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This study examines themacroeconomic effects of investment policies aimed at extending the life of expressways in Japan based on a
stochastic Ramseymodel.The results of numerical analysis suggest that the benefits of life-extension investment in expressways can
be increased by raising the level of maintenance intensity of expressways. The benefits of life-extension investment in expressways
can be decomposed into the stock effect and the smoothing effect. Decomposition of life-extension benefits shows that the
contribution of the stock effect ismore than 90 percent, while that of the smoothing effect is less than 10 percent.The implementation
of life-extension investment policies regarding expressways offers advantages in terms of reducing economic fluctuations and user
charges. In addition, if relative risk aversion is high, efficiency is low and intergenerational equity is high. Furthermore, a higher
level of technology leads to greater efficiency and intergenerational equity.

1. Introduction

Japan has one of the most highly developed multimodal
transport systems in the world, made possible by the suc-
cessful construction of an extensive expressway network
[1]. Expressways constitute an essential logistics element
in the Japanese economy and play a prominent role in
influencing macroeconomic performance. However, aging
expressway infrastructure has become a serious problem in
recent years. With governments facing financial difficulties,
the maintenance and renewal of expressway infrastructure
are a significant issue. In this context, the purpose of this
study is to evaluate investment policies to extend the life of
expressways in Japan.

There are some earlier studies regarding the economic
impact of maintenance and renewal of infrastructure in
Japan. For example, [2] estimated the required renewal cost
from 2013 to 2040 (fiscal years) and examined the effect of
the suppression of new investment on the life expectancy
of existing expressways. Based on the analytical results of
[2], if we can decrease total infrastructure through city
intensification, such as by building more compact cities,
it will be possible to reduce future renewal costs without

reducing living standards. Paper [3] analyzed the effect of
investment policies aimed at extending the life of economy-
wide infrastructure in Japan and found that the decrease
in life-cycle costs resulting from life-extension investment
increases the resources available for consumption and invest-
ment. Recent studies of the relationship between efficiency
and intergenerational equity regarding road charging systems
include that of [4]. Applying the generational accounting
technique of [5], [4] concluded that management of roads
based on a long-term social marginal cost pricing system has
a favorable effect on intergenerational equity.

Note that [2] did not analyze intergenerational equity
in terms of the cost burden. Paper [3] failed to find a
clear relationship between efficiency and intergenerational
equity associated with a life-extension investment policy on
economy-wide infrastructure. Although [4] discussed the
relationship between efficiency and intergenerational equity,
[4] did not focus on a life-extension investment policy for
expressways, but rather on road construction to optimize
capacity. In addition, the model of [4] is essentially a static
framework.

To our knowledge, there has been a lack of dynamic
modeling approaches to investigating the macroeconomic
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effects of life-extension investment policies on various types
of infrastructure. When we discuss a life-extension invest-
ment policy, it is not sufficient to only analyze the benefits of
extending the life of the infrastructure. It is also important
to consider the issues of total expenditure on infrastruc-
ture, user charges, efficiency, and intergenerational equity.
However, previous studies have treated the above-mentioned
issues separately and hence have failed to analyze the linkage
with life-extension investment policies. Unlike earlier studies,
we consider issues related to decomposing the benefits
of life-extension investment policies for expressways, the
dynamics of total expenditure on expressway infrastructure
and user charges, and the relationship between efficiency
and intergenerational equity. A key contribution of this study
is the presentation of qualitative and quantitative effects of
life-extension investment policies on expressways in Japan
within the context of macroeconomic dynamics. There is no
existing literature analyzing the macroeconomic effects of
life-extension investment policies on expressways in Japan.
Thus, this study is of particular interest to policy-makers
and expressway-related companies, because Japan is now
confrontedwith aging expressway infrastructure. Policy eval-
uation based on modeling of macroeconomic dynamics has
been increasingly emphasized in recent years. Our dynamic
modeling approach is useful as a tool for verification of
policies and forecasting of effects. This is the methodological
contribution of this study.

The role of infrastructure in macroeconomic perfor-
mance has been studied in the context of various models of
economic growth, beginning with [6]. Many conventional
studies focused on the common issue: How does infras-
tructure investment influence economic growth and welfare?
There are three types of models regarding the impact on
growth and welfare performance of infrastructure develop-
ment. The first type treats public expenditure as a flow [7–9].
The second type starts with the idea that as long as productive
public expenditure is intended to develop infrastructure, it
should be represented as stock, rather than as a flow [10–12].
The third type considers both the role of public expenditure
as a flow and that of public capital as stock underpinning
economic growth [13–15]. In conventional studies, however,
the importance ofmaintenance has been less evident from the
perspective of economic growthmodels. Since the 2000s, sev-
eral attempts to develop economic growth models incorpo-
rating maintenance of infrastructure have been seen [16–19].

This study is also in line with [16–19] in emphasiz-
ing the role of maintenance in infrastructure development.
We construct a stochastic Ramsey model for analyzing
life-extension investment policies for expressways, mainly
based on [3, 4]. A notable feature of our model is that
a technology parameter is incorporated into the model to
enable a better understanding of the relationship between
efficiency and intergenerational equity. In addition, we apply
Markov vintagemodeling for the accumulation of expressway
stock. Thereby, we can analyze the complicated movement
of total expenditure on expressways and user charges. In
our numerical analysis, we focus on two cases illustrating
the intensity of maintenance of expressways (the ratio of
expenditure on expressway maintenance to the total amount

of expressway stock) to analyze a life-extension policy. In the
first case, the expressway stock reaches its serviceability limit
after 50 years. In the other case, the expressway stock reaches
its serviceability limit after 70 years.

The following main results are obtained. From the short-
term perspective, total expressway expenditure and user
charges in the case with a serviceability limit of 70 years are
larger than in the case with a serviceability limit of 50 years
in some periods. However, from the long-term perspective,
total expenditure on expressways and user charges in the case
with a serviceability limit of 70 years are smaller than in the
case with a serviceability limit of 50 years. That is, in the
long term, we can certainly decrease total expenditure on
expressways and user charges by increasing the maintenance
intensity. Regarding the relationship between efficiency and
intergenerational equity associatedwith life-extension invest-
ment in expressways, we find that there is a trade-off
under various levels of relative risk aversion. Specifically,
if relative risk aversion increases, efficiency decreases and
intergenerational equity increases. Furthermore, when the
level of technology increases, higher levels of both efficiency
and intergenerational equity can be obtained through life-
extension investment in expressways.

The rest of this paper is organized as follows. In Section 2,
we review the situation whereby aging expressway infrastruc-
ture has become a serious problem in Japan. In Section 3,
we present a model for analyzing life-extension investment
policies. In Section 4, we examine the relationship between
efficiency and intergenerational equity associated with life-
extension investment in expressways using generational
accounting. Section 5 concludes.

2. Overview of Aging Expressway
Infrastructure in Japan

Since the Meishin Expressway connecting Kobe and Nagoya
was opened in 1963, a network of expressways has been con-
structed throughout Japan. According to the Road Statistics
Annual Report 2016 [20], the total length of expressways
reached 8,652 km in April 2015.Thus, the number of express-
ways that have now been in use for a long time is increasing.
Because risks are likely to increase as expressways continue
to deteriorate, life-extension investment in expressways has
become an issue of great concern.

Figure 1 shows changes in the total length of expressways
and the average road age in Japan for the period 1962–2015.
It is evident that the number of expressways that are more
than 30 years old has increased remarkably since the 1990s,
as has the number of expressways that are more than 40 years
old since the 2000s. There is also an upward trend in the
average road age for the period 1962–2015, with the average
road age of expressways reaching approximately 26.7 years
in April 2015. While the aging of Japan’s population is well-
known, the aging of Japan’s expressways is less well-known,
but equally noteworthy.

Figure 2 shows the composition of expressway stock in
terms of age as at April 2015. As can be seen in Figure 2,
43 percent of expressways in terms of total length were
constructed at least 30 years ago. Further, for metropolitan
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Figure 1: Total length of expressways and average road age. Source:
Road Statistics Annual Report 2016, Ministry of Land, Infrastructure,
Transport and Tourism, Japan.
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Figure 2: Expressway years of service. Source: Road Statistics
Annual Report 2016, Ministry of Land, Infrastructure, Transport and
Tourism, Japan.

expressways, this figure had risen to 56 percent by April 2017
[21]. Paper [22] pointed out that expressways that are more
than 50 years old are expected to account for nearly 80 percent
of the total length of expressways in Japan by 2050, and thus
there is growing fear of an increase in risks caused by long-
term deterioration. Papers [23–25] have expressed concern
about aging expressways in Japan from the perspective of
infrastructure management.

It is clear that maintenance and renewal of infrastructure,
including expressways, are important for sustained economic
growth. Furthermore, as noted in [26], expressways can serve

not only to enhance macroeconomic performance, but also
to prevent disasters. In fact, expressways provided emergency
alternative transport routes and acted as a breakwater during
the tsunami following the Great East Japan Earthquake in
2011. Currently, Japan is facing the possibility of Nankai
megathrust earthquakes at various points along the Nankai
Trough, including directly beneath the Tokyo metropolitan
area. Therefore, in an era of aging expressways, a life-exten-
sion investment policy for infrastructure, including express-
ways, is critical to the safety and security of the Japanese
population.

Given the social and economic background in Japan,
Nippon Expressway Company Limited (NEXCO), which is
a group of three companies (NEXCO East, NEXCO Central,
and NEXCO West) that was created following the privatiza-
tion of the Japan Highway Public Corporation in 2005, set up
the Technical Committee of the Method of the Long-Term
Maintenance of Expressway Assets in November 2012 and
has examined the “Long-Term Plan of Structural Replace-
ment and Rehabilitation on Expressways in Japan” [22]. In
addition, theMinistry of Land, Infrastructure, Transport and
Tourism published their “Action Plans for Life Extension of
Infrastructure” in May 2015.

3. The Model

3.1. The Basic Setup. Consider the circumstance in which
the economy is run by a benevolent social planner who
dictates the choices of consumption over time and seeks to
maximize the utility of the household. We assume a closed
economy populated by identical agents who consume a single
commodity. There is no population growth and the labor
force is equal to the population.

Time is discrete and indexed by 𝑡 = 0, 1, 2, . . . . All
decisions are taken at specified points in time. Let 𝑌𝑡 be
the flow of output, 𝐶𝑡 the aggregate consumption, 𝐺𝑡 the
total amount of expressway stock as infrastructure, 𝐾𝑡 the
capital stock other than expressways (nonexpressway capital),𝐿 the size of the working population, 𝐼𝑔𝑡 the investment
in expressway stock, 𝐼𝑘𝑡 the investment in nonexpressway
capital, and𝑀𝑡 the expenditure on expressway maintenance.

The aggregate production function is given by

𝑌𝑡 = 𝐴𝐺𝛼𝑔𝑡 𝐾𝛼𝑘𝑡 𝐿1−𝛼𝑘 , (1)

where 𝐴 represents the level of technology. We regard the
level of technology as a parameter. In addition, 𝛼𝑔 and 𝛼𝑘 are
parameters that satisfy 𝛼𝑔 > 0, 𝛼𝑘 > 0, and 𝛼𝑔 + 𝛼𝑘 < 1. The
form of the aggregate production function in (1) is similar
to that in the model of [27]. However, in the model of [27],
infrastructure is assumed to be constant over time.

The economy’s resource constraint is given by

𝑌𝑡 = 𝐶𝑡 + 𝐼𝑘𝑡 + 𝐼𝑔𝑡 + 𝑀𝑡. (2)

The net increase in the stock of nonexpressway capital at a
given point in time equals gross investment less depreciation.
Thus, the stock of nonexpressway capital evolves according to

𝐾𝑡+1 − 𝐾𝑡 = 𝐼𝑘𝑡 − 𝛿𝑘𝐾𝑡, (3)
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where 𝛿𝑘 ≥ 0 denotes the depreciation rate of nonexpressway
capital.

3.2. Dynamics of Expressway Infrastructure with Deteriora-
tion Vintage. We apply the Markov vintage modeling used
in [3] to a representation of dynamic equations for the
accumulation of expressway stock. Suppose that expressways
are classified into 𝑠 types depending on the deterioration
vintage, which is indexed by 𝑠 = 1, 2, . . . , 𝑠. Here, the term
“deterioration vintage” can be interpreted as the degree of
deterioration of infrastructure. A larger 𝑠 value means more
advanced deterioration.

Let 𝑔𝑠𝑡 be the quantity of expressway with deterioration
vintage 𝑠 at the beginning of period 𝑡. We consider that
when the deterioration vintage becomes 𝑠, the relevant
expressway is retired. Hence, the value of the expressway with
deterioration vintage 𝑠 is zero. Furthermore, it is assumed that
all expressways with different deterioration vintages provide
the same service, irrespective of their deterioration vintage.
Thus, there is no decrease in the value of an expressway as
long as the deterioration vintage is between 1 and 𝑠 − 1,
even if the deterioration vintage becomes advanced. That
is, the total amount of expressway infrastructure at the
beginning of period 𝑡 equals the sumof expressway stockwith
deterioration vintage from 1 to 𝑠−1 at the beginning of period𝑡. Therefore, 𝐺𝑡 is given by

𝐺𝑡 = 𝑠−1∑
𝑠=1

𝑔𝑠𝑡 . (4)

Assume that the deterioration vintage of expressways
follows a Markov chain. For the expressway stock with
deterioration vintage 𝑠 ∈ [2, 𝑠), we formulate

𝑔𝑠𝑡+1 = 𝜙𝑠−1 (𝑀𝑡𝐺𝑡 )𝑔𝑠−1𝑡 + {1 − 𝜙𝑠 (𝑀𝑡𝐺𝑡 )}𝑔𝑠𝑡 ,
(2 ≤ 𝑠 < 𝑠) .

(5)

The function 𝜙𝑠(𝑀𝑡/𝐺𝑡) (1 ≤ 𝑠 < 𝑠) in (5) denotes the per-
centage shift to expressway stock with deterioration vintage𝑠+1 per period in expressway stockwith deterioration vintage𝑠. Let 𝑚 be the intensity of maintenance of expressways
(the ratio of expenditure on expressway maintenance to the
total amount of expressway stock). Then, the expenditure
on expressway maintenance equals 𝑚𝐺𝑡. Paper [19] notes
that the ratio of maintenance expenditure to infrastructure
stock may be a more natural scaling variable than the ratio
of maintenance expenditure to output, given that one would
expect that the amount of maintenance depends on the
prevailing stock of public infrastructure assets. For simplicity,
we treat 𝑚 as a parameter. Note that (5) implies that 𝜙𝑠 is
the Markov transition probability that represents the process
of expressway deterioration. Specifically, we follow [3] by
specifying 𝜙𝑠(𝑚) = 𝛿𝑔 exp(−𝜃𝑚), where 𝛿𝑔 > 0 and 𝜃 > 0 are
parameters. It follows that 0 < 𝜙𝑠(𝑚) < 1, 𝑑𝜙𝑠(𝑚)/𝑑𝑚 < 0,
and 𝑑2𝜙𝑠(𝑚)/𝑑𝑚2 > 0 hold. When 𝑠 = 1, 𝑔1𝑡+1 is given by

𝑔1𝑡+1 = 𝐼𝑔𝑡 + {1 − 𝜙1 (𝑀𝑡𝐺𝑡 )}𝑔1𝑡 . (6)

3.3.The Social Planner’s Problem. The social welfare function
is defined as follows:

𝑊0 = ∞∑
𝑡=0

𝛽𝑡𝐿𝑢 (𝐶𝑡𝐿 ) , (7)

where 𝛽 ∈ (0, 1) is the discount factor and 𝑐𝑡 = 𝐶𝑡/𝐿 is
consumption per worker.The social planner chooses a stream
of consumption perworker {𝑐𝑡}∞𝑡=0 so as tomaximize the social
welfare in (7). The utility function 𝑢(𝑐) takes the constant
relative risk aversion form

𝑢 (𝑐) = {{{{{
𝑐1−𝜎 − 11 − 𝜎 , (𝜎 ̸= 1) ,
ln 𝑐, (𝜎 = 1) .

(8)

In (8), parameter 𝜎 > 0 is the Arrow–Pratt coefficient
of relative risk aversion, which is defined as −𝑐𝑢󸀠󸀠(𝑐)/𝑢󸀠(𝑐),
and assumed to be constant. The higher the value of 𝜎, the
more rapid the proportionate decline in 𝑢󸀠(𝑐) in response
to an increase in 𝑐, and hence the lower the willingness of
households to accept deviations from a uniform pattern of𝑐 over time. In addition, 𝜎 can be regarded as a measure
of intergenerational equity in the context of a life-extension
investment policy for infrastructure because the concavity
of 𝑢(𝑐) means that households prefer a relatively uniform
pattern to one in which 𝑐 exhibits volatility ranging from very
low to very high.

Given 𝐾0 and {𝑔𝑠0}𝑠−1𝑠=1, the social planner’s problem is
to maximize 𝑊0 in (7), subject to (1) to (6). To solve the
social planner’s problem, we set the Lagrange functionL0 as
follows:

L0 = ∞∑
𝑡=0

𝛽𝑡 [
[
𝐿(𝐶𝑡/𝐿)1−𝜎 − 1

1 − 𝜎
+ 𝜆𝑡 (𝐴𝐺𝛼𝑔𝑡 𝐾𝛼𝑘𝑡 𝐿1−𝛼𝑘 − 𝐶𝑡 − 𝐼𝑘𝑡 − 𝐼𝑔𝑡 − 𝑚𝐺𝑡)

+ 𝜒𝑘𝑡 {𝐼𝑘𝑡 + (1 − 𝛿𝑘)𝐾𝑡 − 𝐾𝑡+1} + 𝜉𝑡(𝑠−1∑
𝑠=1

𝑔𝑠𝑡 − 𝐺𝑡)
+ 𝜒𝑔,1𝑡 [𝐼𝑔𝑡 + {1 − 𝜙1 (𝑚)} 𝑔1𝑡 − 𝑔1𝑡+1]

+ 𝑠−1∑
𝑠=2

𝜒𝑔,𝑠𝑡 [𝜙𝑠−1 (𝑚) 𝑔𝑠−1𝑡 + {1 − 𝜙𝑠 (𝑚)} 𝑔𝑠𝑡 − 𝑔𝑠𝑡+1]]]
,

(9)

where 𝜆𝑡, 𝜒𝑘𝑡 , 𝜒𝑔,𝑠𝑡 (1 ≤ 𝑠 ≤ 𝑠), and 𝜉𝑡 are Lagrangemultipliers.
From (9), the resulting first-order conditions can then be
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derived as follows:

𝜆𝑡 = (𝐶𝑡𝐿 )−𝜎 , (10)

𝜆𝑡 = 𝜒𝑘𝑡 , (11)

𝜆𝑡 = 𝜒𝑔,1𝑡 , (12)

𝜆𝑡𝐺𝑡 = −𝜒𝑔,1𝑡 𝜙󸀠1 (𝑀𝑡𝐺𝑡 )𝑔1𝑡
+ 𝑠−1∑
𝑠=2

𝜒𝑔,𝑠𝑡 {𝜙󸀠𝑠−1 (𝑀𝑡𝐺𝑡 )𝑔𝑠−1𝑡 − 𝜙󸀠𝑠 (𝑀𝑡𝐺𝑡 )𝑔𝑠𝑡}

= 𝑠−2∑
𝑠=1

{−𝑔𝑠𝑡𝜙󸀠𝑠 (𝑚) (𝜒𝑔,𝑠𝑡 − 𝜒𝑔,𝑠+1𝑡 )}
− 𝑔𝑠−1𝑡 𝜙󸀠𝑠−1 (𝑚) 𝜒𝑔,𝑠−1𝑡 ,

(13)

𝜉𝑡 = 𝜆𝑡 (𝛼𝑔𝐴𝐺𝛼𝑔−1𝑡 𝐾𝛼𝑘𝑡 𝐿1−𝛼𝑘 − 𝑚) , (14)

𝜒𝑘𝑡 = 𝛽𝜆𝑡+1𝛼𝑘𝐴𝐺𝛼𝑔𝑡+1𝐾𝛼𝑘−1𝑡+1 𝐿1−𝛼𝑘 + 𝛽𝜒𝑘𝑡+1 (1 − 𝛿𝑘) , (15)

𝜒𝑔,𝑠𝑡 = 𝛽𝜉𝑡+1 + 𝛽𝜒𝑔,𝑠𝑡+1 {1 − 𝜙𝑠 (𝑚)} + 𝛽𝜒𝑔,𝑠+1𝑡+1 𝜙𝑠 (𝑚) ,
(1 ≤ 𝑠 ≤ 𝑠 − 2) , (16)

𝜒𝑔,𝑠−1𝑡 = 𝛽𝜉𝑡+1 + 𝛽𝜒𝑔,𝑠−1𝑡+1 {1 − 𝜙𝑠−1 (𝑚)} . (17)

Note that (13) implies that the optimal level of life-
extension investment satisfies the condition whereby the
marginal benefit is equal to themarginal cost of life-extension
investment. With regard to 𝜒𝑔,𝑠𝑡 on the left-hand side of (16)
and 𝜒𝑔,𝑠−1𝑡 on the left-hand side of (17), 𝜒𝑔,𝑠𝑡 and 𝜒𝑔,𝑠−1𝑡 mean
the values of expressways at the beginning of period 𝑡 with
deterioration vintages 𝑠 and 𝑠 − 1, respectively.

We now focus on the steady state, in which variables
in the model grow at nonnegative constant rates, and
examine the effects of the intensity of expressway main-
tenance, 𝑚, on macroeconomic performance. We express
the steady-state values of 𝑌𝑡, 𝐶𝑡, 𝐾𝑡, 𝐺𝑡, 𝐼𝑘𝑡 , 𝐼𝑔𝑡 , and 𝑔1𝑡 as𝑌∗, 𝐶∗, 𝐾∗, 𝐺∗, 𝐼𝑘∗, 𝐼𝑔∗, and 𝑔1∗, respectively. Here, as in [3],
there are two cases in relation to deterioration vintage, that
is, 𝑠 = 1, 2: “usable,” because the expressway is not yet retired
when 𝑠 = 1, and “unusable,” because the expressway is retired
in the sense of reaching its serviceability limit when 𝑠 = 2.
This implies that 𝑠 = 2 in (4). Hence, 𝐺𝑡 = 𝑔1𝑡 holds. As a
result,𝑌∗, 𝐶∗, 𝐾∗, 𝐺∗, 𝐼𝑘∗, 𝐼𝑔∗,and 𝑔1∗ are constant over time
(see Appendix A for the proof). In other words, the growth
rates of 𝑌𝑡, 𝐶𝑡, 𝐾𝑡, 𝐺𝑡, 𝐼𝑘𝑡 , 𝐼𝑔𝑡 , and 𝑔1𝑡 in the steady state are 0.

In the steady state of the model, the following relation-
ships hold:

1 = 𝛽𝛼𝑘𝐴𝐺∗𝛼𝑔𝐾∗𝛼𝑘−1𝐿1−𝛼𝑘 + 𝛽 (1 − 𝛿𝑘) , (18)

1 = 𝛽𝛼𝑔𝐴𝐺∗𝛼𝑔−1𝐾∗𝛼𝑘𝐿1−𝛼𝑘 − 𝛽𝑚 + 𝛽 {1 − 𝜙1 (𝑚)} . (19)

See Appendix B for the derivations of (18) and (19).

Define the functionsF(𝐺∗, 𝐾∗, 𝑚) andH(𝐺∗, 𝐾∗, 𝑚) as
follows:

F (𝐺∗, 𝐾∗, 𝑚) = 𝛽𝛼𝑘𝐴𝐺∗𝛼𝑔𝐾∗𝛼𝑘−1𝐿1−𝛼𝑘 + 𝛽 (1 − 𝛿𝑘)
− 1, (20)

H (𝐺∗, 𝐾∗, 𝑚) = 𝛽𝛼𝑔𝐴𝐺∗𝛼𝑔−1𝐾∗𝛼𝑘𝐿1−𝛼𝑘 − 𝛽𝑚
+ 𝛽 {1 − 𝜙1 (𝑚)} − 1. (21)

Totally differentiating (20) with respect to 𝐺∗, 𝐾∗, and𝑚, we
obtain

𝑑F = {(𝛼𝑘 − 1) 𝛽𝛼𝑘𝐴𝐺∗𝛼𝑔𝐾∗𝛼𝑘−2𝐿1−𝛼𝑘} 𝑑𝐾∗
+ (𝛼𝑔𝛽𝛼𝑘𝐴𝐺∗𝛼𝑔−1𝐾∗𝛼𝑘−1𝐿1−𝛼𝑘) 𝑑𝐺∗ = 0. (22)

In addition, totally differentiating (21) with respect to𝐺∗, 𝐾∗,
and𝑚, we get

𝑑H = (𝛼𝑘𝛽𝛼𝑔𝐴𝐺∗𝛼𝑔−1𝐾∗𝛼𝑘−1𝐿1−𝛼𝑘) 𝑑𝐾∗
+ {(𝛼𝑔 − 1) 𝛽𝛼𝑔𝐴𝐺∗𝛼𝑔−2𝐾∗𝛼𝑘𝐿1−𝛼𝑘} 𝑑𝐺∗
+ [−𝛽 {1 + 𝜙󸀠1 (𝑚)}] 𝑑𝑚 = 0.

(23)

Multiplying both sides of (22) by (𝛼𝑔 − 1) yields
(𝛼𝑔 − 1) {(𝛼𝑘 − 1) 𝛽𝛼𝑘𝐴𝐺∗𝛼𝑔𝐾∗𝛼𝑘−2𝐿1−𝛼𝑘} 𝑑𝐾∗

= − (𝛼𝑔 − 1) (𝛼𝑔𝛽𝛼𝑘𝐴𝐺∗𝛼𝑔−1𝐾∗𝛼𝑘−1𝐿1−𝛼𝑘) 𝑑𝐺∗. (24)

Moreover, multiplying both sides of (23) by (𝛼𝑘𝐺∗/𝐾∗) leads
to

(𝛼𝑘𝐺∗𝐾∗ )(𝛼𝑘𝛽𝛼𝑔𝐴𝐺∗𝛼𝑔−1𝐾∗𝛼𝑘−1𝐿1−𝛼𝑘) 𝑑𝐾∗

= −(𝛼𝑘𝐺∗𝐾∗ )
× {(𝛼𝑔 − 1) 𝛽𝛼𝑔𝐴𝐺∗𝛼𝑔−2𝐾∗𝛼𝑘𝐿1−𝛼𝑘} 𝑑𝐺∗
− (𝛼𝑘𝐺∗𝐾∗ ) [−𝛽 {1 + 𝜙󸀠1 (𝑚)}] 𝑑𝑚.

(25)

Considering (24) and (25), we have

{(𝛼𝑔 − 1) (𝛼𝑘 − 1) 𝛽𝐴𝐺∗𝛼𝑔𝐾∗𝛼𝑘−2𝐿1−𝛼𝑘
− 𝛼𝑘𝛼𝑘𝛽𝛼𝑔𝐴𝐺∗𝛼𝑔𝐾∗𝛼𝑘−2𝐿1−𝛼𝑘} 𝑑𝐾∗
= 𝛼𝑘𝐺∗𝐾∗ {−𝛽 − 𝛽𝜙󸀠1 (𝑚)} 𝑑𝑚.

(26)

From (26), we obtain

𝑑𝐾∗𝑑𝑚 = −( 11 − 𝛼𝑘 − 𝛼𝑔)
1 + 𝜙󸀠1 (𝑚)

𝛼𝑔𝐴𝐺∗𝛼𝑔−1𝐾∗𝛼𝑘−1𝐿1−𝛼𝑘 . (27)
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Multiplying both sides of (22) by (𝛼𝑔𝐺∗/𝐾∗) yields

(𝛼𝑔𝐾∗𝐺∗ ){(𝛼𝑘 − 1) 𝛽𝛼𝑘𝐴𝐺∗𝛼𝑔𝐾∗𝛼𝑘−2𝐿1−𝛼𝑘} 𝑑𝐾∗

= −(𝛼𝑔𝐾∗𝐺∗ )(𝛼𝑔𝛽𝛼𝑘𝐴𝐺∗𝛼𝑔−1𝐾∗𝛼𝑘−1𝐿1−𝛼𝑘) 𝑑𝐺∗.
(28)

Furthermore, multiplying both sides of (23) by (𝛼𝑘 − 1) leads
to

(𝛼𝑘 − 1) {𝛼𝑘𝛽𝛼𝑔𝐴𝐺∗𝛼𝑔−1𝐾∗𝛼𝑘−1𝐿1−𝛼𝑘} 𝑑𝐾∗
= − (𝛼𝑘 − 1) {(𝛼𝑔 − 1) 𝛽𝛼𝑔𝐴𝐺∗𝛼𝑔−2𝐾∗𝛼𝑘𝐿1−𝛼𝑘} 𝑑𝐺∗

− (𝛼𝑘 − 1) [−𝛽 {1 + 𝜙󸀠1 (𝑚)}] 𝑑𝑚.
(29)

Using (28) and (29), we get

{𝛼2𝑔𝛽𝛼𝑘𝐴𝐺∗𝛼𝑔−2𝐾∗𝛼𝑘𝐿1−𝛼𝑘 − (𝛼𝑔 − 1) (𝛼𝑘 − 1)
× 𝛽𝛼𝑔𝐴𝐺∗𝛼𝑔−2𝐾∗𝛼𝑘𝐿1−𝛼𝑘} 𝑑𝐺∗ = (𝛼𝑘 − 1)
× {−𝛽 − 𝛽𝜙󸀠1 (𝑚)} 𝑑𝑚.

(30)

Then, (30) implies that

𝑑𝐺∗𝑑𝑚 = −( 1 − 𝛼𝑘1 − 𝛼𝑘 − 𝛼𝑔)
1 + 𝜙󸀠1 (𝑚)

𝛼𝑔𝐴𝐺∗𝛼𝑔−2𝐾∗𝛼𝑘𝐿1−𝛼𝑘 . (31)

For convenience, we assume that −𝜙󸀠1(𝑚) > 1. Then, we find
that the relationships 𝑑𝐾∗/𝑑𝑚 > 0 and 𝑑𝐺∗/𝑑𝑚 > 0 hold
from (27) and (31), respectively.

In the steady state, (3) implies that 𝐼𝑘∗ = 𝛿𝑘𝐾∗.This result
and (27) lead to

𝑑𝐼𝑘∗𝑑𝑚 = 𝛿𝑘 𝑑𝐾∗𝑑𝑚
= −( 𝛿𝑘1 − 𝛼𝑘 − 𝛼𝑔)

1 + 𝜙󸀠1 (𝑚)
𝐴𝐺∗𝛼𝑔−1𝐾∗𝛼𝑘−1𝐿1−𝛼𝑘 > 0.

(32)

The relationships in (4), (5), and (31) imply that

𝑑𝐼𝑔∗𝑑𝑚 = 𝜙󸀠1 (𝑚)𝐺∗ + 𝜙1 (𝑚) 𝑑𝐺∗𝑑𝑚 = [
[
𝜙󸀠1 (𝑚)𝐺∗

− ( 1 − 𝛼𝑘1 − 𝛼𝑘 − 𝛼𝑔)
𝜙1 (𝑚) {1 + 𝜙󸀠1 (𝑚)}
𝛼𝑔𝐴𝐺∗𝛼𝑔−2𝐾∗𝛼𝑘𝐿1−𝛼𝑘 ]]

.
(33)

Recall that 𝜙󸀠1(𝑚) < 0 and 𝑑𝐺∗/𝑑𝑚 > 0. Consequently, the
sign of 𝑑𝐼𝑔∗/𝑑𝑚 in (33) is ambiguous. In addition, 𝑀∗ =𝑚𝐺∗ and (31) imply that

𝑑𝑀∗𝑑𝑚 = 𝐺∗ + 𝑚𝑑𝐺∗𝑑𝑚
= {{{

𝐺∗ − 𝑚( 1 − 𝛼𝑘1 − 𝛼𝑘 − 𝛼𝑔)
1 + 𝜙󸀠1 (𝑚)

𝛼𝑔𝐴𝐺∗𝛼𝑔−2𝐾∗𝛼𝑘𝐿1−𝛼𝑘
}}}

> 0.

(34)

In addition, from (1), (27), and (31), we obtain

𝑑𝑌∗𝑑𝑚 = 𝛼𝑘𝐴𝐺∗𝛼𝑔𝐾∗𝛼𝑘−1𝐿1−𝛼𝑘 𝑑𝐾∗𝑑𝑚
+ 𝛼𝑔𝐴𝐺∗𝛼𝑔−1𝐾∗𝛼𝑘𝐿1−𝛼𝑘 𝑑𝐺∗𝑑𝑚

= − 1 + 𝜙󸀠1 (𝑚)1 − 𝛼𝑘 − 𝛼𝑔𝐺∗ > 0.
(35)

Furthermore, (2), together with (32) to (35), implies that

𝑑𝐶∗𝑑𝑚 = 𝑑𝑌∗𝑑𝑚 − 𝑑𝐼𝑘∗𝑑𝑚 − 𝑑𝐼𝑔∗𝑑𝑚 − 𝑑𝑀∗𝑑𝑚
= {− 1 + 𝜙󸀠1 (𝑚)1 − 𝛼𝑘 − 𝛼𝑔𝐺∗}

− {−( 𝛿𝑘1 − 𝛼𝑘 − 𝛼𝑔)
1 + 𝜙󸀠1 (𝑚)

𝐴𝐺∗𝛼𝑔−1𝐾∗𝛼𝑘−1𝐿1−𝛼𝑘 }

− [
[
𝜙󸀠1 (𝑚)𝐺∗

− ( 1 − 𝛼𝑘1 − 𝛼𝑘 − 𝛼𝑔)
𝜙1 {1 + 𝜙󸀠1 (𝑚)}

𝛼𝑔𝐴𝐺∗𝛼𝑔−2𝐾∗𝛼𝑘𝐿1−𝛼𝑘 ]]
− {{{

𝐺∗

− 𝑚( 1 − 𝛼𝑘1 − 𝛼𝑘 − 𝛼𝑔)
1 + 𝜙󸀠1 (𝑚)

𝛼𝑔𝐴𝐺∗𝛼𝑔−2𝐾∗𝛼𝑘𝐿1−𝛼𝑘
}}}

= − 1 + 𝜙󸀠1 (𝑚)1 − 𝛼𝑘 − 𝛼𝑔 (
1

𝐴𝐺∗𝛼𝑔−1𝐾∗𝛼𝑘𝐿1−𝛼𝑘 )
× [(1 − 𝛼𝑘 − 𝛼𝑔)𝐴𝐺∗𝛼𝑔𝐾∗𝛼𝑘𝐿1−𝛼𝑘 − 𝛿𝑘𝐾∗

− 1 − 𝛼𝑘𝛼𝑔 𝐺∗ {𝜙1 (𝑚) + 𝑚}] .

(36)
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We can use (18) and (19) to obtain

𝛿𝑘𝐾∗ = 𝛼𝑘𝐴𝐺∗𝛼𝑔𝐾∗𝛼𝑘𝐿1−𝛼𝑘 − ( 1𝛽 − 1)𝐾∗, (37)

1 − 𝛼𝑘𝛼𝑔 𝐺∗ {𝜙1 (𝑚) + 𝑚}
= (1 − 𝛼𝑘) 𝛼𝑘𝐴𝐺∗𝛼𝑔𝐾∗𝛼𝑘𝐿1−𝛼𝑘

− 1 − 𝛼𝑘𝛼𝑔 ( 1𝛽 − 1)𝐺∗.
(38)

Substituting (37) and (38) into (36) yields

𝑑𝐶∗𝑑𝑚 = − 1 + 𝜙󸀠1 (𝑚)1 − 𝛼𝑘 − 𝛼𝑔 (
1

𝐴𝐺∗𝛼𝑔−1𝐾∗𝛼𝑘𝐿1−𝛼𝑘 )
× {(1 − 𝛼𝑘 − 𝛼𝑔)𝐴𝐺∗𝛼𝑔𝐾∗𝛼𝑘𝐿1−𝛼𝑘

+ ( 1𝛽 − 1)(𝐾∗ + 1 − 𝛼𝑘𝛼𝑔 𝐺∗)} > 0.
(39)

Recall that the working population, 𝐿, is assumed to be
constant. For consumption per worker in the steady state,𝑐∗ ≡ 𝐶∗/𝐿, hence it follows that 𝑑𝑐∗/𝑑𝑚 > 0 from the result
of (39).

4. Numerical Analysis

4.1. Effects of Life-Extension Investment. We now numerically
examine the effects of investment to extend the life of
expressways. Let 𝑐̂𝑡(𝑚𝑖) be the consumption per worker in the
case of maintenance intensity 𝑚𝑖 in period 𝑡 on the optimal
growth path and 𝑊̂(𝑚𝑖) be the social welfare obtained from{𝑐̂𝑡(𝑚𝑖)}∞𝑡=0. Therefore, 𝑊̂(𝑚𝑖) is given by

𝑊̂ (𝑚𝑖) =
{{{{{{{{{

∞∑
𝑡=0

𝛽𝑡𝐿{𝑐̂𝑡 (𝑚𝑖)}1−𝜎 − 1
1 − 𝜎 , (𝜎 ̸= 1) ,

∞∑
𝑡=0

𝛽𝑡𝐿 ln 𝑐̂𝑡 (𝑚𝑖) , (𝜎 = 1) . (40)

As in [28], the benefit of life-extension investment in express-
ways 𝑉(𝑚𝑖, 𝑚𝑗) is defined as the difference between 𝑊̂(𝑚𝑖)
and 𝑊̂(𝑚𝑗) (𝑖 ̸= 𝑗):
𝑉(𝑚𝑖, 𝑚𝑗) = 𝑊̂ (𝑚𝑖) − 𝑊̂ (𝑚𝑗)

=
{{{{{{{{{{{

∞∑
𝑡=0

𝛽𝑡𝐿{𝑐̂𝑡 (𝑚𝑖)}1−𝜎 − 1
1 − 𝜎 − ∞∑

𝑡=0

𝛽𝑡𝐿{𝑐̂𝑡 (𝑚𝑗)}1−𝜎 − 1
1 − 𝜎 , (𝜎 ̸= 1) ,

∞∑
𝑡=0

𝛽𝑡𝐿 ln 𝑐̂𝑡 (𝑚𝑖) − ∞∑
𝑡=0

𝛽𝑡𝐿 ln 𝑐̂𝑡 (𝑚𝑗) , (𝜎 = 1) .
(41)

Moreover, let 𝑐∗(𝑚𝑖) be the consumption per worker in the
case ofmaintenance intensity𝑚𝑖 in the steady state.The social

welfare obtained from {𝑐∗(𝑚𝑖)}∞𝑡=0,𝑊∗(𝑚𝑖), in the steady state
is given by

𝑊∗ (𝑚𝑖)

=

{{{{{{{{{{{{{{{{{{{{{{{{{{{

∞∑
𝑡=0

𝛽𝑡𝐿{𝑐∗ (𝑚𝑖)}1−𝜎 − 1
1 − 𝜎

= 11 − 𝛽𝐿{𝑐∗ (𝑚𝑖)}1−𝜎 − 1
1 − 𝜎 , (𝜎 ̸= 1) ,

∞∑
𝑡=0

𝛽𝑡𝐿 ln {𝑐∗ (𝑚𝑖)}
= 11 − 𝛽𝐿 ln {𝑐∗ (𝑚𝑖)} , (𝜎 = 1) .

(42)

Let ST be the stock effect and SM the smoothing effect.
The stock effect means that room for new investment is
created by life-extension investment in expressway stock,
and therefore economic growth can be promoted through
capital accumulation. The smoothing effect means that the
dynamic path of consumption per worker is smoothed by
life-extension investment in expressway stock and results in
greater social welfare (for details, see [3]).

Based on (40) and (42), the welfare loss, LO(𝑚𝑖), when
maintenance intensity is𝑚𝑖 can be written as

LO (𝑚𝑖) = 𝑊∗ (𝑚𝑖) − 𝑊̂ (𝑚𝑖) . (43)

If we consider maintenance intensities𝑚𝑖 and𝑚𝑗 (𝑖 ̸= 𝑗), the
smoothing effect SM(𝑚𝑖, 𝑚𝑗) is measured by the difference
between LO(𝑚𝑖) and LO(𝑚𝑗). That is, SM(𝑚𝑖, 𝑚𝑗) is given by

SM (𝑚𝑖, 𝑚𝑗) = LO (𝑚𝑖) − LO (𝑚𝑗) , (44)

where LO(𝑚𝑖) and LO(𝑚𝑗) are calculated using (43).
In our model, the benefits of life-extension investment in

expressways can be decomposed into the stock effect and the
smoothing effect.Therefore, when we express the stock effect
for𝑚𝑖 and𝑚𝑗(𝑖 ̸= 𝑗) as ST(𝑚𝑖, 𝑚𝑗), the following relationship
holds:

𝑉(𝑚𝑖, 𝑚𝑗) = SM (𝑚𝑖, 𝑚𝑗) + ST (𝑚𝑖, 𝑚𝑗) . (45)

Substituting the life-extension benefits from (41) and the
smoothing effect from (44) into (45) yields the stock effect
ST(𝑚𝑖, 𝑚𝑗). In accordance with data from [29, 30], we set(𝐺0, 𝐾0) = (835.8, 1261.0). For simplicity, investment in
nonexpressway stock is fixed at 𝐼𝑘𝑡 = 285. The baseline
settings for the key parameter values are as follows: 𝛿𝑔 = 1.00,𝛿𝑘 = 0.10, 𝜃 = 100, 𝐴 = 1.00, 𝛽 = exp(−0.15), 𝛼𝑘 = 0.35,𝛼𝑔 = 0.10, and 𝐿 = 1000.

We investigate the data for expressway investment in
Japan from [31]. Figure 3 shows expressway investment in
Japan for 10 subperiods over the period 1963–2012. When
we look at the changes in expressway investment shown in
Figure 3, we find that there are some remarkable fluctuations.
In our numerical analysis, the deterioration vintage value
declines steadily from 10 in the subperiod from 1963 to 1967
to 1 in the subperiod from 2008 to 2012.
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Figure 3: Expressway investment in Japan. Source: Road Statistics
Annual Report 2015, Ministry of Land, Infrastructure, Transport and
Tourism, Japan.

To compare the effects of life-extension investment poli-
cies, we consider different values of maintenance intensity,
that is, 𝑚1 = 0.016 and 𝑚2 = 0.020. Under the conditions𝛿𝑔 = 1.00, 𝜃 = 100, and 𝑔11 =1, when 𝑚1 = 0.016, we
obtain the expected value of around 50 years for the period
until the expressway stock reaches its serviceability limit.The
value of 50 years is consistentwith the preliminary calculation
by [32] that the average useful life of roads, which include
both general roads and expressways, is 48 years in Japan. On
the other hand, if 𝑚2 = 0.020, we obtain the expected value
of about 70 years for the period before the expressway stock
reaches its serviceability limit.

In calculating the values of SM(𝑚2, 𝑚1), ST(𝑚2, 𝑚1), and𝑉(𝑚2, 𝑚1) corresponding to maintenance intensity values𝑚1 = 0.016 and 𝑚2 = 0.020, we consider relative risk
aversion (RRA) values from 1.00 to 2.30. In [33], the degree of
relative risk aversion (RRA) is estimated and the hypothesis
of constant relative risk aversion (CRRA) is examined for 15
developed countries. For Japan, [33] estimates an RRA of 2.76
using an approximate demand-for-insurance function and
notes that the CRRA hypothesis cannot be rejected. Paper
[34] estimates an RRA for Japan of between 1 and 2 using a
consumption demand function.

Tables 1–5 show the total benefits, the smoothing effect,
and the stock effect when𝐴 = 1.00, 1.25, 1.50, 1.75, and 2.00,
respectively.

Given a level of technology, the relationship whereby the
sum of the smoothing effect and the stock effect is equal to
the total benefits implies that

smoothing effect
total benefits

+ stock effect
total benefits

= 1. (46)

In (46), the first term and the second term on the left-
hand side are the ratio of the contribution of the smoothing
effect and the ratio of the contribution of the stock effect,
respectively. Focusing on RRA = 2.00 in Table 1 as an
illustration, it can be seen that the ratio of contribution of
the smoothing effect is 0.066 and that of the stock effect is
0.934. Therefore, when RRA = 2.00, the contributions of the

smoothing effect and the stock effect to the total benefits are
6.6 percent and 93.4 percent, respectively.

Considering the results shown in Tables 1–5, we find that
there are some common characteristics in the cases where𝐴 = 1.00, 1.25, 1.50, 1.75, and 2.00. The contribution of the
stock effect is more than 90 percent, while the contribution
of the smoothing effect is less than 10 percent, for each
value of 𝐴. That is, the benefits of life-extension investment
in expressways are mostly attributable to the stock effect.
Intuitively, this result can be explained as follows. A lower
RRA valuemeans a greater willingness to save. Consequently,
capital accumulation and economic growth are promoted.
This results in greater benefits from life-extension investment
in expressways. Furthermore, the smoothing effect and the
stock effect are both higher when RRA is low. Because
the benefits of life-extension investment consist of both a
smoothing effect and a stock effect, this implies that if RRA is
low, the life-extension benefits are high.

In contrast, we find the following differences among
Tables 1–5. Let us focus on the case where RRA = 2.00
in each table; that is, the relevant values (smoothing effect,
stock effect, and total benefits) are (0.282, 3.975, and 4.257) in
Table 1, (0.200, 2.662, and 2.862) in Table 2, (0.148, 1.973, and
2.121) inTable 3, (0.114, 1.556, and 1.670) inTable 4, and (0.091,
1.280, and 1.371) in Table 5. It can be seen fromTables 1–5 that
when the technology parameter is large, the smoothing effect,
the stock effect, and the total benefits are all low. This is also
true in relation to other RRA values. Hence, the higher the
level of technology, the lower the life-extension benefits. In
other words, the difference between social welfare 𝑊̂(0.200)
when maintenance intensity 𝑚2 = 0.200 and social welfare𝑊̂(0.016) when maintenance intensity 𝑚1 = 0.016 becomes
smaller as the level of technology increases. These results
suggest that the welfare-enhancing effect of technological
progress decreases with the level of technology. Moreover,
it can be confirmed that there is a difference in movement
of total benefits among Tables 1–5. We now express the total
benefits when RRA = 𝑥 as 𝐵𝑥 and define the index of total
benefits when RRA = 𝑥 as (𝐵𝑥/𝐵1.00) × 100. For example,
in the case of 𝐴 = 1.00, the index of total benefits when
RRA = 1.05 becomes 97.3. Figure 4 shows changes in the
index of total benefits in the cases where𝐴 = 1.00, 1.25, 1.50,1.75, and 2.00.

As can be seen in Figure 4, when the technology param-
eter is larger, the index of total benefits shows a more rapid
decline in association with an increase in RRA.

For the cases where𝑚1 = 0.016 and𝑚2 = 0.020, Figure 5
shows the movements of total expenditure on expressways(𝐼𝑔𝑡 +𝑀𝑡), consisting of investment in replacement expressway
stock and expenditure on expressway maintenance. It can be
seen that, in the cases where 𝑚1 = 0.016 and 𝑚2 = 0.020, the
fluctuations in total expenditure on expressways are initially
relatively large and then gradually decrease. This behavior
is caused by differences in the deterioration vintage of
expressways in each period. Specifically, investment to renew
older expressways initially increases until it reaches a peak
and then gradually decreases. These cyclical fluctuations in
the transition process cause total expenditure on expressways
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Figure 4: Relative risk aversion and index of total benefits.
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Figure 5: Dynamics of total expenditure on expressways.

to approach a steady state over time. Moreover, comparing
the graphs in the cases of 𝑚1 = 0.016 and 𝑚2 = 0.020 in
Figure 5, we note that the size of the fluctuation is small when
the maintenance intensity is high.

Focusing on the transition process, it should be noted
that total expenditure in the case where 𝑚1 = 0.016 is larger
than that in the case where 𝑚2 = 0.020 in some periods.
However, it is evident that total expenditure in the case where𝑚1 = 0.016 is larger than that in the case where 𝑚2 = 0.020
in the steady state. When 𝑚2 = 0.020 (i.e., the maintenance
intensity is relatively high), the steady-state value of total
expenditure on expressways is 8,799 billion Japanese yen.
Conversely, when𝑚1 = 0.016 (i.e., the maintenance intensity
is relatively low), the steady-state value of total expenditure
on expressways is 9,303 billion Japanese yen. Therefore, in
terms of total expenditure on expressways, which is defined
as the sum of investment in replacement expressway stock
and expenditure on expressway maintenance, the case where
maintenance intensity is high will cost less than the case
where maintenance intensity is low in the long term.

Figure 6 shows movements in user charges in the cases
where 𝑚1 = 0.016 and 𝑚2 = 0.020. At first glance, we find
that the behavior of user charges is very similar to that of
total expenditure on expressways. As can be seen in Figure 6,
user charges show cyclical fluctuations during the transition
process in both cases. In the steady state, user charges in the
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Figure 6: Dynamics of user charges.

case where 𝑚2 = 0.020 are less than those in the case where𝑚1 = 0.016. That is, user charges are lower in the long term
when maintenance intensity is relatively high.

Let 𝑃∗ be the steady-state value of user charges for an
expressway.We can obtain the value of𝑃∗ using the following
equation:

𝑃∗ = 𝐼𝑔∗ + 𝑀∗𝑅 × 𝐺∗ × 365 × 5󸀠 , (47)

where 𝑅 is the average daily traffic volume for Japanese
expressways. Data for 𝑅 are taken from [29], and the average
daily volume of expressway traffic is 27,481 units. Using (47)
for the case where 𝑚2 = 0.020, the user charge per kilometer
in the steady state is 22.54 Japanese yen. Similarly, the user
charge per kilometer in the steady state in the casewhere𝑚1 =
0.016 is 23.83 Japanese yen.

4.2. Efficiency and Intergenerational Equity. To compare
the short-term and long-term social marginal cost pricing
systems of roads, [4] presented a quantitative approach for
evaluating efficiency and intergenerational equity regarding
road construction and improvement. Using the evaluation
index described in [5], they define efficiency and intergen-
erational equity as follows. The sum of the benefits for all
generations is regarded as an efficiency index. In addition, the
inverse of the standard deviation of net benefits is regarded
as an equity index. Here, the net benefits are derived as the
residual after subtracting the burden from the benefits; that
is, net benefits equal benefits minus the burden. Paper [4]
examined six road-use charging systems: a short-term social
marginal cost pricing system, a long-term social marginal
cost pricing system, and four intermediate cases. As a result,
they find that there is a trade-off between efficiency and
intergenerational equity. In particular, the long-term social
marginal cost pricing system is superior in terms of efficiency,
while the short-term social marginal cost pricing system is
superior in terms of intergenerational equity.

In this subsection, we apply the approach proposed by [4]
to the numerical analysis of efficiency and intergenerational
equity in the context of the model of life-extension invest-
ment in expressways. Specifically, we address the following
questions:What kind of relationship exists between efficiency
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and intergenerational equity associated with life-extension
investment in expressways? Are efficiency and intergen-
erational equity encouraged or deterred by technological
advances?

However, unlike [4], we calculate efficiency and intergen-
erational equity using the benefits of life-extension invest-
ment in expressways 𝑉(𝑚2, 𝑚1) and total expenditure on
expressways (𝐼𝑔𝑡 + 𝑀𝑡), respectively. Recall that we analyzed
management of investment and maintenance in relation to
expressway infrastructure at a national level in the dynamic
framework based on the model of economic growth. Because
the results of the numerical analysis of [4] depend on an
essentially static model, we have a distinct advantage over
[4] from the perspective of the appropriateness of using
generational accounting. In addition, [4] did not consider
changes in RRA and the level of technology.

To apply the generational accounting technique, first we
must convert the annual benefits and burden into those of
a generation. Specifically, we define the present value of the
difference between total expenditure on expressways when𝑚1 = 0.016 and that when 𝑚2 = 0.020 as a burden per
period. Furthermore, as in [4], we assume that all generations
utilize the expressways over four decades from age 20 to age
59. Because we consider a period to be five years, this means
that each generation uses the expressways over eight periods.
The benefits (burden) for each generation are (is) the sum of
12.5 percent of the benefits (burden) in each period. Taking
generation 𝑡, which is born in period 𝑡, as an example, the
people of generation 𝑡 use the expressway for eight periods
(over four decades) from period 𝑡 + 4 to period 𝑡 + 11. Then,
we calculate the benefits of generation 𝑡 by

0.125 × (benefits in period 𝑡 + 4) + 0.125
× (benefits in period 𝑡 + 5) + ⋅ ⋅ ⋅ + 0.125
× (benefits in period 𝑡 + 11) .

(48)

See [4] for a more detailed explanation of (48).
We use the following nine values for the RRA param-

eter: 𝜎 = 1.00, 1.50, 2.00, 2.50, 3.00, 3.50, 4.00, 4.50, and
5.00. Figure 7 shows the relationship between efficiency and
intergenerational equity in our model. As can be seen in
Figure 7, there are downward sloping lines for all values
of the technology parameter, implying a trade-off between
efficiency and intergenerational equity. Here, the points in the
top left corner of the graphs have 𝜎 = 1.00, while those in
the bottom right corner of the graph have 𝜎 = 5.00. That
is, RRA is lower for points located in the upper left corner
of the graph. The main results are summarized as follows.
If RRA increases, efficiency decreases and intergenerational
equity increases. Given that [33] presents estimates of RRA
in Japan and the United States of 2.76 and 1.19, respectively,
Figure 7 suggests that people in Japan place a higher value on
intergenerational equity than do people in the United States.
Conversely people in theUnited States place a higher value on
efficiency than do people in Japan. In addition, our interest
is how technological progress would impact efficiency and
intergenerational equity given a life-extension investment
policy. A country with a higher level of technology can obtain
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Figure 7:The relationship between efficiency and intergenerational
equity.

both greater efficiency and greater intergenerational equity.
This implies that technological progress plays a key role in
improving both efficiency and intergenerational equity.

5. Conclusion

Based on the stochastic Ramsey model, we proposed a
macroeconomic dynamics approach for evaluating life-
extension investment policies for expressways in Japan. The
proposed approach allows more comprehensive and rigorous
analysis.

We found that the benefits of life-extension investment
in expressways are increased by raising the level of main-
tenance intensity. The benefits of life-extension investment
in expressways can be decomposed into the stock effect and
the smoothing effect. The numerical results showed that the
stock effect accounts for more than 90 percent of the benefits,
while the smoothing effect accounts for less than 10 percent.
We also examined the effects of life-extension investment
policies under varying levels of maintenance intensity and
obtained the following results. A life-extension investment
policy with a high level of maintenance intensity leads to
lower total expenditure on expressways in the long term.
In the short term, the magnitude of the fluctuations in
expressway expenditure is smallerwhen there is a high level of
maintenance intensity than when there is a low level of main-
tenance intensity.That is, increasing the level of maintenance
intensity suppresses fluctuations in expressway expenditure
and contributes to a reduction in financial instability in
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relation to expressway expenditure. Moreover, user charges
are lower in the long term when maintenance intensity is
relatively high. Our results support the life-extension policies
regarding expressways of NEXCO and the Ministry of Land,
Infrastructure, Transport and Tourism in Japan.

Regarding efficiency and intergenerational equity under
a life-extension investment policy in relation to express-
ways, the socially optimal combination of efficiency and
intergenerational equity depends on the levels of relative
risk aversion and technological development. If relative risk
aversion is high, efficiency will be low and intergenerational
equity will be high. Moreover, a higher level of technological
development leads to greater efficiency and intergenerational
equity. This suggests that technological progress is important
for increasing efficiency and intergenerational equity.

Appendix

A. Proof That 𝑌∗, 𝐶∗, 𝐾∗, 𝐺∗, 𝐼𝑘∗, 𝐼𝑔∗, and 𝑔1∗
Are Constant in the Steady State

Combining (10) and (11), (15) can be expressed as

(𝐶𝑡𝐿 )−𝜎 = 𝛽(𝐶𝑡+1𝐿 )−𝜎 𝛼𝑘𝐴𝐺𝛼𝑔𝑡+1𝐾𝛼𝑘−1𝑡+1 𝐿1−𝛼𝑘

+ 𝛽(𝐶𝑡+1𝐿 )−𝜎 (1 − 𝛿𝑘) .
(A.1)

When both sides of (A.1) are divided by (𝐶𝑡+1/𝐿)−𝜎, we obtain
(𝐶𝑡+1 − 𝐶𝑡𝐶𝑡 + 1)𝜎 = 𝛽𝛼𝑘𝐴𝐺𝛼𝑔𝑡+1𝐾𝛼𝑘−1𝑡+1 𝐿1−𝛼𝑘

+ 𝛽 (1 − 𝛿𝑘) .
(A.2)

In the steady state, all variables grow at constant nonnegative
rates. Obviously, the consumption growth rate, (𝐶𝑡+1−𝐶𝑡)/𝐶𝑡,
in the steady state must be a constant. It follows that the left-
hand side of (A.2) is a constant. Then, the right-hand side of
(A.2) is also a constant.This implies the constancy of the term𝐺𝛼𝑔𝑡+1𝐾𝛼𝑘−1𝑡+1 . In other words, the following relationship holds:

𝜇 = 𝐺𝛼𝑔𝑡+1𝐾𝛼𝑘−1𝑡+1 , (A.3)

where 𝜇 is a constant.
Note that if 𝑠 = 2, expressway stock is at the limit of ser-

viceability. This means that the shadow value of expressway
stock is zero: 𝜒𝑔,2𝑡+1 = 0. Using (14), (16) can be rewritten as
follows:

𝜒𝑔,1𝑡 = 𝛽𝜉𝑡+1 + 𝛽𝜒𝑔,1𝑡+1 {1 − 𝜙1 (𝑚)} + 𝛽𝜒𝑔,2𝑡+1𝜙1 (𝑚)
= 𝛽𝜆𝑡+1 (𝛼𝑔𝐴𝐺𝛼𝑔−1𝑡+1 𝐾𝛼𝑘𝑡+1𝐿1−𝛼𝑘 − 𝑚)

+ 𝛽𝜒𝑔,1𝑡+1 {1 − 𝜙1 (𝑚)} .
(A.4)

Therefore, the relationships (A.4), (10), and (12) imply that

(𝐶𝑡𝐿 )−𝜎 = 𝛽(𝐶𝑡+1𝐿 )−𝜎 (𝛼𝑔𝐴𝐺𝛼𝑔−1𝑡+1 𝐾𝛼𝑘𝑡+1𝐿1−𝛼𝑘 − 𝑚)
+ 𝛽(𝐶𝑡+1𝐿 )−𝜎 {1 − 𝜙1 (𝑚)} .

(A.5)

Dividing both sides of (A.5) by (𝐶𝑡+1/𝐿)−𝜎 yields
(𝐶𝑡+1 − 𝐶𝑡𝐶𝑡 + 1)𝜎 = 𝛽 (𝛼𝑔𝐴𝐺𝛼𝑔−1𝑡+1 𝐾𝛼𝑘𝑡+1𝐿1−𝛼𝑘 − 𝑚)

+ 𝛽 {1 − 𝜙1 (𝑚)} .
(A.6)

Because the growth rate of consumption becomes constant
in the steady state, the left-hand side of (A.6) is a constant.
Then, the right-hand side of (A.6) is also a constant and the
following relationship must hold:

] = 𝐺𝛼𝑔−1𝑡+1 𝐾𝛼𝑘𝑡+1, (A.7)

where ] is a constant.
Combining (A.3) and (A.7), the relationship between𝐾𝑡+1 and 𝐺𝑡+1 can be expressed as

𝐾𝑡+1 = ( ]𝜇)𝐺𝑡+1. (A.8)

Substitution of (A.8) into (A.2) leads to

(𝐶𝑡+1 − 𝐶𝑡𝐶𝑡 + 1)𝜎 = 𝛽𝛼𝑘𝐴𝐺𝛼𝑔𝑡+1𝐾𝛼𝑘−1𝑡+1 𝐿1−𝛼𝑘
+ 𝛽 (1 − 𝛿𝑘)

= 𝛽𝛼𝑘𝐴( ]𝜇)𝛼𝑘−1 𝐺𝛼𝑘+𝛼𝑔−1𝑡+1 𝐿1−𝛼𝑘
+ 𝛽 (1 − 𝛿𝑘) .

(A.9)

Because the left-hand side of (A.9) is a constant, the right-
hand side of (A.9) is also a constant. Consequently, we find
that expressway stock in the steady state is a constant and the
relationship 𝐺𝑡 = 𝐺𝑡+1 = 𝐺∗ holds. In addition, (A.2) and
(A.8) imply that

(𝐶𝑡+1 − 𝐶𝑡𝐶𝑡 + 1)𝜎 = 𝛽𝛼𝑘𝐴(𝜇
]
)𝛼𝑔 𝐾𝛼𝑔+𝛼𝑘−1𝑡+1 𝐿1−𝛼𝑘

+ 𝛽 (1 − 𝛿𝑘) .
(A.10)

From (A.10), we can show that capital stock other than
expressways is constant in the steady state and the relation-
ship𝐾𝑡 = 𝐾𝑡+1 = 𝐾∗ holds.

When 𝐾𝑡 = 𝐾𝑡+1 = 𝐾∗, (3) implies that 𝐼𝑘∗𝑡 = 𝛿𝑘𝐾∗
in the steady state. Therefore, investment other than that in
expressways, 𝐼𝑘∗, is a constant. Moreover, if 𝐺𝑡 = 𝐺𝑡+1 = 𝐺∗,
then 𝑚𝐺∗ = 𝑀∗. Hence, expenditure on expressway main-
tenance in the steady state becomes a constant. In addition,
we find from (4) that the relationship 𝐺∗ = 𝑔1∗ holds and
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expressway stock with deterioration vintage 1 becomes con-
stant in the steady state. Furthermore, it follows from (6) that
investment in expressways, 𝐼𝑔∗, is constant.

We now focus on the production function of (1). Because𝐺∗ and 𝐾∗ become constant in the steady state, the produc-
tion of goods, 𝑌∗, must be constant. Moreover, (3) can be
rewritten as follows:

𝐶∗ = 𝑌∗ − 𝐼𝑘∗ − 𝐼𝑔∗ − 𝑀∗. (A.11)

The right-hand side of (A.11) is a constant in the steady state.
This implies that consumption in the steady state is also a
constant.

Hence, the proposition that 𝑌∗, 𝐶∗, 𝐾∗, 𝐺∗, 𝐼𝑘∗, 𝐼𝑔∗, and𝑔1∗ become constant in the steady state is proved.

B. Derivation of (18) and (19)

InAppendix A,we confirm that the relationships𝐾𝑡 = 𝐾𝑡+1 =𝐾∗, 𝐺𝑡 = 𝐺𝑡+1 = 𝐺∗, and 𝐶𝑡 = 𝐶𝑡+1 = 𝐶∗ hold in the steady
state. Then, (A.2) and (A.6) imply that

1 = 𝛽𝛼𝑘𝐴𝐺∗𝛼𝑔𝐾∗𝛼𝑘−1𝐿1−𝛼𝑘 + 𝛽 (1 − 𝛿𝑘) , (B.1)

1 = 𝛽 (𝛼𝑔𝐴𝐺∗𝛼𝑔−1𝐾∗𝛼𝑘𝐿1−𝛼𝑘 − 𝑚) + 𝛽 {1 − 𝜙1 (𝑚)} . (B.2)

Note that (B.1) and (B.2) are identical to (18) and (19),
respectively.

We now express 𝜒𝑘∗, 𝜒𝑔,1∗, and 𝜆∗ as the values in the
steady state of 𝜒𝑘𝑡 , 𝜒𝑔,1𝑡 , and 𝜆𝑡, respectively. From (15) and
(B.1), 𝜒𝑘∗ = 1 holds. Considering the relationship between
(16) and (B.2), we get 𝜒𝑔,1∗ = 1. Hence, (11) and (12) imply
that 𝜆∗ = 1.
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