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For polynomials (x + y)" and (x + y)

~ satisfying the noncommutative multiplication yx = —xy, let CCD and NV be the

arithmetic tables, respectively. We investigate sequential properties of various diagonal sums over the tables C=" and N-! and
prove that they are types of interlocked Fibonacci sequence and Padovan sequence.

1. Introduction

The Pascal table CV) = [ci(})] is an arithmetic table of a

polynomial (x + y)' = by ,0 Cij x"iyl, (i20), in which
yx = xy is assumed tactically. The Pauli Pascal table C D=
[c 1(]1)] is an arithmetic table of (x + y)' = Z'] - 1 x Iyl

with noncommuting variables x, y such that yx = —xy. The
cl(,}) and cl-(,;-l) satisfy the following (see [1]):

(1) _ (D 1)

C C +cC

i+1,j+1 ij i,j+1°
(-1 ]+1 -
Cit1 ]+1 + ( 1) 1]+1’ (1)
1,]20.

It is known that diagonal sums over CV) give a Fibonacci
sequence {f1, f f3»-- ..}, while those over C"V yield a
sequence {f1, fo» f2> f1> f3 f2 -} that is interlocked by
two Fibonacci sequences [2]. '

Consider a polynomial (x + y)~' with negative exponent
satisfying either yx =xy or yx=-xy and denote the
1 — =[n (1)] or

e ) = Zns iy

corresponding arithmetic table by either N
NCD = [n] with
respectively.

By a t/s-slope diagonal over a table (t,s>1), we mean a
generalized diagonal moving s steps along x-axis and t steps

d(+1)

along y-axis. Over C™*V, let d,;3 . denote the t/s-slope

diagonal set startmg from cl0 ) (i>0) toward northeast
direction, and D'* <t/s>l be the sum of elements in d'; <t‘/s?l We
call it the t/s-slope ith diagonal sum. Similarly, over N D), let
g <:/g ; be the t/s-slope diagonal set startmg from ”1 Y (j=0)
toward southwest direction, and Gg:;) be the t/s- slope jth
dlagonaI sum When s =1, we 51mply say t-slope diagonal
sums D5} and G}
A purpose of the work is to study arithmetic tables C*

and N&Y, We 1nvest1gate sequent1a1 properties of gener-

alized diagonal sums D<t/s>l and GJ/g ; and find their

interrelationships. We particularly give attention to G(t/s) ;
of NV and prove {th_/s;,j} is a type of interlocked
Padovan sequence. The results of the work provide inter-
esting connections of sequences over the arithmetic tables of
(x + )™ having either commutative yx = xy or noncom-
mutative yx = —xy rules.

2. Arithmetic Table and Its Diagonal Sum

The arithmetic table N [ ] of (x+y)" ' with yxX =xy
can be obtained by Taylor series expansion. Every element
i,}) (i>1,j>0) of NV in Table 1 satisfies a recurrence rule

M — 5, (1)
Mivtjer = M — Mgy je

By flipping NV and passing it over CV), the pile-up
table
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TaBre 1: N = [ni(,})].
1 1 -1 1 -1 1 -1 1 -1
2 1 -2 3 -4 5 -6 7 -8
3 1 -3 6 -10 15 =21 28 -36
4 1 -4 10 -20 35 -56 84 -120
5 1 -5 15 -35 70 -126 210 -330

5] 1 -5 15 -35 70 -126 --

411 -4 10 -20 35 -56

=311 -3 6 -10 15 -21

INO/cWj =21 -2 3 -4 5 =6

-1] 1 -1 1 -1 1 -1

0] 1

1|1 1

follows the Pascal rule (1). For example, we get (x+ y) =
xt (1-4x'y +10x 2y —=20x3y% + 35x 4y, .. 0)).
D

Some recurrence rules of t-slope diagonal sum Dgt; ; over C *

and 1/t-slope diagonal sum GS;O, jover N () were studied as

follows.
Lemma 1 (see [3, 4]). DE:N Dg; i = D(t> HM with t + 1
»1. And G(l/t}z G<1/t> i+t-1 G(l/t} i With t

initials 1,-1,1,-1,...,. Moreover, D£t>ll+D -

initials 1, ..

{t),i+2t
DE;{LZHZ (i=2(t+1)) with initials 1,...,1,
t+1
2,1,2,1,2,1,...,.

t+1
The proof of Lemma 1 is mainly due to

@ _ (D m__W_

( 1)] z+] 1]’”10 CtO - 1andni,l 11 =L
(2)
Let DED])Jj and DEDDD be subsequences having only
eventh and oddth terms, respectively, in {D<1>1|’ >0} From

Table 2, we observe

[Dili=0} ={1,2,3,5,8,13,21,...

- Dtz o (P20}

JU{1,1,2,3,5,8,13,...,}

(3)

Since both {D( Vel and { 1)0} are Fibonacci se-

(1),j 1)
quences, we say {Dé1> } is an interlocked Fibonacci sequence.

For any t>1, a sequence {f,} satisfying f,+ fnt = frrent

with t + 1 initials is called a Fibo t-sequence [5].

Theorem 1. {Dgt;f} is an interlocked Fibo t-sequence for
t>1

Proof. Let {Dmlze} and { (t%‘)} be subsequences con-

sisting of eventh or oddth terms, respectively, in

{Dgt; i >O} When ¢t =1, {Dg;)l} is clearly an interlocked

Fibo 1-sequence. When t = 2,3, Table 2 shows that
[DGi=0} ={1,1,1,2,3,4,6,9,13,19,.. ..}
ui{l,2,2,3,5,7,10,15,...,} (4)

={D 22;)Je|]>0} {D§2>IJ|J20}’

2 2

. ) 1
I,1,1 and 1,2,2. Similarly, {D§3> |z>0} { <3>)JC|J>O}

{D§3>‘ |]>o} shows {D<3>1’;} {1,1,2,2,3,4,6,8,11,...,}

and {D( ”"}: {1,1,1,1,2,3,4,5,7,10,...,} are Fibo 3-se-

where {D 1)6} and {D 1)"} are Fibo 2-sequences with initials

3]
quences having initials 1,1,2,2 and 1,1,1,1. So, { o, 1} with
t=2,3 is an interlocked Fibo ¢-sequence.

In general, for any t>1, Lemma 1 shows that the
sequence

(=1) (-1) (-1)
{ D(t) t’D(t> i+12 D(t) i+2t° D(t),i+2t+1’ D(t),i+2t+2’ cee ’}

(5)

holds DY) + D1, = D&, o0., (2 2(¢ + 1)) with initials
1,...,1,2,1,2,1,...,. Thus, {Dgt; |]>o} and {Dgt;] |j
t+1 t+1

>0} satisfy recurrences D<t>]+ Dét;ﬁ-t _Dét)1]+t+l and

Dét>1] + D<t> it Dét;}im. So, they are Fibo t-sequences
{1"' "1}(t+1)tuples 2|t

havin initials and
8 L,..,1,2,...,2 b o

(+1)2)  (t+1)/2)

... t ) 1)
o2 o , respectively. Hence, {D<t>)i}

{1’ e 1}(t+1)tuples 2+t
is an interlocked Fibo t-sequence.

Now, in order to have the table NCV = [n (Jl)] of

(x + y)"" with yx = —xy, look at the piled-up table

411 0 -2 0 30 -4 -
Bl 1 2 2 33 4 -
2|1 0 -1 0 10 -1 -

[NCD/ctD)=-1 1 1 -1 -1 11 -1 -
o 1
11 1
21 0 1

satisfying the Pauli rule (1).
Then, by flipping the upper part upside down, we get
N (Table 3) holding

n}ﬂlﬁl - (D ,Jﬁ nig—l{;) fori>1,j>0. (6)

Thus, C- D and NV yield expansions of (x + y)* with
yx = —xy, for instance, (x+y) > =x7> (1+x 'y -3x"2
¥ =3x3y +extyt +6x7 )0+, 0L,
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TABLE 2: GEBW and Dgt;l)

t/i 1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9
1 0 0 0 0 0 0 0 0 1 1 2 1 3 2 5 3 8
2 -1 2 -3 5 -§ 13 -20 34 -5 1 1 1 2 1 2 2 3 3
3 -1 1 0 -1 2 -2 1 1 -3 1 1 1 1 2 1 2 1 3
4 -1 1 -1 2 -3 4 -5 10 1 1 1 1 12 1 2 1
5 -1 -l 1 0 -1 2 -3 4
Tasie 3: NOU = [n7V]. When t =1/2, (<1 (G ; = Gl in) = Gl i for
i>1.
0 1 2 3 45 6 7 8 9 10-- =

L R S R S Proof. The first few 1-slope diagonal sets and sums in NV
2 1 0 -1 0 1 0 -1 0 1 0 -1-- are as follows:
311 -2 -2 3 3 -4 -4 5 5 —6- )
4 1 0 =2 0 3 0 —4 0 5 0 —6--- g(fl) ={1}, GGV, =1 g(fl) ={-1,0,1}, GEY . _o
5 1 1 -3 =3 6 6 -10 —10 15 15 —21..- <11>’° <11>’° | <11>2 ®a 9)

O g, =1{1,1}, G(<’1>)!1=2|g(<’1>)3 {-1,-1, 1,1}, GG =0

-1 .

. Civiili j=0,1 (mod4) _ ..
Theorem 2. Tli(< ) = H],l] . . In par- In general, by (6) and n = o0foralli, j (Theorem 2),
»] _ =D =23 d4 2i,2j+1
Civjr,j ] = (mod4) we have

1)

ticular, ”éitzj+1 ) )

=0 and ny_ 12j = Mai-12j1 = ”212] for any

i,j=1

fri o uit ol
(=1)
c84 6 =6 6106—10

(-1) _
n =-10 n =15 _
{ > 7 { > 8 we may assume nY =

Proof. Since

5117 =10 C128 =15’ Y
( 1) -
’”( i j=0,1(modd) for some i, j.
Civjor,pp J=2,3(mod4)
If j = 0(mod4), then recurrence (6) implies
( 1) (=1) (-1
1+1] _( 1)]( Mis1,j- 1) =M _ni+1’J-1
( 1) (-1
= 1+] 11 - (= 1)C1+1J 1= (= 1)] l+] 11 Cirl,j-1 = Civjjr
(7)

Similarly, if j= 1(m0d4), then

z+1] <(Cz+] Lj

( n o _ (=D

z+1] 1) _( 1)] 1+] 1] 1+1,j—1 - Ci+j,j‘
(8)
The other cases j =2, 3(mod4) can be proved analo-

gously. In particular, (- 1)(n21 12j41 ~ Mo 2]) = ”21 2]+1 =0,

(-1 _ (-1
SO Myinj = Mai12j+1

Theorem 2 can be

(1) .

N =0 d2

cﬁ]&)l,] ] (mod2) in Q)
—Civjo1j JE 1 (mod2)

compared  to ni()}) =

3. Diagonal Sum over N (-

We will discuss ¢-slope diagonal g <t> ) and its sum G<t> on
NGED.

Theorem 3. Whent=1,G' Y =1, GV =2, and G'-

(1),0 (1)1 (1)1
0 fori>2.

_ (=D (=1) (=1) (-1) (-1)
G<1> 2 = Mg TPy Ty sy Ty

(1) (1) (-1) (1) (-1 (-1)
SNyt F sy T e Ty T

(=1 (1) (-1
+(”21 22 ~ My 11) T M1
(-1) (-1) (1)

‘(”21 33~ My 22) Mg + My = 05

(10)

(=1) (-1
=M +("221 2 ”321 3)+>"
(=1) (1)

(”121 MO 2) >

(-1) _ (=1 (-1) _ (-1 _ (-1)
because 1y ") 5y = Mypap Myl = Myl = Tyl

”2(1 11)1 = ”2(13) =n )0 in Theorem 2.
(-1) (-1)

Slmllarly, Mye-1o1e1 = Mgt = Mok and nzk 2l+1 = 0 also
show

and

(1) (1) (-1 1) (=1) (=1) (-1)
Gyt = (”1 2r1 T 10 ) (”3 21 T g 2) LERAE (”2l+11 My o)
(=1) (-1) (-1) (-1) (-1)
2(”221 Ty T gy T H 1y o)

(-1) (-1) (-1) (-1) (1)
2(”1 o T30 T syt sty 5+ ”2l+10)

1) 1) (-1) (-1 (=1 (-1)
= 2(”1 2 +”221 1T et Ty T 1y +”21+10)
=2G{ 1y = 0.
(11)
Therefore, we have {G<1>1|z>0} {1,2,0,0,0,0, 0 .-

The 1/2-slope diagonals sets and their sums G<1 /2)>1 in
NG are as follows:

i|g(<711)2>,i G%l?z%i” i|g(<711)2>,i G<<71122>,i|| i|g(<71122>,i G(<711)2>,i

aAi,-y 1 |eltnn 21 -1 |sliL-13 215 2

5({1,0, 1} 2 7{-1,0,-2,0} -3 9/{1,0,3,0,1} 5
(12)

Thus, {G{ % liz1} = {1,0,-1,1,2,-1,-3,2,5,-3,....}
satisfies

(-1)
G<1/2> 5

(-1)
G<1/2> 6

)
Gye = G<1/z> 7

(13)

G(l/Z) 7 G(l/Z) 8"

(=1) _
So, we have G<1/2>1 G(1/2)1+1_( ) G<1/2>z+2 for
1<i<7.

Now, when i = 2/ + 1, we have
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G<1/2> 241 T ”fzﬁl + ”2( 21)1 + ”§ 2})3‘F >, 11 l( Dt ”l(+11)1
1(221 +(- 1)(”1 20-1 ”2(2})2)
+(- 1)(”221 3 ”3(2})4) + (- 1)(”321 57 ”ziz})e)
S+ 1)(”1( 113 - ”1(21)) + ”l(+11)1
= ‘(”1 20- 1 +hn, 21)3 + ”3( 2;)5"' +”l( 11)3 + ”l(+11)1)
+(”1( a T ”2( 2%)2 + ”é 2})4 + ”zi 2})6+ +”1(21))
G<1/2> 21t G<1/z>,zl>
(14)
for ”1(221 =ny, 2}) Hence, G21/2> 20-1 G<1/2> 2 = Gg/12)>,21+1'
On the other hand, when i = 2I, we have
G<1/2> 2 = ”1( 2}) +(”1( 2})2 ”é 2})3) +("l ”l(ol)) + "z(ﬂlz)
(”1( 21)2 + ”é 2;)4 Tt ”l(+112))
(”1(2})1 +n,, 2})3 Tt ”1(01))
= G§1/12)>,21 2 G<1/2> 20-1°
(15)
for n; 21) = 121 - Thus, G<1/2> 20-2 G21/12)>,2171 = Gé;/lz)>,2l°

Let us continue to work with 1/3-slope diagonals in
NG,

Theorem 4. Fori>1, G<1/3>1 + (—1)iG(_1)

(1/3%i42 = G< 1/3> i3

(1) (1)
Pro)f Observe G<1/3>5 G<1/3>7 G<1/3>,8 and G<1/3>)6+

Gamys = <1/3>9 rom
|8'(<1}3>1 G<1)3)z|| l|g(<11/)3>z Gt 1)3>]|| |8(<1)3>x G<<711)3>,j
5[11, -1} o |7l 1 |oli,-1, 210 -1
6/(-1,0,11 0o |[8|{1,0,-22 -1 [{10/{~1,0,3, 0} 2

(16)

Let 24i. Since nf = _”1 ) and n 1) =0 for 2|p, 24q,
we have
GEI/?) it (_I)IGEI/13)> i+2

(=1) (=1) (=1) (=1) (=1) (=1)
(”11 Ty 3t N5 6t ) (”11+2+"211+”3:4+ )

= i +(n” =) + (mgh - i) + (i - nii) +--
= ](,+12+( 1)n21 +n313+( 1)’nill)6+n§,1;+
=nh+n Y+ a4 nlh enih 4o
= GEI/I.%)),H?»'

(17)
Now, let 2[i. Again with n 1) =0 (2|p, 24q), we also have

(-1 i ~(=1)
Gy, + (_1)1G<1/3> i+2

(=1) (-1) (=1) (-1 (-1) (=1)
(”11 Tyt 6t ) (”1z+z+”2z1+”314+ )

_nl(ti; -'—(nl(t1> _nézl)l) +(n§,;1)3 _ngtli) +(1’1§112 _néit )7) L

(=1 (-1) (-1)
—”1:+3+”21 +”3: 3+”4z 6+”51 gt

(-1)
= G(1/3>,i+3‘
(18)

We now have recurrence rules of 1/t-slope diagonal
sums over N1

Theorem 5. G<1/t>l
t>1.
And G(l/t)z + (=) G(l/t) itt-1 =Gy,

G(l/t) i = (= 1)G<1/t> .., with even

(1/t> iy With odd t> 1.

Proof. Let 2|t. Since nflit 1=
yields

= (-1) ”1 D recurrence (6)

(-1
G<1/:>z Guyiv

(=1) (-1) (=1) (-1) (-1)
(”11 MRCTE R TR OV R n[(i/t)J,i—(L(i/t)J—l)t)

(”1(12 1 +”2(11)1 + féfﬁ 1ttt nL((;llt)J+1i—(L(i/t)J—l)t—l)
= —nin H(nf =l +(ngh - niih)
+(”§zl)2r ”izlir 1) +- +(”[(Z‘/:)J i~(1(i/t) |-t1)¢
= (-1'n 0+ (D' + (D' +

= (/GG e

(=1)
- n[(i/t)JH,i—([(i/t)J—tl)t—l)

i (-1)
=+ D0 i -

(19)
Now, assume 2t and 2 |i. Then, néll)l = nz(llz
ni, )= nill)y =,---,=0 for 2fi—t. However, since
nl( b= nf,ig, we have
Ggl/lr)w +(=1)' Ggl/lt)> i+t-1
= (s ity ey ) = (nii e s )

(=1 (=1 (=1)

=My 1+(”11 Ty 1)+(”
(=1) (1) (1)
=My 1+(”1z My 1) (”
1 1 1 1
= i)+ (DY = (1) G + (<1, -

) (-1) (1) (1) (-1
Mg THy; " WG Ty 5t 155 5+

(=1) (=1)

it T35 1)+ -
(

2

1) (-1)
lt_n3ll’1)+ o

_ D
- G(l/t),i+t'

(20)
Slmllarly, if 24t and 24i, then n( D —nill)% =
né(l 21: = =0, so
GEI}&J + (_l)iGg/%,mq
= (m3" g gl v ) (i et A )
=~y H(ng;) = ngh) (gl - )+
= i+ (D = DT Gl
= np g e b engh b
= GEI/It)>,i+t'
(21)

A more explicit relation of the diagonal sets . <t>l ) and
9 <1/t)>t is as follows.

Theorem 6. Letd ;) and g, be the kth elements of the

sets d<t>1 and gg/%)i, respectively.  Then,

9k =
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(=Dfdyy ifi = 0,1(mod4)
‘{ (ik f and gdansyik =

(_1)k+1d(1),i,k ifi = 2,3(mod4)
dioyix  ifi+k=0,1(mod4)
_d(2> ik

ifitk=23 (mod4)' In general, any kth ele-

ments g/ 1yy,ik i 9<1/(t+1
same, except for signs.

;and dy iy in d<t>l are the

Proof. Note dg;;z =
-1

.} of CtY and g<m>, {g<1,t>lk|k>0} {”11 ,

nz(llg,...,n,EJr})l wr- >} of NOD. Theorem 2 and the sym-

metricity of C imply

_ [ (-1 (=1)
{d(t)zk|k>0} {10 Cing1o > Cilkt o
(-1)

= 10 = d<l>10> i =0,1(mod4),

9any,io = ”11

1
{
-

= = —d<1>,i,0, i =2,3(mod4),

i =2,3(mod4),

i— 11 d(l)zl’
gyl =
l

11 =-dy;1> 1=0,1(mod4),

i 22 d<1>,2, i= 0, 1 (m0d4),

(-1 _
Ciop = d<1>12»

(=1)
9,2 = N34

i=2,3(mod4),

i =2,3(mod4),

(-1) i 33 - d<1>13’
9,z = M6 = -1
—Ci_ 33 —d1y,i3

. (—l)kd o i=0,1(mod4)
which shows g5y, = { X k+l<cll>’ ok s w“
for 0<k<3. (=1)""dgyp  i=2,3(mod4)

Now, for any kth element in the diagonal set gg/lz)%i, we
note that

i=0,1(mod4),
(22)

-1 1 .
(-1 fk? zk—Cl(kL i—2k =0,1(mod4),
g<1/2>lk nk Li-2k —
" 1( ;33 2k:—C1( kli i — 2k = 2,3(mod4).

(23)

By mod 4, if i -2k =0, then i =0 or 2 according to
k=0,2 or k=1,3. Thus, i—2k=1 implies i=1 or 3
according to k = 0,2 or k = 1, 3. Similarly, i — 2k = 2 means
i=0(ifk=1,3)ori=2(if k=0,2). And i - 2k = 3 says
i=1(Gfk=1,3)ori=3(if k=0,2).

Thus, we have the following 4 cases (all congruences are
by mod 4):

(i) Let i=0. If k=0,2 then i -2k =0, s0 g1y =
(__kl,;( = (_l)k z(klgc = ( ].) d<1>1k If k—l 3 then
i-2k=2,50 gy = (DS = (DM gy i
k
Thus, ganyik = (-1) d(l},i,k for any k.
(ii) Let i = 1 If k=0,2 then i -2k =1, 50 g¢yp,x =
e = (- 1) d<1>1k Ifk=1,3 theni—2k =3,
SO gy ik =~ i—k,k = (-1 d 1y ik Thus, geyy ik =
(—l)kd<1>)i’k for any k.
(iii) Let i = 2. If k=1,3 theni-2k=0, so Iamik =
(-DF'eh = (- 1)"“d<1>,k If k=02 then
1 k
i—2k=2,50 gapyik = ¢ k’k = (- d1yike
(iv) Let i=3. If k=1,3, theni—2k =1, so Janyik =
= (-1)k“d<1>,k Ifk = 0,2, theni — 2k = 3, s0
k
Cie kk = (-1 +1d(1)zk
Therefore, we
(~Dfdyi ifi=0,1
(~D)*d gy ifi=2, 3
Similarly, in the set 9<1/3>:’ the kth element Iy ik
(0<k<3) are

9anyik =

have ganyik =

| = i=01
Gsyio = M 1 =
—ci ==y 22,3,
v = né,lé Cie ?11 =d oy i=0,3,
i) = Aoy P=2L20 (g
_ { doyi 1223,
Iz = —diyia 20,1,
) { d(z),i,3> i=1,2,
9z = —d<2>,i,3’ i=0,3,

where all congruences are by mod 4. Thus, we generally have

(-1 o
oy | Gk i-3k=0,1
Imyik = Meilisk = - s
—¢; > 1— =2,
i—-2k,k (25)
i+k=0,1

_ d<2>’i)k) = U L
_d<2>,i,k’ i+ k = 2, 3.

Now, the next table shows d}, <t>l ) and gg,l()mm for the
first few ¢.

|d<1>1 g({ll)z>,i |d<2>1 é{f}s),f |d<3>1 ﬁ{f}4>,f |d(<:11>),i g(€11)5>,i

A1y {L,-L1 (1,0} {1,0] L1 L1 o

5[{1,0,1}  {1,0,1} 1 {,-1 Lo {10} [{1,1} {11} (26)
6l1L1L,21) (-1,1,-2,1} [{1,0,1} {-1,0,1} [{1,1} {11} |{1,0} {-1,0}

7111,0,2,0} {-1,0,-2,0} [{1, 1,1} {-1, 1,1} [{1,o} {-Lo} |[{11} {-1,-1}

And in general by Theorem 2, we have (congruences are
by mod 4)
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Ci(1i>k:d<t>ikx i-k(t+1)=0,1,

1/ (t+1)y l£+ )— (t+1) 1) l
9au i+ Sk Li-k(t+1 I 1
1( th,k {t).ik> ( )

We are now ready to obtain a recurrence on G a /m

Theorem 7. G(l/t)z
t,i>0.

(=1) (-1)
G(l/t) i+2(t-1) = G(l/t},i+2t for any

Now, cons1der anyt>(11)1f2|t then G{l/t>1 G<1/t> il S
( (11))G<1/t> we o and Geyp iy -
G by Theorem 5. So,

Uty i+2t-1
- (-1
= (-1 (G<1/t> i+t G(l/t>,i+2t—l)

i i (-1)
=(-1) ( (-1) +tG(1/t>,i+2t) G(l/t) it
(31)

(1/t> i+2(t-1) —

(-1)
G(l/t)z G(l/t),i+2(t1

On the other hand, 1f2+t then G<m>1+ (1) G<1/t> il =

(-1) i+t—1,~(-1)
P Th : 1- G(—l) G( 1) _ 1 G<1/t>,i+t and G<1/t> i1 T ( 1)1 G(l/t) i+2(t-1) —
roof eorem 3 implies 1/2)si _1 <(1/%)> i+l T = (- ) GEI/% 1o~ However, since the latter identity equals
G\ and G -G\ = (-1)""'G} ;) .., So, we N~ (-1) 1) t ~(-1)
hé\lf/? " <1/2> i <1/2> s iz _(_I)IG(I/t>,i+t—1 = Glmyina-1) = (=" Gayivar->  and
the sum of the two identities yields GEI/% i~
Gy = Gimyin = CD(GG Ry i2 = G is) ’
(1/2)1 <1/2> i+2 {1/2),i+2 (1/2),i+3 G<1/t> (el = th) ot
= (D (DG 104 = GG
(iins = Cliihina 4. Extended Sequences of {D(il).} and {G { (£1) }
(28) {t),i {1/t),i
(1
Slmllarly, Theorem 4 shows G§)1/3>1 + (- 1)1 Gé1/13> = Lemmell 1 shows .that {D<{(>,|z >0} is allflbo t- sequen}cle By
G- and G + (~1)**G! Thus. if  extending subscrlpts i backward up to a 1ntegers, we have a
(1/3) i+3 (1/3> 1+2 1/3),i+4 — (1/3) i+5° > (1) (1)
2|i, then sequence { <t>1|’ € Z} satisfying Dy + Dyt = D<t> e
Gl _ gt _GEY g which is also a Fibo t-sequence. On the contrary, the se-
<1/3> (1/3> iv4 = T(U3)it3 <1/3> i+5 . _
i ! o ! 1+; quence { (1/t)1|1 >0} satisfies G(l/t>1 G<1/t> o] =
=Gapsyias t(-1) G<1/3> i+5 ~ G<1/3> i+6> GE}L> i+1+1- By extending i to all integers, we get a sequence
(29) {G<(11/t>l|1 € Z} in [3] satisfying
while if 244, then - m =
Gy + Gy = Dy it (32)
G(1/3) i G<1/3> i+4 — G(1/3> i+3 G(1/3) i+5 G<1/3) i+6°
(30) In fact, from G{)y ;= {-1,1,0,-1,2,-2,1,1,-3,.. .},
we have
{G <1/3>1} _{ ) 1: 1)_2)2)_1)0) 1:_1 )@)0)0) 1)0> 1) 1) 172,2)3,4,5,. .. }, (33)
i<0 i>0
(1) (1) _ -~ -1) 1 1) .
such that Gzyi ¥ Gamyinn = Gy (see Table 4). DIED: DIE:?) 1)+2t _ DIED )iy i€Z. (34)

A sequence {p,} satisfying p, + pn.1 = Ppiy With £>1
initials is called a Padovan t-sequence [6, 7]. In particular, it
is a Fibonacci sequence if t = 2. Identity (32) yields the next
lemma immediately.

Lemma 2 (see [3]). { 1/t>1|z € Z} is a Padovan t-sequence

with initials G' () o = 1 and G' 1)y ; = 0 (1<i<1),

Now, over CV and N1, We consider extended se-
quences of {D£t>ll|z>0} and { |1>0}, in which sub—

<1/t>l
scripts i are extended to all integers. From D, <t>l
DE;;? o = =D} <t> ; +2t ., in Lemma 1, we easily have an extended

sequence {D<(t>l li € Z} of{ (i |1>0} satisfying

So, { i V)i e Z} is an interlocked Fibo t-sequence as in
Theorem 1.
On the contrary, let G’ <1/t> 4= G<1/t>l for i>0. Then,

(-1) (-1) 1
G(l/t)l G(l/t)z+2(t 1 = Gyisye in Theorem 7 implies
1 (1) .
G' <1/z> e (1/t> @r2-1) = G ey (i) S0, by setting

j = —i, we have

(35)

1 (=1)
G' (1/t>] =G ity joay =G (1/t>] 2

1 (=1)
That is, G’ (1/t> o = G (1/t> i TG )

It shows that
{G <w>1|1 € Z} is an extended sequence of { <1/t>,|1>0}

satistying
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TABLE 4: {DO;) li € Z} and {G;(ll/)o’iﬁ € Z}.

t D'{:i<0 0 i>0
1 .,—21,13,-8,5,-3,2,-1,1,0, 1 1,2,3,5,8,13,21,34,55, . ..
2 ,=2,3,0,-2,1,1,-1,0,1,0,0, 1 1,1,2,3,4,6,9,13,19,28,41, - - -
3 .,1,-2,1,0,1,-1,0,0,1,0,0,0, 1 1,1,2,3,4,5,7,10,14,19, 26, . ..
4 ..,1,0,0,1,-1,0,0,0,1,0,0,0,0, 1 1,1,1,1,2,3,4,5,6,8, 11,15, ...
t Gyt <0 0 i>0
2 ,34,-21,13,-8,5,-3,2, -1, 1 0,1,1,2,3,5,8,13,21, 34,55, . ..
3 4,-3,1,1,-2,2,-1,0, 1,1, 1 0,0,1,0,1,1,1,2,2,3,4,5,7,9,12, . ..
4 ,10,7,-5,4,-3,2,-1,1,~1, 1 0,0,0,1,0,0,1,1,0,1,2,1,1,2,4,6, . ..
5 ,—4,4,-3,2,-1,0,1,-1,1,~1, 1 ,0,0,0,0,1,0,0,0,1,1,0,0,1,0,1,3, ...
)
TABLE 5: {D'@llz € Z} and {G<(1/t1>l|1 € Z} (1<t<5).
t D' i<0 0,i>0
1 .,8,13,5,-8,-3,5,2,-3,-1,2,1,-1,0, 1, 1 ®,1,1,2,1,3,2,5,
2 »3,-2,-2,1,-1,2,2,-1,0,0,-1,1,1,0, 1,0, ©,1,1,1,2,1,2,2,...,
3 ,-2,0,2,1,-1,-1,1,0,-1,0,1,1,0,0, 1,0,0, @, 1,1,1,1,2,1,2,..
4 -1,-1,0,1,0,-1,0,0,1,1,0,0,0,1,0,0,0, ©®,1,1,1,1,1,2,1,.
t G i<0 0,i>0
2 ,2,1,-1,0,1, ®,0,1,1,2,1,3,2,5,3,8,5,13,8,21,13,34, 21, . ..
3 .,0,1,0,-1,1, ®, 0,0,1,0,1,1,1,0,2,1,2,1,3,1,4,2,5,2, 7,3, . ..
4 L2, -1,-1, 1, ®, 0,0,0,1,0,0,1,1,0,1,0,1,1,1,1,2,0,2, 1,2, ...
5 2 1,-1,-1,1, ®, 0,0,0,0,1,0,0,0,1,1,0,0,1,0,1,0,1,1, 1,1, ...

(-1) (=1) .
G,(I/t)z G,<1/t> i =G <1/r> e 1€Z. (36)

Theorem 8. {G<(1/tl>l|zeZ} islan interlocked Pulzdovan
t-sequence with initials G'(, =1 and G =0
(1<i<2t).

Proof The subsequence having only eventh terms of
{G<1/t>z|1 € Z} is

1 (=De 1 (=1) 1(=1) 1 (-1)
{G (1/t>1} _{ G [QViHX O’G (1/t) 20 G <l/t>2k’G /t),2(k+1) * }
(37)

1(=1) 1 (=1) .
Then, G (1o + G (yoken) = =G (1/t>2 ey 10 (36)

implies that the sum of consecutive two eventh terms equals

t distanced eventh term. So, {G,EI/I,%E,,‘} is a Padovan t-se-

quence. Similarly, the subsequence {G' EI/%OJ} of oddth terms

of {G'él /1t> l} also satisfies that the sum of consecutive two

oddth terms equals t distanced oddth term. Thus,
{G<(1/tl> Jie Z} is an interlocked Padovan t-sequence.

Corollary 1. The sequences {G <1/2>1} and {G (1/2>1} are

equal to {D'gli l} and {D W l}, respectively. And {G’§1}3> ,}

is an interlocked Fibo 5-sequence.

Proof. The proof is due to Tables 4 and 5. And the inter-
locked Padovan 3-sequence {G' EI/13)>J} in Theorem 8 satisfies

1 (=1)
G' (1/3}1 +G' <1/3> i = G (yive: Thus,

1(=1) 1 (=1) 1(=1)
G (1/3}1 G (1/3),i+8 — = G (1/3}1 <G {1/3), 1+2 G (1/3),i+4>

!
+G' <1/3> i = G 3y inn0
(38)

=G (1/3> ive T

which is a recurrence of interlocked Fibo 5-sequence.

We note that {G QU3 l} is interlocked by two Padovan
subsequences

{G’g};;i} ={.,0,1,1,1,2,2,3,4,5,7,9,12,16,.. .} = {cfgl,lg;},
(39)

with initials 1, 1,2. However, {G' EI/{,‘)>,i} is interlocked by
distinct Padovan 4-sequences
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1 (=1e
{G <1,4>,i} .

(-1)o
{G’<1/4),i} ={...,

these  two satisfy G <1,2>el
G <1/2§ 2 = =G 21/14> .+1- Moreover, the sequences are obtained
explicitly from Pascal and Pauli tables as follows. Write
cW = (r(l D0 and C(‘1 (r( Dp 000

..y by means of ith rows r ) and r; D Let

where sequences

. (1), (D). (1), .1
c! (ro ,ré),ré),rf) ();rl();...>,

-1 -1, (=D, (-1, (-1, (-1
G ):<r(§ );ré );rl( )37’1( );rz( );...;...>,

be tables having duplicated rows of CV and C- 1,

Theorem 9. In €V, the sequence of I-slope diagonal sums
equals { '21/14> l} And in €V, the sequence of 1-slope
diagonal sums is interlocked by two Padovan 3-sequences P =
{p:} and Q = {q;}, where P is the ordinary Padovan sequence
such that ;.4 = p; + Pirz = 2p; + Pisy for all i.

Proof. From GW=(1;1;1;1,1;1,1;1,1;1,2,1;1,2,1;1,2,1;
..y, the sequence of 1-slope diagonal sums is
{1,1,1,1,2,2,2,3,4,4,5,7,8,9,12,15,17,21,27,...,} that cor-

responds to {G, E;/Q;,i}

. Similarly, the sequence of 1-slope

diagonal sums of €“Y=(1;1;1,1;1,1;1,0,1;1,0,1;
1,1,1,1;1,1,1,1;1,0,2,0,1;..., ) is

£} =11,1,1,2,2,1,2,3,3,3,4,4,5,6,7,7,9,10,12,13,16,17,.. .}.

(42)
That satisfies &; + &;,, = &, for some i. Note
1) (=1) (-1) (-1) (-1) e
f_Cko Oy it gyt Gyt i =2k,
f—ck0)+cill)+c£iz+c,§ })3+CI£2)4+CI£;)5+ o, ifi=2k+ L
(43)

Then, §; + &;,, = &, for all i by the Pauli recurrence (1).
And {¢;} is an interlocked Padovan 3-sequence by P = {p,} =
{1,1,2,2,3,4,5,7,9,12,16,...,} of eventh terms and Q =
{a:} =1{1,2,1,3,3,4,6,7,10,13,17,...,} of oddth terms.
Clearly, P is the ordinary Padovan sequence satisfying q;,, =
Pi+ Pivy = 2p; + pyyy for all i,
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0,1,1,0,1,2,1,1,3,3,2,4,6,5,6,10,11, 11, 16, . . .},

(40)

1,1,1,2,2,2,3,4,4,5,7,8,9,12,15,17,21,27, .. .},
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