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This paper formulates an “ad hoc” robust version under parametrical disturbances of the discrete version of the Kalman-
Yakubovich-Popov Lemma for a class of positive hybrid dynamic linear systems which consist of a continuous-time system coupled
with a discrete-time or a digital one. An extended discrete system, whose state vector contains both the digital one and the
discretization of the continuous-time one at sampling instants, is a key analysis element in the formulation. The hyperstability and
asymptotic hyperstability properties of the studied class of positive hybrid systems under feedback from any member of a nonlinear
(and, eventually, time-varying) class of controllers, which satisfies a Popov’s-type inequality, are also investigated as linked to the

positive realness of the associated transfer matrices.

1. Introduction

Continuous-time and discrete-time positive systems have
been studied in detail in recent years [1-10]. In particular, if
both the state and output possess such a property, the posi-
tivity is said to be internal or, simply, the system is positive.
If the output possesses such a property, the system is said to
be externally positive. Therefore, positive systems are intrin-
sically interesting to describe some problems like Markov
chains, queuing problems, certain distillation columns, and
biological and other physical compartmental problems where
populations or concentrations cannot be negative [2, 3]. A
related property is that time-invariant dynamic linear systems
which are externally positive, while they have positive real or
strictly positive real transfer matrices, are, in addition, hyper-
stable or asymptotically hyperstable, that is, globally Lya-
punov stable for any nonlinear and/or time-varying feedback
device satisfying a Popov’s-type inequality for all time [11, 12].
Such a property of asymptotic hyperstability generalizes that
of absolute stability [13-15], which generalizes the most basic
concept of stability of dynamic systems. See, for instance, [13,
14,16-29] and references therein. The hyperstability property,
which has a frequency-based physical interpretation in terms
of positive realness of the transfer function of a feed-forward

linear block, is also related to external positivity of the input-
output relation rather than to (internal) positivity of the
state-trajectory solution what is equivalent to positivity of
the instantaneous input-output power and the input-output
energy [2, 3, 13, 15, 30]. It is well known that closed-loop
hyperstability is, by nature, a powerful version of closed-
loop stability since it refers to the stability of an hyperstable
linear feed-forward plant (in the sense of positive realness of
the associate transfer matrix) under a wide class of feedback
controllers applied. The above important properties make
very attractive potential research issues for kind of more
complex dynamic systems with applied projection including
those lying in the class of continuous/digital hybrid systems.
On the other hand, the class of hybrid systems consisting
of continuous-time and discrete-time (or digital) systems
are of an increasing interest since many existing industrial
installations combine both kinds of systems. An elementary
well-known case is when a discrete-time controller is used
for a continuous-time plant. Another case is related to
teleoperation systems where certain variables evolve in a
discrete-time or digital fashion. A background literature and
related relevant results are given in [1, 7, 11, 16, 17, 26, 31, 32]
and some of the references therein. The objective of this paper
is to address appropriate versions of the Kalman-Yakubovich-
Popov Lemma (KYP-Lemma) for a class of hybrid systems
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consisting of coupled linear continuous-time and digital
dynamic subsystems, firstly proposed in [31], provided that
they are, furthermore, positive [7], in the sense that, for
any initial condition and any admissible controls both with
nonnegative components, all the components of the state and
output trajectory solutions are nonnegative for all time [33].
General related results on positivity of wide usefulness are
available in [34, 35].

The paper is organized as follows. Firstly, a notation
and terminology subsection is allocated below in this intro-
ductory section. Section 2 characterizes the class of hybrid
systems dealt with and formulates with explicit results its
positivity and some of its stability and asymptotic stability
properties. A relevant auxiliary system for those studies is
the so-called extended discrete hybrid system for which only
the signals at sampling points are relevant and whose state is
composed of both the digital substate and the discretized ver-
sion of the continuous-time subsystem at sampling instants.
Some of the obtained results display how the stability is kept
under small coupling between the continuous-time and the
discrete-time digital substates provided that the continuous-
time and digital dynamics are stable. The section contains also
controllability results provided that a nominal system version
keeps that property. Section 3 is devoted to the continuous
and discrete versions of the KYP-Lemma for a simplified
version related to the relevant pairs of the system and control
matrices and for the general version related to the whole
state-space realization. The relationships between the positive
realness of the transfer matrix to the state-space realization
are characterized for both the positive extended discrete
hybrid system and the whole hybrid system through the
KYP-Lemma and Youla’s factorization lemma. The obtained
results are formulated in terms of robustness in the sense
that the positive realness and the system’s positivity of a
nominal version of the hybrid system are kept under certain
explicit conditions for the parametrical disturbances which
deviate the hybrid system from its nominal parameterization.
Section 4 relates the former results of positive realness and
the hyperstability and asymptotic hyperstability properties of
the auxiliary extended discrete hybrid system and to those
of the whole hybrid system for the case when the plant
input is got via feedback from a nonlinear and eventually
time-varying device which satisfies a Popov’s type inequality.
Some further study is also provided in Section5 related
to the design of a stabilizing linear control scheme which
either simply stabilizes the dynamics or improves its relative
stability degree of the hybrid system in an internal control
loop prior to the operation via any member of the given class
of nonlinear and time-varying control controllers so as to
ensure the hyperstability of the whole closed-loop system.
Finally, conclusions end the paper.

L1. Notation and Terminology. (a) R, isthe set of nonnegative
real numbers; R? (p being a positive integer) is the Cartesian
product p times of R,. The vector function v(t) € RY for
some t > 0 if all its components are nonnegative at . The
matrix Q € R if it is of order m x n, with all its entries
being nonnegative. R_ = R/R, is the set of nonpositive real
numbers. Note that R = R, UR_and 0 € (R, N R_). Vectors
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and matrices are nonpositive (being, respectively, in R” and
Q € R™") if they have nonpositive entries. Z, Z,, and Z_ are
the set of integer numbers and its subsets of nonnegative and
nonpositive real parts, respectively.

(b) A matrix Q € R is said to be positive (denoted by
Q > 0) if it has at least a positive entry. A nonnegative matrix
Q > 0 satisfies either Q > 0 or Q = 0. A matrix Q € R™",
which has at least a negative entry, is said to be negative and
denoted by Q < 0 and, if all its entries are negative, then it is
denoted by Q « 0.

() A matrix Q € R} is said to be strictly positive
(denoted by Q > 0) if all its entries are positive. Similarly,
a vector v € RY is said to be positive (denoted by v > 0) if
it has at least a positive component. It is said to be strictly
positive (denoted by v > 0) if all its components are positive.
Also, the notations A > B, v > w for matrices and vectors
mean, respectively, A— B > 0 and v —w > 0. Interpretations
of expressions like A > B, v > w, v > w follow directly from
the above ones.

(d) We denote Q > 0 (Q > 0) if Q € R™" is positive
definite (positive semidefinite) and Q < 0 (Q < 0) if Q € R™"
is negative definite (negative semidefinite).

(e) I, is the nth identity matrix.

(f) A matrix Q € RT” is said to be stable, or a
stability matrix, if its characteristic polynomial is Hurwitz
or, equivalently, if all its eigenvalues have negative real parts.
The matrix measure of the matrix Q (with respect to any
norm) is u(Q) = lim,_,;+ (I + €Q|l — |II]l)/€). The spectrum
of Q is the set of its eigenvalues (or spectrum) denoted by
SpQ and its characteristic polynomial denoted by pn(s) =
Det(sI — Q), where s is a complex indeterminate and Det(-)
stands for the determinant of the matrix (-). A subscript in
the matrix measure y,(Q) denotes the measure with respect
to a particular (-)-norm. A matrix Q € R} is said to be
convergent (or Schur), if all its eigenvalues lie in the strict
unity circle. An H,, complex function is Schur if its H-
norm is bounded by unity while it is said to be strictly
bounded real (SBR), if in addition its coeflicients are real and
its H,,-norm is strictly bounded by unity.

(g) KP(Q) = ||Pp||||P1;1 | € [1, 00] is the condition number
of the matrix Q € R™" with respect to the p-norm. It is
infinity if and only if the matrix P P is singular. In particular,
K,(Q) = ||Q2||||Q_1||2 is the condition number of Q with
respect to its £, (or spectral) norm which is the quotient of
its maximum and minimum eigenvalues in the case when it
is square.

(h) A matrix Q = (Q;) € R™" is said to be a n-Metzler
matrix, denoted by Q € M7, ifand only if all its off-diagonal
entries satisfy Q;; > 0 forall i, j(# i) € n = {1,2,...,n}. A
matrix Q = (Q;) € R™" is said to be a M-matrix of order n,

denoted by Q € M}/, if and only if it is a Z-matrix; that is,
all its entries satisfy Q; > 0 and Q;; < O foralli, j(# i) e n =
{1,2,...,n} and, furthermore, all its eigenvalues are strictly
unstable.

(i) Q; and QiT denote, respectively, the ith column or row
of the real Q-matrix, the superscripts “I” and “*” denoting
transpose and conjugate transpose, respectively. Q', i being
an integer number, denotes the ith power of the Q-matrix and
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provided that Q = (Qij), Q@ = (QEJG)) is an associate matrix
to Q defined as ijc) = 1ifQ; # 0 and ijG) = 0, otherwise.

Note that Q > 0 & Q@ > 0. v, denotes the ith component

© > 0. Thus, any positive

of the real vector vandv > 0 & v
system S has always an associate positive system $‘© which
defines the pairwise relations input components/state-output
components and state components/output components from
its associate influence graph G [2, 3, 5], by defining all its
parameterizing matrices according to the above criterion.

(j) U(t) = 1(¢) is the unity step (Heaviside) function.

(k) ei.") is the unity vector of R” whose unique nonzero
component is the jth one which is unity.

(1) The notation x[k] stands for a discrete/digital variable
or vector x which is only defined as sampling instants t,, =
kT, k € Z_, with T being the sampling period. If x is a digital
variable then it is only defined at sampling instants. If x is a
discrete variable (i.e., that arising from the discretization of
a continuous variable), then x[k] = x(kT) and any of both
equivalent notations are used indistinctly in such a case.

(m) The superscript T' stands for the transpose of a vector
or matrix while Ker(O) stands for the null-space of the
operator O.

2. Hybrid System and Positivity and
Controllability Properties

Consider the subsequent hybrid linear system H:
X, (t) = Ax. () + A x. [k] + A gxy (K]

(1a)
+ B.u (t) + B.u [k],
xd [k + 1] = Adxd [k] + Adsxc [k] + Bdu [k] N (lb)
¥ (#) = Cox, (8) + Cex, [k] + Cgxg [k] + Deu (2)
Ic
+ Ddu [k]
for all t € [kT,(k + 1)T) for any integer k > 0 with

T > 0 being the sampling period, where x. and x, are,
respectively, the continuous and digital substates of respective
dimensions 1, and 1y, and u € R™ and y € RP are the
input and output vectors. The continuous-time argument is
denoted by (¢) while the discrete-time argument is denoted
by [k] and the associated continuous and digital variables
are denoted correspondingly. That is, a continuous variable
at sampling instants is denoted in the same way as a purely
digital variable such that continuous and discrete (or digital)
time arguments are, respectively, denoted with parenthesis
(-), such as x.(t), y(t), and u(t), and brackets [-], such as
x.[k] = x.(kT), x4[k], ulk] = u(kT). On the other hand,
the parameterization of (1a), (1b), and (Ic) is as follows:

(i) A, and A, are the matrix of continuous-time and
of digital dynamics, respectively, and A, and Ay, are,
respectively, the matrices of dynamics of couplings between
the digital and continuous-time substates and continuous-
time discretized and digital substates. The matrix A is
the matrix of dynamics of coupling between the sampled
continuous-time substate to its time evolution over the next
sampling interval.

(ii) B, and B, are continuous-time and digital control
matrices and B, is a coupling control matrix from the
sampled continuous-time control to the next intersample
period continuous-time substate.

(iii) The matrices C,,C,,C,; and D, and D, in (lc)
are the various output and input-output interconnection
matrices generating the output of the hybrid system from its
continuous-time substate, its discretized value at sampling
instants, the digital substate, and the continuous-time input
and its sampled value.

The orders of all the real constant system parameterizing
matrices displayed in (1a), (1b), and (Ic) agree with the corre-
sponding dimensions of the continuous, discrete, and digital
substates x_(t), x.[k], and x,[k] and inputs and outputs. Note
that the hybrid system is driven by the control u(t) and by its
samples u(kT) of period T acting as two independent control
actions. At sampling instants, it follows by direct calculus
from (la), (1b), and (1c) that the hybrid system H is described
by the following n = n_ + n,th order extended discrete-time
system of sampling period T driven by a fictitious extended
input sequence {v[k]} ¢ R™" whose element v[k] depends
onu: [kT, (k+1)T] — R™ and since only finite input jumps
happen at sampling instants, since impulsive jumps are not
considered, v[k] depends on u : [KT, (k + 1)T) — R™ since
the updated value u[k + 1] at t = (k+ 1)T does not contribute
to v[k] DH:

x [k +1] = Ax [k] + Byu [k] + & [K], (2a)
= Ax k] + Bv[k], (2b)
y [k] = Cx [k] + Du [K] (2¢)

of state x[k] = [xCT[k], xg[k]]T for any integer k > 0, where

Ac Ay
B Ads Ad ’
T 3)
AT -A.T
¢ ““dr | B
B, - |© <J-Oe r) o |
By
T
Al = AT [In_ + <J e_ACTdT> ACS] ;
‘ 0
, (4)
Al eA‘T<J eiA‘TdT> A
0
C= cc+ccsicd];
. (5)
D =D, +D,,
-
B,=|B, : On;n ] (6)
L d ™ "d
T
E[k] = [& [k],07] 5
7)

T
£ [k] = T (J e A B.u (kT + 1) d1> ,
0



vikl = [u” [k],E (k1] (8)

where v[k] € R™". The derivation of the extended discrete
DH, (2a), (2b), and (2c), subject to (3)-(8), from the hybrid
system H, (la), (1b), and (1c), is direct from a time-integration
of (1a), (1b), and (Ic) on a sampling time interval [kT, (k +
1)T) with initial conditions at t = kT'. The following positivity
result holds as a direct extension from the SISO (single-input
single-output case) hybrid parameterization of [7, 11, 31].

Theorem1. Thesystem H is positive ifand only if A, € My ™",
A, € R A, e R, A, e RI™M A, e RI™, B, e
R, B, € R, B, € R, C. € R™, C, € R,
C; e RP™ D._e RV D, e RE™,

Under the above given conditions, e*T ¢ R}™, Al e
R\™, Al € RF™, B, ¢ R7®", C ¢ R, D e RV,
¢[k] € R, and v[k] € RT™ fork > 0, if u : [0,00] — R,
and then the extended discrete system DH is also positive.

Theorem 2. The following properties hold:

(i) Assume that

(@) A, e M, A, e RFF™, Ay e RFF™ A, € RIF™,
A, € R B e RF™™, B, € R, B; € R,

(b) AL, Ay AL+ AT, —Ap) Ay and Ay + Ay (I, -
AT AL are convergent.

Then, A is convergent and the unforced DH is globally
asymptotically stable.

(ii) Under the hypotheses of Property (i), assume also that
A is convergent, A > 0, and that 1/||(I,, - A)_1||2 > (A -
Ay, where A,y = Block Diag(A’, A,). Then, A and A,
are convergent.

(iii) A is convergent, and then the unforced DH and
the unforced H are both globally asymptotically stable, if the
following conditions hold:

(1) A, is Hurwitz and A, is convergent such that p;' <
[A4l, < pgy and e?' < led], < e Pt for some real
constants p,, p.y» Par» and py, with p. > p, > 0 and p;I <
Par < L.

2) 1AL, < & 1Akl < & and |[Ay4ll, < € for some
e €[0,&"), wheree* = p./2V3[(1 - eP Ty 4+ pjpf]l/z.

(iv) A is convergent if A\ and A, are convergent and

-1, T _ _
Al < VIAL ([, e*TPdn)l, (1 + 1A Ayl,).

Proof. First note that A > 0 and is convergent if and only if
(I-A)isnonsingularand (I —A)™' > 0[9]. Direct calculations
with (3) and the inverse of a 2 x 2 block partitioned matrix
[36] yield in this case

In - A,c _A,d
I-A= R
_Ads In - Ad (9)
(- A)" = |:r11 I112]
er FZZ

where

I‘11 = [Int - A,c - A’d (Ind - Ad)_l Adsj|71 >
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I, = (Inc - A’c)il

n c

Al (1, - Ag-Ag (1, —A')_IA'd]_l

=[5, - AL - 4 (1, - Aq)

I} -1

-Ad(Ind —Ad) ,

L = (Ind - Ad)_l

Lo = [1, ~ Ag— Ag (L, - A ) A'd]_l .

(10)

Note that the above matrices exist with I“U >0,4,j = 1,2,
since all the needed intermediate matrix inverses exist since

(a) Ay and A’ are convergent, A; > 0,and A’ > 0 (since
A, € M, and then e* > 0 for any real t > 0) and A €
R, so that (I,, - Ay and (I, - A'C) are nonsingular with
(I, —Agy) "' >0and (I, - A]) >0,

(b) AL+Al (I, —A) T Agand A+ Ay (I, —AL) Al are
convergent with nonnegative entries so thatI';, exists, I'}; > 0,
and [I, —A, Ay (I, —A) T Al with I, —A - Ay, -
ADT7ALIT > 0.

As a result, there exists (I — A)™' with A > 0 and (I —
A)™" > 0 which holds if and only if A is convergent so that
the unforced DH is globally asymptotically stable. Property
(i) has been proved. To prove Property (ii), note that A > 0
and is convergent, so that (I, — A) is a nonsingular M-matrix
and (I, - A)™' > 0 exists. Since (I, — A) is a nonsingular M-
matrix, all its leading minors are positive. Thus, (I,,—A ;) > 0,
then (I, — Al) > 0Oand (I, — A,) > 0 and, equivalently,
(I, - A'C)_1 > 0and (I, - A,,l)_1 > 0. On the other hand, one
has

(In - Aad)_l

L ()
= [In - (In - A)71 (A - Aad)] (In - A)71 .

Since A > A, from the hypotheses, (I, — A) '(A— A ;) =0
and if (I, — A)"'(A — A ) is convergent, that is, if 1 > ||(I,, —
A)fl(A—Aad)H2 guaranteed if1/||(In—A)71 I, > ICA-A ),
then [I,—(I,—A) " (A-A_;)]™" > 0. Asaresult, (I, —A ;)" >
0, (I, —A%) > 0,and (I, —A,) > 0and they have real positive
eigenvalues since (I, — Al)>0and (I,, — Ag) > 0. Thus, for
any given nonzero vectors z, and z,; of respective dimensions
n, and ny, one concludes that ZCTZC > ZCTA'CZC and zgzd >
z! A 4z,. This implies that the spectral radii of A’ and A, are
less than unity so that A’ and A ; are positive and convergent.
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To prove Property (iii), note that since A is Hurwitz and
A, is convergent, A= Ay + A = Ay(L,, + A,' A), where

A, = Block Diag <eAfT3Ad> (12)
[ T T T A (T
ao | ([eremar)an (], ) a
L Ads Ondxnd
ch Ondxnc (13)
[( (T AT T Ao 0 A
— (JO e ¢ dT) Oncx(ndfnc) (JO e ¢ dT) Oncx(”d*”c) O”cxnd Oncxnd ngxXng cd
L Ind ngxny ny Ondxnd Ads _ACS O”dX"c
Ondxnd ngXxn,
with
_cd ACd € Rndxnc,
ZCS Ondxnc
-A.T vy
— e’ 0 A
A_01 _ ( nxnd> [L L 0] ndxni cd
Ondel Ad Ads - Acs Ondxnc
Ondxnd Ondxnc (15)
ZCS Onan
e_AfT 0 T A (T-1) T A (T-71) 0 Z
— eX1g € dr Oncx(ndfnc) € dr Oncx(nd—nc) Oncxnd Oncxnd ngxng cd
0 " ° ‘ A, -A. 0
ngxn, d I”d Onand I"d Onand ds — “tes Yngxn,
Ondxnd Ondxnc

Since A, is Hurwitz and A, and A, are convergent, there
exists a real constant K > 1, which is norm-dependent such
that Ke ?'I, < e*' < Ke™P'I forallt > 0. Note that
1< A7, < py and e’ < [le™e f|| < eP'forallt > 0 with
—p; < 0 being not less than the stablhty abscissa of A, and
p41 being not less than the convergence abscissa of A ;. Since
max(|| Al 1A gllos 1A 4ll,) < €, one gets from (15) that

|43' 4], _” (A5 A) A_lA || "
< () (59) o
) 1/2
<23 % + pj E.

If e € [0,e"), then A = Ay, + A,'A) is nonsingular
from Banach Perturbation Lemma [37] and then convergent
since A is convergent from the continuity of the eigenvalues
of matrix with respect to its entries. Then the unforced DH
is globally asymptotically stable and the unforced H is also
globally asymptotically stable since A, is Hurwitz and x[k] —
0 as k — oo for any given initial condition. Property (iii)
has been proved. Property (iv) follows by redefining A =

Ag + A, = Ay (I, + AB}KQ
A A,c nxng |
01 = ;
Ads Ad
-1
A—l _ A’c O"EX”d
01 AlA L AT Al
—Ag AgsA, d



T
A (T-
A"l _ O”dX"c (JO e o T)dT> Acd

Ondxnc Ondxnd

(17)
and then

A,

- -1
_ Ac Oncxnd :| |: Onanc

A ALATY AT Lo 0

ngxn, ngXng

< j-OT eAC(T_T)dT> Ay }
(18)

11 T A (T-1)
A e TVdr | Ay
0

nXn, c

T
0n,;z><nE _A:ilAdsA:;l <J0 eAC(T_T)dT) Acd

so that A is nonsingular if [|A 4], < 1/|A""( [ e T Pdn)lL, 1+
IAZ A glly). O

Related to Theorem 2, note that A’ is convergent by construc-
tion if A is Hurwitz and a guaranteed upper-bound of || A ||
is sufficiently small which increases as the sampling period
T and the stability abscissa of A, increase. The next result
generalizes Theorem 1if A ; is not necessarily convergent and
A, is not necessarily Hurwitz.

Example 3. Consider a positive hybrid system with scalar
continuous-time and digital subsystems and A, = —a, such
that A = a/ = e*" + (1 -e“"a,/a and A}, = a}, =
e T+ (1-e*Nafa, Ay = ag, > 0, A, = a, > 0,
and A; = a; € [0,1), that is, nonnegative and convergent.
From Theorem 2(i) if A’ is convergent then A_ is convergent
implying that a, > 0. Furthermore, for some ¢ € (0, 1), A’ is
nonnegative and convergent if 0 < el 4 (1- e_“CT)aCS /a. <
1 — & which implies that a,; < (1 — ¢ - efafT)ac/(l — e T,
Note that a., < a..

On the other hand, hypothesis a, + a,'i(Ind
nonnegative and convergent holds if

~a,) ' ay, being

! ! -1
OSaC+ad(Ind—ad) az; <1-¢g
(19)

Il -1
< 1—s+ad(1nd —ad) ags

for some ¢, € (max(e — a,'i(Ind - ad)_lads, 0),1 - ac'); that is,
the left-hand side is nonnegative convergent, since

a (1 —ad)(l—aé—sl)

0<ay < (20)
& Aeq (1 - e—acT)
while a; + a, (I, - a!)"'a, being convergent holds if
a.a,,a
0<a;<l-g— —<2od
(1-al)a,

(1)

Ais%cd

=1l-¢ -

(1 - e_uCT) (1 - acs/ac) - &
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for some g, € (0, (1 - e %) (1- a./a.)). Particular numerical
values which satisfy all the given joint constraints are, for
instance, a, = 0.1, so that the stable continuous dynamics has
a small relative stability, T = 0.1, a; = 0, so that the digital
dynamics has a maximum stability degree, and the forced
system behavior is independent of the digital self-dynamics,
a; = 0.995, a;; = 0.009.

It can be verified that A is convergent with eigenvalues
0.9919 and —0.0089. The unforced DH is globally asymptoti-
cally stable [Theorem 2(i)]. Since, in this case with n, = 1 and

.« 2 0,a’ being convergent implies thata, > 0 (i.e., A, = —a,
is Hurwitz), the unforced H is also globally asymptotically
stable [Theorem 2(iii)].

Corollary 4. The following properties hold:

(i) A is convergent, and then the unforced DH is globally
asymptotically stable, if

() Ay, (12), is nonsingular and there exists A(e R) €
(-1,-1/2) U [0, 00) such that (1 + A)A, is convergent,

(2) there exists R 3 A, € (|Al, (1 + A)/K,(A,)) such that
Ky(Ag) < (1+ M)/A, and Al < O — ADIA,.

If, in addition, A is Hurwitz, then the unforced DH is
globally asymptotically stable.

(ii) A sufficient condition for Property (i) to hold is

Acs Acd

Ads Ondxnd 2 (22)
Pe

< (o] Em]) - 0 Bl

where p, € R is the stability abscissa of A...

Proof. Note that, since A is nonsingular,

=1+ A,+(A-14,)
o (23)
=(1+1) A, (IZn a4 (4- AAO))

and A is nonsingular from Banach’s Perturbation Lemma,
under the condition ||A]l, < (A, = |ADIlA,ll, if [A] < A, and

A A
1> 1+1AK2 (Ag) = T+ 1 |44, "A "
> — ||A51||2(||A1|2+w [4ol) (24)

1 _ —
> 177 140 L 1A =240,

Since [A] < A, and I < K,(A,) < (1 +A)/Ay, then [A] < A, <
1+ Aand,if A < 0,then |A| < 1/2and [A] < A; < 1 —|Al
Property (i) follows directly from (24). Property (ii) follows
from the fact that (22) is a sufficient condition for ||A], <
(A = IADIIA, I, in view of the first identity of (13). O

The following theorem refers to “controllability” as the
property of controllability to the origin and to “reachability”
as that of controllability from the origin. Note from (2a), (3),
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and (6)-(8) the structure of matrix B that Byu[k] + [k] =
B,v[k] = Bg[k] leading to the state system DH description
driven by a real vector sequence:

x[k+1] = Ax [k] + B,v[k]
= A x[k] + Byv[k] + 6, [K]

=A,x [k] + B,g [k] + 6 [k] (25a)

y [k] = Cx [k] + Dg [k]
= C,x[k] + D,yg k] + 6, [K]

for any integer k > 0, where B, is reparameterized to some
appropriate matrix B so as to drive the auxiliary control
{g[kI} ez, € R™" of the form g[k] = (u"[k], g/ [k])", where
{9kl ez, € R", as follows:

u(kT +71) = VBCTeAZ(T_T)gC (K],
(25b)
V1€ (0,T); u(kT) = u[k]

for some given prefixed m x m-matrix V = V' > 0, and

8,1kl =(A-A,)x[k]+(B-B,)vIk];

O[k)=(A-A,)x[k]+(B-B,)glk], (25¢)

8,k =(C-C,)x[kl+(D-D,) g[kl,

B,

T T .
_ |i<L eAg‘(T_T)dT) Bgcs L eAﬂ”(T_T)BgEVBZCeAﬂK(T_T)d‘r:|

By 0

T T 25d
. [( J AT 4 T) B, J AT g BT AT dr] (25d)
=1\, ) ,

B, 0
D, =D, +Dyy

D=D,+D,.

Theorem 5. Define A, = A - A, and B, = B - B, such
that (A g, B,) is a nominal controllable pair and B, = {X ¢
Rﬁx("ﬁm) : ||§g||2 <Y, VY € R™0AHY ywhere the control
matrices of the nominal DH,, parameterized by A, and B,
and the current DH systems are those of the parameterization
(25¢) of (25a). Then, the following properties hold:

(i) The system DH is controllable if and only if C(A, B) is
full rank. If C(A, B) is not full rank then there exists a control
sequence such that the system H is approximately controllable
with state targeting error O[max([|A — Agllz, [|B— Bgllz)].

(ii) The system H is controllable if and only if
rank C(A, B) = 2n and rank C(A_, B.) = n.

(iii) The system DH is controllable if rank C(Ag, Bg) =2n
and

[4-Aql, +|B- A,
? 1
< | sup [ZIZH — 4 EBg] *
“<SpAy : SUPzespa, [ZIZn — Ay EB@] (26)
2

The system H is controllable if, furthermore, rank C(A, B,) =
n.

(iv) The system DH is reachable if it is controllable and,
furthermore, A is nonsingular (in particular, if Property (iii)
holds and, furthermore, Ay is nonsingular and | A — Ag||2 <

1/||A;1 I, = A2 (AgAT)). The system H is reachable if DH is

min g
reachable and A is nonsingular.

Proof. One gets by direct recursive calculation from (25a)
x [k +1]

i = i—j-1 . . (27)
:Agx[k]+ZAg (ng[k+]]+8[k+]]),
=

%[k + 2n]
= x [k +2n] - Azg"x (k]

2n—1

-y AZ“J“I (A- Ag) x [k + j]
j=0

2n—1

- ;O AT (B-B,) g k+ ]l 28)
glk+2n-1]
glk+2n-2]

_ : Y |
—[Bg.Ang. .Ag Bg]

glk]
=C (Ay’Bg) c’ (Ag’Bg) 9o [k]
provided that the input is generated from
(9" k+2n—1],g" lk+2n-2],...." [K])"
= ([gCT[k+2n— 1],uT [k +2n— 1]],...,

(29a)
[of 1K1 k1])" = C" (4, B,) g0 k] = C" (4,

By) [C (Ay’By) c’ (Ag’Bg)]il X[k +2n],

w((k+i)T+7) = UBTe*Tg [k +i]
9 (29b)
fort e (0,T); i=0,1,...,2n—1



for go[k] € R, where C(A,B) = [B:AB:---:A™ 'B]
is the controllability matrix of the pair (A, B). Note that
since (A B ) is controllable, then C(A B )CT(A B ) is
nonsmgular If (A, B) is controllable, thenC A B)is fqull rank
andﬁng = BsothatC(A,, B-B,) = C(A,, A-A,) = 0and
the sufficiency part of the result follows by choosing a control
law (29a) and (29b) subject to

a0k =[C(4,.B,)C" (A,.B,)]" (x [k + 2n]
(30)

2n—-1

Y ATTH(A-A,)x[k+]]

j=0

- A¥x [k] -

and the system H is then controllable. This proves the
sufficiency part. The necessity part follows from (28) written
in the equivalent form:

glk+2n-1]
glk+2n-2]
x [k +2n] - A%'x [k] = C (A, B) _ NG
glk]

If rank C(A, B) < 2n, then, given x[k], there exists X" such
that rank[C(A, B),x"] > rank C(A4, B) with x[k + 2n] = x*
and x[k + 2n] - A@"x[k] = x*for some x* € R*". Thus, the
following linear algebraic system of equations

glk+2n-1]
glk+2n-2]
x" =C(A,B) _ (32)
g (k]

resulting from (31) is an incompatible one from Rouché-
Froebenius theorem of Linear Algebra. This leads to the
proof of the necessity part of the first part of Property
(i). Then, system DH is controllable if and only if C(A, B)
is full rank. On the other hand, if the pair (A, B) is not
controllable while the pair (A »B g) is controllable, the system
DH is approximately controllable with state targeting error
~C(A,,B—B,)C"(A,, B,)golk] = 0(IA = A, IB = B,|,).
Property (i) has been proved. On the other hand, note from
(1a) that

x, (KT +7) - (J eAc(T_“)dcr) 91k] = A Tx [K]
) ’ (33a)
= J eAC(T_")BCu (kT + o) do,
0

k] = A x, [K] + Agx, (K] + Bu k], (33b)

vr e [0,T), Vk € Z,. If DH is controllable, then
rank C(A pB) = 2n and x.[k] and x,[k] are arbitrarily
prefixed to x[k] and x[k] under some control sequence
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ulk] so that 9[k] is prefixed as well to 9*[k] = 9 [x"[k]].
Thus, from (33a) and (33b), x.(kT + 7) is prefixed to any
x: (kT + 1), VT € (0,T) and any given k € Z, by a control
law:

u (kT +0) = J e* B (kT +0) g, K],
0

T T -1
g, k] = U e J e OB u (kT + 0)]
0 0 (34)

. [x: (kT + 1) - (J eA‘(H’)dG> 9" [k]
0

_ AT *[k]]

provided that rank C(A_,B.) = n and the system H is
controllable. The sufficiency part of Property (ii) has been
proved. The necessity follows by contradiction. Assume that
rank C(A,B) < 2n. Then, from Property (i), DH is not
controllable so that H is not controllable at sampling points.
Therefore, the system H is controllable only if rank C(A, B) =
2n. From (33a) and (33b), H is controllable if DH is control-
lable, so that x[k] and 9[k] can be prefixed in (33a) and (33b)
from the controllability of H, only if rank C(A, B,) = n.

To prove Property (iii), note that DH is reachable if

and only if rank[zl,, — A:B] = 2m VYz € SpA from
the Szégo-Kalman-Popov (or discrete Yakubovich-Kalman-
Popov) controllability test. Equivalently, DH is reachable if
and only if

. 1[z°L, - AT
[zIZn - A:B] BT
= [(2L - Ay) (2" Ly - AY) + ByB} | (L, 35)
+[(ehy - A,) (2'L, - A1) + BB} G(2))
is nonsingular, Vz € SpA, where [(z],, - A g)(z*Iz,1 -

AZ;) + Bng] is nonsingular, Vz € SpA,, since (Ag,Bg) is
controllable, and

G(e) = (ag-4) (4, - A7)+ (B-B,) (B" - B)

+ (2l - A )(A -A")

(36)
+(Ag A)(z" IZn—A§)+Bg(BT—B§)
+(B- Bg)

so that
6@, <||4,-4i5-5,)
2

.(ll[Ag—AfB—Bg]

2
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zIZn—Angg] ); vz eC
2
(37)
and sup,s,5 IG(2)l, < @ +2ab, where
a= H[Ag—A:B—Bg] 2;
(38)
b= sup [zln—A :B ]
z€SpA, . g g 2
so that DH is controllable from (36), since [(zL,,,— A g)(z* L,-
AE+) + BgB;f] is nonsingular Vz € SpA , if
1> sup [(zh, - A,) (2" L, - Ay+) + BB,
Z€SpA, (39)
-G (2)
which is guaranteed if
1
ab+a) < -
( )<y
- 1 (40)
[t 4) (= - 47) 5,571,
Vz € SpA,
since
® T 711
" (2L = Ag) (2" Ly~ A}) + ByBy ||2
1
(41)

>
||[(z12n—Ag)(z*12n—A +)+B BT]||

Vz € C.

Condition (40) holdsifa € [0, Vb? + b~! D). This guarantees
that rank C(A,B) = 2n and DH is controllable. Since
rank C(A_,B,) = n, the system H is controllable from
Property (ii). Property (iii) has been proved.

To prove Property (iv) note that reachability of the
discrete DH is guaranteed from controllability to the origin
and the nonsingularity of its matrix of dynamics A. Those
conditions are guaranteed from the conditions of Property
(iii) if Ay is nonsingular and ||A - Agll2 < 1/||A~;1 [, which
guarantees that A = Ag+(A-Ay =A,(L,+ A;l (A-A,)
is nonsingular. On the other hand, if DH is reachable, then
H is reachable if A, is nonsingular, since the pair (A, B,) is
controllable.

Note that if (26) is tested for z € (SpAg) N{z € C:
|z| > 1} (i.e., for the unstable and critically stable modes of
A ), then it becomes a stabilizability test of the current DH
provided that the nominal DH  is stabilizable. In other words,
stabilizability is the property implying that any uncontrollable
mode is asymptotically stable while any unstable or critically
stable mode is controllable.

3. The Kalman-Yakubovich-Popov Lemma

The following technical result will be then used for deriving
a simplified but useful version of the KYP-Lemma (see [8,
37] and references therein) for the given DH system in the
event that the output matrix is identity and the input-output
interconnection matrix is zero.

Lemma 6. The following properties hold:
. iy ay-1 * iy ay-1
(i) Assume that [(e IZ;ZMA) B] M [ (e IZ;MA) B] < 0 for
some M :~MT € " and all w € [0, 00], where
A=Ag+AgandB=Bg+Bg. B
Assume also that the discrete transfer matrix Gg(z) =
(zl,, - Ag)‘IZg is strictly bounded real (SBR), that rank Eg =

R(3n+m)><(3n+m)

rank(B, ng), and that I, + Ky is nonsingular, where K is a
real (m+n) X (m+n) matrix such that B, = KgB,. Then, there
exists M, = M; e ROHm>Grtm) o e that

[(eiwlm - Ag)_l Byl s [(eiwlzn - Ag)_l By]
L . I, (42)

*

m m

<0.

(ii) Assume that [(eiwIZ";Ag)ﬂBg ]* M’ [(eiwIZn;Ag)leg] <0

2m 2m

for some M' = M'T e REMMXEHM gud all w € [0, 00],
whereAng—Zganng=B—§gwithA¢AgorB¢Bg.

Assume also that the discrete transfer matrix G(z) = (z,,,—

A)_lgg is SBR, that rank Eg = rank(B': Eg), and that12m+KBg
is nonsingular, where Ky gisa real (m + n) x (m + n) matrix
such that B, = (I, + KBg)_lBg = —Kg,B. Then, there exists
Mg = M5 € ROHm>XCmm) g o that

|:(ei“’12n—A)_1B ’

I 2(n+m)

iw -1
MG[(e L,-A) B

IZ(n+m)

<0. (43)

Proof. Note that there exists a real (m + n) x (m + n) matrix
Kjpsuch that B ; = KgB,, from Rouché-Froebenious theorem,

since rankEg = rank(Bng'g) and that B, = (Lypin + KB)le

since I + Ky is nonsingular. Also, since ||Gg(z)||OO =

m+n

sup,eg, G, ()l < 1,

(eI, - A) " B

- [(eiwIZn -~ Ay) (Izn - (L, - 4,)" Awﬂ)]il

: (Im+n + KB) Bg (44)

- [f_l (i) (Izn - (eiwIZn - Ay)il Avﬂ)]il

(e, - A,)" By,
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where
L(w) = (9L~ Ay) " (Ipyen + Kg) (69T — A,)5 .
Yw € [0, 00]
so that
iw -1 * iw -1
[(6 IZnI_ A,) Bg:| (_Mg) [(e IZnI_ A,) B,
m+n m+n
iw -1 ¥
o | (e ) )
Im+n
(46)

I - I

m+n m+n

. [(eiwlz,, ~A,)" Bg] ) [(e"%n ~4)"B]

(eI, —A) " B
I

m+n

>0,

- (=M) [

where M, = M; e ROCM>Grm) hag bounded entries and it
is defined by

M, = Block Diag [[Tfl (iw)

x M Block Diag [[f_l (iw)

(L - (€71, - a,)" Zg)]fl 213,,%]

for w € W, with W < R, being nonempty, and such
that the first matrix inequality of (46) holds. Property (i)
has been proved. Property (ii) follows directly from duality
considerations. O

Remarks 7. (1) Note that Lemma 6(i) does not require for
A to be a convergent matrix (i.e., a stability matrix on the
discrete framework) while A ; has to be a convergent matrix.
Conversely, Lemma 6(ii) does not require for A g to be a
convergent matrix while A is a convergent matrix.

(2) Ifég(z) = (zIZn—Ag)_IZg and G(z) = (zIZn—A)_IZg
are SBR, then A and A, are convergent matrices and the
identities

(2l — Ay) = (2L — A) (Ipy + (2L, — A) " A,)
= (2L, - 4,) (Ly - (e - 4,) " A&,) (48)
(L + (2l - A) " A))
lead to
(L~ (21, - 4,) " A,)
(49)
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(3) The identities

G(2) = (2, - A

(
(
(50)
: _
(

imply that IIG#(Z)II00 < egand IIGg(z)IIOO < g, are both SBR if
g, € [0,1/2) and ¢ € [sg/(l - ), 1), orif e € [0,1/2) and
g, € [e/(1 = €),1), and either A g is convergent, resulting in
A to be convergent, or A is convergent resulting in A to be
convergent.

(4) Since A g Is convergent, then the condition Gg(z) =
(zL,, - A g)*lA' g being SBR of Lemma 6(i) is equivalent to
(L, - Ag)_lz'{gll2 < 1 in the case when A, and Kg are
positive and guaranteed if IIngII2 < 1/II(L,, - Ag)_lllz. See
Theorem 3 of [9] for general linear discrete positive systems
and the discrete KYP-Lemma. A similar conclusion arises for
G(z) = (zl,,,— A)flAg being SBR of Lemma 6(ii) if A and A
are positive. Then, such a condition is equivalent to [|(I,, —
A)_IKgll2 < 1 and guaranteed if ||17fg||2 < 1/|I(L,, - A)_1||2.
Theorem 3 of [9] would also conclude that (zI,, — A g)flA' g
and (zI,, - A)'A 5 are SBRif and only if there is a diagonal
X(e RT™) > 0 such that, respectively,

<X O>_<Ag Ag> <X 0><Ag Ag>>0
0 I, I, 0 0L,)\1, 0
X 0 A AN\ (X O0\[/A A
g g
- > 0.
01,) \I, 0 0 I,/\I, 0
Theorem 8. Assume the following:

(D) B, € R”XZ"’ A, € R is convergent, andA >-A,
with the pair (A B,) bemg controllable.

(2)G(2) = (zlp, - A, — A,)) ' A, is SBR, and I, + K,
is nonsingular, where KBg is a real (m + n) x (m + n) matrix
such that Eg = (I, + KBg)leg > =B, subject to rankf?g =

(51)

rank(Bg + Eg Eg).
(3) Constraint (26) holds and there exists a matrix M g =

M; € ROMmXCnm) opich is nonnegative in all entries except

for the last 2m diagonal elements, such that (42) holds for all
w € [0,00].

Then, the following properties hold:

(i) Ihe pair (A, B) is controllable, where A(e Ri”XZ”) =
Ay + A, is convergent. Also, there exists Mg = M e

REmm>CGmm) yLich is nonnegative in all entries except for the

last (m + n) diagonal elements, such that (43) holds.
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(ii) The following matrix inequalities hold which are,
respectively, equivalent to (42) and (43):

4 AT -1
[(Izn ~A,) B, M, [(12" - 4,) Bﬂ] <0, (52)
I I

m+n m+n

-1
[(% ~A) B 0 (Y

I

m+n

T -1
e [um 4B
I

m+n

(iii) There exist diagonal matrices P > 0 and Pg = 0 such
that

Mg+ Mg 20
T T
[AgPA, Py A ngBg] (54)
90 — T T >
B,P,A, B,P,B,
M y ATP.A-P; ATPB =)
+ <05 = 55
¢ 0 B'P.A B'P.B

(iv) There exist xg, py 2 0, g > 0 and x,p > 0, u > 0
which satisfy
(Ay-L,)x,+Byu, <0,

T T:. T M, (56)
[xg,ug:pg] : <0,
Ay T, B,

(A-L,)x+Bu<0,

Mg ] (57)
[xT, uT:pT] . <0.
A-1,:B]

(v) Constraints (42) (for all 0 € [0,00]), (52), (54),
and (56) are mutually equivalent and, also, (43) (for all
w € [0,00]), (53), (55), and (57) are mutually equivalent.
Furthermore, (42) implies (53), (55), and (57).

(vi) Assume that |G(2)|, < & and IIGJg(z)II00 <ggare both
SBR zfsg € [0,1/2) and ¢ € [sg/(l - sg), 1), orife € [0,1/2)
and g, € [e/(1-¢),1).

Proof. The first part of Property (i) follows from the con-
trollability of the pair (A ¢ By) and the constraint (26)
[Theorem 5(iii)], which guarantees the controllability of the
pair (A, B) with A(e Ri"xz") being convergent and B(e

R¥>™M)) from the two first assumptions since G(z) = (zI,—

A)'A, is SBR, and B(e RY*"™) = B_+ B, since B, €

R The second part follows from Lemma 6(ii) which

concludes that (42) implies (43).

To prove Property (ii), note that constraint (52) holds
since the equivalent constraint (42) (see [8]) holds from the
given assumptions, Lemma 6(ii), and Property (i), and (53)
holds since the equivalent constraint (43) holds. In the same
way, Properties [(iii)-(v)] follow as well since constraints
(42), (52), (54), and (56) (respectively, constraints (43), (53),

1

(55), and (57)) are mutually equivalent [8], under the given
assumptions, Lemma 6(ii), and Property (i).

Property (vi) follows since constraints (42), (52), (54),
and (56) are equivalent to each other and constraints (43),
(53), (55), and (57) are also equivalent to each other while
(42) and (43) imply to each other since IIG(Z)II00 < ¢and
IIGg(z)IIOO < g, are both SBR (see Remarks 7(3)) since A,
and A are convergent. |

Remark 9. If the semidefiniteness matrix inequalities in
Theorem 8 are replaced by definiteness counterparts then the
equivalences hold without the controllability assumption of
the pair (Ag, Bg).

The following result is concerned with the positive real-
ness of a discrete nominal transfer matrix of the extended
discrete nominal DH_ which guarantees that of the transfer
matrix of a parametrical disturbed DH_, under a set of struc-
tured parametrical perturbations of the dynamics, output,
control, and interconnection matrices. The result is based on
the equivalence between the positive realness of a transfer
matrix and the associated state-space realization, namely,
the Positive Real Lemma, so-called alternatively Kalman-
Szégo-Popov Lemma or KSP Lemma, being a discrete version
of the KYP-Lemma and of those ones with the Discrete
Positive Factorization Lemma (so-called alternatively Youla’s
Factorization Lemma)

Theorem 10. Assume that p = m + n, By, C,, and D are
positive, A is positive, and the transfer matrix G, (z) =
Gy(2) — (y/2)1, is positive real for some real constant y € R,,
where Gg(z) =.Cg(212n - Ag)_11'3g +Dy is strictly positive real,
and that the triple (A By C g) is controllable and observable.
Assume that the parameterizing matrices of the DH (25a),
(25b), (25¢), and (25d) are subject to parametrical disturbances
so that

A=A + &
B:Bg+1§,
_ (58)
C=C,+G
D=D,+D

with the disturbance matrices being subject to A > —A @ B>
-B,, C > —C,, and D > —D,,. Assume, furthermore, that
C(Ag, Bg)CT(Ag,Bg) and C(A, B)CT(A,B) are monomial.
Then, both DH, and DH are positive while the following
properties hold:

(i) The transfer matrix G(z) = C(zl,, — A B+ Dis
strictly positive real (then A is convergent), A, B,C,D > 0 and
G,(z) = G(z) — yp/2 is positive real if there exist matrices
K € R™*P, T € R, where qis some arbitrary positive integer,
P(> ~P)) € R*™" (being diagonal), Q(> -Q,) € R¥2n
satisfying the following set of matrix relations:

~_ 5 FT 71T 77T Tp 7., 7T
Q=P+L,L"+ILy+IL —(AngA+A P,A,)

ol T 7T _ 77T _ 77T
=-Q,=-Q,-L,L,-L,L' -LL -LL,
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9!l

= (ByP+B" (P, +P))A,+(B; +B")(P,+P)
A+ (KT + ET) '+ ETL’;,
D>B,(P,+P)B+ KK+—(B PB,+ B'PB

+ ETPgE+ K'K - y(l - p) IP)
(59)

for some p € (0,1] and the given y € R,, for some existing
matrices Q (> 0) € R P,(> 0 diagonal) € R0 K, €

RTP L, € R which satisfy the following set of matrix
identities:
T
AngAg P = Lng—Qg, (60)
BIP,A,+ KLY =C,, (61)

T T
K,K,=Dy,+D,-vI, BngBg (62)

(ii) Ing >0, Q> —ég, then Gg(z) and G(z) are positive
real even if A g is critically stable.

(iii) Ing =0, Q> —Gg, then Gg(z) is positive real, G(z)
is strictly positive real, and G,(z) is positive real even if A ; is
critically stable.

(iv) If G, 4(2), and then G ,(2), (respectively, G, (z) and then
G(z)) are positive real then they do not satisfy Lemma 6, and

0 -’
conversely, for M, = [ ~C y1,-(D,+DT) ]

Proof. Note that [C(A,,B,)C"(A,,B,)] and [C(A,
B)CT(A, B)] " are positive since C(Ag,Bg)CT(Ag,Bg) and
C(A, B)CT (A, B) are monomial so that the sequences {ggc [k}
and {g.[k]} are nonnegative for any nonnegative control.
Note also that from the conditions on the parameterizing
matrices both extended discrete systems describing the
given hybrid system are positive. Note that A, is at
least critically stable although nonnecessarily convergent.
Note also that if y > 0 then Gy(z) is strictly positive
real and if y = 0 then it is positive real if A is at least
critically stable (rather than convergent) with eventual
simple poles of positive semidefinite on |z| = 1. Note that
Re(Gg(eiw) +Re Gg(ef"“’)) — 1, = 0 for any w € [0, co] since
Gg(z) - (y/Z)IP is positive real and p = m + n. From the
equivalence between the Discrete Factorization Lemma and
the Discrete Positive Real Lemma [38], there exist a positive
definite real matrix Pg, which is diagonal since A g is positive
and convergent [3], and real matrices Ky Ly, and Q, >0
such that the matrix relations (61) hold implying from the
Discrete Positive Factorization Lemma that

LgLT+Q L

Mgz_(MerMgO):[ KT
a-g

. g] >0, (63)
KgKg
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where
y [0 oo
‘| -C yI,- (D, + D)
(64)
M, = AZPgA - P A};PgB g]
L ByPyAy  ByPyB,
so that the following factorization holds:
Re (Glg (eiw) +Re Gng (e_iw))
=Re (G, (") +ReG, (e7™)) -1, (65)

W ()W () 20 Vo€ 0.0

where ng(ei“’) = K+L" (", - Ag)’lBg. Thus, by invoking
similar arguments of the equivalence between both lemmas,
G(z) = C(zl,, - A)'B+D- (yp/2)IP is positive real for
some given p € (0, 1], if and only if, there exist a diagonal
positive definite real matrix P and real matrices K, L, and Q >
0, subject to P > -P,, Qx> —Q,» satisfying

P=P, +P;

K=K, +K
(66)

L=L,+1L;

Q=Q,+Q

such that the following matrix relations hold:

A"PA-P=-LL"-Q (67)
B'PA+K'L" =C, (68)

K'K=D+D" -ypl,-B"PB. (69

Now, direct calculations show that (61) guarantee (68) if (59)
hold under the given constraints while similar conditions to
(63)-(65) hold by replacing M, — Mg, ﬁg - Mg =
—(Mg+ Mg,) = 0 with the matrices being defined from their
counterparts with the replacements y — yp, A, — A =
A,+AB, - B=B,+BC, -C=C,+C, D, —
D=D,+D,Q, - Q=Q,+Q P, > P=P,+P L, —
L=1L,+ LK, - K = K, + K. Property (i) has been
proved. The proofs of Properties (ii)-(iii) are similar and they
follow straightforwardly. The proof of Property (iv) follows
by comparing M, in (64) with (54) and by noting that it has
negative entries except the last p = m + n diagonal entries
because the entries of C; # 0 are nonnegative since the
system is positive. So, the state-space realizations of G, ,(z)
and Gg(z) do not fulfill Lemma 6 for M g which has negative
off-diagonal entries. A similar conclusion follows for G,(z)
and G(z). ]
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Remark 11. (1) Note that in Theorem 10(ii) A g and A can
be critically stable, since Gg(z), G, g(z), G(z), and G,(z) are
positive real, so that they can eventually possess simple
eigenvalues, such that the four resulting matrices H(e™) +
HT(e™™), with H being any of the four above ones, have
positive semidefinite residuals at such simple critical poles.

(2) Note that if the nominal extended discrete system
DH,, is positive and Theorem 10 holds, then the extended
discrete system DH is positive and it is also positive in
the input-output positivity (or “passivity”) sense of [13, 15]
(see also [30]) since positive realness of transfer matrices is
equivalent in the discrete-time domain to

ky

Yy Kl glkl =& (x [k, +1]) = & (x [K,))
ko (70)

ky
+ ) A(x[k],g[k])

k=k,
with g[k] = (g'[k],u"[k])" and A(x;, 1) = O on any

discrete-time interval [k, k,] with k, > 0. In particular,

Y ST g IK] = & (x [k, + 1) — & (x [ko))

k=kq

+ > A(x[k]. g [k]) = % {x[k1+1]T(Pg+F)x[kl

+1]—x[k0]T(Pg+§)x[k0]+ i [x[k]]T

k=k, LI (k] (71)

(Lg+i)(L§+fT)+Qg+(§ (Lg+i)(Kg+K)
(KgT +K") (LZ +L") (K; +K") (K, +K)

x [k] 1 . B : )
' [9 [k]” > =5x ko] (Py + P)xlko] = =5 ko]

Pyx [kO]

for any integers k, > 0 and k; > k, with P, = P, - |P| and a
close relation for the nominal DH, with L=0,K=0,P=
Q=o.

(3) Usually, the positive real and positive factorization
lemmas are stated for minimal (i.e., simultaneously con-
trollable and observable) state-space realizations in order to
exclude from the analysis eventual unstable and critically
stable (in the nonstrict positive realness case) zero-pole
cancellations in the transfer matrices [13, 15]. The intuitive
reason is that the state-space realization is got as a min-
imal one from the given transfer matrix so that it does
not give information about eventual cancellations removed
from the transfer matrices and its implication in the state-
space descriptions when dealing with the Continuous or
Discrete Positive Real Lemmas or their equivalent Youlas
Factorization Lemmas.

13

Theorem 10 states a characterization of the admissible
structured perturbations for the dynamics, output, control,
and interconnection matrices of a state-space realization
associated with the discrete nominal positive real transfer
matrix which guarantee that the perturbed system DH being
positive maintains the positivity and the positive realness
property of the nominal DH . Based on the Discrete Positive
Real Lemma without invoking the factorization result, we
now establish a parallel result to be applicable for nonstruc-
tured parametrical disturbances at the expense of testing the
positive definiteness of an associated matrix.

Theorem 12. Assume that the hypothesis of Theorem 10 holds
for the parametrical disturbance matrices. Then, both DH, and
DH are positive and the following properties hold:

(i) The transfer matrix G(z) = C(zl,, — A B+ Dis
strictly positive real (then A is convergent), A,B,C,D > 0,
and G,(z) = G(z) — yp/2 is positive real if there exist matrices
S e R¥™P P(> Py e R (being diagonal), R € RP*?, Q ¢

R satisfying the following set of matrix relations:

(72)

+~(ByPB, + B'PB+B'P,B-y(1-p)I,)

1
2
for some p € (0,1] and the given y € R,, for some existing
matrices Q (> 0) € R>P2n P,(> 0 diagonal) € R221 5,

R and R, € RP*?, which satisfy the following set of matrix
identities:

T T
AngAg -P,= —Lng - Qg (73)
T T _
B,PjA,+S, =C,, (74)
T T
R, =Dy +Dy—yl,-B.PB,  (75)
provided that
T
= |:Lng+Qy Sq > 0:
g = T =
S, R,
(76)
= Q8] _
M, = TR > =M,

Furthermore, DH satisfies (71):
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3
Yy klglkl = % <|x[k1 +1]" (P, + P) x[ky + 1] - x[ky]" (P, + P) x [k,
k=k,
. i [x[k]]T (Lg+I~,)(L§+I~,T)+Qg+6 (Lg+f)(Kg+K)
Glowl | (k4R (L)1)

> —2x ko] B ko)

for any integers ky > 0 and k, > ko with P, = P, — |P| and a
close relation is satisfied by the nominal DH , with L=0,K=
0,P=Q=0.

(ii) Ing =0, Q= -Q, then Gg(z) and G(z) are positive
real even if A  is critically stable.

(iii) If Q, = 0, Q > —ag, then G ,(z) is positive real, G(z)
is strictly positive real, and G,(z) is positive real even if A ; is
critically stable.

Proof. Note that (74)-(76) lead to MIG = Mlg + 7\7[1!] > 0 for
the nominal discrete hybrid system if the parametrical dis-
turbances satisfy (72). Then, both DH, g and DH are positive,
have positive real transfer matrices, and satisfy the respective
passivity conditions (77) (see (65) and Remark 11(1)). O

Example 13. A particular system of the studied hybrid class
with n = 4 is now discussed with some of the param-
eters being fixed “a prior” while others are primarily left
undetermined in order to find the needed positive realness
conditions. Consider the following the hybrid system (la),
(1b), and (Ic) withn, =n; =2, m=p =1, T = 0.01,

Cc_ Ce1 CCZ];
D.=d.,
L _[os 0
“ lo1 05]’
Lo
“~ o1 05]°
Ay, = 0.00011,,
Lo_[os
47104 0
5 [oor
47 o1 |

(K +R7) (6, +K)

x (k] 1 T - (77)
[g [k]] } > —5x (ko] (Pg + P) x (ko]

0.2
Pa=lo1 ]
Cy=c¢; =(1,0);
(78)
which leads to the following matrices:
C= [CC+CCSEI,O] ;
(79)
D=d=d. +1.
One gets directly that
0.988019 0.009851
@, (0.01) = 00 = ;
0 0.990050
0.01
I.(0.01) = J 400171 g
0
[0.990066 0.004951
Lo 0995017]
, 0.989014  0.009856
10.000995017 0.991045

N 10.6520998 0.0999894
47 10.0432332 0216166 |
[ 0.146403
0.0432332
B, =
0.25
0.4

If V. = 1, note that A_ is Hurwitz and Metzler and then
®_(0.01) is positive and convergent. If d. > 0, B, > 0, and
C. > 0, then both the continuous-time subsystem and its dis-
cretized version to any sampling period are positive dynamic
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systems. Also, A, is convergent. The transfer function of the
uncoupled continuous-time subsystem is

G.(s)=C.(s, - A.) ' B.+d,

_ (Cclbcl + Cc2bc2) St Ye + dc; (81)
2+ 3s+2

YC = 2Cclbcl + (Ccl + CCZ) bc2’

where s is the Laplace transform argument. It can be easily
checked that the continuous transfer function is positive real
ifb, =c, =0,0<y, =cb, <3andd, >0.1fh, >0
and ¢, > 0 with b, = ¢, = 0, then the triple (A, B.,C,)
is controllable and observable. If, in addition, y, > 0, then
G.(s) is strictly positive real. If, furthermore, d, > O or y, < 3,
then G.(s) is strongly strictly positive real in the sense that
ReG.(iw) > d. > 0, Vw € [-00,00] [19]. We can choose
by=¢,=0,¢,=b,>0,d.>0.

On the other hand, note that the uncoupled continuous-
time subsystem is a mathematical model for some well-
known linear dynamic systems as a damped mechanical sys-
tem, or an RLC electric circuit, described by the differential
equation:

Vi) +3V () F2v () = £ (b)
(82)
= (cabo +2d.) u(t) +d, (u" (1) +3u' (1))

forced by a term f(t) calculated from a primary control
u(t) which is everywhere piecewise continuous if d, = 0
and everywhere twice continuous-time differentiable with
piecewise continuous second time-derivative if d. > 0.
Note that if [[Al, < 0.581976, then A. being Hurwitz
guarantees that A’ is convergent from the fulfillment of
the stability constraint 1 > ||<DC_1(O.OI)FC(0.01)||2||ACS||2.
The transfer function of the digital subsystem is G4(z™') =
(1 -0.25z7Y)/(1 - 0.5z7" — 0.4z72), where z is the discrete
transfer function argument representing in the time delay
a one-step advance operator g, and equivalently, g™' is a
one-step delay operator formally equivalent to z™'. It can
be directly checked that the digital transfer function is
strictly positive real with ReG,(e) > d; = 1for w €
[0, 277]. The extended DH has four stable eigenvalues, namely,
0.367879, 0.135335, 0.930074, —0.430074 in the free cou-
pling case, that is, if Ay = 0, A,; = 0. By using a similar
reasoning to that guaranteeing that A . being Hurwitz implies
that A’ is convergent, one concludes that the system matrix

A of the DH is convergent if the sufficiency constraint below
holds:

|A - Block Diag (AL, A,)],

< max (L. (0.0, [Acall,» | 4asll,)

< max (0.632121 | A4, » [|Aagl,)

= 0.7406,

< ”Block Diag (A’Cfl, A;l)"2

15
AH
0.989014  0.009856 0.6520998 0.0999894
0.000995017 0.991045 0.0432332 0.216166
| o0.0001 0.0001 0.85 0.5 ’
0.0001 0.0001 0 0.9
0.146403 0 0
0.0432332 0 0.08241999
B, =
025 0 0
04 0 0
(83)

Now, the Discrete Positive Real Lemma holds by defining
an extended output y[k] = (ylkl, gl (k)" = (y[k],u,lk],
u5[k])T equalizing the dimension of the input, that is, p =
m = 3 while incorporating two extra components to the
output to obtain the extended output with the corresponding
replacements Cg - Eg’ D, — Bg in (74) leading to

Pg:I4;
L,=0;
[ Cg 14+¢g € 1 0
C,=|0000 = 0 0 00]|;
0000 0 0 00
rd, 00
D,=10 10,
LO 01
T
Py~ A P,A, > 0.9940931, > 0,
_ (84)
T _ T
Sy‘cg_BgAg

C.s1 +0.855097 ¢

csl (o

o —0.044354 0.690162 —0.148984

= 0 0 0 0 >

—0.000082 —-0.0811681 —0.003563 —0.017816

2d; -y -0.033403 0 -0.003563
R, = 0 2-y 0

—-0.003563 0 2-y-0.006793
1.21 0 -0.003563
= 0 1.26793 0
—-0.003563 0 1.2

Now, for y = 0.73207, d; = 0.9877365,
Q

0.0217762  -0.019591 —1.1996452 —0.517061
~0.001974 0.017794 —0.08024 —0.430494 | (85)
~1.19964524 —-0.08024 —0.430494 —0.875032
~0.517061 —0.430494 —0.875032 0.189968
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M, = [Q f} > -M,,. (86)
TR 7

(i) Note thatifc; = ¢, =0,d; =1, y = 1, then
0.956597 0 -0.003563

R, = 0 1 0 :
~0.003563 0 0.9932069 (87)
y = 0.956597,

d; =0.9732985.

The condition ]\7[1g > 0 holds since 1 > Sg = ||Sg||2/
(P, = AYPyA ), Ain(Ry)] with [IS,]l, = 1.109815.

The positive realness condition of Gg(z) = Block Diag(G 4(2) -
y/2,(1 — y/2)I,) is guaranteed, where Gg(z) is the transfer
function of the nominal DH_, and is ensured from the
Discrete Positive Real Lemma under nominal parametrical
conditions of the state-space realization. See Theorem 12(i),
Eqgs. (74). If the above basic constraint holds with a margin € >
Ounder theform 1 > s_+&, then one gets from (72) admissible
parametrical disturbances which keep the positive realness
and the Discrete Positive Real Lemma. Alternative results can
be got from Theorem 10 based on the hybrid version of Youla’s
Factorization Lemma.

(ii) However, note that the positive realness of DH is
not fulfilled if, for instance, y < 2d; — 1 and R, =

196656 0 ~0.003563
[ 0 0 ] has two nonstable eigenvalues 1,1.99933,

0.003563 0 09932069
then A Pg - AEPgAg) =1.93469, A (Rg) =0.9932069.
A direct extension of the two last theorems for the case

when p < m + n is the following.

min[A,;,

min ( min

Corollary 14. Assume that the hypotheses of Theorems 10 and
12 hold except that p < m + n. Then, both theorems still hold
for any fictitious extended output of 2m components defined by

T
ylk] = [yT[k] ufT[k]] , where u”[k] is any set of 2m —
p input components, with the matrices D, and D having an
appropriate block submatrix with zero and unit entries.

The following alternative result to Theorems 10 and 12
follows with a direct proof, then omitted, for the case when
the control input in-between sampling instants is generated
directly from its value at sampling instants instead of from an
independent discrete sequence.

Corollary 15. Assume that the Fge k] = Agu[k] and g [k] =
Aulk] for the nominal DH,, and current DH for some given

matrices A ,, A € R™™ and that hypothesis of Theorem 10
holds with the dimensional change p = m for inputs and
outputs resulting in the modified nominal and current control
matrices of order 2n x p to those defined in (25c):

T T
_ [ L oAocT-D) [ By + BgCVBgc oAoeT-D) Ag] dr ;
B

gd
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T T
5 L AT B+ BBl A dr
B,
(88)
Then, Theorems 10 and 12 hold.

4. Hyperstability Results

Hyperstability is a property associated with the nonnegativity
for all time of the input-output energy for all nonlinear
and time-varying output-feedback controller belonging to a
certain class which satisfies Popov’s type inequality for any
bounded initial conditions [11-13, 15] and which is linked
to the positive realness of the transfer matrix of the linear
dynamics. Thus, such a property is not associated, and it
should not be confused, with the positivity of the trajectory
solutions for any nonnegative initial conditions and controls.
Both properties can be simultaneously inherent to some sys-
tems under certain conditions. The following hyperstability
theorem holds as linked to Theorems 10 and 12 under controls
got from any feedback nonlinear time-varying controller
within the class satisfying Popov’s type inequality.

Theorem 16. Counsider the discrete hybrid system DH, (25a),
(25b), (25¢), and (25d) driven by a sequence {g[k]}, with p =
m+mn, and A, By, C,, and D, being positive matrices, and
assume the following:

(1) The sequence {glk]} is generated by feedback from
any nonlinear and eventually time-varying device of the form
glkl = —(lylk]], k) which satisfies the following Popov’s
inequality:

kl
> Y ke ([y k1], k) = -y, (89)
k=k,

for some finite real number y, # 0 and any given integers k, > 0
and k; > k.

(2) The transfer matrix Gy (z) = Cg(zIZn —Ag)’lBg +D, -
(y/2)1, is positive real for some real constanty € R, so that its
state-space realization satisfies (74)-(76) (equivalently (61)) for
some existing matrices Q,(> 0) € R¥n P,(> 0 diagonal) €
R, S, € R P, and R, € RP*? (equivalently with existing
matrices K € RT*P, L,e R¥™4),

(3) The parametrical disturbances satisfy the matrix con-
straints (72) or, equivalently, (59) with P » ~P,. Then, the
following properties hold:

(i) The given class of controls keeps the hyperstability of the
closed-loop DH from that of DH, in the sense that {||x[k][,}
is uniformly bounded for any given initial condition x[0]
and any nonlinear eventually time-varying controller satisfying
Popov’s inequality (89). If, furthermore, (A ;, B,) is controllable
and (26) holds, then (A, B) is controllable and {|g[k]|,} is
uniformly bounded.

(i) If My = My, + My, > 0, Q = Qg R = —R,, then
{x[k]} — 0, {u[k]} — O (even if (A, B) is not controllable)
under the given class of controls so that the closed-loop system
is asymptotically hyperstable. Equivalently, G, ,(z) = C,(zl,,—
Ag)leg +D, - (y/Z)IP is strictly positive real.
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(iii) Assume that G, g(z) is strictly positive real for some
y € R,.Then, the closed-loop DH keeps the asymptotic hyper-
stability property from that of the nominal DH, in the sense
that Property (i) holds and, furthermore, {||x[k],}, {llg.[k]l,},
and {|lulk]|l,} converge asymptotically to zero for any given
initial condition x[0].

(iv) Assume that MIG > OwithQ, > 0and Q >
-Q, (so that G, (2) is positive real). Assume also that either
K;Kg > 0 or (Ag,Bg) is stabilizable while, furthermore and
correspondingly, either K'K > 0 (equivalently R > 0) or (A, B)
is stabilizable. Then, Property (iii) still holds.

(v) Properties (i)-(iii) hold for Corollary 14 (p < m + n)
and Corollary 15 (p = m) with the given modifications of the
parameterizations.

Proof. One gets from (86) and (89)

ki
00> 7+ xlkl (B + B)x k) = Y 5 (Kl gk

k=k,
1 T b rx k"
=3 <[x[k1 +1] (Pg+P)x[k1 +1] +k:zko [g[k]]
B N _ _ . (90a)
. (L,+I)(Lh+I")+Q,+Q (L,+I)(K,+K)
(K; + I?T) (LZ + IT) (K; + I?T) (Kg + I?)
x [Kk]
' [g[k]”
> %x [k, + 1" (B, + B) x [k, +1] (90b)

for any integers k, > 0 and k; > k, with the four-
block partitioned matrices of (90a) being at least positive
semidefinite (see Theorems 10 and 12). Since P+ P > 0, the
sequence {[|lx[k]|l,} is uniformly bounded for any given initial
condition x[0] and any nonlinear eventually time-varying
controller satisfying Popov’s inequality (89). Thus, the current
closed-loop system DH is hyperstable as it is the nominal
one. If (A o Bg) is controllable and (26) holds, then (A, B) is
controllable for the parameterizations defined in (25c) and
then the uniform boundedness of {||x[k]|,} implies that of
{llglk]ll,}. Property (i) has been proved. Under the conditions
of Property (ii), since Mlg > 0, so0 that Q; > O and R, >
0 (equivalently, K;Kg > 0), and ﬁlg = —Mlg, so that
Q = —Gg, R > —R,, then M = Mlg + ]\7[1g > 0 and
P, > 0and P> —P,, then it follows from the boundedness
of the second inequality of (89) for all k; > k, that the
sampled state and input of the nominal and current DH
converge asymptotically to zero without the need for any
controllability assumption. This proves Property (ii). Under
the additional conditions of Property (iii), A is convergent
and {x[k]} — O from the first identity of (68) which is
a discrete Lyapunov matrix equation. Note that (74)-(76)
hold with Q, >0 and Q > —ég (from the strict positive
realness condition) and R, > 0as well as R > 0 (since

R » —Rg) and furthermore, K;Kg > 0and KTK > 0.
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Otherwise, limeOORe(Glg(e"“’) + Gng(e’i“’)) = 0 and the
nominal G, ,(z) would not be strictly positive real as it would
happen with the disturbed transfer matrix. This implies that

{x[k]} — 0 since otherwise limkl_m)O ZI;; xT[k]Qx[k] would
be infinity from the system positivity. A similar argument
concludes that {g[k]} — 0, since KK > 0, without requiring
a controllability condition, since any eventual zero/pole
cancellation in the transfer matrix is necessarily strictly stable
(since the transfer matrix G,,(z) is strictly positive real)
so that any eventual uncontroﬁable mode is asymptotically
stable. This proves Property (iii). To prove Property (iv), note
that if fVTlG > 0 with Q, >0 and Q > —ag, then Glg(z) is
positive real. From the system positivity and the finite upper-
boundedness of (89), limkﬁoo Zz; xT[k](Qg + Q)x[k] < o0
forany Q > —Q, implying that {x[k]} — 0 for any given finite
x[0]. In the same way, lim; _,, Zi; gT[k]KTKg[k] < oo. If

KK > 0, equivalently Q > 0, {g[k]} — 0. Else, if the
discrete pair (A, B) associated with DH is stabilizable, then
there exists a matrix transformation T such that T"'AT =
[ ‘2; |, T'B = [%] such that (A, B,,) is controllable
and A; (associated with uncontrollable but stable modes from
the stabilizability assumption) is convergent. Therefore, the
uncontrollable (but globally asymptotically stable) discrete
substate of the transformed state sequence {xg [k]} — 0
while its forced controllable substate of dimension n., < n =
n, + ny (the inequality being strict if there exists at least one
uncontrollable mode) satisfies

cc’

xccf [k]

g [k - ncc]

[ g [k — M — 1] (91)
=[B. A,B

ccce

o AETB]

glk-1]

so that {xccf[k]} — 0 (and the whole controllable state
{x..[k]} — 0 since its homogeneous response vanishes as
discrete time tends to infinity) if and only if {g[k]} — 0
since its associated controllability matrix is full rank. Thus,
{x.[k]} — 0, {xz.[k]} — O since the state in the original
coordinates satisfies {x[k]} — 0 and then {g[k]} — 0.
Property (iv) has been proved. Property (v) follows directly
from Properties (i)-(iii) and Corollaries 14-15. O

Note that the assumption (3) of Theorem 16 implies that
G(z) is positive real in Property (i) and strictly positive real
in Property (ii).

The solutions for any time satisfy the global stability
properties proved in the following result.

Corollary 17. Assume that V is such that the factorization
V = VVT holds, the pair (A_,B.V7) is controllable, and
all the hypotheses of Theorem 16(i) hold. Then, the current
hybrid system H is globally asymptotically stable for any
bounded initial conditions under any continuous-time control
in-between samples (25b). As a result, the resulting hybrid SH is
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hyperstable. If the additional conditions of Theorem 16(ii) also
hold, then H is, furthermore, asymptotically hyperstable.

Proof. From Theorem 16(i), the sequences {x[k]}, {u[k]}, and
{g.lk]} are uniformly bounded for bounded initial condi-
tions. If the continuous-time control is generated from (25b)
and (A, B,V") is controllable, then u(t) is bounded for any
t € [kT,(k + 1)T), Yk € Z,,. Also, x(t) is bounded with
the proved bounded initial condition x[k] for any k € Z,
since the intersample control is bounded and the control
at sampling instants is also bounded. Property (i) has been
proved. Property (ii) is direct since, in addition, x[k] — 0,
ulk] — 0ask — oo, and g.[k] — 0as k — oo implies
u(t) — 0 fort € (KT, (k + 1)T) as k — oo from (25b). O

Theorem 16 implies under the controllability of (A, B,)
that the hybrid system H is globally stable as proved in the
subsequent result provided that the control input is piecewise
continuous on its definition domain. It does not require either
the stability or the critical stability of A .

Corollary 18. Consider the hybrid system H, (1a), (1b), and
(Ic), with p = m +n, and A, B, C,, and D, being
positive matrices so that the pair (Z‘\C, B,) is controllable and
that the controllability Gramian jOT eAc(T_T)BCBCTeAz(T_T)dT is
monomial. Assume also that (Ag, Bg) is controllable, that
(26) holds, that the control input u is everywhere piecewise
continuous on its definition domain, and that an input driving
sequence {g[kl]} is generated by feedback from any nonlinear
and eventually time-varying device of the form

glkl = (" (k1. g7 K)" = -9 ([y(KI].K),  (92)
-1

cc

T T
g. k] = (J e p BTeAc(T_T)dT>
0
(93)

T
. (J eAf(T_T)BCu (kT + 1) d‘l’)
0

and satisfies Popov’s inequality (89) for some finite real number
Yo # 0 and any given integers k, > 0 and k, > k. Assume also
that the assumptions (2) and (3) of Theorem 16 hold.

Then, {lx(O)l,} and {|u(t)ll,} are uniformly bounded for
any bounded initial conditions so that the hybrid system H is
globally stable.

Proof. Since IOT =g BT 4T Dgdr is monomial, the
sequence {g,[k]} is nonnegative from (93) for any nonneg-
ative input. Also, since G,,(z) = C,(zL,, — A,)"'B, +
D, - (y/Z)IP is strictly positive real from assumption (2)
ofg Theorem 16 the closed-loop nominal and current discrete
DH, and DH are hyperstable from Theorem 16(i). Also, since
the pair (A, B.) is controllable, (93) is well posed since
(zl,,—A,)" exists since it is the inverse of the controllability
Gramian on the time interval [0, T]. Equation (1a) has the
following unique solution for given initial conditions and
control input:

x. (kT + 0)

= e*7x_[K]
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o
+ J e (Bu (kT + 1) + Bu [K]) dr
0

+ (Ja eAf(T_T)dT> (A, x, [k] + A gxy [K]);
0

VTt e (0,T); Vk e Z,.
(94)

From Theorem 16(i) the sequences {[x[k]|,}, {llg.[k]l,}, and
{llulk]ll,} are uniformly bounded and u(t) is bounded on
(KT, (k+1)T),Vk € Z,,. Then, from (94), x.(t) is bounded as
well for t € (KT, (k+ 1)T), Vk € Z,,. O

Example 19. Consider Example 13 with a choice of the aux-
iliary input satisfying {g.[k]} — 0 and under the given
conditions guaranteeing that Gg(z) = Block Diag(Gg(z) -
y/2,(1 — y/2)L,) is positive real. From Corollary 18, the
closed-loop nominal system H, and the discrete DH, are
positive and asymptotically hyperstable, that is, globally
asymptotically stable for the class of nonlinear and eventually
time-varying nonlinear controllers within the class satisfying
inequality (89). Thus, {u[k]} — 0, {y[k]} — 0, {x[k]} —
0, x(t) — 0, y(t) — 0,and u(t) — Oast — oo if u(t) is
generated from (25b) in the intersample time interval for any
given initial conditions.

Remark 20. Note from (94) the important observation that
Corollary 18 does not conclude that x(t) — 0 ast — oo
for any piecewise control input u(t), even if A_ is a stability
matrix and {x[k]} — 0 and {u[k]} — 0, which has been got
under the stronger conditions of Theorem 16(ii). If {x[k]} —
0 and {u[k]} — 0, then

lim (xc (kT + o) - J ¢TI 1 (kT + 1) dT)
koo 0 (95)

=0; Yoel0,T).

We now introduce the concept of asymptotic hyperstability in
the mean in the sense that the system is globally stable and,
furthermore, the input and output power (and then its input-
output instantaneous power) converge asymptotically to zero
except eventually for a set of time instants zero measure.

Theorem 21. Assume the following:

(1) The pair (A, B.) is controllable.

(2) The nonlinear and eventually time-varying controller
@(y(t),t) is everywhere piecewise continuous with respect to y
and continuous with respect to t in RY x R,.

(3) There is a partition of each interval kT, (k + 1)T) in
a finite number s, of disjoint intervals of length 0 < T, <
T such that the sequences {ijk}, {ijk}, and {Rkjk} consist of
positive definite elements for existing partitions of each interval
[KT, (k+1)T) in a finite number s, of disjoint intervals of length
0 < T < T such that o(y(t),t) is continuous on each interval
(KT + (€ - 1)T,, (k+ 1)T +€T,) for£ =1,2,...,5,Vk € Z,.

Then, the closed-loop system H is asymptotically hyper-
stable in the mean so that y(t;(0)) — 0 and u(t;(0)) — 0 as
Jor (tx+0) € Ukez, Ui, <5, KT+ (€= DT, (k+ )T+, Tyy)
ask — oco. If (0,t) = 0, Vt € R, then H is asymptotically
hyperstable.
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Proof. Consider an auxiliary eventually time-varying sam-
pling period T, ok = = T/s; for the time interval [KT, (k+ 1)T) =
Z] 05 a],zj 0SiTaj + s Ty) and s(€ Z,) > 1, Vk «
Z,, is chosen so that u(t) is continuous on [KT + (£, —
DT, kT +¢.T,)for€=1,2,...,s, Vk € Z,. Note that, in
general, the nonunique choice of the eventually time-varying
auxiliary sampling period subject to a maximum threshold
period T, < T, < T,Vk € Z,, can be always made
since as @(y(t),t) is assumed to be everywhere piecewise
continuous with respect to y and continuous with respect to
t, with eventual bounded isolated discontinuities, then u(t) =
—-@(y(t), t) has the same property. Thus, one gets directly from
(1a) that the solution of the continuous-time substate from
[KT, kT + T) to [KT, (k + 1)T) = [KT, kT + s, T,) with initial
conditions at kT, Vk € Z_, is as follows:

Xe (kT+ ekTak) =X (Z 5] aj + ek ak)

= Cak <Zs] a]+(£k_1)Tak>

Tax
A (T—7)
+J0 gheak Tt Bu(Zs] (6= 1) Tk

Tak
dr + (J eAf(T“"_T)dT>
0

] + Acdxd [k]) = eA T“"x (kT + (€k

Tu
-+ ([ et ) (4 )
0

+ A gxq [K])

(96)

+ T) + B, u [k]

' (Acsxc [k

+ [TakeAc(Tak_Tck)Bc TakeAc(Tak_Tdk)Bcs] u [k]

for ¢, =1,2,...,s, Vk € Z,, where
ve (6 - 1, T,) [K]

Tk
:<J eteTa TBB e “"_T)dr>

0

k-1

ak AT (97)
. B.u siT, -1)T,
<L ZJ j + (6= 1) Ty
+T>d‘[>,

<ZS] a]+(€k_l)Tak+

u [Kk]

-1

Tck> (98)

1,T,) and 7y = 74(T,) are vector func-
T,) to R}: Vk € Z, after picking-up the

Tk = Tck(fk -
tions from (0,
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values in the open intersample fictitious period searching
its value leading to the integral mean value in the above
identities, one per row of e*"# " B_and one per row
of e*T«~) B ~and the corresponding input components,
Vk € Z,. The matrix inverse in (97), which is the inverse of
the controllability Gramian on [0, T, ], exists since the pair
(A, B.) of nonnegative matrices is controllable on any time
interval [0, T ;] of nonzero measure. Thus, one gets from (96)
that

,}13,30< (ZSJ Toj + & uk) T, (ZSJ aj

+ (ek - ].) Tak) - Tak [eAC(Tuk_TCk)BCU (kT

+(6-1) Tak> — Ty [Coe™ T ™ B (kT

Tk)]> -Du (isz“f

+ (G = 1) Ty +

+ €kTak> =0

since {u[k]} — 0 and {y[k]} — 0. Thus, for any given ¢ =
(&1, 85 ...58, ) > 0, there exists t; = f; (¢) € R, such that,
forany k, (> k,) € Z, and associate tk > tk €R, bydeﬁnlng
the auxiliary samphng instants tzk 1 +g, ONE gets from (90a)

and (90b)
+00 > ?g = Yg + %X [tko]T (P.quo + PCko) [tko]
ky S

> Z Z yT [tk + fjkTak + chk] u [tk + EjkTak + chk]
k=ky €, =0

= % {x [tk1+1]T(Pyk1 +§k1)x [tk1+1] +£(tk)

T
ks x[tk+€ Tuk+ E]k]
>

g[te+ € T+ 74,

Cjk

(100)

+
k=ky £, =0

|:Lka ki + QJk ijk :|

T T
Kk]k L ki Kkjk Kkj 3

X [tk + f Tuk + C]k:l
g [tk + € Tak + T Clk]
with |e(t,)| < € for k > k,, where y.(t) = C x.(t) + D.u(t)

for t € [KT, (k + 1)T) = [¥7y 5;T,j Yoo 5,Ts + 5 Tt) and



20

v [t ] = y(ZiZé siTa;) = yd[zlj;é s;To;1, Yk € Z,. Note from
(100) that since &(t,) — 0 as k — 00, since € can be taken
to be arbitrarily small, and simultaneously since the closed-
loop DH is asymptotically hyperstable since the matrices Qg
Py Ry and Qy, Py, Ry, are positive definite matrices for all
k € Z,, then {x[k]} — 0, {g[k]} — 0, {u[k]} — 0, {y[k]} —

{ x[ti €, To+7g, )

gltre, Tty | } — 0, and {u[t, + EjkTak + chk]} — 0 as

ik
it follows from the direct extension Theorem 16(iv) to time-

varying parameterizations under sufficiency type conditions
of asymptotic hyperstability, provided that ¢ = p and K
is nonsingular for all k € Z, [13]. Since the state, input,
and output have nonnegative components, one also gets that
x.(t) — Oand y(t) — 0ast — 00 except, eventually, at
isolated time instants where the nonlinearity o(y(t),t) is not
continuous.

If the linear part of the system is not positive real, or even
stable, or if it is suited to improve its relative stability, a linear
feedback law can be injected prior to the operation by the
nonlinear device towards the achievement of positive realness
or strictly positive realness of the transfer matrix describing
the linear feed-forward block. In particular, assume that
following state-feedback linear control law is given:

u(t)=Fx.(t) +G.r(t),
(101)
u k] = Fyex, [k] + Fgax4 [k] + Gyr [K] 5

Vvt € [KT,(k + 1)T); Yk € Z,, where the various matrices
are of the appropriate orders and nonnegative entries with
r(t) = —p(y(t),t) being an outer reference control generated
via output-feedback by nonlinear and, eventually, a time-
varying nonlinearity in the form ¢(y(t), ) subject to Popov’s
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type inequality. If the control law is replaced in (la)-(1c),
then the closed-loop hybrid system H becomes H; described
according to the following parametrical replacements:

cs = Acs + Bcstc’
Acd - Acd = Acd + Bcstd + Bchd’
Bc - EC = BCGC;

Bcs - Ecs = BcsGd;

B (102)
Bd — Bd = Bde,
Age — Age = Ay + BiFys
C.— C,=C.+D,F.;
Ccs - Ecs = Ccs + Ddch’
Cd —> Ed - Cd + DdFdd;
D, — EC =D.G; (103)

Dd — Bd = Dde.

Consequently, (3) to (6) are modified, as driven by r(t),
according to

_ T _ T
T Sy = T A, -
A e’ (Inc + <L e TdT) AC5> e (L e Tdr) Ay )

(104)

st
— FeXCT JTe_Z“TdT B
BO — BO = 0 cs N
i B,
— F_ I}’l
B, — B, = | B, R
L Ondxnd

The following result is related to the achievement of the
hyperstability of the closed-loop extended discrete hybrid
system under the given control law as well as the asymptotic
hyperstability in the mean of H_,.

Theorem 22. Assume that (A, B,), (Ag By), (A By), and
(A4 B.) and (A4, B,,) are controllable pairs. Then, an appro-
priate feasible parameterization of the control gains in the
fictitious discrete control law (92)-(93), with the replacement
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u(-) — r(-) and the system closed-loop reparameterization
(103), associated with the feedback control law (101), may lead
to a positive real transfer matrix of the positive closed-loop
system DH_, and then its hyperstability if r(t) = —@(y(t),t)
for any nonlinear and eventually time-varying nonlinearity
@(y(t), t) which satisfies Popov’s type inequality.

If, furthermore, DH,, is asymptotically hyperstable and the
assumptions (2) and (3) of Theorem 21 hold, then the closed-
loop hybrid H_, is asymptotically hyperstable in the mean.

Proof. We refer with superscript bars to any matrices for
either the parameterization or the Positivity Real Lemma (P,
Q, L, S, and R) after performing the control law (101). Note
that, under controllability of any pair (A, B), it is possible to
choose a state-feedback control gain X for the achievement
of any given arbitrarily prescribed stable closed-loop place-
ment. Since (A, B,), (A, By), (A4 By), and (A, B.) and
(A4 B), s0 (A + B.Fyy, B,), are controllable pairs, it is
feasible to choose the control gains F.. and F,; in such a
way that A, and then e®”, and A, have stable eigenvalues
being as largely dominant, related to the spectral norms of
Ay and Ay, as possible via the choices of F.; and F,, so
that the dynamics A of the closed-loop extended discrete
hybrid system be a convergent matrix. On the other hand, one
can choose the p-matrix G of sufficiently small nonnegative
entries so that B and C, and then S in the second constraint
of the Discrete Positive Real Lemma has a sufficiently small

I —
spectral norm related to that of A while D + D is dominant

norm of order o(||G,ll,) over that ofﬁTﬁ, of order o(||Gd||§),

so that R > 0 and Q > 0. In this way, the discrete modified
closed-loop transfer matrix of DH_;, related to the new input
r(t), might be designed to be at least positive real. On the
other hand, the asymptotic hyperstability in the mean of H_,
follows from Theorem 21 from the asymptotic hyperstability
of DH,, and the assumptions (2) and (3) of Theorem 21
since the first assumption of such a theorem holds since the
controllability of the pair (A, B.) implies that of the pair
(A, B.). O

5. Conclusions

This paper has investigated a class of hybrid systems dealt
with and characterized with explicit results its positivity and
some of its stability properties. The hybrid system consists
of a dynamic system which has a continuous-time substate
and a digital one with mutual coupled dynamics. An extended
discrete hybrid system which describes any hybrid system in
the given class at sampling instants is investigated to establish
the stability and controllability properties of the discretized
system. The state of the extended discrete hybrid system
contains the discretized substate of the continuous-time
subsystem at sampling instants and the digital substate. The
paper studies the stability and controllability, in a robustness
context for parametrical disturbance, of such an extended dis-
crete system whose state is defined by both the digital substate
and the discretized version of the continuous-time subsystem
at sampling instants. Two discrete versions of the KYP-
Lemma are given for (a) a simplified version of the hybrid

21

system related to the relevant pairs of the system and control
matrices and (b) for a more general version of such a lemma
related to the whole state-space realization involving the out-
put and input-output interconnection matrices as well. The
relationships of the positive realness of the transfer matrix to
the state-space realization are explicitly characterized related
to the discrete KYP-Lemma and Youla’s factorization Lemma.
The obtained results on positive realness are related to the
hyperstability and asymptotic hyperstability properties of the
hybrid system for any member of a class of nonlinear and
perhaps time-varying controller device satisfying Popov’s-
type inequality. Finally, some extensions are given for the
case where there is a supplementary stabilizing linear control
scheme which stabilizes the dynamics hybrid system prior
to the nonlinear and time-varying control law operation to
establish the hyperstability of the closed-loop system.
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