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The output feedback controllers of stochastic nonholonomic systems under arbitrary switching are discussed. We adopt an observer
which can simplify the design process. The designed control laws cause the calculation of the gain parameter to be very convenient
since the denominator of virtual controllers does not contain the gain parameter. Finally, an example is given to show the

effectiveness of controllers.

1. Introduction

In recent years, switched system’s control, especially under
arbitrary switching, has become an active field [1-3]. The
global stabilization of switched systems based on arbitrary
switching was given [4-6]. The stabilizing controllers of
switched systems with arbitrary switching were given [7-10].
The output feedback controllers of nonlinear systems with
arbitrary switching were designed [11, 12].

In the past ten years, the problem of stabilization for
stochastic nonholonomic systems (SNSs) received much
attention. They mainly can be classified into two types. The
first is state-feedback control: stabilization [13, 14], adaptive
stabilization [15-18], finite-time stabilization [19], stabiliza-
tion with time-varying delays [20], and stabilization of mobile
robots [21, 22]. The second is the output feedback stabilization
[23-25].

Since sometimes part of the system states are unmea-
surable, output feedback controllers are needed. Zhang et al.
discussed the output feedback stabilizing controllers of SNSs
whose virtual control b; contains gain parameter L [25]. This
will lead to a problem where the calculation of L is very
difficult, especially for n > 3, since the inequalities about L
were quintic. In addition, to the authors’ knowledge, there are
some results about state-feedback stabilization of SNSs with
Markovian switching [13, 14], with few available results for

the output stabilization of SNSs under arbitrary switching.
Based on the above analysis, there exists a problem, that is,
how to choose a proper observer under arbitrary switching
where the virtual control 4, in controllers does not contain
gain parameter L, which causes the calculation of L to be
easier.

Notations. R denotes the set of all real numbers. R” denotes
the real n-dimensional space. For a vector or matrix X €
R™™ X7 denotes its transpose, || X|| denotes the Euclidean
norm, Tr{X} is its trace when X is square, and & is a
stochastic differential operator [26].

2. Problem Formulation
The stochastic nonholonomic nonlinear systems are given by
dxy = updt + gﬁ;’a(t)] (%) dw, (1a)
dix; = ugx; At + fii o0 (%0, %;) dt
+ g[Ti’G(t)] (x0o%;)dw, i=1,...,n—1,

(1b)
dx, = udt + fi, .y (0, x) dt + gﬁ’g(m (%0, x) dw,

T
y = [xpx1]
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whereu, andu € R are inputs, x, € Rand (x,,...,x,)" € R"
are system states, X; = (x;,...,x,)", f; £ fi(xp,%;) : R™ —
R are smooth functions named as nonlinear drifts with
£i(0,0) = 0, and go(x) : R —» R™and g; = g(xp,%;) :
R™' — R™ are smooth functions with g,(0) = 0 and
9,(0,0) = 0,1 <i<nmo(t):[0,+00) > M = {1,2,...,m}
is a piecewise constant switching signal, and w € R™ is an
m-dimensional independent standard Wiener process.

Assumption 1. If there exist smooth function vy ,(;(x,) :
R — R™ and positive constant 7, then

910,0(1)] (xo) = X07[0,0(1)] (Xo))
(2)

[0 (<o)l < 7,
where v(g ;),(%o) is a known bounded nonnegative function.

Assumption 2. For i = 1,...,n, one has known constants

Vo] and V[i,a(t)] satisfying

|f[i,o(t)] (xO’Ei)l < (|x1| toeet |xi|)7[i,a(t)]> )
"g[i,a(t)] (x07§i)" < (|x1| Tt |xi|)7[i,a(t)]-

Remark 3. There are two main differences between systems
(1a) and (1b) and those in [24, 25]. The first is the arbitrary
switching mentioned in this paper. The second will be illus-
trated in Remark 7. In addition, Assumptions 1 and 2 are sim-
ilar to those in [24, 25], but in fact they hold under arbitrary
switching; for example, y(; ) = max{yy 1> Viiop Viisp Yiiay}
when o(t) : [0, +00) —» M ={1,2,3,4}.

3. Output Feedback Stabilization

The controller design in Sections 3.1 and 3.2 is under x,(,) #
0. The other one is discussed in Section 3.3.

3.1. Controller u, Design. For subsystem (la), one obtains
LVy (x0) < =24V (x,).- (4)

with Lyapunov function Vy(x,) = (1/2)x} and controller
as follows:

Uy = —HoXo»
5)
1, (
= A — s
"o + Zm

where A > 0 is a design real number.

Theorem 4. For system (la), the closed-loop system with
controller (4) is asymptotically stable in probability.
By (4) and (1a), one has

dx, = -nyxpdt + g%’o(t)] (%) dw. (6)
Remark 5. For any x,(t,) # 0, one has x,(t) # 0in (6) at

the time interval t € (f;,+00) a.s. with a similar proof of
Proposition 1 in [25].
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3.2. Controller u Design. In order to design controller u, let

z; = -, 1<i<n. (7)

Remark 6. For any x,(t,) # 0, from Remark 5, we have that
(7) is meaningful a.s.
By (1b) and (7), one has

_ T _
dz; =z, dt + ¢y ey, (x0,%;) dt + Y0iow) (x0,%;) do,

i=1,...,n—-1,
) ®)
dz,, = udt + @y, g (X x) dt + Yinow) (%9, x) dw,
Y1 =2
wherez; = [z,,...,z]" and
Piote) (X0 21)

N (210)
:no(n—z)zi+%

0

T
1
+z(n—i)(n—i+1)zig[°’Lf[0"’(m

0

9)
g[T' 019001
o 1,0 Nea
g (n—i) —— o
Uy
_ lio(t)] ~ _ 0,00
Viio®)] (x0,2;) = % -(n-i)z;———,
ug Xy
i=1,...,n
We adopt the following observer [27]:
2i =Zin +Liai(y1 -z), i=1..,n-1

(10)

gn:u+Lnan(yl_21)’

where L > 1 is a gain parameter and real numbers a; > 0,
i=1,...,n such that p(s) = s" + a;s"" +--- + a, is Hurwitz.

Remark 7. The second main difference between this manu-
script and [25] is that the observer (10) we choose is the same
as that in [27], but different from that in [25]. This observer
has two advantages. The first is that it can simplify the process
of designing controllers. The second is that b, in virtual
control «; that we design in the following does not contain
the gain parameter L.
Denoting

N ay

one has the error systems

dE = LAEdL + @y dt + ¥}, da, (12)
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where

(P[l,a(t)]
P20
L
(D(I(t) = 5
¢[n—1,a(t)]
Ln—2 (13)
¢[n,0(t)]
Ln—l

r T
Vo)
T
V2o
L
. .
\Pa(t) =
T
Yin-100]
Ln—z

T
Vino)
Ln—l

Therefore, for positive definite matrix P, A is a Hurwitz
matrix; that is, ATP + PA = —I. Now, one has

T
dg = LAgdt + q)o‘(t)dt + \Ila(t)dw’

T
dyl = szt + ¢)[1,a(t)] dt + w[l’a(t)]dw (14)

z;=2,+La(y,-2), i=1...,n-1,

%n =u+L'a,(y,-%).

Proposition 8. By Assumptions 1 and 2, there exist constants
7, > 0 and 7, > 0 a.s., such that

[townl < (2] + 2]+ + [2]) 710
(15a)
|1//[Ti,a(t)]| < (a1l + |zo] + - + [zi]) 70
|| 2l \’
@, (x(,,z)”2 < n<|zl| L L"_ﬁl) 7,
(15b)

2
Z
" o (%02 ” S"<|le+ |L| +- +%) 7,

wherez = [z,,...,2,]".
Remark 9. The proof of the above proposition is similar to
that of Proposition 2 in [25]. In fact, we only need to let v; =

—i-1 -
Ho + (moml™ + -+ + 1)max,, Vj; o))

One can define variables ¢; as follows in order to utilize
the backstepping method:

& =2, »

%1 (21202 2i1) 5

with virtual smooth controllers o;_; (i = 2,...,n).

Si(Zl,Ez,...,Ei) 221_

Step 1. For positive parameter 8, letting V, = 8&" P&, with a
similar method in [24], one has

Py <~ [8(L-21PI?) - 2nC,] &

~ 2 17)
| P |2, >,
L?

+2nC, <|zl| + = T3

where C, = ndt; + néA
we have

2V, <~ [8(L-2]PI*) - 2nC,] &

~ ~ 12
+2nCe<|z1| +|L2| +- +]|;’:1|_2>
(18)

+& (e +a + L& + ¢[1,a(t)]]

(P)TZZ. Defining V; =V, + (1/2)8%,

max

1 T
+ ETr [w[l,g(t)]‘/’u,a(t)]] :

The following inequalities hold with Lemma 2.1 in [28]:

- 2 2
2nCl2| <4nC,—= +4C R
L2
£¢, < 4L€2 +le,
Le &, < el + LEZ,

(19)
22
&1Pp00) < L1185
1 T 1.5,
ST [Viow¥om] < 5158

2nC, |Zl|2 < 2nCeL£f,
where, together with (18), |z;/L""| < [|€;]+|2;/L"!|. Choosing
o, = —Lbg,

5 2 (20)
by=2n+1+2nC, + =~ + 1, + =,
4 2
one has
7V <= [8(L-21PI") - 2nC, - 1] &]°
&5 2]

+ 27’[Ce |: 4 + - [2n2 (21)

2 1 &

[(2n+1)L 4an]81 L82+41’1C x



Stepi (2 <i<n-1). From (16), we have

=z;+Lb_z_,+L b B2z, + -

dg; = [2i+1 +L'd&, + L'd; e, + L' d e, +
+Li_1bi—1bi—2 o
where
di,l = _bi—l "bzblbl’
dij=by-bbi=b_--bb, 2<j<i-1,
di;=b_,, (23)

di=a;+b_b_,--byay +b_, - -byay + -

+b_10;;.

Now, we have finished the design step i — 1, and «;_, is chosen
as follows:

1 1= Lb 181 1>
5 d 1,
b_,=n+4nC, + 1 + = ZdHJ e
(24)
1 2 1 2
+ Zdi—l,ifl *ta by by)
1 2 5
+ 1 (ba b)) 7 +dig i
Let Vi, = Vi, + (1/2L* *)&} |, such that
PV, < —[6L-28 P - 2nC, - (i - 1) L] €
2i+1|2 |2nl2
+ ZHCE L2i L R LGiz
-42n-23G-1)+3]L
( )2 ) (25)
i-2 T, i-1 1
2 2
—4nC.bj + & — Zm
j=1 j=2
2
: [(n+j—i+ 1)L—4nCeb ]s +4nceL21 5
g
* 4L2i73
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-t Liilbi—lbi—z"'blzp

4 Ddyy g + Lde | dt (22)

by [LE A + Gyt + Y g do]

Defining V; = V,_; + (1/2L*?)e?, we have

PV; < -[6L - 28 |P|* - 2nC, - (i - 1) L] €]

~ 2 ~
+ ZnCe < erzlil t 1|12nl 2 )

i)'

j=1

—ln-2G-1)+3]L-

—4nC,b? | &
(26)

i-1

. 21,2
1 2]2[n+]—z+1)L—4nCebj]ej+4nCe
=

& 1 5, 1

1

P = =)

.
& [£i+1 +o; + L'd&,
+Ld, e +L7d e

11 i2&

by (LE, + ¢[1,a(t)])]

c+ L di; 18, ,+Ld; g

i-1,p
+L7'b b,
1—1%1-2

1

i~1 2 T
Ly =1 CARCRUSSRCY I L (T B

By Lemma 2.1 in [28], one gets

& 2
lo#
2nC, | '“l <4nC, L 4 qnc, S
L2 -1 L21
1
2 2
22 Eifiv1 S 4L2i—18i+1 + 123 &>
d2
Li- 2 151 4123 & +L£1’
d;, 2,
_Li—zsisl < 12 g +le,
2
di,i—l < dlll 2 1 2
L2i—48i€i*1 = 412 36+ infseifl’
2
1 b_b_,---b
bbb, < Msg VL8,

F i-1Yi-2 4213
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1 (b_1by - 171)
Fbi—lbi—z o biggy, < HT
1 2 T
o122 b) T (Yoo Vo)
2

< (bi—lbi—z"'bl) 1232
< —2 S€-

+le,

(Li_lbi—lbi—z v

(27)
Choosing «; as
OCi = _Lbisi,
72

d;
b =n+4nC, +E+—+ —dl 4+
4 4

1
st gdi @)

4 %1
+l(bi—1"'b1)2+_(bi—1"' 1) +d11>
4 4
one has

2V, < - [8L-28|P| - 2nC, - iL] J&°

El’ . B
+ che< L12+;+2 t L2n—2

s

2
—4nC,b, (29)

i
1 .
o ZLZj—Z [(n +j—i)L- 4nCeb;] s? +4nC,

. &iv1 +L£2
121 4121 i+l°

Step n. LettingV,, = V,_, + (1/20*"* )si and choosing
u=-Lb,e,,

= 2 2

d: d,, d

— > n s nn—1
bn—n+4nCe+Z+Z+T+~-+ 4 (30)

4 4 e

one gets

I 5
n 3 n

n-1
1
AR [ Ty T
j=2

-hv,

n

(31)

where i = min{h,/8, 2h,,...,2h,} and

hy = 8L - 28 |P||* - 2nC, — nL > 0,

( 'I)Tz

h, =3L- —4nC,b? > 0,
Z : (32)

hjsz—4nCebj >0, j=2,...,n-1,

h,=n>0, &>n

Remark 10. From (20), one has that b, do not contain L under
arbitrary switching. From (28), one has that all b, do not
contain L under the designed controllers.

Remark 11. For example, with n = 3, by (41) in [25] and (32),
we have

hy =8 (L-2|PI* - |BI*) - 6C, - 3L > 0,

hl:6L—4L—2'72 (Bh)' - 12C,b} >0,
2 L 2 (33)
h2=2L—11—£—12Ceb2220,
hy=3>0, 8>3,
hy =8 (L-2|P|*)-6C,-3L>0,
2 2.[2
h =7 Z( b) 2 _12C,17 > 0, (34)

=1
h, = 3L - 12C,b; >0,
hy=320, 8>3,

respectively. It is easy to see that h; and h, in (33) are all

quintic functions about L, but they are linear functions about

L in (34). So, the calculation of § and L will be more simple
with the method in this manuscript.

Choose V =V, +
result in

V.., which together with (5) and (31)

ZV < -hV, (35)

where h = min{)\, i}.

Theorem 12. For system (1b), the closed-loop system with
controller (30) is asymptotically stable in probability.

3.3. Switching Control. In the above two subsections, we give
the controllers 1, and u with x,(t,) # 0 as (4) and (30). Now,
we turn to the case of x,(t;) = 0. If x,(¢,) = 0, we firstly
choose constant control u, = u, # 0. Secondly, there will
existatimet; > 0such that x,(¢) # 0. After that, controllers
u, and u as (4) and (30) can be applied.

Theorem 13. If we apply the above switching procedure,
systems (la) and (1b) will be asymptotically stabilized in
probability.

4. A Simulation Example

Consider systems (la) and (1b) with ¢ : [0,+0c0) — {I,2}
and gpo;) = 6X0c08(xp)s Goa = GXosin(xg)s fri =
%, c08%(x,), fuy = axpcos(xy), gy = ¢, x,sin?(x,),
92 = ax; sin(x,), f[2,1] = f[z,z] =0,9p1 = clxzsinz(xz),
9122 = 1%, 8in(x,), and ¢; = 0.001.
From (8), we have ¢;;; = #oz

clzzlcosz(xo) - clesinz(xl)cos(xo), by = 0, ypy =

+ ¢z,c08%(x;) +
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FIGURE 1: The responses of states x,, x;, and x,.
.2 2
€z2:8in°(x;) — ¢ z; cos(xy), Y1 = G%sin (25), qb[u] =
2 2 .2 2. .
Moz, + 2008 (x)) + ¢ z;sin”(xy) — ¢z, sin(x;) sin(x,),
(/)[2’2] =0, Y = a7 sin(x;) — ¢z, sin(x,), and Yo =

€2, sin(z,).

Letting 1, = 0.3, by Proposition 8, we have 7, = 0.3023
and 7, = 0.001. Choosing a, = 0.75 and a, = 1.25, then
Aax(P) =2 and ||P| = 2.

From (20) and (30), one gets

1 1
b1:5+4Ce+1+Z+TI+ET§,

2 2 2
1 (a,+ba b b
bZ:2+8CE+1+—+u+—1+bl+—1
4 4 4 4 (36)
b22
+ 171’
4

u=-Lbz, - L’bbz,,
where C, = 0.41316. From (32) and (35), we have
hy = (8 —2)L-238||P|* - 4C, > 0,

bt
m=u—%f—%£za (37)

,=2>0, §>2.

Solving the above inequalities, one has § = 2.26 and L = 76,
which means h, = 0.0277, h;, = 5.5526, and £V < 0.

If we choose initial values x,(0) = 0.1, x;(0) = 0.0003,
x,(0) = 0.2, 2,(0) = —-0.001, and Z,(0) = 7.5, responses of
systems are as in Figures 1, 2, and 3.

Discrete Dynamics in Nature and Society

-0.005 T T T T T T T T T

-0.01 | i

—-0.015 1

-0.02 | g

—-0.025 1

—~0.03 . . . . 1
0 05 1 1.5 2 2.5 3 35 4 45 5

Time (second)

— Uy

40

20 R

—-60 J

=80 i

0.
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
Time (second)

— u

FIGURE 2: The responses of controllers u, and u.

2.5

1.5 g

0.5 1 1 1
0 1 2 3 4 5

Time (second)

— o(t)

FIGURE 3: The responses of switching signals o ().



Discrete Dynamics in Nature and Society

Remark 14. From the above example, the observer we
adopted is the same as that in [27], but it can simplify the
calculation of § and L compared with the observer in [25].

5. Conclusions

The output feedback stabilization for SNSs under arbitrary
switching is discussed. We proposed an observer which is
different from that in [25]. b; of the designed output feedback
stabilizing control laws do not contain the gain parameter.
We will give some new results, for example, how to design
an adaptive controller with the method LMI based on results
in [29, 30].
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