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In this paper, we study the impulsive fractional differential inclusions with two different Caputo fractional derivatives and nonlinear
integral boundary value conditions. Under certain assumptions, new criteria to guarantee the impulsive fractional impulsive
fractional differential inclusion has at least one solution are established by using Bohnenblust-Karlin’s fixed point theorem. Also,
some previous results will be significantly improved.

1. Introduction As an extension of integer-order differential equations,
fractional-order differential equations have been of great
interest since the equations involving fractional derivatives
always have better effects in applications than the traditional

In this paper, we consider the following fractional differential
inclusions with impulsive effects:

DY, ( CDﬁt u( t)) +Au(t) € F(Lu), diffe.renFial equatiqns of ir}teger order. Due to .these signiﬁc.ant
applications in various sciences, such as physics, engineering,

ae. te]=[0,1], t #1t, chemistry, and biology, fractional differential equations have

received much attention by researchers during the past two

Au(ty) =u(ty) —u(ty) = I (u(ty)), decades. Up to now, fractional boundary value problems

are still heated research topics. That is why, more and more
considerations by many people have been paid to study
the existence of solutions for fractional boundary value

t=t, k=1,2,...n, 1

1
au(0) +bu (1) = J g(s,u)ds, problems; we refer readers to [1-12].
0 However, the articles of fractional boundary value prob-
[cDﬁt U (t)] =c. k=01,....n, lems with two different Caputo fractional derivatives are not
t=ty

many. More precisely, in [10], the authors have studied the
following impulsive fractional Langevin equations with two

where 0 < o, 8 < 1, “Dj,, and CDg . represent the different ’ . et
: different Caputo fractional derivatives:

Caputo fractional derivatives of orders & and f, respectively.
F:] xR — 9(R) is a multivalued map, P(R) is the family

cRB [ e _
of all nonempty subsets of R, and g : ] x R — R is a given Dy (‘Df +A)x (1) = f (£, x (1)),

continuous function. 0 = ¢, < t; < -+ < t,,; = l,a > " _
0,b > 0,0 < ¢ <c,k=0,1,...,nare real constants and A te] =]\ tn ot} J:=10,1],

is a given positive parameter. u(t;) = lim;,__u(t; + h) and Mu(t)=u(t)-u(t) =1, I €R
u(ty) = limy,__,-u(t, + h) represent the right and left limits g k k ok
ofu(t)att =t,k=12,...n x(0) =0,
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x (1) =0,
x(1) =0,

e € (totepr), k=1,2,..m—1,
)

where f: ] x R — Ris a given function, 0 < «, § < 1 and
0<a+B<1,0=t;<t; <<t =1LA>0ult)=
limy,__ g+ u(ty + h), and u(t) = lim,__ - u(t, + h) represent
the right and left limits of u(¢) att = t;, k=1,2,...m.

Then, in [11], the authors considered the following nonlin-
ear Langevin inclusions with two different Caputo fractional
derivatives:

DP(‘DT+A)x(t) e F(t,x(t), 0<t<]1,

x(0)= Y B (I"x) (),
i=1

) 3)
x(1) = Yo (I'"x) (n),
i=1

0<l<n<l,

where 0 < p,q < 1, A is a real number, I* is the Riemann-
Liouville fractional integral of order k > 0 (k = v, py;; i =
1,2,...,n), and a,  are constants.

In [12], the author investigates the following impulsive
fractional differential equations with two different Caputo
fractional derivatives with coefficients:

DY, (D @) + M) = f (Lu (@),

te] =]\ {ty,.. ot}
Au(ty) =u(ty) —u(ty) = Y
(4)
k=1,2,...m,

au(0) +bu (1) =,
[Dh,u (t)]t:tk =d, k=0,1,2,...,m,

where ] = [0,1], f e CJXR,R),0< &, < L,y € R,A >0,
a>0,b>0,c>0,d, >0 are real constants.

To the best of our knowledge, integral boundary condi-
tions appear in population dynamics and cellular systems;
it has constituted a very interesting and important class of
problems. However, fractional boundary value problems with
integral boundary conditions have not received so much
attention as periodic boundary conditions, so the main aim
in this paper is intended as an attempt to establish some
criteria of existence of solutions for (1). It is worth pointing
out that there was no paper considering the impulsive
fractional differential inclusions with two different Caputo
fractional derivatives and nonlinear integral conditions by
using Bohnenblust-Karlin's fixed point theorem up to now, so
our results are new. Also, we improve some previous results.

The arrangement of the rest paper is as follows. In
Section 2, some preliminaries and results which are applied in
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the later paper are presented. In Section 3, the main proof of
theorems will be vividly shown. In Section 4, a corresponding
example is given to illustrate the obtained results in Section 3.

2. Preliminaries

In this section, we recall some basic knowledge of definitions
and lemmas that we shall use in the rest of the paper.

Let C(J, R) denote a Banach space of continuous func-
tions from J into R with the norm

llull = sup {|u (£)[} (5)

te]

for u € C(J, R). Also, we denote the function space by

PC(J,R) ={u:u € C((tptys1] - R) u(ty) =u(ty) k ©
=1,...,m}

with the norm [lullpc = sup,;{|lu(t)[}. Clearly, PC(J,R) is
Banach spaces.

Let L'(J, R) be a Banach space of measurable functions
y : ] — R which are Lebesgue integrable and normed by

1
Il = [ 1y @) @)

Let (X, |-|) be a Banach space. We give following notations
for convenience: let

PL(X) ={Y € P(X):Y is closed),
Py (X) = {Y € P(X):Y is bounded),
P (X) ={Y € P(X) : Y is compact, (8)
Pepe (X)
={Y € 2(X) :Y is compact and convex},

and BCC(X) denote the set of all nonempty bounded, closed,
and convex subset of X.

A multivalued map G : X — 2%

(i) is convex (closed) valued if G(x) is convex (closed) for
all x € X;

(i) is bounded on bounded sets if G(B) = J, .5 G(x) is
bounded in X for any bounded set B of X (i.e. sup,.. g{sup{|y| :
y € G(x)}} < 00);

(iii) is called upper semicontinuous (u.s.c.) on X if, for
each x, € X, the set G(x,) is nonempty closed subset of X,
and if, for each open set N of X containing G(x,), there exists
an open neighborhood ./, of x, such that G(//;) € N;

(iv) is said to be completely continuous if G(B) is relatively
compact for every bounded subset B of X;

(v) is completely continuous with nonempty compact
values; then G is u.s.c. if and only if G has a closed graph;
e, X, — X,, Yy — Y. ¥p € G(x,) imply y, € G(x,).

(vi) has a fixed point if there is x € X such that x € G(x).

Definition 1. A multivalued map F :
Carathéodory if

J X R — P(R)is
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(i) t = F(t,u) is measurable for each u € R,

(ii) u +— F(t,u) is upper semicontinuous for almost all
te].
Moreover, a Carathéodory function F is called L'~ Carathéo-
dory if

(iii) for each a > 0, there exists ¢, € L'(]0, 1], R") such
that

IF (£, X)|| = sup {[v] : v € F (t, x)} < @, (£) €)

for all || x| < « for a.e. t € [0,1].
For each y € C(J, R), define that the set of selections for
F by

Sy ={veL' (LR :v(t) € F(t,y(t)) ae. te]J} (10)
is nonempty.

Lemma 2 (see [13]). Let X be a Banach space. Let F : JxR —
P ep(X) be an L'~ Carathéodory multivalued map, and let ©

be a linear continuous mapping from L' (J, X) to C(J, X). Then
the operator

0:85:C(,X) — P, (X)(CU, X)) (11)
and
x> (008:) (x) = O (S, (12)
is a closed graph operator in C(J, X) x C(J, X).
For more details, please refer to [13-15].

Definition 3. A function u(t) € PC(J,R) is called a solution
of (1) if there exists a function f € L'(J,R) with f(t) €
F(t,u(t), ae. t € J such that “DS,(“Dh u(t)) + Au(t) =
Fu®), ae. t €], Au(ty) = uty) —ulty) = L(uty)), t =
t, k = 1,2,...n, and au(0) + bu(l) = _[01 g(s,u(s))ds,
(D} u(®))y, = G0 k=0,1,...,1.

Next, we present the following necessary basic knowledge
of fractional calculus theory which is used in the later paper.

Definition 4 (see [4]). The Riemann-Liouville fractional inte-
gral of order & > 0 of a function f : [0,+00) — R is given
by

t
IF (1) = ﬁ J (t=9" f(s)ds, a>0, (13)

provided that the right-hand side is pointwise defined on
[0, +00), where I'(:) is the gamma function.

Definition 5 (see [4]). The Riemann-Liouville fractional
derivative of order &« > 0 of a function f : [0,+00) — R
is given by

I _ 1 d’ ! n—-oa—1
Dy f(t) = T—a) dr" L (t-3s) f(s)ds, ”

t>0,

where n — 1 < a < n, provided that the right-hand side is
pointwise defined on [0, +00).

Definition 6 (see [4]). The Caputo fractional derivative of
order « > 0 of a function f: [0,+00) — R is given by

‘DIf (t) = 'D

n—ltk
) - ,;)E o (0)] , t>0, (15)

where n — 1 < « < n, provided that the right-hand side is
pointwise defined on [0, +00).

Definition 7 (see [10]). Functions E(z) and E‘X)ﬁ(z) are called
classical and generalized Mittag-Leffler functions, respec-
tively, given by

) Zk
E,(2) = ;m,
2) i & "
E =y -
“f 7 LT (ak + )

Lemma 8 (see [10]). Let 0 < o, 8 < 1, and then functions
E(2),Ey4(2), and E,,. g are nonnegative and have the
following properties.

(i) Forany A > 0 and t € ],

E,(-t"A) <1,

L

Ea,a (_ta/\) < T (“) > (17)
1

E(X,OC"'ﬁ (_taA) S W.

Moreover,

() (18)
1

Eoc,oﬁ-ﬁ (0) =

I'(a+p)
(ii) For any A > 0 and t,,t, € ], whent, — t,, we have
E, (—t;/\) — E, (_t?/\) >
Ea,a (—t;/\) - E(x,(x (_tTA) > (19)
Ea,a+ﬁ (_tg/\) - Eoc,oc+ﬁ (_tTA) :
(iii) For any A > 0 and t,,t, € J and t, < t,, we have
E, (-t5)1) > E, (-t5)),
sz,oc (_t?A) = Eoc,zx (_t;A) ’ (20)

Eoc,oﬁ-ﬁ (_t?A) = sz,zx+[3 (_t;A) .



Lemma 9 (see [16]). Let a + bEMﬁ(—/\) # 0. For a given f €

L'(J,R) with f(t) € F(t,u(t)),a.e. t € J, then the boundary
value problem (1) has a unique solution u(t) € PC(J, R) which
is defined by the following form:

u(t)
tiﬁEoﬁﬁ p+1 (_At‘“ﬁ) (Ci - Ci—l)

Eqp(-A87"F)

1
b [ =9 B (A0 - 9F) f (9 ds

zx+ﬁ( Ataﬂ;) I:aili_

T atbE,, (A

1
- anE(X"'ﬁ’ﬂ"'l (_/\) * J() g (5, u (S)) ds] - EOH',B (_/\ta+ﬁ) (21)

o 1= B pn (M) (- 61)

x +
j=k+1 0¢+ﬂ (_Atj‘ ﬂ)

t
# [ €9 B (A= 9) f (9 ds
0
+ Gt Eguppy (FMF) VE€ [tt), k=0,1,...n

Finally, we give the following lemma which is greatly
important in the proof of our main results.

Lemma 10 (see [17, Bohnenblust-Karlin]). Let X be a Banach
space, D a nonempty subset of X, which is bounded, closed, and
convex. Suppose G : D — 2%\ {0} is w.s.c. with closed, convex
values, and such that G(D) ¢ D and G(D) are compact. Then

G has a fixed point.
3. Main Results

In order to begin our main results, we also need the following
conditions:

(HI) There exists 0 < g < o + f3 < 1, and a real function
m,(t) € L'9(J, R,) such that

IE ()l = sup {|f] : £ (t) € F(t.u)} < m, (),

(22)
Vul <r for ae. te],
for each r > 0.
(H2) g(t,0) = 0 and there exists L > 0 such that
|g(t,u)—g(t,v)|sL|u—v| (23)

foru,v € Rand t € [0, 1], where L satisfies L < a in
which a is defined in (1).

For convenience, we denote

|I| ‘t Eoc+ﬁ/3+1( At‘”ﬁ i G- 1)’
i=1 Eqep (-14)

Theorem 11. Suppose that (H1) and (H2) hold; then system (1)
has at least one solution on J.

Q= (24)
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Proof. We transform problem (1) into a fixed point problem.
Consider the operator N : C(J, R) — PC(J, R) defined by

N (u) = {h(t) € PC(J,R) : h(t)

P thoﬁﬁ B+1 (_Ma+ﬁ) (G —¢1)
oc+ﬁ ( Ataﬁ-ﬁ)

o¢+/3( /\t‘ﬁﬁ) |:6l

TGt bE, (1)
! a+p-1 a+f
—bL (U= By s (A (1= 97F) £ (5)ds
1
_ _ _ B
b6,Eqippi ( /\)+J0 g(s,u(s))ds] EM;;( At ) (25)

ﬁ) (Cj ‘Cj—l)

j=k+1 Ea+ﬁ (_/\tj‘ﬁﬁ)

n B o+
. L=t Eqpp g (M

# [ =9 B (A= 9) () ds

+ thﬁE(x+ﬁ,ﬁ+l (—Ata+ﬁ) Vt € [tk’tk+l) N k= 0,1,... ,I/l.}

for f € Sg,,.

Next we shall show that N satisfies all the assumptions
of Lemma 10; that is to say, N has a fixed point which is
a solution of problem (1). For the sake of convenience, we
subdivide the proof into several steps.

Step I (N (u) is convex for each u € PC(J, R)). In fact, assume
hy,h, € N(u), then there exist f,, f, € Sg,, such that, for each
t € J, we have

h; (1)

_ o¢+ﬁ ( At‘ﬁﬁ) i t: Eot+ﬁ p+1 ( Atf&ﬁ) (Ci - Ci—l)
a+ bEMﬁ (=A) ~ Mﬂ (4&;"*’8)

1
b J (1= 9B By gans (A (1= 9°F) £, (5) ds
0
1
- anEochﬁ,ﬁﬂ (=) + L g(su(s) ds] ~Eqip (_Mmﬁ) (26)

y i Ij‘tf wtp prl (‘)‘tmﬁ) (¢-¢1)

jok1 Equg (-M57)

t
+ L (t =) P By pang (A (= 9%F) £ (5) ds

+ Gt Egrp g (-A°F), i=1,2.
Let 0 < y < 1. Then, for each t € J, we have
[xh + (1= x) ] ()
Eoip (- /\tMﬁ) o thmﬁ 1 (—Ma+ﬁ) (6-c1)
“Z a+f
Equp (-A177)

T atbE, (1)

1
b [ Q=9 B (A0 - 9)
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WA+ -x) f)]ds

1
+ L g(s,u (s))ds:| ~Eqip (_Att’“ﬁ)

- anEoH-ﬁ,ﬁH (_A)

R i = 1 Baspper (M) (- 1) r(t
j=k+1 a+ﬁ (_/\t;ﬁﬂ)

=9 B (A= 9F) [1fy 9+ (1= )

“fa(s)]ds+ thpEmﬁ,ﬁH (-aerF).
(27)

Since Sg,, is convex (F has convex values), so it follows that
xXhy + (1 = y)h, € N(u).

Step 2. Let B, = {u € PC(J,R) : |lul < r}, where

a (a+b)Q be c
a-L\  a ar(1+p) T(1+p)

L @0 | < 1-q )q) <

al (o + p) a+P-q

(28)

Then B, is a bounded closed convex set in PC(J, R). Thus we
need to verify N(B,) € B,. In fact, from Lemma 8, (H1), and
(H2),foreachu € B,, t € J;, k=0,1,...,n, we have

IN W] < [Eqpp (-265F))|

zn: -t E‘Hﬁ B+l ( MMI;) (6 —6-1)
a+ bEa+ﬁ ( A) =1 a+ﬁ ( /\t‘”ﬁ)

1
b | 19 By (A= 9F) £ ) ds

1
—bc,Eqipper (FA) + L g(s,u (s))ds]

1= ] Eppo (M) (¢ ¢)
K1 Equs (-A65")

t
j (£ =9 By pong (A = 9%F) £ (9)ds

1

B a+p
+ gt Ea+/3,/3+1( At )‘ m

. [ai I~ Egeppr (M) (6 - )

i1 Eqp (-1

1
b | 19 By (A= 9F) £ ) ds

1
~b6,Epipprr (M) + L [g(s,u(s)—g(s0)]ds
—(@+bEy,5(-1))

_ i 1=t Eqppor (M5 )(CJ—CJ—I)H

j=k+1 Eoc+[3 (_At?+ﬁ)

|| =9 g (A= 9) £ (9 ds

+ thl;EOt+ﬂ,ﬁ+l (—/\t“-'—l;)‘

l |: i —h Ea+ﬁﬁ+l ( /\t;ﬁﬁ) (Ci ~ Ci‘l)
a i=1

Eqp(-217"F)
—bJ (=P By grs (A (1= 9% F) m, (5) ds

1
b Byt (<) + L L 1 (s) ds — bE,, 5 (-A)

. Z”: Ij‘thMﬁﬁn (‘M“+ﬁ)(6j“:j—l)H

jk Equp (-17F)

t
+ L (t = )P By pop (A (2= 9P ) m, (5) ds

+ thﬁEOt+ﬂ,ﬁ+l (—/\toﬁ—ﬁ)‘

- k |Ii| |t;8Eo<+ﬁﬁ+l (_/\t (C - 1)| be
B Y SV Y (F ')
(oI:+ B J (1) 1|m (s)|ds+= J lu(s)| ds
Wb 'Ij| |t€Ea+/il3+l (‘M?w) (Cj - Cj—1)| L1
@ il Eyp (—At‘]’.ﬁﬁ) I'(a+p)
. ‘ o otp-1 c _ (a + b) Q
L (t-s) |m, (s)| ds + NEOR ,
be c L (! b
aT(1+f) T(+p)  a L s+ o T )

. J: (1- s)oc+/3—1 |mr (s)l ds+ —— ( ﬁ) Jt( _ S)0¢+/3—1

(a+b)Q+ bc . c
al (1+p) T(1+p)

1 _ 1-q
" L ””"LI + b <J [(1 B S)a+ﬁ_1]1/(1 q) ds)
a al (a+ ) \Jo

. lmr (s)|ds <




([morns)

1 ‘ wrpor /- '
i e )

([ 1q )q (@a+b)Q be
(o) esm e

L +H+ b ( 1-¢g )l_q
Fr(1+p) a al(a+B)\a+f-q
1 1-q "7 g @+h)Q
+F(oc+[3’)<oc+[>’—q) ' qST
be c Lr
Tar(+p) TP a

(a+b)||m,|a 1-g \'™
" al (a + ) <oc+[3—q) )

(29)
From (28), we have N(B,) € B,.

Step 3 (N(B,) is equicontinuous). Let A = ] x B,,6,,9, €
J,8, < 6,. For convenience, wealsoletsup , 2| f (£, u)] =Y,

e O e

Ca+bE,g ai:1 Epp(- )
(30)
b6, Bt (1) + Ll g(5,u(s) ds]
and
v Z”: 1= t5E g pn (M) (c; - Cj—l)’ (31

R Egus (-255"")

and then we have
|(Nw) (8,) = (Nu) (8,)] = |[E“+,; (-105F)
= Eaip (-1857)] @ — [Equp (-1077F)

Eup (T [ 0
0

“Eipatp (—A (6, - s)"‘*ﬁ) f(s)ds — L&z (8,

=) B (26, -97) £ (5)ds

+ Ckéon&ﬁ,ﬁH (—A‘S?Jrﬁ)

<

~ 8 B ppir (A7) < |[Equp (-1077F)
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~ Eqrp (1857F)] (@ - ¥)

o
' L (8= " Eoirpars (-1.(8, - 9)™F)
= (0= )" Bprpanp (-1 (8, - 9)F)]

5,
- f(s)ds— L (6, - S)Mﬁ_1

Erpars (-1 (82 = 9)"F) £ (9)ds

+ Ck(s{;Eowﬁ,ﬁH (_M;H/;)

~ 68 Eauppir (-A05F)| < |[Baup (-2077F)

~Eq 5 (-185"F)] (@ - ‘I’)' + J:l [(61 — )P
= (0, =) Barpars (16, -9)™F)
[ -]

: [E(x+ﬁ,¢x+ﬁ (_A (51 - 5)‘”/3)

+

- f(s)ds

~Epiparp (‘A (6, - S)Mﬁ)] f(s)ds|+

5,
|, @
4

=) By g (1 (82 9)F) £ (9 ds

+ ’Ck (5{; - 55) Eorppei (—Aaiﬁﬁ)
+ {88 (Earppor (A87") = Earppnr (-285))

< [[Ea (2557 - By (165%)] 0 ¥)

[ [@ sy

[ o]

: [E(x+ﬁ,a+ﬁ (_A (51 - 5)a+ﬁ)

LY
)

I(a+p

- (8, - S)Mﬁ_l] ds| +

~Epiparp (‘A (6, - S)Mﬁ)] f(s)ds

PR
)

I(a+p

Eauppor (07| |ad] (Basppos (-2077)

5 »
J (8, —s)"F " ds
6

+|a. (of - )

~ e (-1057F) ‘ < l[Evc+ﬁ (-A87*F)
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g (1559 0 - )

Y[ (0, - 0,)F + 857 - 57 ]

+

(a+B)T (a+p)
Y (52 - 51)“+ﬁ g a+p-1
T @t fT (@t p) L [CED

: [Eoc+[3,zx+[3 <_/\ (51 - 5)‘”/3)

= Egipasp (‘A (6, - S)Mﬁ)] f(s)ds| + ‘Ck 1

= 85) Buuppn (‘7‘5?[;)‘

+ 60l (Barppor (-101F) = Eauppn (-1857F) .
(32)

and from Lemma 8, we clearly see the right hand side of the
above inequality tends to zero as §; — §,. This implies
that N is equicontinuous on J. As a consequence of Steps
1-3 together with the Ascoli-Arzela theorem, we can conclude
that N is a compact valued map.

Step 4 (N has a closed graph). Let u,, — u,, h, € N(u,) and
h, — h,. Then we need to verify h, € N(u,). h, € N(u,)
implies that there exists f, € Sg,, such that for each t € ] we
have

h, (t)

_ EMﬁ (_’\twﬁ) [ 5T - thmﬁ,ﬁﬂ (_)‘tfﬁﬁ) (Ci - CH)
i=1

i bE,.(-A) Epip (_M?wﬁ)

-b Jl A= Epporp (A (1= 9%F) £, (s)ds
0
1
_ hanMﬁ,ﬁﬂ (=A) + L g (s,u(s)) ds:| - Eqip (_,\ta+l3) (33)

o 1= 1 Eagpn (M) (- 64)
j=k+1 EoH—ﬁ (_Atj'ﬁﬁ)

t

+ L (t =" Eyparp (A (= 97F) £, () ds

X

+ thﬁEa+ﬁ)ﬁ+1 (—/\ta+ﬁ)} 5

and thus we must verify that there exists f, € Sg,, such that
for each t € J we have

h, (t)

_ Eup (_Ata+p) LI - tszoﬁﬁ,ﬁH (—M:'Hﬁ) (G —¢1)
a+bE,, () |4 By (167)

1
b | Q=9 B (A= 97) £, 9 ds

1

~b6,Eyppin (FA) + J g (s,u(s)) ds] ~Eqp (7)“045)

0

y i 1= B (35) (¢ 61)

j=k+1 E:x+ﬂ (_/\t?Jrﬁ)

t
N L (£ =9 By poang (A= 9°F) £, (5) ds

+ thpEoc+[3,ﬂ+l (—/\toﬁﬁ)} .
(34)

Consider the continuous linear operator

®:L'(J,R) — C(J,R), (35)
f—o(f)®= J (t — 5)* P!
0

Equparg (A (= 9)F) f(s)ds

bE, 5 (-MF) 11
© a+bE,5(-A) J

(36)

(1 _ S)a+ﬁ—1
0

' Eoc+[§,tx+[3 (_A (1 - S)OH—ﬁ) f (S) ds;
then,
[{A ® = [Eaup (-26F) (@ - 0)]

~ P By p g (M)} = {h, 1)

— [Enep (-A5F) (@ - )]

(37)

- cktﬁEMﬁ,ﬁH (—At“+ﬁ)}|| — 0 asn— co.

By Lemma 2, we know © o Sy, is a closed graph operator.
Also from the definition of ® we have

By (8) = [Eqyp (~15F) (@ - W)
(38)
- thﬁEoﬁﬁ’ﬁH (_M‘Hﬁ) €0 (SF,un) :

Since u,, — u,, Lemma 2 implies that

he () = [Equp (-16%F) (@ - 9)]
— thﬁE‘x+ﬁ,ﬁ+1 (_At“"’ﬁ)

- r (t =) Epparp (A= 9™F) £, (5)ds
0 (39)

bE,. 5 (-At*F)

a+bE,,5(-A)

1
. L (=P By gons (A (1= 9%F) £, (5)ds

for some f, € Sg,, .

Therefore, N is a compact multivalued map, u.s.c. with
convex closed values. By Lemma 10, we have that N has a fixed
point u(t) which is a solution of problem (1). O



Corollary 12. Assume that (H2) and (H3) hold.
(H3) There exist continuous and bounded functions
7,(t), 7,(t) € L'(J, R,), 0 € [0,1] such that

|F (tw)] < 7 (1) + 75 (8) [ul” s (40)

then problem (1) has at least a solution on ].

Proof. The proofis the same as Theorem 11 which we can take
asm(t) = 7,(¢) + 1, (1) [ul°. O

Remark 13. If we let f(t,u) € {F(t,u)} and g(t,u) be a
constant function, then the above Corollary 12 improves
Theorem 3.11in [12].

Remark 14. Note that if y = 0 and y = 1, we have “ D} u(t) =
u(t) and CODZu(t) =u'(p), respectively. Thus, in this paper, let
a=1, =0, A =0, ¢ = 0; our system (1) reduces to [18],
so our problem (1) gives generalization of [18].

Remark 15. It § = 0, A = 0, the boundary value condition
becomes u(0) = u,, and our system (1) reduces to [16, 19].
Ifa = 1, B = 0, the boundary value condition becomes
u(0) — u(T) = p, and our system (1) reduces to [20]. Thus,
our problem (1) gives generalizations of [16, 19, 20].

4. An Example

In this part, we will give corresponding example to illustrate
the main results in our paper.

Example 1. Consider the following system:
Df, (“Df,u (1) + u(t) € F(t,u(t),

ae. te]= [O,l]\{é}

a(5) =1 («(5))

(41)
1
au(0) +bu (1) = J g(s,u)ds,
0
[CDg’tu (t)]t:0 = ¢
[CDg,tu (t)]t:I/S S
where 0 < o+ < 1,A > 0,a = 4,b = 1, and let

F(t,u(t)) = [(sint/e)(cos u(t) + 1), ((sint)/e")(cos u(t) + 3)]
and g(t,u(t)) = (cost/eDNu(t)/(1 + u(t)), (t,u) € [0,1] x
[0, +00). Then we let m,(t) = 4sin t/e' and L = 1, and we
have

lgtw) —gt,v)| <lu-vl; (42)

then (H1) and (H2) of Theorem 11 all hold. Hence, system (41)
has at least one solution on J.
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