

Analogously, using homotopy perturbation method gives

Y P'U, (x,1) = ay (x) + p
n=0

xS [u“S [an’C/3 (ip"Un (x, t))

n=0

+ ip”Hf,] (x,t)” ,
n=0

0

p: Uo(x,t)zﬁo(x)zao(x),

Vo (x,t) = Vg (x) = by (%),

Discrete Dynamics in Nature and Society
(o)
Y PV, (6t =by(x)+p
n=0
(9]
xSt [v‘*s [—fo (Z PV, (x, t))
n=0

+ ip"HX (x,t)” ,
n=0
(69)

where HY(x,t) and H) (x,t) are homotopy polynomials
coefficients of the nonlinear term, which are given by

Y p"H, (x,t) = 6aU (x,t) DLU (x,1)

n=0

+2bV (x,t) DV (x,t),  (70)

Y p"H (x,t) = =3U (x,t) DLV (x,1).

n=0

Setting

no

U, (x,t) =U, (x) Toar D)’ o

tnoc

Vn (x, t) = Vn (X) m,

then
H, (x,t) = 6a) U, (x) DU, ; (x)

i=0

tnOL

Ila+ DI (n—i)a+1)
tmx

+2b;1"(ioc+ DT (-darn "™

(72)
. DiVH (x),
HX (x,t) = —3Zn:ﬁi (%) D;Vn—i (x)

i=0

tnOL

Tla+ DT ((n-i)a+1)

Comparing the coefficients of p,

Pt U (1) =S [u'S[aDFU, (x,0) + HY (x,1)]]

= 57 [uS [aD¥ T, () + 6aT, (x) DLT, (x) + 267, (x) D3V, ()]
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- D0, U, (x)D'U, 26V, (x) DV, " g ,
Tl (aDFU, (x) + 6al, (x) DT, (x) + 2bV, (x) DV, (x)) s 1)Ul (x)
Vi (x,0) = ST VIS [-DIV, (1) + Hy (x,1)]] = 7! [v*S [-DIV, (x) - 30,DLV, ()] ]
_ “ 3T _2fF T *
- F(oc+1)( DMV, (x) - 30,DLV, (x)) = sl V, (x).
(73)
Generally, we get
P Ui(x)
_ " p¥, 0+ YL E DD (5 piT ()4 267 (0 DT ()
T (ka+1) x Tkl LT(ia+ )T ((k-i-Da+1) i Xk i x ke
ter _ (74)
" Thar k™

k-1

T((k-1)a+1)

ko

- tk(x .
VebsD) = fie s ( DYVt ()

where

U, (x) = aD*U,_, (x)
= T((k-1Da+1)
ST G+ DT ((k—i-a+1)

6aﬁ,~ (x)

DU, (x) + 26V, (x) D2V, (%),

(75)
Vi (%) = =D}V (%)
& r(k-Da+) _
T ATGar DI (k—i-Dar Y
'D;Vk—l—i (x).
Thus, the series solution of (65) is
kot
U(x,t) = ZUk (x,t) = ZUk( y— L T
. (76)
o= ZV"(x 0= ZV"( ) Tkt 1)’

4.5. The Time-Space Fractional Coupled Whitham-Broer-
Kaup (WBK) System. Under the Boussinesq approximation,
Whitham [41], Broer [42], and Kaup [43] obtained the
following nonlinear WBK system. In this subsection, we
construct the approximate solution by the HPST method to
the time-space fractional coupled WBK system.

;F(ia+1)r((k—i—

361 (%) D;Vk—l—i (X)> = Vk (%),

Da+1) m

Consider the time-space fractional coupled WBK system

DU +UDPU + D'V +aD?U = 0,

(77)
b} 2 36
D;V + D, (UV)-aD."V +bD,'U =0
with respect to the initial conditions
U (x,0) =g, (x),
(78)

V(x,0) =b, (x),

where 0 < o,B,9,4 < 1,1/2 < 6,7 < 1,2/3 <0 <1
(x,t) € Rx[0,00),a,b € R denote different dispersive power,
U = U(x, t) is the field of horizontal velocity, and V = V(x, t)
is the height deviating equilibrium position of liquid.

Applying the Sumudu transform on both sides of (77)
with the initial conditions, we obtain

S[U (x,1)] = ag (x) + u” (S [-U (x,£) DU (x, 1)
- DIV (x,t) -aD2U (x,1)]),

(79)
S[V (x,1)] = by (x) +v* (S[-D

U(x, )V (x,t))
+aDXV (x,t) - bDYU (x,1)]).
The inverse Sumudu transform of (79) implies that

U(xt) =ay(x) +S [u*(S[-U (x,t) DEU (x,1)

- D'V (x,t) — aD>U (x, t)] )] ,
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V(x,t) =by(x) + S [V (S[-DE (U () V (x,1))

+aDX'V (x,t) - bDYU (x,1)])] -
(80)

Discrete Dynamics in Nature and Society

where Hfl] (x,t)and HX (x, t) are polynomials of the nonlinear
term and are given by

Y p"HY (x,t) = U (x,) DEU (x, 1),

n=0 (82)
Using homotopy perturbation method, it leads to z P’ H: (x,1) = Di (V () U (x,1)).
n=0
S Setting
Y P, (1) =ay (x) + p
n=0 . tnoc
- Un (x, t) = Un (X) m,
X S_l |:uaS [—DZ <Zp”Vn (x, t)) _ not (83)
n=0 Vn (x7 t) = Vn (x) m)
~aDy’ (Zp”Un (%, t)) - 2 P'H, (%, t)] ] : then
n=0 n=0
(81) H,) (x,t)
Y PV, (1) = by (x) + p _ S0 (x) DT -
n=0 ion’ (%) DU () Fa+ DT (n-i)a+1)
v (84)
xS [V“S [anf (Zp"Vn (x, t)) H, (1)
n=0 n no
o oo ‘Dx;U‘ Vi O S s DT (D ar D)
~bD¥ (Zp"Un (x, t)) - Y p"Hy (x, t)” :
n=0 n=0 Comparing the coefficients of p, this gives
p% Uy (1) = U, (x) = g (x),
V, (1) = Vy (x) = by (%),
Pt Uy (x,t) =S [u"S[-DLV, (x,1) — aD2U, (x,1) — Hy (x,1)]]
= §7 [u"S [-DLV, () - aDY’T, (x) — Uy (x) DT, ()]
- (DI, ()~ aDP T () - Ty (1) DET () = —— T, () (85)
T(a+1)* *° x 0 0 x0 T(a+1) 77
Vi (1) = ST [v*S [aDEV, (x,t) - DU, (x,t) — Hy (x,1)]]
= $7 [v*S [aD'V, (x) - DT, (x) - D} (Ty (x) V, (x))]]
_ —‘x 2755 13077 A (7 — _ L —
T D (aDZV, (x) - bDT, (x) - D} (T, (x) V, (%)) Faan @
Generally, we have
k-1

ka

t — —
P Uplet) = FThat D {—Dzvkl (x) = aD} Uy (x) -
tka

= mUk (%),

T((k-1)a+1)
TGa+ )T ((k—i-1a+1)

>

i=0

U, (x) DPU,_,_; (x)}
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tkoc i s
Vi (x,t) = FTkat D) {aDi Vi () - bDYT,_, (x) -

tkot

= ka (%),

where

U, (x) = -D'V,_, (x) — aD®°T,_, (x)

S T(k-Da+l)
—izzor(i“+l)r((k_i—l)oc+1)Ui(X)
’ Dka—l—i (x),
(87)
Vk (x) = aDiTVk—l (x) - bDieﬁk_l (x)
& T(k-Da+) L
_izzor(i(x+l)r((k—i—])a+1)Dx(Ui(x)
’ Vk—l—i (X)) .
Hence, the series solution of (77) is
o o tkoc
U,t)= YU, (x,t)= YU, .
e z;) k() ,;) ) T T
. (88)
[ee] OO~ t o
V (x,t) = govk (x,1) = ;;)V" ™ T

Remark 10. When alpha =7 =8 =1 =0 =1, + 0,
and y = 0, (77) reduces to the classical long-wave system that
describes the shallow water wave with diffusion.

Remark 1I. Whena =7=8§=A=0=1,f=0,andy = 1,
(77) reduces to the variant Boussinesq system.

5. Concluding Remarks

In this paper, we apply the HPSTM to the nonlinear time-
space fractional coupled equations. Applying the HPSTM, we
can obtain analytic and approximate solutions to different
coupled systems, for example, the coupled Burgers system,
the coupled KdV system, the generalized Hirota-Satsuma
coupled KdV system, the coupled WBK system, and the cou-
pled shallow water system. The advantage of the HPSTM is its
capability of combining two powerful methods for obtaining
exact and approximate analytical solutions for nonlinear
system. It provides the solutions in terms of convergent series
with easily computable components in a direct way without
using linearization, perturbation, or restrictive assumptions.
The numerical results indicate that this method is effective
and simple in constructing analytic or approximate solutions
to fractional coupled systems.

17
"i T((k-1a+1)
LT (ia+ )T ((k—i-1a+1)

i=0

D} (T, () Vi, (x))}

(86)
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