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This paper is concerned with the characterization of all self-adjoint domains associated with two-interval even order singular C-
symmetric differential operators in terms of boundary conditions. The previously known characterizations of Lagrange symmetric

differential operators are a special case of this one.

1. Introduction

Self-adjoint differential operators [1-3] in Hilbert space are of
interest in mathematics and physics; in Quantum Mechan-
ics they represent observables [4-7]. These operators are
generally defined by symmetric expressions and boundary
conditions. Two-interval theory of differential equations was
developed by W. N. Everitt and A. Zettl [8] in 1986.In 1988, A.
M. Krall and A. Zettl [9, 10] generalized the method given by
Coddington [11] and obtained the characterizations of self-
adjoint domains for Sturm-Liouville differential operators
with interior singular points. Afterwards, in [12] the two-
interval theory was extended to higher order equations and
any finite or infinite number of intervals. In [13] Wang et al.
give an explicit characterization of all self-adjoint domains
for Lagrange symmetric differential operators in terms of
certain solutions for real A for the one-interval case when
one endpoint is regular and the other is singular. In analogy
with the celebrated Weyl limit-point, limit-circle theory in
the second order case, i.e., Sturm-Liouville problems [14],
they construct limit-point and limit-circle solutions and
characterize the self-adjoint domains in terms of the limit-
circle solutions. In [15], Hao et al. give a characterization
for Lagrange symmetric differential operators by dividing
one interval (a;, b)) into two intervals (a,,¢;) and (¢, b,) for
some point ¢; € (a;,b,) when both endpoints g, and b, are
singular. In [16], Suo et al. extend the characterization in

[13] to two-interval case for one endpoint of each interval
(a1, b,), and (a,,b,) is regular, and illustrate the interactions
between the regular endpoints and singular endpoints with
some examples.

As noted in survey article [17], we observe that a special
type of matrix, E, = ((=1)'6, ,,,1_¢); 1> Plays key role in the
characterization of a self-adjoint differential operators, both
boundary conditions and symmetric differential operators.
What is more interesting is that the symbol difference of
this special type matrix is equivalent to skew-diagonal matrix

(?Ti ), I=(,, +1—s),:,s:1’ which also generates self-adjoint
operators. Actually these matrices can be generalized as a
fixed nonsingular matrix C and preserve their properties.
So we can enlarge the known set of these operarors by
extending the known symmetric expressions to C-symmetric
expressions and charaterize the boundary conditions which
determine self-adjoint extensions of these C-symmetric
expressions on a single interval case. Remarkably, the same
matrices C which generate the expressions also generate
their self-adjoint extensions. This paper is based on all
the above known works, and the complete characterization
of self-adjoint domains of the two-interval case for even
order C-symmetric differential operators is given when four
endpoints a,, b, a,, b, are singular or regular. Moreover, it has
shown that the previous results in [16, 17] are special cases
of ours. Following this introduction, some basic notations
and facts are given in Section 2, in Sections 3 and 4 we give
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our main theorems for characterization of all self-adjoint
domains and their proofs, and at last in Section 5 we give
some examples to illustrate our main results.

2. Notation and Basic Facts

In this section we summarize some basic facts about general
C-symmetric quasidifferential expressions of even order (1 =
2k, k > 1) and real or complex coefficients on one-interval
and two-interval cases for the convenience of the reader.

Firstly, let J = (a,b) be an interval with —co < a < b <
oo and M,,(S) denote the set of n x n complex matrices with
entries from a given set S.

Set C,, = (¢, ¢)1<r.s<n a5 a skew-diagonal constant matrix
satisfying

cl'=-Cc,=C:, )
and let

Zn (]) = {(qr,s):szl € Mn (Lloc (])) > Grr+l

#0ae ], ‘1;” €L (), 1sr<n—1, g,

=0ae J,2<r+1<s<m q, €L, (]),s#r )
+1, 1sr<n-1}.
LetQ € Z,(J). We define
Vo ={y:J — C, y is measurable} (3)
and
YW=y (rev). (4)
Inductively, for r = 1,...,n, we define
V,={yev, :y" e (aC,. )}, (5)

r
y[r] = qzlﬂ {y[r—l] - qu,sy[s_l]} (y € Vr) » (6)
s=1

where q,,,,, = ¢, , and AC,,.(J) denotes the set of complex-
valued functions which are absolutely continuous on all
compact subintervals of J. Finally we set

My =Mqy=i"y"  (yeVv,). ()

The expression M = M, is called the quasidifferential
expression associated with Q. For V,, we also use the notations
V(M) and D(Q).

Definition 1. Let Q € Z,(J) and let M = M be defined as
above. Assume that

Q=-C,'Q°C,, (8)

0 C
Cn _ ( kexk 12) (9)
Cor Ok

where
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satisfying
C'=-C,=C, C,,Cyp, € M (C), (10)
ie.,
0 C
C, - ( kxf 12 ) a
_Clz kak
with
GCrs=1, r+s=n+l (12)

Then M = My, is called a C-symmetric differential expres-
sion.

Let w € L;,.(J) be positive a.e. on J. We consider the
Hilbert space

H=L(,w) (13)

with its usual inner product

(y,2) = J yzwdx, y,z € H. (14)
J

For the C-symmetry M, the Green’s formula has the form

J {MyE - ym} dx = [y,z] (b)
/ (15)

-[y.2zl@ (1zeDQ),
where [y,z](b) = lim,_,-[y,2](t), [¥,z](a) = lim,_, [y,
z](t) and the limits always exist and are finite. Here the skew-
symmetric sesquilinear form [-, -] maps D(Q) x D(Q) — C.
Every self-adjoint extension T of the minimal operator

Tq is between the minimal operator T, and maximal
operator TQ; i.e., we have

TooCT=T" CTg,. (16)

Thus these self-adjoint operators T are distinguished from
one another only by their domains.

Lemma 2 (Lagrange identity). Assume Q € Z,(]) satisfies (8)
and let M = M, be the corresponding C-symmetric differential
expression. Then for any y,z € D(Q) we have

ZMy - yMz = [y, 2] , (17)

and
n—1
k 1l k
2] = (D Y I = (1)
r=0

- — 18)
—1] 4] _ = —r] ,,lr—1] (
' Z {Cr,n—rﬂz[r 1]y‘rl ' _Cr,n—r+lz[n r]yr }

r=1

_ (_1)k+1 (Z*CHY) ,
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where
[0]
[1]
Y = . >
y[n—l]
(19)
0]
ey
Z= ,
Z[H—I]
and
0 C
Cn _ ( kxk 12) (20)
Cor Ok
is defined by (11).
In fact,
0 0 0 ¢,
0 0 Gy O
Cp= , (21)
0 Gorke2 0 0
Gkt O 000

and by (11) we have C,, = -C}, and ¢, = —C,,, v +s=n+ 1.

P?’OOf. Set Q = (Qr,s):l,szl’ and Q+ = _C;IQ*Cn = (pr,s):l,szl‘
Then we infer that

n n
Prs = ch,s Zcr,j%,j = Con—rt19n-s+1,n-r+1%-s+ 1,9
=1 =

r,s=1,2,...,n

(22)

Soforl<r<n-1,

pr,r+1 = Cr,n—r+lqn—r,n—r+1Cn—r,r+l (23)

is invertible a.e. on J.

Sincefor2 <r+l1<s<nmr+l-s=Mm-s+1)+1-
(n-=r+1)<0,g, g1, 11 = 0, then
C—st1,s = 0. (24)

pr,s = Cr,n—r+1qn—s+1,n—r+l

This concludes that Q" € Z,,(J).

Since Q € Z,(J) satisfies (8),i.e, Q = Q*.

Now, let f = —El,ny[Q"],g = —El,nzg’], ¥,z € V,; then, from
(4) and (6) we have

Y =QY +F,
(25)
Z'=QZ+G,

3
where
0
0
F = ,
f
(26)
0
0
G =
g
So from Q*C,, = -C,,Q, we have
(z'c,y) =(z") cy+zCy+zCy
=(Z) cy+zcy
=(QZ+G)"C,Y+Z"C,(QY +F)
=(Z"Q"+G")C,Y +Z"C,(QY +F)

* (E . . (27)
=72"(Q'C,+C,QY+G'C,Y + Z"C,F
=Z"C,F+G'C,Y = ¢, 29 f - ¢, gy
_ Gyl S0l
=—(-i)" {WM)/ - M_zy[o]} .

After integrating both sides of the above equation, we get
b b . b
J ZMydx - J yMazdx = (-1) 1 zZ'C,Y ; (28)
Hence from (15) we have
— —_— !
zMay - yMqz = [y.2] (29)
and
[y.2] = D' z*C,Y. (30)
Together with some caculations we have
n-1
Z'CY = Y Gy Iy, (3D
r=0
and C, has the form (1) and ¢, ; = —¢,,,r +s=n+ 1.
Then we also have
zZ'C,Y
k - - (32)
= {Cr,n—r+lz[r_1]y[n_r] - Er,n—r+lz[n_r]y[r_l]} .
r=1

This completes the proof. O



Following this we consider direct sum Hilbert space

H=H, eH,
, (33)
H;=L*(J,w;), w;>0,
where] (a., b)), OoSa‘<bjSoo,j:1,2.

i j
The inner product in space H is defined by

2
(,2) Z(J’]’ )» =t z=1{z.20, (34)

and (-, ) is the usual inner product in H:

(yj,zj), J Y7 Ww; dx, y.,z, € H), y5,z, € Hy. (35)

Define two differential expressions with complex-valued
coefficients by

M;y :MQ]- y=1i yg'] on J;. (36)

Let M = {M,, M,};i.e.,, My = {M, y,, M, y,}.

Definition 3 (see [1, 8, 16]). The two-interval maximal and
minimal domains and operators are simply the direct sums of
the corresponding one-interval domains and operators, i.e.,

To=Tq ®Tq,
(37)
Tqo = Tq,0® T,0
and
DQ =D (TQ) =D (TQl) ®D (TQz) > (38)

Dqo = D(Tgy) =D (TQl,O) ®D (TQz,O) :
We also have the following lemma.
Lemma 4 (see [8,16]). In the direct sum spaces, we have

TQ,O = on (&) TQ2,0 = TQ1 (&) TQ2 = TQ’

Tq=Tq ®Tq, = To,0 ®To, = Too-

The minimal operator Tq, is a closed, symmetric, densely
defined operator in the Hilbert space H with deficiency index

dgivenbyd =d, + d,.

It is interesting to note that Lemma 2 extends to the two-
interval case:

ZMy - yMz = [y,2]
2
= Zl 2], (8) - [v325], (a) (40)
=

¥,z € H,
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where
k+1 *
2], = 0 (Z6;),
0
y
1
!
Y] = . 5
[n-1]
Yi
! (41)
[0]
Zj
[1]
Zj
Z; = : ,
[n-1]
Zj
ji=12,
and C,, has the form (11).

Lemma5. Let a; < a; < B; < b;. The number d; of linearly
independent solutions of

M;y =Aw;y on (ocj, [)’]) (42)
lying in L,((a), B;), w d,) is independent of A; € C, provided

Im(A)) # 0. Ifone endpoint of («;, 8;) is regular and the other
is smgular then the mequalities

k<d;<2k=n (43)

hold. For A = A; € R, the number of linearly independent
solutions of (42) j_, lyingin L,((ev;, By), wy) is less than or equal
tod, and of (42);_, lyingin L,((ey, B,), w;) is less than or equal
tod,.

Letcj €] i =

(aj,b)). Ifd, is the deficiency index on (a;, c;),
dj, is the deficiency index on (c

Cj» J) and d is the deﬁczency

index on (aj, bj), then
di=d;+dp-n j=12 (44)
Proof. See [15, 16]. O

W. N. Everitt and A. Zettl extend the well-known single
interval GKN characterization of all self-adjoint extensions
to the two-interval case for Lagrange symmetric differential
expressions in [12], and it is obvious that this extended
GKN theorem also can be established for two-interval C-
symmetric differential expression. It is expressed as follows.

Lemma 6 (GKN). Let T, be the two-interval minimal
operator in H and let d be the deficiency index of Tqy. Then
a linear submanifold D(T) of Dq is the domain of a self-
adjoint extension T of Tq, if and only if there exist vectors
Wy, Wy, - -+, Wy in Dg satisfying the following conditions:

(i) wy, w,, - - -, w, are linearly independent modulo Dy

(i) [wpw] = [wywylib) - [wy,wyli(a) + [wy,
wpl,(By) — [wy, wpl5(a,) =0, i,1=1,---,d;

(iii) D(T) = {y = {y1, »2} € Dq : [y,w] =
o wili(@) + [y wply(B,) = [y wply(ay) =

[y w1 (b)) -
0,l=1,---,d}.
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3. Characterization of All Self-Adjoint
Domains for Singular Two-Interval
Problems

In this section we assume that M = {MQ1 , MQz} are generated
by Q; € Z,3(J;), j = 1,2 satistying (8), n = 2k, k > 1, the
endpoints a; and b; are singular. We give the decomposition
of the maximal domain and the characterization of all self-
adjoint extensions of the two-interval minimal operator.

First we have the following theorem.

Theorem 7. Let M; be a C-symmetric differential expression
on (aj, bj) and let ¢j € (aj, bj). Consider the equations

Assume that for some A = A;; € R (45) has d, linearly

independent solutions u,,u,- -+, Ujg, on (aj, ¢;) which lie in

LZ((aj, ¢j)w;) and that for some A = Ajz € R (45) has alj2
linearly independent solutions vy, vj, -+ ;4 , on (c;, b;) which
2

lie in LZ((cj, bj), wj). Then, we have the following:

(1) The solutions ujy,uj, - - -, Ujg, can be extended to J; =

(aj, bj) such that the extended functions, also denoted
by uj,uj, Ujg,» satisfy u; € DQj(aj, b;) and u; is
identically zero in a left neighborhood of bj,1 = 1,- -,

d;y. The solutions v, vy, - -, Via, can be extended to

(aj, bj) such that the extended functions, also denoted
by viivigs o Vid, satisfy v; € DQj(aj,bj) and v is
identically zero in a right neighborhood of a;,1 = 1,- -+,

djz-
(2) For m; = 2d; — 2k the solutions u;,u," - Ujg, on
(aj, cj) can be ordered such that the m. X m; matrix

Uj = (lujup,1(c))s 1 < 1,1, < my, is given by

U, = (—1)“1ch, j=12. (46)

Forn; = 2d;, — 2k the solutions v;;,v;,- - -, Via, on

(cj, bj) can be ordered such that the n;xn; matrix V; =

(v, vi,1i(e)), 1 < I, 1, < my, is given by

V. = (_1)k+1 CT

el
J n;

j=12. (47)
(3) Forevery y = {y,, y,} € Dg we have
[yj,uﬂ]j(aj) =0, forl:mj+ 1,--~,dj1, (48)
[yj, Vﬂ]j (bj) =0, forl=n;+1,--d. (49)
(4) For 1 <1;,1, < dj;,we have
(14,15, j (a;) = [, u5,] j (c7)- (50)
For1<1,l, <dj,, we have

[Vt v j (&) = [v1, v j (c)- (51)

Proof. By Naimark Patching Lemma the solutions u;;,u,,

L Ujg can be “patched” at ¢j to obtain maximal domain
J

functions in DQj(aj, b.). By another application of Naimark

Patching Lemma these extended functions can be modified
to be identically zero in a left neighborhood of b}, j = 1,2.
By using the similar method, we can proof the latter part of
(1). Parts (2) and (3) are established by Corollary 6 in [13] for
complex case. Part (4) follows from Corollary 3.8 in [15]. O

Remark 8. We call that the solutions Ujm 115"
Vine1>7 5 Vja,, are of LP (limit-point) type at a; and b;, respec-
tively, which satisfy conditions (3) of Theorem 7. The LP
solutions play an important role in studies on distribution of
continuous spectrum (see [15]). These solutions play no role
in the formulation of the self-adjoint boundary conditions.
But the LC (limit-circle) case requires boundary conditions
to determine self-adjoint extensions. For this reason we
call Ujir Ujps o5 Uy, LC solutions at Ajs Vit Vst Vin, LC
solutions at bj.

T U, and

Next we give the decomposition of the maximal domain
and the characterization of all self-adjoint domains.

Theorem 9. Let the hypotheses and notations of Theorem 7
hold. Then

Dq, (a;,b;) = Dg 0 (a;.b;)
@ span {ujl,ujz,---, ujmj} (52)

® Spal’l {le, ij, R anj} .
Proof. The method of this proof is similar to the citation [16].
O

According to Theorems 7 and 9 we have our main result
as follows.

Theorem 10. Let the hypotheses and notations of Theorem 7
hold. Then a linear submanifold D(T) C Dg, is the domain
of a self-adjoint extension T of two-interval minimal operator
Tqy if and only if there exist complex d x m; matrices A ;
and complex d x n; matrices B; such that the following three
conditions hold:

(1) rank(A,, B,, A,,B,) = d;

2 * *
(2) Zj:l{AijjAj - BjC”ij} =0
(3) D(T) ={y ={y1, 2} € D :

, v ”ﬂ]j (;)

A

e
[J’j’ ”jmj]j (o)

(53)
vl (5) 0
+Bj : =1 : >

[)’j’ "jn]-]j (&) 0



where (A, B,, A,, B,) denotes the d by 4d matrix whose first
d columns are those of A,, the second d columns are those of
By, etc. And Cpn)» Gy, are complex matrices of the form (11).

Proof (necessity). Let D(T) be the domain of a self-adjoint
extension T of T, By Lemma 6 there exist w;, =
{w,wpb e wy = {wy, wyt € Dy satistying conditions
(1), (ii), (iii) of Lemma 6. By Theorem 9, each w;; and w;, can
be uniquely written as

m n
Wy =Yt Zailull + zbilvll’
I=1 I=1

(54)

my L)
Wip =Y + Zciluzl + Zdiz"zl’
I=1 I=1

where y;; € Dgq 0, Y2 € Dq,0 apnbypcpdy € C, i =
1,2,....,d.
Let
A=~ (ail)dxm1 >
Bl = (Eil)dxnl ’
(55)
Ay =- (Eil)dxm2 >
BZ = (Eil)dx.,12 >
Then
, Y agu a
[yl’wll]l(al) _)’1 ; ! 11_1( 1)
S .
> W a
n dl]l( Y yl’zadlull (a)
L I=1 41
[)’1)”11]1 (a)
=-A, : )
[)’p”lml]l (a1)
(56)
S .
LY by b
[)’1,11)11]1 (bl) _yl ; ! 11_1( 1)
Jwal, (b & ]
52 dl]l( 1) yl’zbdlvll (b))
L I=1 BB

[J’l"’ll]l ()

[yl’vlnl]l (bl)
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Similarly,
[y wis ], (a,) [y ], (@)
=-A, i
[y way], (@) [ tam, ], (@)
[z wial, (82) (25 v, (B)
: =B, :
(12, was], (b) [72v20, ], (82)

Hence the boundary condition (iii) of Lemma 6 is equivalent
to part (3) of Theorem 10.

Next we prove that A, B, A,, and B, satisfy conditions
(1) and (2) of Theorem 10.

Clearly rank(A,,B;,A,,B,) < d. If rank(A,,B;,A,,
B,) < d, then there exist constants h,,- -, hy, not all zero,
such that

(hys....hy) (A, B, Ay, B,y) = 0. (58)
Letf_{fl’fZ}_Zzl i z’sofl _Zzl i zl’fz_
Zi:I hiwiz, from (54), we obtain

d m

fi= th%l + Z Zh Aty + Z Zh byvyps

i=1]=1 i=11]=1

(59)
f2 - Zh iVio Z thczluzl + Z thdzlvﬂ‘
i=1]=1 i=1]=1
By (58), we have (h;---hy)A, = (hy---hg)B, = (h;---
hy)A, = (h,---h;)B, = 0. Hence
d —
fi= th‘yn)
i=1
(60)

d —
= Zhiyiz-
i=1

So we have f; € Dg o and f, € Dg o thus, f = {f,
f2} € Dgqy. This contradicts the fact that the functions w,
wy,...,w, are linearly independent modulo Dg,,,. Therefore
rank(A,, B, A,,B,) =d.

Now we verify part (2). By (54), we have

[wir, wll [ Zazkulk’ Zalsuls] (a1)

s=1
m; m; _ (61)
= Z Zaikals (1 1]y (a1) 5
k=1s=1
(G,1=1,---,d).

So
T *
([wil’wll]l (al))dxd = A1U1TA1

= (-1)F! AC,, A,

(62)

where the matrix U, is defined in Theorem 7.
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Similarly, we have

([wil’wll]l( ))dxd BV B _( 1)k+lBC B

T *
([wiz’ wlz]z (az))dxd = AZUZTAZ

(63)
k+1 *
=(-1)"" AC,, A),
* k *
([ 12’w12] (b ))dxd = Bzv B, =(-1) H B,C,,B,.
Hence condition (ii) of Lemma 6 becomes
AlcmlAT

~ B,C, B + A,C,, A5~ B,C, B; =0. (64)

(sufficiency). Let the matrices A, B;, A,, and B, satisfy
conditions (1) and (2) of Theorem 10. We need to prove that
D(T) defined by (3) is the domain of a self-adjoint extension
T of Tgyp-

Let

A== (ail)dxﬂ,l )
B, = (Eil)ml,
A2 == (Eil)dxmz >

B, = (di) 1, (65)

wy = Zazz”u + Z V1
my L)

Wy = Zcﬂuzz + Zdﬂ"zl~
I=1 I=1

Then for y = {y,, y,} € Dg we have

J’l’“u (‘11

[yl’ulm al)

Zallull (a)
Zadz”u (a)

)’1)“’11] al)

yl’wdl] al)
[ vnd; (
B, :
[y Vi ], (B1)

Y Zbll"ll (o)
L =1

Yo Zbdlvll (o)
L I=1

[yl’wll]l(bl)

[)’1’wd1]1 (bl)
(66)

Similarly, we have
[yZ’MZI]z (612) [)/2, w12]2 (612)
A, s ; :

[)’z) ”2m2]2 (a2) [v2> wdz]z (a2)

[)’2"’21]2 (b,)

(67)
[)’2’ wlz]z (bz)

B,

[)/Z’ZZHZ]Z (b) [J’z’wdz]z (b,)
Therefore the boundary condition (3) in Theorem 10 becomes
the boundary condition (iii) in Lemma 6; i.e.,

[yl’wil]l (o) - [yl’wil]l (ar) + [)’z’wiz]z (b,)

- pwpl, (@) =0, i=1-.d
It remains to show that w;,i =1, --
(i) and (ii) of Lemma 6.
Condition (i) holds. If not, then there exist constants
>+ » ¢y not all zero, such that

(68)

,d satisty conditions

d
Y= Zc,-w,- € DQ,O’ (69)

i=1
ie.,
d

"= Zciwil € Dg, 0>
i=1
(70)

d
Y2 = Zciwiz € Dq, -
i=1

Hence we have [y}, y1],(a;) = [y, »111(61) = [y y211(a,) =
[v2> »212(B,) = 0, for any y = {y;,»,} € Dgq. Using the
notation U, from Theorem 7,

(0---0)
d d
= ([zclwll’ull] (a)- [chwlv”lml] (a1)> (71)
=1 1 I=1 1
= (Cl e Cd) (ail)dxml Ul'

Since U, is nonsingular, we have (¢, ---¢;)A; = 0.



Similarly, we have (c; - -
(¢, ---¢4)B, = 0. Hence

'Ed)Bl =0, (El . 'Ed)AZ =0, and

(¢1---C4) (A}, B, Ay, By) = 0. (72)

This contradicts the fact that rank(A, B,, A,, B,) = d.
Next we show that (ii) holds. We have

[wir» wll (a) = [Zazsuls’ Zalkulk:| (a)

(73)
my m;
Z Zazsalk uls’ulk] (al) .
From Theorem 7 we get
T *
([wi> wn], (al))dxd = A1U1TA1
(74)

= (-1 4,C,, A}
Similarly,
T k+1 *
([wivwll]l (bl))dxd =(-1) B,C, B,
T
([wiz’wlz]z (az))dxd =(-
T *
([wiz’wlz]z (bz))dxd = (_1)k+1 Bzcnsz-

Therefore

D' AC, AL (75)

([wil’wll]l (o) -

(Wi, wp], (“2))T = (1!
(76)

-B,C, B} - (-1)*"' 4,C,, A} + (-1)*"' B,C, B}

T
[w;, wl]dxd = [wi “’11]1 (a)

+ [wiz’wlz]z (b,) -

- (-1 A,C,, A; =0.

By Lemma 6, we conclude that D(T) is a self-adjoint
domain. O

4. Special Case

In Theorem 10 it is assumed that all four endpoints a, , b, a,, b,
are singular. It can be specialized to the results when at least
one endpoint is regular. We state several cases here for the
convenience of the reader.

Theorem 11. Let the hypotheses and notations of Theorem 7
hold and assume that the endpoints b, and b, are regular. Then
n, =ny, = nandd = dy; + dy. Then a linear submanifold
D(T) < Dg, is the domain of a self-adjoint extension T of T,
if and only if there exist a complex d x m; matrix A, and a
complex d x n matrix B, and a complex d x m, matrix A,
and a complex d x n matrix B, such that the following three
conditions hold:

(1) rank(A,,B;, A,,B,) =d
(2) A\C,, AT+ A,C,, A} = B,C,B] +B,C,B};

Discrete Dynamics in Nature and Society

(3) D(T) = {y = {y1 y,} € Dy
[J’l’“u]l(“l) » (by)
A, : + B, :
[yl’ulml]l (al) J’En_l] (bl)
[ “21]2 (a,)
+A, : (77)
[)’2’“2m2]2 (a,)
2 (by) 0
+ B, =1 :
77 () 0
Proof. Since M; are regular at b, for any y = {y;, ,} € Dq
the limits
7 (B) = limy @), j=12 (78)
exist and are finite fors =0, 1,...,n— 1.

When d,, = d,, = n, for matrices B;, B, determined by
Theorem 10, we let

B, = (-1)*RC,,

(79)
B, = (-1)*R;C,,
where
Wy w&? 1]
Rj: ) j:1’2. (80)
T ... ginl
wdj de
Then we have
7; (%)
k+1 1% .
([yijlj]j (bj))dxl =(-1)"" R/ C, : >
[n-1]
i (b))
j =12, (81)
T ®
([wil’wll]l (bl))dxd = (_1)k+1 RiC,R,
—CDMRICGCR,
1" (R/C,) (-C,) C,R, = (-1)**' B,C, B!,
and
T *
([wiz’wlz]z (bz))dxd = (_1)k+1 B,C,B,. (82)
So by Theorem 10, we may complete the proof. O
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Remark 12. In the minimal deficiency case d,; = k,m; =
0,d,; = k,m, = 0 the terms involving A, and A, in (77)
drop out and Theorem 11 reduces to the self-adjoint boundary
conditions at the regular endpoints b, and b,:

» () ¥y, (by) 0
B, + B, ={ [ 83

() 7 (B) 0

where the n x n complex matrices B, and B, satisty
rank(B,,B,) = nand B,C,B; + B,C,B; = 0. In this case
there are no conditions required or allowed at the endpoints
a, and a,.

Theorem 13. Let M; be two C-symmetric differential expres-
sions of order n = 2k on (aj, bj), j=L1L2and w; a positive
function in L(a;, b;) and assume that each endpoint is regular.
Then a linear submanifold D(T) of D, is the domain of a self-
adjoint extension T of Tqy, if and only if there exist a complex
2nxnmatrix A, and a complex 2nxnmatrix B, and a complex
2nxnmatrix A, and a complex 2n x n matrix B, such that the
following three conditions hold:

(1) rank(A,, B}, A,, B,) = 2m;

(2) A,C,A] - B,C,B] + A,C,A’, - B,C,B; =0;
(3) D(T) ={y = {y1, y2} € Dy

» (a) » (b))
A, : + B,

(@) )

b2) (“2) b2) (bz)
+A, : +B, : (84)
7 () y 1 (By)
0
0

Proof. Inthiscased =d, +d, =dy +d,—n+dy +dy—n=
n+n-n+n+n-n=2n Andforany y = {y,, y,} € Dy the
limits

i o) = Jlim 57 0
7' (5) = lim 5 ), (85)

=12,

exist and are finite for s = 0,1,...,n — L.
From Lagrange identity in two-interval case (40) we have

b b
JEMydx— j Mzydx = [y, 2" =0, (86)

a

9
where
2
[y.2], = ; [yl’zj]j (&) [yJ’ZJ]J ()
] (87)
2
=217, () .Y, () - 25 (@) G (o)}
=
Then
D(T)={y ={y1, )2} € Dq: AyY; (a) + B,Y; (by) 88)

+A,Y, (ay) + B,Y, (by) = 0}
is a self-adjoint domain if and only if
A,C,A} +A,C,A5 = B,C,B; +B,C,B;. (89)
O

It is worthy noting that if we set C,, = E,, where

E = (( 1) 8rn+1 3)75 1’ (90)

then our C-symmetric condition can be reduced to Lagrange
symmetric case; therefore, we have the following well-known
chracterization.

Corollary 14 (see [16]). Let M j be two Lagrange symmetric
differential expressions of order n = 2k on (a;, b)), j = 1,2, and
assume that each endpoint is regular. Then a linear submanifold
D(T) of D, is the domain of a self-adjoint extension T of Ty,
if and only if there exist a complex 2n x n matrix A, and a
complex 2n x n matrix A, and a complex 2n x n matrix A,
and a complex 2n x n matrix A, such that the following three
conditions hold:

(1) rank(A |, A,, A;, A,) = 2n;
) Y (-1 AE, AL = o;

(3) D(T) = {y = {y1, .} € Dy
¥ (ay) » (by)
A, + A,
W a) 7w ()
¥, (a,) (b))
1 N E 1 o
# (@) 7 b)
0
0

This corollary is the part IV of theorem 4.12 in paper [16].
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5. Examples

A number of examples are given here to account for the main
theorems. These examples include the interactions between
the singular endpoints: interactions which generate self-
adjoint operators. The self-adjoint interactions involve jump
discontinuous of the Lagrange bracket of solutions at singular
interior points. Here, let us take the case of n = 4 as an
example. Since the conditions when 0 < d < 2 are the same
as in the one-interval case, we give examples for3 <d <
8 in the following.

Example 1. Assume dy, = dy, = 3,d,; = 2,d,, = 3. Then
d =d,+d,-4=2,d,=d, +dy,-4=1,d=d,+d, =3
andm, =2d,, -4 =2,m, =2d,; -4 =0,n =2d, -4 =
2,1, =2dy, —4=2.1fC, = (%) satisfy C,' = -C, = C;,
ie,cc=1,let

10
A=[o01],

00

00
B,=[00],
A, =0,

10
By=[¢c1],

00
ceC.

Then
[youndy (@) + [32val, (8) = 0,
[y uily (@) + 72 vaal, (8) = =€ (35 v, (B) - (93)
[ovuli (b)) + ¢y vl (B) =0,

and (93) is a self-adjoint boundary condition. Furthermore
we notice that there is one separated singular boundary
condition at by, one singular ‘continuity’ boundary condition
and one singular jump boundary condition; these singular
conditions involve the Lagrange bracket.

Example 2. Setd,, =d,, =d,; =d,, =3.Thend, =d, =2,
d=4andm; =m, =n; =n, = 2. Let
1000 0 0 -1 0
01000 O ¢ -1
0010-1 0 0 O

0001 ¢ -1 0 O

(AlaBpAz)Bz) = , (94)

then (94) satisfies condition (1) and (2) in Theorem 10.
Therefore the following conditions are self-adjoint boundary
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conditions and all of them involve interactions between sin-
gular endpoints, i.e., interactions between Lagrange brackets.

[)’1’”11]1 (a) = [)’2"’21]2 (),

[)’1’”12]1 (a) - [J’z"’zz]z (b,) = —< [)’2"’21]2 (b)),
(95)
[J’l"’ll]l () = [)’2’”21]2 (a),
[yl’VIZ]l (o) - [)’2’“22]2 (@) = [)’2’”21]2 (a),
ceC. (96)

Here C, has the form as Example 1.

Example 3. Assume d,; = 2,dy, = 4,d,; = 4,d,, = 3. Then
d, =2,d,=3d=5andmy =0,m, = 4,n =4,n, = 2.
Let C,,C, satisfy C'' = —-C = C*; i.e., C, has the form as
Example 2 and

0 0 0 g

0 0 ¢ 0
C, = .

0 5 00

5, 0 00 ©7)
cc=1,

ac; =66, = 1.
Then
(2o varl, (8) + ¢ [y v2a], (
(&) = [y unl, (@),
= [y “21]2 (a), (98)

[J’l"’w 1(b1 = [J’z’uza]z (‘12)’

]
[y vl
[yovial, (01) = [y2 ul, (2
]
]

[)’1"’14]1 (1) = [y vhoa 2 (@) = —¢ [J’z’uza]z (a).

are self-adjoint boundary conditions and there are two singu-
lar “continuity” conditions, one separated singular boundary
condition at b, and two interior coupled singular jump
conditions.

Example 4. Assume d,; = d,, = 3,d,, = d,; = 4. Then
d =d, =3d==6andm; =2,m, = 4,n, = 4,n, = 2.
Then we have two-interval self-adjoint boundary conditions
below:

(2> unl, (@) = [0 4], (@) = 0,

& [y unl, (@) + ¢ [0 u], (@) = 0,

ivily (0) = v, () =0,

(99)
& [yovisly () + ¢ [y v, () =0,
iunl, (@) = [y val, (B)

[)’1’”12]1 (a) - [J’z"’zz]z (b,) = —< [)’2"’21]2 (b,).

Here the complex numbers ¢, ¢, ¢, are shown as Example 3.
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Example 5. In this example we consider the case: d = 7.
Assume d; = 3,d,, = 5,d,; = 5,d,, = 2. Thend, =
4,d, = 3,d = 7and m;, = 2,m, = 6,n, = 6,n, =
0. Let C,,C,,Cy satisfy C”' = -C = C*;ie, C,,C, has

00 000¢
0 0 0060
00 0600
the form as Example 3 and set C; = 0 0 5000
0% 0000
-5, 0 0000

The following self-adjoint boundary conditions consist of one
separated singular condition at a,, three singular “continuity”
conditions, and three singular jump conditions.

clypunl; (@) + [y upl, (@) =0,

(2 ual, (@) = [yvul, (B1)

[yovialy (B) = [y2unal, (@) =€ [0 w1 ], (a2),

[y2 w23, (@) = [y, vi5], (Br) (100)

1yl (Br) = [ o], (a0) = =85 [0 3], (a,) »

(2125, (@) = [y w15, (B1)

[y vi6]s (B1) = [0 w36, (@2) = =, [325 15, (a2) -
Example 6. In this example we set C, = ( § %gg).Assume
d, = dp = 4dy = dy, = 4 Thend, = d, =

4,d = 8and m; = m, = 4,n, = n, = 4. The following
boundary conditions feature separated self-adjoint boundary
conditions at all four endpoints:

[)’1’“11]1 (a)) —i [yl’ulz]l (a) =0,
i[)’l’uw]l (a) - [J’l’“14]1 (a) =0,
i [yl’VIZ]l (bl) =0

528 V14]1 (o) =

[J’l"’u]l (o) -

i[)’l"’la]l () -

101)
(2 i, (@2) =i [y ], (a3) = 0
i[y2up3], (a5) = [y25 t24], (@) = 0
(Y2, va1l, (B,) =i [y v22], (B,) = 0

i [y V23], (B2) = [¥25 V2], (B,) = 0

6. Conclusion

This paper characterize all self-adjoint domains for two-
interval even order C-symmetric differential operators in
direct sum spaces, where both endpoints in each interval are
singular, and there is not any singular point in each interval.
And this characterization can be reduced to the regular case.
Moreover the characterization in this paper is generalization
of previous results for Lagrange symmetric case. So our work
is valued.
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