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This paper focuses on the problem of state estimation for certain switched time-varying systems with time-varying delay and
nonlinear disturbance. By using an integral inequality technique and a method used in positive systems, we have established several
explicit criteria for state estimation of the system, which reduce to stability criteria for some particular cases. The involved nonlinear
disturbance of the system takes more general form including both the internal disturbance and the external disturbance. Three

numerical examples are also given to verify the validity of the obtained theoretical results.

1. Introduction

Switched system is a particular hybrid system containing a
number of subsystems and a switching signal. Each subsys-
tem is usually described by a definite differential equation
or difference equation. For switched systems, the issue of
stability plays a key role in system analysis. As a result, sta-
bility of switched systems has received considerable attention
during the past several decades owing to its extensive appli-
cations in automotive engine control system [1], chemical
process control system [2], multiagent systems [3, 4], and
SO on.

Some basic problems in stability and design of switching
systems were put forward by Liberzon and Morse [5]. Later,
there are several very important monographs devoted to
the stability analysis and design of switched systems; e.g.,
see Liberzon [6] and Sun and Ge [7]. There are also many
interesting results for stability of switched systems in [8-15].
In most of the existing references, the Lyapunov-Krasovskii
functional method was most commonly used for switched
time-invariant systems. It seems to us that little attention has
been paid to the stability of switched time-varying systems.
Recently, by using a positive system method, exponential
stability of switched time-varying systems with delay and
nonlinear disturbance was investigated in [16, 17].

Integral inequality plays an important role in qualita-
tive analysis of delay systems [18-22, 22-25]. For example,
stabilization of switched systems with impulsive effects and
disturbances was studied in [18] by using the Gronwall
integral inequality. By introducing a generalized Gronwall-
Bellman inequality, the authors established stability criteria
under arbitrary switching for switched systems with general
nonlinear disturbances in [21]. Later, the main results in
[21] were extended to switched delay systems with nonlinear
disturbances in [25]. The same method was also applied to
study a class of switched delay systems in [23], where global
exponential stability criteria for the system were established.

Note that time delay has attracted much attention in the
theory analysis of switched systems due to its detrimental
effects on system performance such as oscillation [24, 26-
30] and stability [31-36]. Inspired by the work in [18, 25], we
will use a delay integral inequality technique and a method
developed in positive systems [37, 38] to study the problem of
state estimation for a class of switched time-varying systems
with time-varying delay and nonlinear disturbance. The main
contributions of this paper are as follows: (1) unlike most
existing results in the literature, all the subsystems considered
in this paper are time-varying; (2) explicit global (local) state
estimation criteria will be established for the cases when the
nonlinear disturbance satisfies linear and nonlinear growth
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conditions, respectively; (3) the nonlinear disturbance of
the system has more general form which contains both the
internal state disturbance and the external input disturbance,
and hence it contains some cases in the literature.

The rest of this paper is organized as follows. In Section 2,
we introduce some notations and preliminaries that are
essential for deriving the main results of this paper. Section 3
then focuses on establishing explicit state estimation criteria
for the system. Simulations are given to illustrate the main
results in Section 4. Finally, conclusions are drawn in Sec-
tion 5.

2. Problem Statements and Preliminaries

In the sequel, denote by R™" the set of n x n-dimensional
real matrices, and denote by R” the n-dimensional Euclidean
space with the vector norm |[|x|| = Z?:l |x;], where x = (x;) €
R” fori € (ny = {1,2,...,n}. Set |x| = (|x;]) and |x|? =
(|x;|?). For two vectors x = (x;) € R"and y = (y;) € R",
we write x > (<, %)y if x; > (<, <)y, fori € (n). For a matrix
A=layl e R"X",wewrlteA > 0ifa; > 0fori, j € (n).

Now, we consider the following switched time-varying
system of the form

% () = Ay () x (£) + By (1) x (t — 7 ()
Foy (62 (8), x (t =7 (1)),

where x(t) € R”" is the state, o(t) : [0,00) — (m) =
{1,2,...,m} is the switching signal which is a piecewise
constant function, A, (t) = [a (#)] € R™" and B (t) =

[bi(jk)(t)] € R™" are continuous matrix functions for k € {(m)
and i, j € (n), 7(t) : [0,00) — [0, 00) is the time-varying
delay satisfying 0 < 7(¢) < h, h > 0 is a constant, F(t,x, y) :
[0,00) x R"xR" — R" is a continuous vector function such
that system (1) has a unique solution for each initial condition
x(t) = ¢@), t € [-h,0], and ¢(t) : [-h,0] — R"isa
continuous vector function.

We need the following assumptions for establishing the
main results of this paper.

(H,) There exist continuous functions A(t) > 0 and #(t) >

— — —(k
0 for t > 0, constant matrices A; = [Eg‘)] and B;, = [bgj)],
k € (m), suchthat |a (t)] < @A) if i # j,af}’(t) <@ A(t)
e —(k) ..
ifi = j,and |bi(jk)(t)| < bij n(t) fori, j € (n);
(H,) There exist continuous functions A(t) > 0 and 7(¢) >
0 for t > 0, constant matrices M; = [m(k)] > 0and N, =

)
t=0,

[n i ] > 0, k € (m), an n-dimensional vector function «(t) =
(o;(£)) = 0, and a constant p > 0 such that

|Fe (6 x (t), x (£ - 7 (1))

<A () My |x DI +77(8) N |x (=T ()P +a (1),

)

where the first two parts in the right-hand side of above
inequality are interpreted as the internal state disturbances,
and the third part «(t) is defined as the external input
disturbance.
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The following two lemmas play a crucial role in the state
estimation of system (1).

Lemma 1 (see [39]). Assume that ¢ > 0 is a constant, u(t) and

f(t) are nonnegative continuous functions defined on [0, co),
and u(t) satisfies the following integral inequality

u(t)SC+th(s)u(s)ds, t>0. (3)
0

Then we have

u(t) < cejﬂt flods 4 >0, (4)
Lemma 2 (see [21]). Assume that u(t), f(t), and g(t) are
nonnegative continuous functions defined on [0, 00), and u(t)
satisfies the following integral inequality

u(t) <k+ Lt (FuGs)+g ) u()ds, t>0, (5
where k > 0 and p > 0 (p#1) are constants. If
~(p-1) Lt g(s)eh® VI go S0 t50  (6)
then we have
u(t) < el s [kl‘P
7
O T L

3. Main Results

We first study the case of p = 1 in Assumption (H,).

Theorem 3. Assume that (H,) and (H,) with p = 1 hold. If
there exists an n-dimensional vector & = (§,) > 0 such that

A <0, ke (m), (8)

and
© Ay M(s)]ds £T
J el A A)] & a(t)dt < oo, 9)
0

then all solutions of system (1) satisfy

k
llx )] < —1
ze(n)f
; 10
I e OOy d(5) 4y, A 9)hds (10)

>
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where

o = ol maxt+ [ b g g as

€(n)
)
min '7_
M= eimieon &
oo
1
—_— 11
V2= o ze<n>£ ()
~(k)
= max rli
LR s &’
i
Ya =

max ——,
ke(m).ie(n) &;

¢l = max h<t<0||¢>(t)|| —Tl, ) 0, ) T], , 9- are the ith entry
of vectors E'A,, E' By, E* My, and ETN,, respectively.

Proof. Let
V(x®) =& lx@®)]. (12)
Without loss of generality, assume that o(t) = k. Denote by
D,V (x(t)) the right derivative of V(x(t)) along the trajectory
of system (1). We get from assumptions (H,) and (H,) that
D, |x,- (t)| < x; (t) sign x; (t)
< _ )
<y [A(t) o |x; (0] + 1 (OB | (¢ - T(t))|]

j=1

(13)
+ Z [A@&ym |x; @) + 7@ n |x; (¢ - T (0))]]

+o;(t), i€ (n)y, t>0.
Therefore,
D,V (x (1) < & [A O AL+ A (1) My ] |x ()]
+E OB+ O N] Ix ¢ -7 ()] (14)
+&a(t), t>0.

According to definitions of y; for i = 1,2, 3, 4, we derive from
the above inequality that

D,V (x (1) < [-nA () + y:A (6)] V (x (1)
+yn @) +y i O]V (x@E-1@) (15

+&a(t), t>0.
Multiply the above inequality by ehmAO-1IOMs 414 et

u(t) = eJ.ot[VlMS)_Yaj(S)]dSV (x (). (16)

Then we have
D, u(t)

A(s)—y37t(s)]dsu (

< [y () + yii ()] el f-1(t) (17)

+ elonA©-pAds T

a(t), t=0.

Integrating it from 0 to t, we obtain

u(t) < 1u(0) + J A1 XOMSET () gy
0
' (18)
¢ [ D@ v
elamAw-pAmldr (s—t(s)ds, t=0.
Set
_ t
0® =%+ [ [ + 5o
0 (19)
- el A ANy, (s—7(s)ds, t=0,
wt)=k, -h<t<O, (20)

where %1 is defined as in Theorem 3. Since w(t) is a monotone
nondecreasing function on [—h, 00), we get

ut-t) fwit-1@)<w®), t=0. (21)

Consequently,
u(t) <wl(t)
<k,
¢ Aorv Keor1a (22)
J [))2,7 (s) +Y477 (S)] f [NAW)=p;A()] Yo (s)ds,
t>0.
Combining this and Lemma 1, it implies that
U () < @ (1) < Byeh b tnionionta,
’ (23)
t>0.
By using the definition of u(t), we have
V(x (1)
% I {[yan(s) *‘)’471(5)16I Rl Ay Ay YlMS)ﬂ’s }dS (24)
t>0.

Therefore, (10) holds. This completes the proof of Theorem 3.
O



Remark 4. For the particular case when A(t) = At) = n(t) =
7i(t) = 1, we get from Theorem 3 that all solutions of system
(1) satisfy

k
Ix (0l < ———e

[(y2+y4)e(y17"3>h—Y1+V3]t’ t>0. (25)
minge &

It implies that system (1) is globally exponentially stable if
(12 + y)e" T~y 4 y; <0,

Next, we consider the case of p > 1 in Assumption (H,).

Theorem 5. Assume that (H,) and (H,) with p > 1 hold. If
there exists an n-dimensional vector & = (§;) > 0 such that (8)
holds,

J el f; MS)dSEToc (t)dt < oo, (26)
0

and
t s

E_P -(p-1) J g(s) eJU(P_l)f(V)dvds >0, t>0, (27)
0

then the corresponding solutions of system (1) satisfy

Lf(9)-nAs)]d
(ol < S (7

min;_, &
i€(n)Si o
t N 1/(1-p)
-(p-1) J g(s) efo(p—l)f(v)dvds] Ciso
0
where
F6) = () en 2,
g(s)
_ n(-p) Jo Aw)dv [Vs7\ (8) + Vg7 (s) evlpfih A(V)dv] ’
k 00 It/\(s)ds T
k, = ||¢||h 21(%(51. + L e o & al(t)dt, (29)
Vs = ke(%)?}’é(n)?’
g
Ye :

= max —,
ke(m).iem) EP
Vi Vo ﬁ;k), and éi(k) are defined as in Theorem 3.

Proof. Let V(x(t)) = T x(t). Following the same discussion
in Theorem 3, we have

D,V (x () < M) €A, |x (1)
+1 (1) E By |x (¢ — 7 (8))]
+ A () E M |x (D)F (30)
+7OE N Ix t -t +E a(t),

t>0.
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By using the definitions of y; for i = 5,6,7,8 and the basic
inequality (a + b)? > af + bf fora,b > 0 and p > 1, we can
derive from the above inequality that

D,V (x(t)) < —pA () V (x (1))
+yn @V (x(E-7())
+ysA OV (x (1) (31)
YOV (et =7 () +E (),
t>0.
By multiplying the above inequality by e" [y A0ds
u(t) = en Jo A4y x(t)), we obtain

and letting

D u(x (1))
< N o Mods o) + yor () " [ M)ds (t-7(0)
ek () e 0P [y A9, p ) (32)
+ e (£) N P AOdsgnp o OS2 (7 (g
t>0.

Integrating it from 0 to ¢, we get

ut) <& |x(0)] + ro M AOISET o (4 it
0

t s
+ J Y1 (s) e fon v, (s—71(s))ds
0

t s t (33)
+ [ 1A @entPEO e G ass [y
0 0

=P [ A0 np [1, M0V, p o )y dis,
t=0.

Set

w(t) =k, + Jt P, (s) e A, (s—1(s))ds
0

t . t
T ()" AP s Adv e ) 4 J 7
+ L PsA(s)e u® (s)ds+ . 10 (34)

LR [ A0 np [1, M0V, p o)y dis,
t>0,
wt)=k, -h<t<O, (35)
where %2 is defined as in Theorem 5. It can be seen that w(t)

is a monotone nondecreasing function on [—h, co) and u(t —
(1)) < w(t — 7(t)) < w(t) for t > 0. Therefore,

o~ t s
w(t) <k, + J a1 () e B Ay (5) ds
0
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L onep) AWy [ T
+,[OEY1 Py Ay V[ys)t(s)

+ Y677 (s) 7 o A(V)dv] wf (s)ds, t=>0.
(36)

That is,

w(t) < Ez + Lt fS)w(s)ds+ Lt g(s) w? (s)ds, 7

t>0,

where f(s) and g(s) are defined as in Theorem 5. Note that
(27) holds. We conclude from Lemma 2 that

() < w(r) < eh 0% [E;‘P

(38)
1/(1-p
-(p —1)Jg(s)e (p=nftv dvds] , t>0.

It implies that (28) holds true. This completes the proof of
Theorem 5. O

Remark 6. Note that Theorem 5 gives a local state estimation
result of system (1). That is, the state estimation (28) only
holds for the solutions of system (1) satisfying (27). Let A(¢) =
At) = q(t) = 7(t) = LIy —pe"” > 0and k, <
((ys +y6e" M) [ (y, = 1,"™)Y0P) we have that condition (27)
holds and the corresponding solutions of system (1) satisfy

~1/(1 p) N
(Yl—)’zeyl ot

, t>0. (39)
ze(n)E

lx @l < ———+

That is, system (1) is locally exponentially stable.

Finally, we introduce the following assumption on the
nonlinear disturbance N

(H;) There exist continuous functions A(t) > 0 and #(t) >
0 for t > 0, an n-dimensional vector function «(t) > 0, and
constants y; > 0, J5 > 0, p > 0 such that

B (6, x (6), x (E =T (1))
1) (E 1 ))" + 77 (1) (€7 1x (- T @)]) (40)
+al(t),

where & > 0 is an n-dimensional vector.
Similar to the proof of Theorem 5, the following result is
immediate. Hence, we omit its proof.

Theorem 7. Assume that (H,) holds and p > 0 (p#1). If
there exists an n-dimensional vector & = (&;) > 0 such that (8),
(26), (H;), and (27) hold, where y5 and y, are replaced by ys
and Y, respectively, then the corresponding solutions of system
(1) satisfy (28).

Remark 8. Note that condition (27) is always valid for 0 < p <
1. Therefore, Theorem 7 gives a global state estimation result

for system (1). For the particular case when A(t) = At) =
n(t) =#(t) = land 0 < p < 1, a straightforward computation
yields that all solutions of system (1) satisfy

fl2c ()1l

[Rere s g4y -]

min;e,&;

t>0,

wherek,, V1> V2> Vs> and y; are defined as in Theorems 3 and 7.
Consequently, all solutions of system (1) are bounded if y; —
ype" > 0.

4. Numerical Examples

In this section, three examples are given to illustrate the main
results.

Example 1. Consider system (1) with m = 2, 7(t) = 0.2 +
0.1sint,

0.5cost —1.5
0.2 cost

0.2t 0.1sint
—_ 1si
B, ) = 1+t >

0.2sint
Al (f) = [ ]

0.5sint—1.5]"

0.1cost 0.2sint

0.5sint -2

0.7sint
A, (t) = [ ]

0.7cost 05cost—2]"

0.1sint 0.1cost
, (42)

Bz<f>=[ o1t 01t
1+t 1+t
Fy(t,x(t),x(t-7(1))

[0.1sinx, (t) +0.1sinx, (t — 7 (t)) +e ]
| 0.2sinx, (£) + 0.1sinx, (t — 7 () + e_t_ ’

F (t,x(t),x(t -7 (1)))
[0.2sinx, (t) +0.1sinx; (t — 7 (t)) +e ]

| 0.2sinx; (£) +0.2sinx, (t -7 () +e
A straightforward computation yields

-1 0.2
A =
02 -1

_ [02 01
B, = :
0.1 0.2
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_[-15 07
A2 = >
07 -15
01 017
B, = ,
0.1 0.1]
0.1 0]
M, = ,
0 0.2
0 0.1]
Nl = >
01 0 |
0 0.2]
M, = ,
02 0 |
0.1 0]
N, =
0 02

(43)

Choosing & = (1, I)T, then ETZI- <0fori=1,2,9,=08,y, =
0.3,9; = y4 = 0.2,h = 0.3. Note that (y, +y,)e™ 7~y +y, <
0,and _[OOO eMtetdt < co. By Theorem 3 and Remark 4, system
(1) is exponentially stable. Figure 1 shows the state trajectories
of the system, where A = 1 and the switching signal is defined
as in Figure 2.

Example 2. Consider system (1) with m = 2, 7(t) = 0.1 +
0.05sint,

-3 +sint —cost
A] (t) = >
sint -3+ cost
—0.3cost 0.2sint
B, (t) = >
—0.1sint —0.3cost
-4 +cost 2sint
A2 (t) = . >
—-2cost —4+sint
—0.4sint —0.1cost
BZ (t) = > 44
0.2cost —0.3sint (44)

Fy (t,x(t),x(t —T())

0.1x3 (t) +0.05x3 (t — 7 (t)) + 0.5~

0.1x3 (t) +0.05x7 (t — 7 (t)) + 0.5
Etx@®),x(t-1(t)

B 0.1 () + 0.0x3 (t — T (t)) +0.5¢ >
0.1x2 () + 0.05x2 (t — 7 () + 0.5¢ 72 |
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A straightforward computation yields that

_ -2 1
Al = R
1 -2
_ (0.3 0.2
'Bl = >
10.1 0.3
1 -3 2
N Y
_ (0.4 0.2
Bz = >
10.1 0.3
(45)
(0.1 O
M, = R
L0 01
0 0.05
N, = R
1005 0
[0 0.1
M, = R
01 0
[0.05 O
N, = .
| 0 0.05

Choosing & = (1, 17, it can be seen that ETZI- < 0 for
i=1279 =17y = 057y = 0.1,y = 005 h = 0.15.
h OOyt -2t

Note that y, > p,e"" and Jo eMfe™'dt < co. By Theorem 5
and Remark 6, system (1) is exponentially stable if [|¢]l, <
((ys + )/6321’1}‘)/()/1 - yzeylh))l/(l_z) -1 = 0.5. Figure 3 shows
the state trajectories of the system, where the switching signal
is defined as in Figure 2.

Example 3. Consider system (1) with m = 2, 7(t) = 0.5 +
0.5sint,

0.5sint -2 sint ]

A ()= ,
1) [ cost 0.5cost -2

B, (t) =
i [O.lcost —0.2sint

cost—2 ﬂ
A, () = 1+t |,

—0.2sint 0.1cost ]

0.5sint sint -2

0.1sint 0.1cost
Bz (t) = >

0.2sint 0.1cost

Fy(t,x(8),x(t -7 (1))
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[0.2x17 (£) + 0.1x3° (1) + 0.1 (¢ — 7 () + &7
L0.1x2 (8) + 0.1x3% (8) + 02x1P (t =7 (1) + €

By (t,x (1), x (t =7 (1))

[0.3x1 (£) +0.2x3% (1) + 0.2 (t — 7 (£)) + "]

L0.2x2 () + 0327 (1) + 0.1 P (=T (1)) + |

(46)
Based on a direct computation, we get
_ [-15 1
A = R
1 -15
_ [0.2 0.1]
B, = R
0.1 0.2]
_ [—-1 0.5]
A, = R
105 1]
_ [0.1 0.1]
B, = R
10.2 0.1
(47)
[0.2 0.1]
Ml = 5
10.1 0.1]
[0 0.1]
Nl = 5>
102 0 |
[0.3 0.2]
Mz = 5
0.2 0.3]
[0 0.2]
N, =
0.1 0 |

If we choose & = (1, l)T, we have that ETZI- <0fori=1,2,
y, = 0.5,y, = 0.3,h = 1. Note that y, > p,e"”, j;o elfeldt <
00, and (H;) holds for appropriate constants y; and 9,. By
Theorem 7 and Remark 8, we conclude that each solution of
system (1) is bounded. Figure 4 shows the state trajectories
of the system, where the switching signal is defined as in
Figure 2.

5. Conclusions

The problem of state estimation for switched time-varying
systems with time-varying delay and nonlinear disturbance
has been discussed in this paper. When the nonlinear dis-
turbance satisfies linear and nonlinear growth conditions,
explicit global (local) state estimation criteria have been
established. For some particular cases, exponential stability
and boundness of the system are taken into consideration.
The method used in this paper is mainly based on the inte-
gral inequality technique. Finally, three numerical examples
demonstrate the effectiveness of our main results.

x(t)

t(s)

FIGURE I: The state trajectories of system (1) with 7(¢) = 0.2+0.1 sin t.

25 ¢

15+F

o(t)

0.5

t

FIGURE 2: The given switching signal.
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FIGURE 3: The state trajectories of system (1) with 7(t) = 0.1 +
0.05sint.
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