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In this paper, the edge-based and node-based adaptive algorithms are established, respectively, to solve the distribution convex
optimization problem. The algorithms are based on multiagent systems with general linear dynamics; each agent uses only local
information and cooperatively reaches the minimizer. Compared with existing results, a damping term in the adaptive law is
introduced for the adaptive algorithms, which makes the algorithms more robust. Under some sufficient conditions, all agents
asymptotically converge to the consensus value which minimizes the cost function. An example is provided for the effectiveness of

the proposed algorithms.

1. Introduction

Recently, the consensus problems of multiagent systems have
been extensively investigated on account of its widespread
application, such as cooperative reconnaissance and un-
manned aerial vehicles formation. Many meaningful results
about consensus algorithms [I-7] have been established.
Specially, the consensus problems can solve the distributed
optimization, when the consensus value minimizes the global
cost function, which is a sum of local objective functions each
of which is known by one agent.

Meanwhile, with the development of various network
systems, various distributed optimization problems have
emerged. Extensive efforts to design the efficient algorithm
have been put into the distributed optimization problems.
Because of the advantages of decentralized and distributed
structure, the distributed algorithms based on multiagent
systems are more efficient than the centralized algorithm.
A large number of consensus-based optimization algorithms
have been presented over the past two decades. For instance,
in [8, 9], the subgradient algorithms upon multiagent systems
have been presented. In [10], the algorithms with fixed
step size have been proposed. In [11], edge-based fixed-time

consensus algorithms have been established. More results can
be found in [12-15].

In the above works, the proposed optimization algo-
rithms depend on the selection of constant control gains.
In fact, the lower bound of the gains is determined by
the smallest nonzero eigenvalue of Laplacian matrix for the
communication graph, i.e., algebraic connectivity which is
global information. These consensus algorithms are not fully
distributed. To face this challenge, some well-performing
adaptive algorithms have been proposed, where the adaptive
gain updating laws rely on local information of the agents.
For example, in [16, 17], the adaptive algorithms of the finite
time convergence have been established upon integrator
multiagent systems. In [18], the adaptive algorithms have
been proposed upon general linear multiagent systems from
the edge-based and node-based design.

Note that more agent networks in practical applications
are described by generalized linear systems. Moreover, from
the results in [19], the control gains in [17, 18] monotonically
increase very quickly when the value of the initial states
is large. Overlarge control gains will magnify the control
input and will lead to unstable algorithms. Based on the
above considerations, from the edge-based and node-based
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standpoint two distributed adaptive algorithms for solving
the distributed convex optimization problems are proposed
upon general linear multiagent systems in this paper. Com-
pared with the existing algorithms, the proposed algorithms
based on generalized linear dynamical systems are more
practical and its theoretical analysis is more difficult than
that based on integrator systems. The algorithm does not
require global information, which makes it fully distributed
and easier to implement. The proposed algorithms introduce
a damping term in the update law, which makes the algorithm
robust under input disturbance and the high-gain update
law.

The article is organized as follows. In next section, some
preliminaries and lemmas are introduced. In Section 3,
the edge-based and node-based consensus protocols are
designed for solving the distributed convex optimization;
the asymptotic convergence is guaranteed for the adaptive
algorithms. In Section 4, the effectiveness of the performance
for the algorithm to solve the distributed convex optimization
problems is presented by a typical example. In Section 5, a
brief conclusion is given.

2. Notations and Preliminaries

In this paper, R’ is the set of all I-dimensional real vectors.
R™1 is the set of m x g real matrices. 1 = [1,1,..., 17
means the vector that all the elements are one. I, is the
m-dimensional identity matrix. For a real matrix B, B >
0 (B = 0) means B is positive definite (semidefinite). ()"
represents the transpose. || - ||, || - ||, and || - |, denote the 1-
norm, 2-norm and infinite norm, respectively. Given y € Rl,
Vh(y) = (0h(y)/0y,,0h(y)/0y;,... ,ah(y)/ayl)T represents
the gradient of the function h(y). The function g(t) : R —
R is gt) € L,,if IOOO g(t)Tg(t)dt < 0and g(t) € L, if for
any element g;(t) for g(t), sup,|g;(t)| < co0,i=1,...,L

An undirected graph G consists of a node set V. =
{1,2,...,m} and an edge set & € V x V, the edge (i, j) € &
if and only if (j,i) € &, and the self-edge (i, 1) is not allowed.
The incidence matrix D = [d}],, % corresponds to a graph
G with an arbitrary orientation, namely, whose edges have a
terminal node and initial node. For jth edge, if the node i is
initial, d;; = 1, if the node i is terminal, d;; = —1; otherwise,
d;; = 0. The graph Laplacian of G is defined as L = DD, A
path in the graph G from i to j is a sequence of distinct nodes
starting with i and ending with j. The graph G is connected,
if there is a path between any two nodes.

Assumption 1. The undirected graph G is connected.

Lemma 2 (see [20]). Under Assumption 1, L is positive
semidefinite, 0 is a simple eigenvalue for L, and 1 is the
associated eigenvector; its smallest nonzero eigenvalue A, =

. T T
min,,oq7y—oy Lx/y" y.

Lemma 3 (see [21]). Let h(y) : R' — R bea continuously
differentiable convex function; then h(y) is minimized if and
only iflim,,__, ,Vh(u) = 0.
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Lemma 4 (see [22]). If g(t), g(t) € L, and g(t) € L,pe
[1,+00), then lim,_,  g(t) = 0.

3. Problem Formulation

Consider the following multiagent system; each agent satisfies
the dynamics:

y;(t) =By;(t) +Cu; (t), ieT ={1,,2,...,m}, (1)
where u;(t) € R7 is the protocol, y,(¢) is the state for ith agent,
and B € R" and C € R™ are the constant matrices.

Our aim is to design u;(¢) for (1) by using only local
information, such that all agents cooperatively arrive the
consensus value y* which minimizes the convex problem

min Y (y), .
i=1 2

subject to  y € Rl,

where h;(y) : R’ — R is a local cost function, which is
known only to agent i.
We give the following hypothesis.

Assumption 5. The local cost function h;(y) is convex and
differentiable; its gradient satisfies

Vh; () = By + Cy; (y), (3)

where B, C are defined in (1), B = KB,C = KC, K € R™ is
some negative define matrix, y;(y) is continuous, and there
exists 7 > 0 such that y;(y) - y;(V)lles < 1,5, j € T, forall
y € R

The equivalent characterization for (2) is that the agents
achieve consensus value which minimizes the function

?il h;(y;), namely,

min ihi (),

= (4)
subject to tango “y,- ) -y, (t)“ =0, i,j¢€

N

Assumption 6. Each set Q; = {y; : Vh;(y;) = 0},i € T is
nonempty; that is to say, there exists y € R’ such that h,( ¥:)
is minimum.

4. Edge-Based Adaptive Designs

To solve problem (3), the edge-based adaptive algorithm for
(1) is presented as follows:

w () ==Y & (P(y®-y0))

JEN;

= N gsign [P (50— y; )] + v ().

JEN;

©)
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E=PGio -y, O) -0y (8- (6)

Gij = "P (J’i ) -y, (0)"1 — 0y (Cij - aij) > (7)
gi'(t) = p;;i (& _gi' >

j | JE j J) ®)

where &, c;; are adaptive coupling strengths, Q is a feedback

matrix, the initial states satisfy f,-j(O) > g,-j(O), and c,-j(O) >
(0).

From (5), system (1) can be written as follows:
Y (t) = By; (t) - C Z &ij (P ()’i ) -y, (f)))

JEN;

~C Y qsign [P (3 (1) - y; )] ©)

JEN;
+Cy; (y; (1)),

Denote y(t) = (y,()", y,®),..., 9, and ¥(t) =

W 1 (0),y3 (320, s Y (3,,(D))" . Thus, (9) can be rep-
resented by the compact form

y(t) =(I,®B) y(t) - (Da/D" @ CP) y (1)
~ (DB ®C)sign[(D" @ P) y(t)] (10)

+(MeC) Y (y (1),

where D is the incidence matrix, &f = diag{{ij}, and # =
diagf{g; j}. The solution of the system (10) is understood by the
sense of Filippov [23].

Note that MD = DM = Dj; multiplying both sides of (10)
by M ® I,,,, we get the error system

é(t)=(I,®B)e(t) - (DD ®CP)e (1)

~ (DB ®C)sign [(D" ® P)e(t)] (11)
+(MeO)Y(y 1),

where M = I, — (1/m)117, e(t) = (e,()", &, ()",

€, ()T = (M®1,)y(t). Obviously, y,(t) = y,(t)--- = y,,(t)

ifand only if lim, ,_e(t) =

Theorem 7. Under Assumptions 1-6 and Lemma 3, problem
(4) can be solved by algorithm (5), if there exists the feedback

matrix P = CTQ, such that
QB+B'Q-Qcc’Q <o, 12)
where Q is the positive-definite matrix. Meanwhile, ast — oo,

we haveE (t) and E,J(t)(clj(t) and ;;(t)) will converge to the
same posztzve number.

Proof. Choose the Lyapunov function candidate

Vi) =e®) (I,8Q)e(t) + - ZZ(U a)’

1 1jeN;

ZZ(% b (13)

1 1jeN;

Pt

i= 1]€N

P e b)"

i= 1]€N

(EU - a)

where a and b are the positive constants; Q is the positive-
definite matrix.
Take P = CTQ; we have

V)=e®)"
-[I,®(QB +B'Q) - 2D#D" @ QCC"Q] e (1)

—2¢(t)" (DB ®QC)sign [(D"  C"Q)e ()]

+2e() (M®QC) Y (y (1)) + ZZ(q “) i (14)

i=1jEN;

+ZZ C (- a)g+ 2.2 (6b)¢,

i= IJEN

3 ¥ 2 (- 0%,

i= IJENPIJ

1[\43

From the third term in (14) and (M ® I))¥(y(O)ll; < 71, we
get

e®) (M®QC)¥ (y (1))

<|(Mec'Q)ew], |(Me1,) ¥y 0|,

< 13 S e Qe ;- )],

i=1j=1

3 |

IN
3=
M§

I
—_

{Z"c Q(e(); -e®);)], } (15)

:ﬂ@m{iwfa@a»—dﬂ»m}
j=1

< m -nzz@wcoea>eam

i=1jeN;

According to the fourth term in (14), we obtain

Y'Y (E-a)g+ Y Y 2 (E-a)E,

i=1jeN, i=1jen, Pij



4
=YY E-a)P(io -y o)
i=1jEN;
- Z Z 0y (8- a) (& - &)
i=1jeN;
* Z Z 0y (8- a) (& - &)
i=1jeN;
=y(®" (2Da/D" ® QCC'Q - 2aL® QCC'Q) y (t)
- Z Z 0ij ( ij l])
i=1jeN;
=e()" (2D/D" ® QCC'Q - 2aL® QCC'Q) e (1)
S Y5
i=1jeN;
(16)
Note that
2y ()" (DB ®QC)sign [(D" & C"Q) y (1]
m , (17)
=Y Y silce(nw-y o),
i=1jeN;
2¢(t)" (D®QC)sign [(D' ©C'Q) e (1)]
(18)

Y Yo lerala®-¢ o),

i=1jeN;

by the fourth term in (14), we obtain

D NCEDDES IR (0%

i=1jEN; i= 1]€N
= ZZ Sij ~ "P i () =y (t))"
i=1jeN;
IRACEOICELY
i=1jeN;
PIXACEDICEE)
i=1jeN;
=Y > (s-0)[P(r®-y,0)|,
i=1jeN;
_ZZ 7 (5~ Gy)
i=1jeN;

=y ()" (DB & QC)sign [(D" ®C'Q) y (1)]
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+y(®)" (kD& QC)sign [(D" ® C'Q) y (1)]

- i Y oy (55-%)’

i=1jeN;

=e(t)' (DB & QC)sign [(D' ® C'Q)e(t)]

b)Y Qe - )],

i=1jeN;

i \2
DPRACENE
i=1jeN;
(19)
From (15), (16), and (19), we get
vV (t)

<e(®)[1,©(QB+B'Q)-2aL®QCC'Q]e(t)

+nm-1)-b)Y > |c"Q(e®) —¢;®)], 20

i=1jeN;
m m
~ \2 N2
=220 (8- 8) - X Y oy(e-%)
i=1jeN; i=1jeN;

and choose a > 1/2A4,, b > n(m — 1), due to (12),
V(®)

<e®) [I,®

<e® (I, ®

(QB+B'Q) -2a1,®QCCTQ]e(t) (21)
(QB+B"'Q-QCC'Q))e(t) <0,

i.e., V(t) is nonincreasing. Moreover, from (13), we have
e(t),é(t),fij,gij,cij,ﬁij € L,,. Meanwhile, integrating both
sides of (21), one has e(t) e L,. Thus, e(t) € L, N L.
From Lemma 4, lim,_, e(t) = 0; that is, lim, , (y;(¢) —
(1/m) ¥, 3i(#)) = 0.

Let consensus value y*(t) = (1/m) Z:ﬁl ,;(t); then

dy* (t) dy;(t) 1
i ;Z——ZZ{B 0

i=1

—CY &(P(ni-y; 1))

JEN;
(22)
-C Z Gjj sign [P (J’i t) -y, (f))] +Cy; (; (t))}

JEN;

= = 1By, () + Oy, ( )}

i=1
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According to Assumption 5, we have

d)/* (t) _ 1 —lm B % =~ *
i w21 O+ Ol @) N
_ i -1 S ) *
= mK ;Vh,(y ®),
thus,
Ay’ h(y" (1) 1 v onT Ay ()
T - ;;(Vhi (y (t))) T (24)

m

_ l * T —1l < ) *
= 2 (VG O) KDY VR (1 0) <

i=1

From Assumption 1, Y'" (h;(y” (¢))) is bounded below; that

is, lim, . (d Z:ﬁl hi(y*(#))/dt) = 0. Thus, we obtain

lim, o, (1/m) Y2 (Vh(y*(£))) = 0. From Lemma 2, when

t — ©0, y*(t) minimizes the cost function Y, h;(y(t)).
LetG;; = ¢;; — Gj» then

éij =Gij— Eij
= |P (3 @~ y; )|, =05 (65~ )
(25)
=i (5= 5)
=[P (i 0~y ®)], - (o5 +py) 3
To solve (25), one has
G (1) = P, (0)
t
+ JO e @it t=s) | p ()’i (5) - y; (5))"1 ds
(26)

= ¢ Ttppt (EU (0)
t
+ J;) e(O'ij+Pij)S "P (yl (s) - ¥; (S))"l dS)

By y; € L,, we have G;;(t) € L. From ¢;(0) > g;(0),
we obtain E,-j(O) > 0. By (26), E,-j(t) > 0. Now, let us prove
lim;_,,G;;(t) = 0. Consider the following two cases.

u)g&wwwm@—%@mﬁmmmﬁdmm

S T —(0yj+pij)t
A (= e

(@@ [ o (-5 @), ds) @

=0.

(2) lim, _, [; € "% P(y,(5) = y;(s))ll,ds = co. Then,

tinéOCij (1)

_ tli)rréoe_(aij+Pij)t (61] (0) + Jot e(oij+pij)5 P (yl (s)
-5 @), )
(28)
G 0) + _[Ot o\ tpis HP (yi (s) - Vi (s))"1 ds
= lim

t—00 e(Uij+Pij)t

. L CTORSTI0)
00 0ij t Pij

Based on G;;(t) € L, and g;;(t) is monotonically increasing,
when t — 00, we acquire that g;;(t) will converge to some
positive constant. From lim, _,,G;;(¢) = 0, we have ¢;;(f) and
Eij(t) will converge to the same positive number. For Eij(t) and

£;(t), we have the same results. 0

Remark 8. Here, damping terms éj(t), G;j(f) are designed for
the gain adaption law of the adaptive algorithm (5). Eij(t)
increases monotonically and converges to a finite positive
constant. Choosing ¢;;(0) = 0, by (26), lim, _,,5;;(t) = 0, and
G;j(t) > 0, we have that G;;(¢) will increase from zero and then
decrease to zero. In other words, cij(t) will increase at first and
then decrease for some time upon the select of 0;; and p;;. For
§;;(t), we have similar results. Compared with the adaptive
law in [14, 15], the advantage of the adaptive law introducing
the damping term is that the adaptive control gains and the
amplitude of the control inputs are smaller; this makes our
algorithm more robust.

5. Node-Based Adaptive Designs

To solve problem (3), the node-based protocol for (1) is
proposed as follows:

u; (t) = =(; sign [P Z ()’i t) - y; (t))] +y; (), (29)

JEN;
G- 1Py G- y@) a0, o
JEN; 1
Z:i =Pi (Cz - Zz) > (3D

where (; are adaptive coupling strengths, Q is a feedback
matrix, and the initial states satisfy {;(0) > Zi(O).



From (1) and (29), the closed-loop system can be repre-
sented as follows:

JEN;

y; (t) = By; (t) - {,Csign [P > (3 (1) - Yj (t))} 32)

+Cy; (y; 1)),

where the first and third terms take the role to minimize
the function h;(y;(¢)), and the second term makes the agents
achieve consensus.

Denote y(t) = (3,7, ()", ¥, ()", { = diag{E;},
and W(t) = (y{ (10,93 (350 -, Y (9 (D)) by (32)
we obtain

y(t)=(L,®B)y(t)-((®C)sign[(L®P) y (1)]

+(I,®C)¥ (y ().

Note that ML = DL = D; multiply both sides of (33) by M ®
I,; the following error system is obtained:

(33)

€)= (I,®B)e(t) - ({®C)sign [(L® P)e(t)]

+(I,eC)¥ (¥ @),

(34)

where M = I, — (1/m)117, e(t) =
€, (1)) =(MeL)y(t).

(e, e, ...,

Theorem 9. Under Assumptions 1-6 and Lemma 3, problem
(29) can be solved by the nosed-based algorithm (5) if P = crqQ,
where Q > 0 satisfies

QB+B'Q <0, (35)

Meanwhile, ast — o0, we have {(t) and (,:,-(t) will converge
to the same positive number.

Proof. Choose the Lyapunov function candidate

m

Vi)=e®) (LoQ)e(t)+ %Z(Ci—a)

i=1

2

(36)
0, /5 2
,':12_Pi (C, - a) >

where Q > 0; a is a positive constant.
Calculate the derivative of V(t) along system (34) and
choose P = CTQ; we have

Vi =e®)' [Lo(QB+B'Q)]e()
+2e(t) (L®QC) Y (y (1))

~2¢()" (Lo Q0)sign[(LeCTQ)e)] 7

YD (I
i=1 i=1Fi
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From the third term in (37) and ||(M ® Iq)‘I’(y(t)ll1 < 1, we
have

e®) (M®QQO)Y (y (1))

<|MeciQ)ea] |(Men)¥ool,

< UZQ

i=1

Y C'Q(e 1) - € (1)

JjEN;

1

By the results

y(®' (LeQC){sign[(LeC'Q) y(1)]

M=z

=YulcQ)Y (nw-ym)

JjEN;

>

1

: (39)

€ (t)T (aL ® QC) sign [(L ® CTQ) € (t)]

m
= az
i=1

QY (e®-¢®)

JEN;

>

we obtain

- i(ci—a) PY (3 -y®)

JEN;

1
m

0; (¢, —a) (Ci—(»:i) +Zoi (Ez _“) (Ci _Zl)

i=1

s

p Z ()’i ) -y, (t))

JEN;

S -a)

1

=1 (40)
=y (" (LeQC) {sign[(LeC'Q) y (1))

+y ()" (aL ® QC) sign [(L ® CTQ) y (t)]

=e(®)" (L& QC){sign [(LeC'Q)e ()]

m

—ay

i=1

>

C'QY (e -¢;1)

JEN;

1
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FIGURE 1: The communication topology for the distributed optimization.

From (37), (38), and (40), we have

Vi <e®) [1,8(QB+B'Q)|e)

Fn-a) Y Y [l ®-¢ o),

55 (41)

Choose a > 1, we get

Viyse®' [1,8(QB+B'Q)|e) (42)

Thus, similar to the proof of Theorem 7, the nosed-based
algorithm (29) can solve the problem (29). (I

Remark 10. Tt is easy to see that the node-based algorithm is
very different from the edge-based algorithm. The advantage
is that the nosed-based algorithm has a less computation
and more concise form than the edge-based algorithm. The
disadvantage is that the nosed-based algorithm converges
more slowly than the edge-based algorithm.

Remark 11. Based on the edge and node standpoints, two
adaptive algorithms have been established for solving the
distributed convex optimization problems; the algorithms are
fully distributed without depending on any global informa-
tion; that is, the adaptive algorithms can get the optimal
solution via local information. Moreover, the connectivity of
the networks takes a key role in the rate of convergence of the
algorithms during the calculation process.

6. Simulations
Consider the following distributed optimization:
6
min Zhi ()
i=1 (43)

subject to  y; =y, € [Rz, i,j=1,...,6,

7
<
<
where
Ji1 T/ 20 Ji1
h () = Y -2 6 -2 Yio |> (44)
Vi 0 -2 3 Vi
v, = i/2,i = 1,2,...,6. Figure 1 is the communication

topology. Choose

K—_lo s, B=( 2 ) = ("), s
= 0 _% , thus, —(1 _3>, —(1)- (45)

Simulation results employing edge-based algorithm (5) and
node-based algorithm (29) are presented in Figures 2-4
and Figures 5-7, respectively. In Figures 2 and 5, it can
be observed that the states of consensus are achieved. In
Figures 3 and 6, the adaptive control gains first increase,
then decrease, and finally converge to some constants, which
is consistent with our theoretical analysis in Remark 8. In
Figures 4 and 7, the evolution of Zle h;(y;) is presented,
which reaches the optimal value 31.5.

7. Conclusion

In this paper, two distributed adaptive algorithms to solve the
distributed convex optimization problems are designed based
on general linear multiagent systems from the edge-based
and node-based standpoint. Compared with the existing
algorithms, through introducing a damping term in the
update law, the algorithms are robust in the face of input
disturbances. In this paper, the multiagent networks are
undirected graph. Next, we will focus on the case that the
multiagent networks are directed graph.
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