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This paper concerns the study of hyperfilters of ordered LA-semihypergroups, and presents some examples in this respect.
Furthermore, we study the combination of rough set theory and hyperfilters of an ordered LA-semihypergroup. We define the
concept of rough hyperfilters and provide useful examples on it. A rough hyperfilter is a novel extension of hyperfilter of an ordered
LA-semihypergroup. We prove that the lower approximation of a left (resp., right, bi) hyperfilter of an ordered LA-semihypergroup
becomes left (resp., right, bi) hyperfilter of an ordered LA-semihypergroup. Similarly we prove it for upper approximation.

1. Introduction

Theory of hyperstructures (also known as multialgebras) was
introduced in 1934 at the “8th congress of Scandinavian
Mathematicians”, where a French mathematician Marty [1]
presented some definitions and results on the hypergroup the-
ory, which is a generalization of groups. He gave applications
of hyperstructures to rational functions, algebraic functions
and noncommutative groups. Hyperstructure theory is an
extension of the classical algebraic structure. In algebraic
hyperstructures, the composition of two elements is a set, while
in a classical algebraic structure, the composition of two ele-
ments is an element. Algebraic hyperstructure theory has many
applications in other disciplines. Because of new viewpoints
and importance of this theory, many authors applied this the-
ory in nuclear physics and chemistry. Around 1940s, several
mathematicians added many results to the theory of hyper-
structures, especially in United States, France, Russia, Italy,
Japan, and Iran. Several papers and books have been written
on hypergroups. One of these is “Applications of hyperstructure
theory” written by Corsini and Leoreanu-Fotea [2]. Another
book “Hyperstructures and Their Representations” written by
Vougiouklis [3], was published in 1994. Recently, Hila et al. [4]
and Yaqoob et al. [5] introduced the concept of nonassociative
semihypergroups which is a generalization of the work of
Kazim and Naseeruddin [6]. Later, Yagoob and Gulistan [7]
studied partially ordered left almost semihypergroups.

Filter theory in algebraic structures has been studied by
many mathematicians. Hila [8] studied filters in ordered
I'-semigroups. Jakubik [9] studied filters of ordered semi-
groups. Jirojkul and Chinram [10] studied fuzzy quasi-ideal
subsets and fuzzy quasi-filters of ordered semigroup. Jun et al.
[11] studied bifilters of ordered semigroups. Kehayopulu [12]
introduced filters generated in poe-semigroups. Ren et al.
[13] introduced principal filters of po-semigroups. Tang et al.
[14] studied hyperfilters of ordered semihypergroups.

Rough set theory, introduced in 1982 by Pawlak [15], is a
mathematical approach to imperfect knowledge. The methodol-
ogy of rough set is concerned with the classification and analysis
of imprecise, uncertain, or incomplete information and knowl-
edge. There are several authors who considered the theory of
rough sets in algebraic structures, for instance, Biswas and Nanda
[16] developed some results on rough subgroups. Jun [17] applied
the rough set theory to gamma-subsemigroups/ideals in gam-
ma-semigroups. Shabir and Irshad [18] defined roughness in
ordered semigroups. Rough set theory is also considered by some
authors in different hyperstructures, for instance, in semihyper-
groups [19], T-semihypergroups [20], hyperrings [21], Hv-groups
[22], Hv-modules [23], I-semihyperrings [24], hyperlattices [25],
hypergroup [26, 27], quantales [28], quantale modules [29], and
nonassociative po-semihypergroups [30]. The rough set theory
has been applied to the filters of some well known algebraic struc-
tures, like BE-algebras [31], ordered semigroups [32, 33], resid-
uated lattices [34], and BL-algebras [35].
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2. Preliminaries and Basic Definitions

Definition 1 [4, 5]. A hypergroupoid (H, °) is said to be an
LA-semihypergroup if for alla, b, c € H,

(aob)oc=(cob)oa. (1)

Definition 2 [7]. Let H be a nonempty set and “<” be an
ordered relation on H. Then (H,o, <) is called an ordered
LA-semihypergroup if

(1) (H,e)is an LA-semihypergroup;

(2) (H,<)is a partially ordered set;

(3) for every a,b,c € H,a <bimpliesaoc<bocand
coa < cob,whereaoc < bocmeans that for every
X € aocthere exists y € bocsuchthatx < y.

Definition 3 [7]. If A is a nonempty subset of (H, o, <), then
(A] is the subset of H defined as follows:

(A]={teH:t <a, for some a € A}. 2)

Definition 4 [7]. A nonempty subset A of an ordered LA-
semihypergroup (H, o, <) is called an LA-subsemihypergroup
of Hif (Ao A] C (A].

Definition 5 [7]. A nonempty subset A of an ordered
LA-semihypergroup (H,o,<) is called a right (resp., left)
hyperideal of H if

(1) AcH C A(resp,HoAC A),
(2) foreverya € H,b € Aanda < bimpliesa € A.

If A is both right hyperideal and left hyperideal of H, then
A is called a hyperideal (or two sided hyperideal) of H.

Definition 6 [7]. A nonempty subset P of (H, o, <) is called a
prime hyperideal of H if the following conditions hold:

(i) AeB< P = AcCPorB < P for any two hyperideals
A and B of H;

(ii) ifa € Pand b < a,thenb € P for every b € H.

Definition 7 [30]. A relation § on an ordered LA-semihy-
pergroup H is called a pseudohyperorder if

(1) << é.

(2) distransitive, thatis (a, b), (b, c) € d implies (a,c) € §
foralla,b,c € H.

(3) discompatible, thatisif(a,b) € Sthen(aex,box) € d
and (xca,xob) e dforalla,b,x € H.
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3. Hyperfilters in Ordered LA-Semihypergroups

Definition 8. Let (H, o, <) be an ordered LA-semihypergroup.
An LA-subsemihypergroup F of H is called a left (resp., right)
hyperfilter of H if

(i) foralla,be HyaobCF = a e F(resp.,b € F),
(ii) forallbe Handae€ F,a<b=Dbe¢€F.

Definition 9. Let (H, o, <) be an ordered LA-semihypergroup.
An LA-subsemihypergroup F of H is called a hyperfilter of H
if

(i) foralla,be Hyacb<F=ae€Fandb € F,
(ii) forallbe Handa€ F,a<b=be€F.

Example 10. Consider a set H = {a, b, c} with the following

hyperoperation “o” and the order “<™:

o| a b c

a a {a,b,c} {ac}
b|{ab,c} b {a,b,c}
c| {act {abl {ac}
<:= {(a,a),(b,b),(c,a),(c,c)}.

We give the covering relation “<” as:

<:={(c,a)}. (3)

The figure of H is shown in Figure 1. Then (H,o,<) is an
ordered LA-semihypergroup. Here {a}, {b},{a,c} and H are
hyperfilters of H.

Definition11. Let(H, o, <)beanordered LA-semihypergroup.
An LA-subsemihypergroup F of H is called a bi-hyperfilter of
Hif

(i) foralla,be Hy(acb)calCF=aceF,
(ii) forallbe Handae€ F,a<b=Dbe¢eF.

Example 12. Consider a set H ={a,b,c,d,e} with the

following hyperoperation “°” and the order “<™:

b c d

e
a a a a
{b, ¢} c {a,d} ¢
b {bcs {ad b
d
e

Q8 2 9|

{a.dt {ad {ad}
a b c d
<:= {(a, a),(a,b), (a,c), (a,d), (b, b),(cc)(dd),(ee)}

Q Q6 o 8|0
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FIGURE 1: Figure of H for Example 10.

We give the covering relation “<” as:

<= {(a,b), (a,¢), (a,d)}. (4)

The figure of H is shown in Figure 2. Then (H, o, <) is an
ordered LA-semihypergroup. The bi-hyperfilters of H are {e},
{b,c,e} and H.

Definition 13. Let(H, o, <) bean ordered LA-semihypergroup.
An LA-subsemihypergroup F of H is called a strong left
(resp., strong right) hyperfilter of H if

(i) foralla,be H,(acb)NF+ 0= acF(resp.,b€F),
(ii) forallbe Handae€ F,a<b=Dbe¢€F.

Definition 14. Let (H,o,<) be an ordered LA-semihyper-
group. An LA-subsemihypergroup F of H is called a strong
hyperfilter of H if

(i) foralla,be H,(acb)NF+@® =a € Fandb¢€F,
(i) forallbe Handae€ F,a<b=Dbe¢F.

Example 15. Consider a set H ={a,b,c,d,e} with the

following hyperoperation “o” and the order “<”™:

o | a b c d e
ala b c d e
b|b b c {b,c¢} {b ¢}
clec c c c c
dle {bd} c {b,c} {b c}
eld {bc} c {b ¢t {bc}
<:= {(a a),(b,b),(c,b),(cc),(db),(dd),(eb),(ee)}

« »

We give the covering relation “<” as:

<= {(c,b), (d, b), (e, b)}. (5)

The figure of H is shown in Figure 3. Then (H,o,<) is an
ordered LA-semihypergroup. The hyperfilters of H are {a},
{a, b} and H. Here {a} and H are also strong hyperfilters of H.
While {a,b} is not a strong hyperfilter of H, because
(doe)n{a,b} ={b} # 0,butd ¢ {a,b} and e ¢ {a, b}

Definition 16. Let (H,°,<) be an ordered LA-semihyper-
group. An LA-subsemihypergroup F of H is called a strong
bi-hyperfilter of H if

a

FIGURE 2: Figure of H for Example 12.

b

c d e

FIGURE 3: Figure of H for Example 15.

(i) foralla,be H,((aeb)eca)NF+ @ = ackF,
(ii) forallbe Handae€ F,a<b=Dbe¢eF.

Example 17. Consider a set H = {a, b, ¢} with the following
hyperoperation “o” and the order “<™:

0| a b c
a a {a,b} {ac}
b|{ac} {b,c} c
c|{ab} b {b,c}

<= {(aa),(ab),(ac), (b ), (cc)}.

« »

We give the covering relation “<” as:

<={(a,b), (a, 0)}. (6)

The figure of H is shown in Figure 4. Then (H,°,<) is an
ordered LA-semihypergroup. The bi-hyperfilters of H are {a},
{b, c} and H. But H is the only strong bi-hyperfilter of H.

Lemma 18. Let (H,o,<) be an ordered LA-semihypergroup
and S be an LA-subsemihypergroup of H. Then for a left (resp.,
right, bi) hyperfilter F of H, either FNS =0 or FN S is a left
(resp., right, bi) hyperfilter of S.

Proof. Consider S is an LA-subsemihypergroup of H
and F is a bi-hyperfilter of H. Suppose that FNS = 0.
Now (FNS)*CF*CF and (FNS)* & 8. Therefore,
(FNS)> CFNS. So FNS is an LA-subsemihypergroup of
S. Suppose that, foranya,b € S, (a - b) o a € F N S. Therefore,
(aeb)ecacCF. As ae$ and F is a bi-hyperfilter of H,
then a € F. Thus, a € FN S. Finally take any a € FN S and
b € S such that a <b. As F is a bi-hyperfilter of H with
a€Fanda<beS,beF. Therefore,b € FNS. Hence FNS
is a bi-hyperfilter of S. The other cases can be seen in similar
way. g
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FIGURE 4: Figure of H for Example 17.

Lemma 19. Let (H,°,<) be an ordered LA-semihypergroup
and S be an LA-subsemihypergroup of H. Then for a strong
left (resp., strong right, strong bi) hyperfilter F of H, either
FNS=0orFnSisa strong left (resp., strong right, strong bi)

hyperfilter of S.

Proof. Proof is straightforward. O

Theorem 20. Let (H, o, <) be an ordered LA-semihypergroup
and {E||i € I} a family of left (resp., right, bi) hyperfilters of H.
Then( ;. Fiisaleft (resp., right, bi) hyperfilter of Hif ( ;.. F, # @,
where |I| > 2.

Proof. Consider F;isabi-hyperfilterof Hforeachi € I. Assume
that (), F; # 0- Let a,b € [),.,F,- Then a,b € F, for all i € I.
As, for alli € I, F,is a bi-hyperfilter of H,soa o b € F,. Hence
aob C (;F» i€, ), F, is an LA-subsemihypergroup of H.
Suppose that, foranya,b € H, (a°b) o a € [, F; Therefore,
(aob)oa C Fforalli € I. As F; is a bi-hyperfilter of H, then
a € Fforalli € I.Thus,a € (;/F. Finally take anya € [, F,
and b € H such thata < b. Therefore, a € F;foralli € I. As F;
is a bi-hyperfilter of H with a € F;and a < b € §, this implies
b € F, for alli € I. Therefore, b € [, F Hence ), F, is a bi-
hyperfilter of H. The other cases can be seen in similar way.

d

Theorem 21. Let (H, o, <) be an ordered LA-semihypergroup
and {F,|i € I} a family of strong left (resp., strong right, strong
bi) hyperfilters of H. Then (., F, is a strong left (resp., strong
right, strong bi) hyperfilter of H if(\;.,F; # 0, where |I| > 2.

Proof. Proof is straightforward. 0

Remark 22. Generally, the union of two hyperfilters of an
ordered LA-semihypergroup H need not be a hyperfilter of H.

The following example shows that, the union of two hyperfilters
of an ordered LA-semihypergroup H is not a hyperfilter of H.

Example 23. Consider Example 1. One can easily see that
F, ={a} and F,={b} are both hyperfilters of H.
But F,UF, ={a,b} is not a hyperfilter of H, because
(F,UF,)* ¢ (F, UF,),ie,F, U F,isnotan LA-subsemihyper-
group of H.
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Lemma 24. Let (H,o,<) be an ordered LA-semihypergroup
and F,, F, hyperfilters of H. Then F, U F, is a hyperfilter of H if
and only if F, C F,or F, C F,.

Proof. Proof is straightforward. O

Theorem 25. Let H be an ordered LA-semihypergroup and F
be a nonempty subset of H. Then the following statements are
equivalent;

(i) Fisaleft hyperfilter of H.
(i) H\F =0@or H\ Fisa prime right hyperideal of H.

Proof. (i) = (ii) Assume that H\ F # @. Let x € H\ F and
yeH If xey¢ H\F, then xoy CF. Since F is a left
hyperfilter, so x € F which is not possible. Thus, x o y € H\ F,
andso (H \ F) - H ¢ H \ F.In order to show that H \ Fis right
hyperideal of H, we need to show that (H \ F]- H € (H \ F].
Let x € (H \ F] o H, which implies that x € y oz for some
ye€(H\F] and z € H. Now consider x < yozC H\F.
Thus, (H\ F] o H € (H \ F], which shows that H \ F is right
hyperideal of H.

Next we shall show that H \ Fis prime. Letx o y € H \ Ffor
x,y € H.Supposethatx ¢ H\ Fandy ¢ H \ F.Thenx € Fand
y € F. Since F is an LA-subsemihypergroup of H, so x o y C F.
It is not possible. Thus, x € H\ Fand y € H \ F. Hence, H \ F
is prime, and so H \ F is a prime right hyperideal.

(i) = () IfH \ F = 0, then F = H. Thus, in this case, F is
a left hyperfilter of H. Next assume that H \ F is a prime right
hyperideal, then F is an LA-subsemihypergroup of H. Suppose
that xo y ¢ F for x,y € F. Then xo y C H\ F for x,y € F.
Since H \ F is prime, x € H \ Fand y € H \ F. It is not pos-
sible. Thus, x o y € F and so F is an LA-subsemihypergroup
of H.Letx o y C Ffor x, y € H. Then, x € F.Indeed, ifx ¢ F,
then x € H \ F. Since H \ F is prime right hyperideal of H,
xoyCH\FoH cH\F. It is not possible. Thus, x € F.
Therefore, F is a left hyperfilter of H. O

Theorem 26. Let H be an ordered LA-semihypergroup and F

be a nonempty subset of H. Then the following statements are
equivalent;

(1) Fisaright hyperfilter of H.
(2) H\ F =@or H \ Fis a prime left hyperideal.

Proof. The proof is similar to the proof of Theorem 25. O

Theorem 27. Let H be an ordered LA-semihypergroup and F
be a nonempty subset of H. Then the following statements are
equivalent;

(1) Fisahyperfilter of H.
(2) H\ F =f@or H\ Fisaprime hyperideal of H.

Proof. Follows directly from Theorems 25 and 26. O
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4. Rough Hyperfilters in Ordered
LA-Semihypergroups

In this section, we will study some results on hyperfilters of
ordered LA-semihypergroups in terms of rough sets which
are based on pseudohyperorder relation.

Definition 28 [30]. Let X be a nonempty set and § be a binary
relation on X. By &#?(X) we mean the power set of X. For all
A c X, wedefined and 6" : 2(X) - 2(X) by

0 (A) = {x €X:Vy,x8y = ye A}
={x € X: 6N(x) € A}, (7)

and

0"(A) ={xe€ X:3ye A, such that xdy} g
—{xeX:ON(x)NA %0}, (8)

where SN(x) = {y € X : x8y}.6 (A) and §7(A) are called the
lower approximation and the upper approximation operations,
respectively.

Definition29 [30, Definition4.1]. Letdbeapseudohyperorder
on an ordered LA-semihypergroup H. Then a nonempty
subset A of H is called a §-upper (resp., §-lower) rough LA-
subsemihypergroup of H if 8"(A) (resp., 8 (A)) is an LA-
subsemihypergroup of H.

Theorem 30 [30, Theorem 4.3]. Let § be a pseudohyperorder
on an ordered LA-semihypergroup H and A an LA-
subsemihypergroup of H. Then

(1) 8"(A) is an LA-subsemihypergroup of H.
(2) if & is complete, then 6 (A) is, if it is nonempty, an
LA-subsemihypergroup of H.

Definition 31. Let § be a pseudohyperorder on an ordered
LA-semihypergroup H. Then a nonempty subset F of H is
called a &-lower rough left hyperfilter (resp., right hyperfilter,
hyperfilter) of H if § (F) is a left hyperfilter (resp., right
hyperfilter, hyperfilter) of H.

Theorem 32. Let § be a complete pseudohyperorder on an
ordered LA-semihypergroup H and F a left hyperfilter (resp.,
right hyperfilter, hyperfilter) of H. Then & (F) is, if it is
nonempty, a left hyperfilter (resp., right hyperfilter, hyperfilter)
of H.

Proof. Let F be a left hyperfilter of H. Since F is an LA-
subsemihypergroup of H, then by Theorem 30(2), & (F)
is an LA-subsemihypergroup of H. Let xo y € & (F) for
some x,y € H. Then 8N(x)o8N(y) =8N(xoy)CF. We
suppose that 8 (F) is not a left hyperfilter of H. Then there
exist x, y € H such that x o y € 8 (F) but x ¢ § (F). Thus,
ON(x) ¢ F. Then there exist a € SN(x) such that a ¢ F and

®-
o~

d

FIGURE 5: Figure of H for Example 35.

b € 8N(y). Thus,a o b € 8N(x) o SN(y) C F. Since F is a left
hyperfilter of H, so we have a € F, which is a contradiction.
Now, let x € 6 (F) and y € H such that x < y. Then
8N(x) € F and x8y. This implies that SN (x) = SN(y). Since
8N(x) € F, so 8N(y) € F. Thus, y € § (F). Thus, & (F)
is a left hyperfilter of H. The case for right hyperfilter and
hyperfilter can be proved in a similar way. O

Definition 33. Let § be a pseudohyperorder on an ordered
LA-semihypergroup H. Then a nonempty subset F of H is
called a -upper rough left hyperfilter (resp., right hyperfilter,
hyperfilter) of H if §"(F) is a left hyperfilter (resp., right
hyperfilter, hyperfilter) of H.

Theorem 34. Let § be a complete pseudohyperorder on
an ordered LA-semihypergroup H and F a left hyperfilter
(resp., right hyperfilter, hyperfilter) of H. Then 8" (F) is a left
hyperfilter (resp., right hyperfilter, hyperfilter) of H.

Proof. Let F be a left hyperfilter of H. Since F is an LA-
subsemihypergroup of H, then by Theorem 30(1), §*(F) is
an LA-subsemihypergroup of H. Let x o y € 8" (F) for some
x,y € H. Then (8N(x)°8N(y))NF=08N(xoy)NF +0,
so there exist a € N(x) and b € SN(y) such thata+b c F.
Since F is left hyperfilter of H, so we have a € F. Thus,
SN(x)NF +# 0 which implies that x € §"(F). Now, let
x € 8"(F)and y € Hsuchthatx < y. ThendN(x) N F # @and
x0y. This implies that SN(x) = N(y). Since SN(x) N F # 0,
so ON(y)NF # 0. Thus, y € §"(F). Thus, 8"(F) is a left
hyperfilter of H, that is, F is a §-upper rough left hyperfilter of
H. The case for right hyperfilter and hyperfilter can be proved
in a similar way. O

The converse of Theorems 32 and 34 is not true in
general.

Example 35. Consider a set H ={a,b,c,d,e} with the
following hyperoperation “°” and the order “<”:

ola b c d

e
ala b c d e
blc d {d,e} {de} e
c|b {de} d {d,e} e
d|d {de} {de} {de} e
ele e e e e

<:={(a, a), (b D), (c c), (d d), (d, e), (e e)}.



We give the covering relation “<” as:

<={(d,e)}. 9)

The figure of H is shown in Figure 5. Then (H, o, <) is an
ordered LA-semihypergroup. Now let

8 = {(a,a), (b,b), (b,c), (¢, b), (¢, c), (d, d), (d, e), (e, d), (e, e)}
(10)
be a complete pseudohyperorder on H, such that

ON(a) = {a},ON(b) = SN(c) = {b,c} and SN(d) = SN(e) = {d, e}.

(11)
Now for {a,b,d} € H,

8 ({a,b,d}) = {a} and 6"({a,b,d}) = {a,b,c,d,e}. (12)

It is clear that 8~ ({a, b, d}) and 8" ({a, b, d}) are both hyperfil-
ters of H, but {a, b, d} is not a hyperfilter of H.

Definition 35. Let § be a pseudohyperorder on an ordered
LA-semihypergroup H. Then a nonempty subset F of H is
called a &-lower rough bi-hyperfilter of H if § (F) is a bi-
hyperfilter of H.

Theorem 36. Let § be a complete pseudohyperorder on an
ordered LA-semihypergroup H and F a bi-hyperfilter of H.
Then & (F) is, if it is nonempty, a bi-hyperfilter of H.

Proof. LetFbeabi-hyperfilterof H.Since Fisan LA-subsemih-
ypergroup of H, then by Theorem 30(2),8™ (F) is an LA-subsemi-
hypergroup of H. Let (xoy)oxc & (F) for some x,y € H.
Then (8N(x)o8N(y))o8N(x) = 6N((xoy)ox) S F. We
suppose thatd™ (F) isnota bi-hyperfilter of H. Then there exist
x,y € H such that (x o y) o x €8 (F), but x ¢ § (F). Thus,
ON(x) ¢ F. Then there exist a € SN(x) such that a ¢ F and
b € 8N(y). Thus, (a°b) oa € (6N(x) c SN(y))  N(x) € F.
Since F is a bi-hyperfilter of H, so we have a € F, which is a
contradiction. Now, let x € § (F) and y € H such thatx < y.
Then 8N(x) < F and x8y. This implies that SN(x) = SN(y).
Since SN(x) € F, so 6N(y) € F. Thus y € 8 (F). Hence
& (F) is a bi-hyperfilter of H. |

Definition 37. Let 8 be a pseudohyperorder on an ordered
LA-semihypergroup H. Then a nonempty subset F of H is
called a 8-upper rough bi-hyperfilter of H if §"(F) is a bi-
hyperfilter of H.

Theorem 38. Let § be a complete pseudohyperorder on an
ordered LA-semihypergroup H and F a bi-hyperfilter of H.
Then 8" (F) is a bi-hyperfilter of H.

Proof. Let F be a bi-hyperfilter of H. Since F is an LA-
subsemihypergroup of H, then by Theorem 30(1),
87(F) is an LA-subsemihypergroup of H. Let (xoy)ox C
8" (F) for some x, y € H. Then ((8N(x) o SN(y)) o N(x))N
F=06N((xoy)ox)NF #0, so there exist a € SN(x) and
b € N(y) such that (aob) oa C F. Since F is bi-hyperfilter
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of H, so we have a € F. Thus, §N(x) N F # 0 which implies
that x € 8" (F). Now, let x € 8"(F) and y € H such that
x<y. Then SN(x)NF+# 0 and x8y. This implies that
ON(x) = 8N(y). Since SN(x)NF +0, so SN(y)NF # 0.
Thus, y € 8" (F). Thus, 8" (F) is a bi-hyperfilter of H, that is, F
is a 6-upper rough bi-hyperfilter of H. O

Definition 39. Let § be a pseudohyperorder on an ordered
LA-semihypergroup H. Then a nonempty subset F of H is
called a §-lower rough strong left hyperfilter (resp., strong
right hyperfilter, strong hyperfilter) of H if 6 (F) is a
strong left hyperfilter (resp., strong right hyperfilter, strong
hyperfilter) of H.

Theorem 40. Let § be a complete pseudohyperorder on an
ordered LA-semihypergroup H and F a strong left hyperfilter
(resp., strong right hyperfilter, strong hyperfilter) of H. Then
&8 (F) is, if it is nonempty, a strong left hyperfilter (resp., strong
right hyperfilter, strong hyperfilter) of H.

Proof. Let F be a strong hyperfilter of H. Since F is an LA-
subsemihypergroup of H, then by Theorem 30(2), § (F) is
an LA-subsemihypergroup of H. Let (x o y) N8 (F) # 0 for
some x,y € H. For t € (xo y)N& (F), we have t € xoy
and te & (F). This implies that ON(f) CON(xoy) =
ON(x)o8N(y) and ON(t) CF. This implies that
ON(t) € (3N(x) o 8N(y)) N F. Thus (8N(x)SN(y))NF # 0.
We suppose that § (F) is not a strong hyperfilter of H.
Then there exist x, y € H such that (x o y) N8 (F) # 0 but
x ¢ 8 (F)and y ¢ 8 (F). Thus, 6N(x) ¢ F and 6N(y) ¢ F.
Then there exist a € SN(x) and b € 6N(y) such that a ¢ F
and b¢F. Thus, (aob)NF < (6N(x)odN(y))NF #0.
Since F is a strong hyperfilter of H, so we have a € F and
b € F,which is a contradiction. Now, letx € § (F)and y € H
such that x < y. Then §N(x) C F and xdy. This implies that
ON(x) = 6N(y). Since 8N(x) € F, so 6N(y) < F. Thus,
y € 0 (F). Hence 8™ (F) is a strong hyperfilter of H. The case
for strong left hyperfilter and strong right hyperfilter can be
proved in a similar way. O

Definition 41. Let § be a pseudohyperorder on an ordered
LA-semihypergroup H. Then a nonempty subset F of H is
called a &-upper rough strong left hyperfilter (resp., strong
right hyperfilter, strong hyperfilter) of H if §"(F) is a
strong left hyperfilter (resp., strong right hyperfilter, strong
hyperfilter) of H.

Theorem 42. Let § be a complete pseudohyperorder on an
ordered LA-semihypergroup H and F a strong left hyperfilter
(resp., strong right hyperfilter, strong hyperfilter) of H. Then
87 (F) is a strong left hyperfilter (resp., strong right hyperfilter,
strong hyperfilter) of H.

Proof. Let F be a strong hyperfilter of H. Since F is an LA-
subsemihypergroup of H, then by Theorem 30(1), 5" (F) is an
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FIGURE 6: Figure of H for Example 42.

LA-subsemihypergroupofH.Let(x o y) N 8*(F) # 0 forsome
x,y € H. Then (8N(x)°d8N(y))NF=08N(xoy)NF +0,
so there exist a € N(x) and bedN(y) such that
(a°b)NF # 0. Since F is strong hyperfilter of H, so we have
a€F and b e F. Thus, N(x)NF # 0 and N(y)NF # 0,
which implies that x € 8"(F) and y € 8"(F). Now, let
x € 8"(F) and y € H such that x < y. Then SN(x) N F # 0
and x8y. This implies that ON(x)=6N(y). Since
ON(x)NF #0, so SN(y)NF # 0. Thus, y € §'(F). Thus,
8" (F) is a strong hyperfilter of H, that is, F is a §-upper rough
strong hyperfilter of H. The case for strong left hyperfilter and
strong right hyperfilter can be proved in a similar way. 0

The converse of Theorems 39 and 41 is not true in
general.

Example 43. Consider a set H ={a,b,c,d,e} with the

« » « _»

following hyperoperation “o” and the order “<™:

| a b c

o) d e
a b e e e
b|{a, b} {a,b} e e e
c e e {c,d} d e
d e e c {c,d} e
e e e e e e

<:={(a, a), (a, b), (b b), (¢, c), (d, d), (e c), (e d), (e e)}.

« »

We give the covering relation “<” as:

<= {(a) b)’ (e) C), (e, d)} (13)

The figure of H is shown in Figure 6. Then (H, o, <) is an
ordered LA-semihypergroup. Now let § be a complete pseu-
dohyperorder on H, such that

ON(a) = ON(b) = {a,b} and SN(c) = SN(d) = 6N(e) = {c,d, e}.
(14)
Now for {a,b,c} € H,
8 ({a,b,c}) = {a,b} and 6" ({a,b,c}) = {a,b,c,d, e}. (15)
It is clear that 6 ({a,b,c}) and 8" ({a, b, c}) are both strong
hyperfilters of H but {a, b, c} is not a hyperfilter of H.

Definition 44. Let § be a pseudohyperorder on an ordered
LA-semihypergroup H. Then a nonempty subset F of H is
called a §-lower rough strong bi-hyperfilter of H if ™ (F) is a
strong bi-hyperfilter of H.

Theorem 45. Let § be a complete pseudohyperorder on an
ordered LA-semihypergroup H and F a strong bi-hyperfilter of
H. Then & (F) is, if it is nonempty, a strong bi-hyperfilter of H.

Proof. The proof is similar to the proof of Theorem 40. O

Definition 46. Let § be a pseudohyperorder on an ordered
LA-semihypergroup H. Then a nonempty subset F of H is
called a §-upper rough strong bi-hyperfilter of H if 8" (F) is a
strong bi-hyperfilter of H.

Theorem 47. Let & be a complete pseudohyperorder on an
ordered LA-semihypergroup H and F a strong bi-hyperfilter of
H. Then 8" (F) is a strong bi-hyperfilter of H.

Proof. The proof is similar to the proof of Theorem 42. O
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