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This paper focuses on the asymptotic solutions to time-space fractional coupled systems, where the fractional derivative and integral
are described in the sense of Caputo derivative and Riemann-Liouville integral. We introduce the Residual Power Series (for short
RPS) method to construct the desired asymptotic solutions. Furthermore, we apply this method to some time-space fractional

coupled systems. The simplicity and efficiency of RPS method are shown by the application.

1. Introduction

Fractional derivative was mentioned in a letter from UHopital
to Leibniz in 1695. In the letter, CHopital proposed a question
“What is the result of d"y/dx" if n = 1/22” The answer
of Leibniz was “d"/?x will be equal to xVdx : x. This is an
apparent paradox, from which, one day useful consequences
will be drawn” [1, 2]. Furthermore, the generalization of this
framework indicates that it is more appropriate to talk of
integration and differentiation of, such as fractional order,
real number order and even complex number order just
as the development of number system. However, there is a
basic question: “What is fractional integral and derivative?”
Or “How to define the fractional integral and derivative?”
More and more mathematicians focused on this problem,
such as J. L. Lagrange, P. S. Laplace, and Joseph B. J.
Fourier. Some different definitions of fractional integrals and
derivatives have been defined according to different needs,
like Riemann-Liouville integral, Caputo derivative, Weyl
derivative, and so on [2, 3]. But there is no uniform definition
of fractional integral and derivative, and the frequently
used definition is Riemann-Liouville integral and Caputo
derivative.

Fractional differential equations, which involve fraction-
al order derivatives, are applied in many engineering and

scientific disciplines as the mathematical modelling of sys-
tems and processes in the fields of physics, chemistry, aero-
dynamics, electrodynamics of complex medium, polymer
rheology, and so on. Fractional differential equations also
serve as an excellent tool for the description of hereditary
properties of various materials and processes. An essential
topic is to construct the solutions to fractional differential
equations. And there are some effective methods to obtain
different kinds of solutions, like Sumudu transform and
variational iteration method [4], fractional Taylor vector
approximate method [5], iterative method [6-8], Residual
Power Series (RPS) method [9-13], and so on [14-16]. On
the other hand, the study of coupled systems which involve
fractional differential equations is also important because
fractional coupled systems occur in many fields [17-21]. In
this paper, we generalize the RPS method to time-space
fractional coupled systems and obtain the asymptotic series
solutions.

The organization of this paper is as follows: In Sec-
tion 2, some concepts and lemmas on fractional calculus
are presented. In Section 3, we introduce the algorithm of
RPS method for time-space fractional coupled system. In
Section 4, asymptotic solutions of some examples are solved
via RPS method. In Section 5, some concluding remarks are
presented.
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2. Preliminaries

In this section, some concepts and main lemmas we need in
this paper are presented [2, 3, 22-24]. And more details about
fractional calculus can be found in [2, 23, 24].

Definition 1. A real function f(x) is said to be in the space
C,» ¢ € Rif there exists a real number p > p such that f(x) =
xP f,(x), where f,(x) € C[0,00). And it is said to be in the
space C: iff(")(x) €C, neN.

Definition 2. The Riemann-Liouville fractional integral oper-
ator of order & > 0 of a function f € C,, p > -1 is defined
as

I f(®)
L J-t(t—r)“_lf(r)dr, a>0,t>720
= r((x) 0
f@, a=0,

where the symbol I represents the ath Riemann-Liouville
fractional integral of f.

Definition 3. 'The Caputo fractional derivative of order « > 0
of f € C"|, n e Nisdefined as

Itnf"‘f(”)(t), n-l<a<mn, t>0,
d"f (t) (2)

drm “=m

D;xf (t) =

where the symbol D f(t) represents the ath Caputo frac-
tional derivative of f.

Definition 4. The power series

o0

ch(t—to)m=co+c1(t—t0)+g(t—t0)2+... 3)

n=0

is called a fractional power series about t = t,, where t is
a variable and ¢, (n = 0,1,2....) are the coefficients of the
series, « € R™.

Remark 5. For convenience, we shall treat ¢, = 0. In fact, the
transformation 7 : t' = t — t, reduces the fractional power
series about t = t, to the fractional power series about t = 0
and meanwhile the transformation  is reversible.

Definition 6. A function f(t) is analytical at t = 0 if f(t) can
be written as a form of fractional power series.

Lemma 7. Suppose that f(t) is an analytic function att = 0;
then f(t) can be written as follows:

(e8]
f® =Yt 0<as<l, |t|<R (4)

n=0
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Furthermore, if f(t) € C(-R,R) and D}* f(t) € C(-R, R) for
n=0,1,2...then the coefficients c, will take the form

_ DI f ()]

" T+ 1) ©)

where D!* = DY - D ---Df, n=0,1,2....

n-times

Proof. First of all, notice that if we put t = 0 into (5), it yields

D f O,

= £(0) = ) (6)
©=S 0= Tt
Applying the operator D} one time on (4),
D f(t
= tf( )lt:O' (7)
T(a+1)
Again, by applying the operator D; two times on (4),
20
= —Dt f (t)|t:0 . (8)
I'a+1)
Analogously
Dy f (¢
= ———— 0 f()ltzo, =0,1,2,.... )
I'(na+1)
This completes the proof. O
3. Algorithm of RPS Method for
Coupled Systems
In this section, we consider the following system:
D*u+ F(x,t) = 0,
D¥v+G(x,t) =0, (10)
D*w+H (x,t) =0
with initial values
D;“u(x,t)L:o =a(x), i=0,1,2,....,p—1,
DV (x, t)|t=0 =bj(x), j=0,1,2...,9-1, (1)

Df“w(x,t)L:O =g (x), k=0,1,2,...,r—1

as a generalized illustration for the main idea of RPS method,

where the symbol DE')"‘ represents the (-)th fractional deriva-
tive in the Caputo sense, max{(p — 1)/p,(q — 1)/g,(r —
/r} < « < 1(p,g,r € N), the functions u,v,w,F,G, H
are analytic at ¢ = 0, and the initial functions a;, b;, and ¢, are
infinitely many times differentiable for alli = 0,1,2,..., p;
j=0,1,2,...,qand k=0,1,2,...,r.
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Since u, v,w, F, G, H are analytic at t = 0, then they can
be expanded in the form of fractional power series at ¢ = 0 as
follows:

u(x,t) = thm,
fl (X i[x_
Flat)= Z1"(zoc+ 1)

0
Vj (x) Jjo

=Y 1" ¢
VD) ;F(]a+l)

(12)
© g] (x) jo
G(x,t) = ) ——t'%
* ;F(]a + 1)
v W (X) ke

w(x,t) = I;mt >

- hk(x) ka
Hx1) = zl"(koc+1)t’

where x € R, t € (-R,R), R is the minimum conver-
gence radius of functions u(x;, t), v(x, t), w(x, t), F(x,t), G(x,
t), H(x,t), and

& (x) = Dfu(x1)|

fi(x) = DF (x,0)| _,»

i=0,1,2,...;
b (x) = D[*u(x.1)|
g;(x) = DI"G(x1)| (13)
j=0,1,2,...;
G (x) = Df“u (x, t)|t:0 ,
he (x) = D{*H (x,8)| _, »
k=0,1,2,....
According to the initial conditions,
u;(x)=a;(x), i=0,1,2,...,p-1;
vj(x):b]-(x), j=0,1,2,...,9-1; (14)
we (x)=¢ (x), k=0,1,2,...,r—1.

Thus the initial approximation of the solution u,v,w is as
follows:

mlt Pil U; (X) ioc
T (i + 1)
- oy (x) .
VM (1) = ) At (15)
].:01" (ja+1)
r=1

Wy (X) e

init _
W ot) = ,;r(km '

Then we calculate the coefficients u;(x), vj(x), and wy (x) for

i=p,p+l,..5j=9gq9+1,..5;k=r,r+1,... Firstly, some
symbols are given as follows:
Res, (x,t) = Df“u + F(x,t),

Res, ; (x,t) = Dfaul + F (x,t);

Res, (x,t) = DFu+ G (x,t),
(16)
Res,, (x,1) = D", + F (x,1);
Res,, (x,t) = D{"u+ H (x,1),
Res,,, (x,1) = Dj"u, + F(x,1),
where
!
U; (X) i
w (x,t) = ) ————t
;F (e +1)
m1t Uu; (X) fia
= t) +
() Z (ia + 1)
l=p$p+ 1,...;
mooy(x) .
Vin (X, t) = Z,]—t‘m
p=is (joe+1)
vi(x) 17)

1n1t ux
— t s
)+ Z F (i + 1)

m=q,q+1,...;

Wy (x) ko

w, (X, t) = I;mf

n

init w; (X) i

w X, t)+ ) ————t 7,
(1) ;F(i(x +1)

n=r,r+1,....



Hence there are two facts:
(Fy)
111’30”1 (x,t) = u(x,t),
nlglgovm (x,t) = u(x,t), (18)

,}Lla}own (x,t) =w(x,t).
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(F,)

llim Res, ; (x,t) = Res,, o, (x,t) = Res,, (x,t) = 0;

—00

"lli_r)rgOResv)m (x,t) = Res, o, (x,t) = Res, (x,t) = 0; (19)
JLngOResw,n (x,1) = Res,, o, (x,1) = Res,, (x,t) = 0.

Furthermore

0= DEI'_P)OCResu,OO (x, t)'::o =u; (x)+ Dgi_P)“F (x,t), i=p,p+1,...

= u(x) = fi, (%) 2 4 (x),

0= DY ™*Res, , (x, t)L:O = v (%) + DU G (x,t), j=qq+1,...

=V (x) = Yj—q (x) = bj (x),

i=p,p+1,...;

(20)

j=q.q+1,..;

0= DFRes,, . (x, t)|t:0 = w (x) + Diqu)“H (x,t), k=rr+1,...

= wi (x) = hy_p, (%) = ¢ (x),

Thus the solutions of coupled system (10) are

- a; (x) nev

u (.X', t) = th

i=0

X b.(x)
_ 7 no
v(x,t) = j;)—r (ot 1) (21)
_ - Ck (X) no
wxnt) = ;r(ka e
Remark 8. If
F(x,t) = f (x, t,u,v,w),
G(x,t) =g (x t,u,v,w), (22)

H (x,t) = h(x,t,u, v, w)

and even F, G, H include the term of space fractional deriva-
tive and the term of time-fractional derivative whose order
is less than the order of the system, then RPS method is also
effective in calculating the asymptotic solutions for coupled
system (10). In fact, F, G, H could be expanded in the form
of fractional power series about time variable ¢ at the initial
time t,, and facts (F;) and (F,) are reasonable as well; thus
the coefficients appearing in the asymptotic solutions could
be obtained successfully.

k=r,p+1,....

4. Application of RPS Method to Time-Space
Fractional Coupled Systems

4.1. The Time-Space Fractional Coupled KdV System. KdV
equation plays an important role in nonlinear evolution
equation for its wide application in physics and engineering.
Coupled KdV system was introduced by Hirota and Satsuma
[25] to describe the iterations of water waves and they claimed
that the system exits a soliton solution. In [26], Fan and Zhang
got several kinds of solutions by an improved homogeneous
method. In [20], Bhrawy et al. reduced the time-fractional
coupled KdV equations into a problem consisting of a system
of algebraic equations that greatly simplifies the problem
via the shifted Legendre polynomials. The time-fractional
coupled KdV equation is a generalization of the classical
coupled KdV equation and in this subsection we generalize
time-fractional coupled KdV system to time-space fractional
coupled system (23) and obtain the asymptotic solution using
RPS method.

Consider the time-space fractional coupled KdV system:

3 5
D%u — aD**u - 6auD’u - 2bvD%v = 0,

(23)
D¥v+ DM +3uDlv =0
with initial values
u(x,0) =ay(x),
(24)

v(x,0) =Y (x),

where 0 < «,9,6,7 < 1, 2/3 < B,A < Lu = u(x,t), v =
v(x,t), (x,t) € RxR.

If u(x, t) and v(x, t) are analytic at t = 0, then they can be
expanded in the form of fractional power series
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© U; (X) io
u(x,t) = Z,’—t
=T (i + 1)
X vi(x)
v(x,t) = Z_]—t’“
=T (joot 1)
(25)
- ™ 3p L I (na+1) s
F(x,t)= Yy ———— 1—aDFu,_(x) - 6au, (x) D'u,,_, (x) + 2bv, (x) D v,_ (x)) ¢,
(e1) ,;)F(mx+1){ x thn (%) s;l“(soc+l)l"((n—s)oc+1)( (x) Dty (x) s (%) xns())
- " c r 1
G(x,t):Z— " Z (e + 1) 3ug (x) Dy (%) ¢
=T (noc+ 1) —~T(sa+1)T((n—s)a+1)
Under the initial conditions, v (x)
y (x) = ay (x), =-Di'v;, (¥)
(26)
v (x) = by (x); Z (j-Da+1)
that is, the initial approximate solutions are o (st 1) H(G-1-s)a+1)
Bug (x)Dovi__ (x) £ b (x), j=1L2,....
mmal -
('x) t) - a() (x) (30)
(27)
1n1t1al ( t) bo (x) )
Thus the fractional power series solutions of coupled system
Set (23) are
Res, (x,t) = Df'u — aDiﬁu - 6auD’u — 2vaiv, O 4 (%)
)= ) ————t'
o 3\ T u(xf) Zf(icx+1)
Res, (x,t) = D; v+ Dv+ 3uD. v, =0 G31)
®  bi(x .
Res,; (x,t) = Dju; — aDiﬁu - 6au, D’y (28) v(x,t) = ZLH“.
’ Pl (ja+1)
- 2bvaivm,
R )= D~ D 3Dy 4.2. The Time-Space Fractional Coupled KdV System of Gener-
S (6 1) = Dy v + D v + 34D v,y alized Hirota-Satsuma Type. In this subsection, we consider
the time-space fractional coupled KdV system of generalized
where .
Hirota-Satsuma type
!
Ui (%) i
)+ , « 1
w (x, ZF (i) + 1 Dju— —Diﬁu +3uDYu — 3Di (vw) =
= 2
(29)
mooy(x) . « 31 T
vm(x,t):bo(x)+Z.]— o D;v+D.v-3uD v=0,
aT (o) + 1 0
Diw+ D,’w - 3uDjw = 0, (32)
Using RPS method u(x,0) = ap (x),
ui (x) v (xa 0) = b() (x) >
i-1 :_ > 0) = (X) >
Fr(i-1)a+1) w(x %
= aDi‘Bui,l (x) + Z

Sla+DI(E-1-s)a+1)

{6au (x)D'u (x) + 2bv, (x)D Vili_s (x)}

les

2g,(x), i=12,...,

where 0 < «,9,6,A,7 < 1,2/3 < B,0,0 < 1, u =
u(x,t), v=v(x,t), w=wxt), (x,t) € RxR.The equation
describes an interaction of two long waves with different
dispersion relations.
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If u, v, w are analytic at t = 0, then u, v, w can be written ~ Set
as the form of fractional power series 1 s
Res, (x,t) = Dj'u - EDiﬁu +3uDYu - 3D (vw)

S u(x)
u(x,t) =y ———9,
(1) izzol“(ioc+1) =0,
v(x,t) = ivj—(x)tja, Resv (x,1) = DtaV + Di’\v - 3L£D;V =0,
]:OF(joc +1)

Res,, (x,1) = Df'w + Diew - 3uDJw =0,

< wy(x
w(x,t) = ZLtk“) ] (36)
=T (ka+1) Res,; (x,t) = DYy — Efou, + 3w DYy

1
F(x,t) = —EDiﬁu +3uDVu — 3Di (vw)

- 3Di (Vw,) »
- il . —1D3ﬁu (x) Res,, (x,1) = D{'v,, + Di’lv - 3uDv,,
4T (no+ 1) 2 ’
R =24 30 _ (4
. 3i T (nac + 1) . 9 Res,,, (x,t) = D;w, + D} w, — 3u;D w,,
tT(sa+ 1T ((n-s)a+1) where
!
U (x) o
.D" - i w (1) = ag (x) + ) ————
xUn-s (x) Vn (x) Wy, (x))} (33) ;I‘ (l(X + 1)
0 tmx V (x)
)=D*v-3uDv=Y ——— : —
G (x,t) = D™y - 3uDly ,;)F(ﬂ(x+1) v (,1) = by (x>+z TGas 1)’ (37)
I'(no+1) n
. Di’\vn (x)-3 wi (X)
{ ;F(sa+1)l“((n—s)oc+l) wn(x’t)zco(")+;r(ka+1)ta’
-u, (x) D%y, ( x)} i with the results of RPS method:
u; (x) = lDiﬁui,l (x)
tVl(X 2

[ee]
H (x,t) = DXw - 3uD%w = Z—
* * =T (na+1)

_3"‘21 I(G-1a+1)
-1D*w (x)—3i [ (na+1) Sla+DI((-1-s)a+1)
o LT (sa+ 1) ((n—s)a+1)

{u (x) DYu;_y_ (x) - Di (ve (x) w;_y_g (x))}

'MS(X)Dgwn_S(x)}. éai(-x)) i=1>2,'..>
30
With the initial values vi(x) = =Dy v (x)
. (38)
Uy (x) = aq (x), Z r((j-1)a+1) )
u, (x
vo(x):bo(x)) (34) - ]06+1 T((]—l S)(X+1)
wy (x) = ¢ (x), 'Divj—lfs(x)ébj(x)) i=12...,
the initial approximate solutions are w (%) = - Diewkq (x)
uinitial (X, t) = a, (x) i 3 - 1) . 1)
- ug (x)
meal (x’ t) — bO (X) , (35) Z _](x + 1) F((k -1- S) @+ 1)
w4 (x, 1) = ¢ (x). Diw (%) 26 (x), k=1,2,....
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So the fractional power series solutions of coupled system
(32) are

< a; (%) a

”""”Z;r(mnt

X b.(x) .
)t = {—tﬂx’
V1) j;)l"(]oc+l) (39)

Sk (x) ka

w (x, t) = l;)mt

4.3. The Time-Space Fractional Coupled Whitham-Broer-Kaup
(WBK) System. Whitham [27], Broer [28], and Kaup [29]
obtained nonlinear WBK system. In [30], Rashidi et al.
obtained the approximate traveling wave solutions of the cou-
pled WBK system in shallow water using homotopy analysis
method. In [31], Kadem and Baleanu applied the homotopy
perturbation method to find an analytical approximate solu-
tion for the coupled WBK system. In this subsection, we
consider the time-space fractional coupled WBK system and
construct the approximate solution by RPS method.
Consider the time-space fractional coupled WBK system:

2
D%u +uDPu + Dv + aDXu = 0,

D*v+ D} (uv) — aD* v+ bDPu = 0,
t X ( ) X X (40)
u(x,0) = ay(x),
v(x,0) = b, (x),
where 0 < «,0,7,A < 1,1/2 < 8,1 < 1,2/3 <0 <
I, (x,t) € RxR, a,b € R represent different dispersive
power, u = u(x,t) is the field of horizontal velocity, and
v = v(x,t) is the height deviating equilibrium position of
liquid. And this is a very good model to describe dispersive
wave.
If u, v are analytic at t = 0, then u, v can be expanded in
the form of fractional power series

u(x,t) = thia,

00 no
t

PO = 2

c I'(no+1)
'{SZOF(SOH DI (-5 arD) " < () D, ()

+ D, (x) + aDi‘sun (x)} ,

7
G (x,t)
Z i I'(na+1)
F(n(x+1) Tsa+ DI ((n-s)a+1)
. Di (uy (%) v, (%)) + aD>"v, (x) + bDieun (x)} .
(41)
Under the initial conditions
uy (x) = ay (x),
(42)
v (x) = bo (%),
and the initial approximate solutions are
initial
u (xa t) = aO (x) >
. (43)
meal (X, t) _ b() (X, t) )
Set
Res, (x,t) = Dju + quu +D'v+ aDi‘su,
Res, (x,t) = Dj'v + Di (uv) — aDiTv + bDieu
Res,; (x,t) = Dju; + u,Dfu, +Dlv,, + aDiaul, (44)
Res,, (x,t) = D{'v,, + D! (y,,) - aD*v,,
+ bDieul,
where
!
u; (x) .
,t) = +
w (61 = a (%) lzl"(zoc+ 1)
(45)
(0 =ty () + T
v, (x,1) = by (x —
i T (joo+1)
With RPS method
i-1 .
Ir(i-1)a+1)
w(x) ==Y : g (x)
Sl(sa+ I ((E-1-s)a+1)
Dful s (x) + DYy, (x) + anC‘Sui_1 (x)
2a,(x), i=12,...,
(46)

o r((j-1)a+1)
vj ()= Z"1"(soc+1)1“(( —-1-s)a+1)

.D} (u () Vi1 (x)) + aDv;  (x)

~bDPu, () 2b;(x), j=1,2....



So the fractional power series solution of coupled system (40)
is
v % (%) i

u (X, t) = ;mt

(47)

X b.(x)
=y 2%
vieh ]Z::‘)l"(](x+l)

Jjo

Remark 9. Whena =oc=1=0=A=n=0=1,6+0,
y = 0, (40) reduces to the classical long-wave equations that
describe the shallow water wave with diffusion.

Remark 10. Whena =oc=17=0=A=n=0=1,3=0,
y = 1, (40) reduces to the variant Boussinesq equation.

4.4. The Time-Space Fractional Coupled Shallow Water Sys-
tem. Shallow water systems are widely used in predicting
hydrodynamics of surface flows such as water flows in rivers,
channels, flood plains, and coastal regions. It is well known
that the shallow water systems can accurately predict the
hydraulic parameters under conditions of slow erosion and
low sediment concentration of the time-space fractional cou-
pled shallow water system [32]. In this subsection, consider
the time-space fractional coupled shallow water system

Diu+ quu +DVy + anfu =0,

(48)
Dv +vD}u + uDv — aD?v + bD’u = 0,
with initial values
u(x,0) =ay(x),
(49)
v(x,0) =b, (x),

where 0 < o, B, 9,4, 7<1, 1/2<6,0<1,2/3<0<1, u=
u(x,t), v=vixt), (x,t) e RxR.

If u, v are analytic at t = 0, then u, v can be written as the
form of fractional power series:

N u; (x) i

u (x, t) = ;mt

X vi(x)
(x,0) = ) ————t",
v ;F(]a+1)
FlxD) r;l“(noc+1)

< I'(na+1)
.{;)F(S(x+l)1“((n—s)a+1) (x )Dx ps (%)

+DVv, (x) + aDi‘sun (x)} ,
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00 nec
t

Gxt) = n;)F(noc+ 1)

: (vs (x) D}u,, . (x) + ug (x) Div,_, (x))

I'(noe+1)
tT(sa+1)T((n-s)a+1)

HMS

- aDievn (x) + bDXu, (x)]» .

(50)
With the initial conditions
Uy (x) = ay (x),
(51)
Vo (x) = by (x),
and the initial approximate solutions are
nitial
umma (x, t) _ a() (x) ,
. (52)
mea (x,t) = bo (x).
Set
Res, (x,t) = Du + quu +DVv + aDi‘Su,
Res, (x,t) D'v + vDiu +uD}v - aDigv +bD X u,
Res,; (x,t) = Dju; + ulDful +Dv,, + aDJqul, (53)
Sy (%,1) = D&, +v,, D}y + 4Dy, — aD>v,,
+ bDiaul,
where
u,(x,t)—ao(x)+z ) £,
r (z(x + 1)
(54)
mooyo(x) .
Vy (26,8) = By (x) + Y —2—ct)®
" ]_Zl I(jo+1)
Using the RPS method
i-1 .
r{i-la+1)
w(x) ==Y : ug (x)
ST (a+DI((E-1-s)a+1)
. Dfui_l_s (x) = Dlvi_y (x) + anfui_l (x)
2a,(x), i=12,...,
(55)

i—1 .
SR T((i-1)a+1)

_5:01"(504 T DT (G-1-9)a+l) (Vs (x)

0
Dqu s +ug (x) DLy i1 s(x)) +aD32( Vi (x)

~bDYu; (%) 2b;(x), j=12,....
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So the solutions of coupled system (48) are

_ \ a, (%)«
ulnt) = n;]l"(noc+ l)t
(56)
_ S bn (X) no
V(x’t)_n;)r(noc+l)t '

5. Concluding Remarks

This paper introduced a new analytical iterative technique
to construct asymptotic solutions to time-space fractional
coupled systems, which is based on the general Residual
Power Series method. Furthermore, we apply this method
to some specific time-space fractional coupled systems to
obtain asymptotic solutions with respect to initial values,
which shows that this method is efficient and does not require
linearization or perturbation.
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