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Consider a self-mapping T defined on the union of p subsets of a metric space, and T is said to be p cyclic if T(Ai)⊆Ai+1 for
i � 1, . . . , p with Ap+1 � A1. In this article, we introduce the notion of (S) convex structure, and we acquire a best proximity point
for p cyclic contraction in (S) convex metric spaces.

1. Introduction

Let Ai􏼈 􏼉
p

i�1 be nonempty subsets of a metric space (X, d). A
mapping T: ∪pi�1Ai⟶∪

p
i�1Ai is said to be cyclic if

T(Ai)⊆Ai+1 for i � 1, . . . , p with Ap+1 � A1.

In 2003, Kirk et al. [1] proved that if T: ∪pi�1Ai⟶
∪pi�1Ai is cyclic and for some k ∈ (0, 1), d(Tx, Ty)≤
kd(x, y) for all then ∩pi�1Ai ≠∅ and T has a unique fixed
point in ∩pi�1Ai. In the case where ∩pi�1Ai � ∅, Eldred and
Veeramani [2] introduced the existence of the best prox-
imity point for the map T in setting of uniformly convex
Banach spaces.

Theorem 1 (see [2]). Let A and B be nonempty closed and
convex subsets of a uniformly convex Banach space. Suppose
T: A∪B⟶ A∪B is a cyclic contraction map, then there
exists a unique best proximity point x in A (that is, with
‖x − Tx‖ � dist(A, B)). Further, if x0 ∈ A and xn+1 � Txn,
then x2n􏼈 􏼉 converges to the best proximity point.

This result received considerable interest by many au-
thors recently and more results have been obtained, see for
example [3, 4].

In 2009, Al-Thagafi and Shahzad [5] studied conver-
gence and existence results of best proximity points for
φ−contractionmappings, and in 2011, Sadiq Basha [6] stated
some best proximity point results. We can find other results
on best proximity points in [7] by Felhi and Aydi. In [8],
results of the best proximity point for cyclic Meir–Keeler
contraction mappings were found.

In 2017, T. Sabar et al. [9] studied convergence and ex-
istence results of best proximity points for tricyclic contraction.

Theorem 2 (see [10]). Let A, B, and C be nonempty closed,
bounded, and convex subsets of a (S) convex metric space
(X, d, W) which has the (C) property; suppose A, B, and C
are disjoint subsets of [a, b] where a, b ∈ X, let
T: A∪B ∪ C⟶ A ∪ B ∪ C be a tricyclic contraction map.
4en, T has a best proximity point.

In this work, we introduce new results of the best
proximity points for a self-mapping defined on the union of
p nonempty subsets of a (S) convex metric space (X, d, W).

Let Ai􏼈 􏼉
p

i�1 be nonempty subsets of a metric space (X, d),

then we shall adopt the following notations throughout this
paper:
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Dp: X
p⟶ R

+
, x1, x2, . . . , xp􏼐 􏼑⟼Dp x1, x2, . . . , xp􏼐 􏼑 � 􏽘

i<j
d xi, xj􏼐 􏼑 for 1≤ i, j≤p,

δ Π
p

i�1
Ai􏼨 􏼩 � inf Dp x1, x2, . . . , xp􏼐 􏼑: xi ∈ Ai, i � 1, . . . , p􏽮 􏽯,

Δ Π
p

i�1
Ai􏼨 􏼩 � sup Dp x1, x2, . . . , xp􏼐 􏼑: xi ∈ Ai, i � 1, . . . , p􏽮 􏽯,

Δ
x1 ,x2 ,...,xp−1( 􏼁

Ap􏼐 􏼑 � sup Dp x1, x2, . . . , xp􏼐 􏼑: xp ∈ Ap􏽮 􏽯,

(1)

for all xi ∈ Ai, i � 1, . . . , p − 1.

Definition 1. Let Ai􏼈 􏼉
p

i�1 be nonempty subsets of a metric
space (X, d), and a mapping T: ∪Pi�1Ai⟶∪Pi�1Ai is said to
be p cyclic contraction if

(1) T(Ai)⊆Ai+1 for 1≤ i≤p, with Ap+1 � A1

(2) Dp(Tx1, Tx2, . . . , Txp)≤ kDp(x1, x2, . . . , xp) +

  (1 − k)δ Πp
i�1Ai􏽮 􏽯 for some k ∈ (0, 1) and all

  xi ∈ Ai, i � 1, . . . , p

2. Preliminaries

Definition 2. Let Ai􏼈 􏼉
p
i�1 be nonempty subsets of a metric

space (X, d).

T: ∪Pi�1Ai⟶∪Pi�1Ai is a p cyclic contraction; let
x ∈ ∪Pi�1Ai, where x is said to be a best proximity point for T
if

Dp x, Tx, sT
2
x, . . . , T

p− 1
x􏼐 􏼑 � δ Π

p

i�1
Ai􏼨 􏼩. (2)

Definition 3 (see [11]). Let (X, d) be metric space, then a
mapping W: X × X × I⟶ X is to be a convex structure on
X provided that

d(u, W(x, y, λ))≤ λd(u, x) +(1 − λ)d(u, y),

for all u, x, y ∈ X and λ ∈ I ≔ [0, 1].
(3)

Ametric space (X, d) along with a convex structureW is
called a convex metric space and is denoted by (X, d, W),

and we denote by [x, y] the set W(x, y, λ): λ ∈ I􏼈 􏼉. A subset
C of a convex metric space is said to be a convex if [x, y]⊆C
for all x, y ∈ C. *e closed and convex hull of set A will be
denoted by

co(A) ≔ ∩ C: C{ is a closed and convex subset of X that
contains A}.

Definition 4 (see [12]). A normed linear space X is said to
have the property (C) if every bounded decreasing net of
nonempty closed and convex subsets of X has a nonempty
intersection.

For example, a reflexive Banach space has the property
(C), so does every weakly compact convex subset of Banach.

Definition 5. Let x1, x2, . . . , xp−1 be points of a convex
metric space (X, d, W) and r> 0 the closed ball (resp.
opened) of focuses x1, x2, . . . , xp−1,then ray r is defined by

B x1, x2, . . . , xp−1, r􏼐 􏼑

� x ∈ X: Dp x1, x2, . . . , xp−1, x0􏼐 􏼑≤ (resp< )r􏽮 􏽯.
(4)

Remark 1. B(x1, x2, . . . , xp−1, r) is bounded, closed, and
convex.

Definition 6 (see [4]). Let (X, d, W) be a convex metric
space, in which W is said to be a strict convex structure if it
has the property that whenever w ∈ X there is
(x, y, λ) ∈ X × X × I for which

d(u, w)≤ λd(u, x) +(1 − λ)d(u, y), (5)

for all u ∈ X then w � W(x, y, λ). If W is a strict convex
structure on (X, d), the (X, d, W) is called a strictly convex
metric space.

Lemma 1 (see [4]). Let (X, d, W) be a strictly convex metric
space; then, for every (x, y, λ1, λ2) ∈ X2 × I2 we have
W(W(x, y, λ1), y, λ2) � W(x, y, λ1λ2).

Definition 7 (see [4]). Let (X, d, W) be a convex metric
space. W is to be called a (S) convex structure on X provided
that whenever x, y ∈ X such that x � W(a, b, α) and y �

W(a, b, β) where α> β and a, b ∈ X, we have
x � W(a, y, ((α − β)/(1 − β))) and y � W(x, b, (β/α)).

If W is a (S) convex structure on X, then (X, d, W) is
called a (S) convex metric space.

Proposition 1. Let (X, d, W) be a (S) convex metric
space and let x, y ∈ X such that x � W(a, b, α), y �

W(a, b, β), and z � W(a, b, c) where a, b ∈ X and α> β> c,

then d(x, y) � (α − β)d(a, b) and y � W(x, z, ((β − c)/
(α − c))).

Proof. By the (S) property, we have x � W(a, y, ((α − β)/
(1 − β))),
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d(x, y) � d W a, y,
(α − β)

(1 − β)
􏼠 􏼡􏼠 􏼡, y􏼠 􏼡

�
(α − β)

(1 − β)
􏼠 􏼡d(a, y) �

(α − β)

(1 − β)
􏼠 􏼡d(a, W(a, b, β))

� (α − β)d(a, b).

(6)

Since α> c and β> c, then x � W(a, z, ((α − c)/
(1 − c))) and y � W(a, z, ((β − c)/(1 − c))) and put α′ �
((α − c)/(1 − c)) and β′ � ((β − c)/(1 − c)), then we have
y � W(x, z, (β′/α′)) � W(x, z, ((β − c)/(α − c))). □

Now, let (Xi, dXi
, WXi

), i � 1, . . . , p − 1 be convexmetric
spaces, then the mapping

d1: Π
p−1

i�1
Xi × Π

p−1

i�1
Xi⟶ R

+
, (7)

defined by

d1 x1, x2, . . . ., xp−1􏼐 􏼑, y1, y2, . . . , yp−1􏼐 􏼑􏼐 􏼑 � 􏽘

p−1

i�1
dXi

xi, yi( 􏼁,

(8)

is a distance on Πp−1
i�1 Xi.

3. Main Results

Before presenting our results, we give the following lemma.

Lemma 2. 4e mapping

W Π
p−1

i�1
Xi􏼠 􏼡: Π

p−1

i�1
Xi􏼠 􏼡 × Π

p−1

i�1
Xi􏼠 􏼡 × I⟶ Π

p−1

i�1
Xi􏼠 􏼡, (9)

defined by

W Π
p−1

i�1
Xi􏼠 􏼡 x1, x2, . . . , xp−1􏼐 􏼑, y1, y2, . . . , yp−1􏼐 􏼑􏼐 􏼑, λ􏼑

� WX1
x1, y1, λ( 􏼁, WX2

x2, y2, λ( 􏼁, . . . , WXp−1
xp−1, yp−1, λ􏼐 􏼑􏼒 􏼓,

(10)

is a convex structure on the metric space (Πp−1
i�1 Xi, d1).

Proof. Let

u1, u2, . . . , up−1􏼐 􏼑 ∈ Πp−1
i�1 Xi􏼐 􏼑, x1, x2, . . . , xp−1􏼐 􏼑, y1, y2, . . . , yp−1􏼐 􏼑 ∈ Πp−1

i�1 Xi􏼐 􏼑, λ ∈ I, (11)

d1 u1, u2, . . . , up−1􏼐 􏼑, W π
p−1

Xi
i�1

􏼠 􏼡 x1, x2, . . . , xp−1, y1, y2, . . . ., yp−1􏼐 􏼑, λ􏼐 􏼑􏼐 􏼑􏼠 􏼡

� d1 u1, u2, . . . , up−1􏼐 􏼑􏼐 , WX1
x1, y1, λ( 􏼁, WX2

x2, y2, λ( 􏼁, . . . , WXp−1
xp−1, yp−1, λ􏼐 􏼑􏼒 􏼓

� 􏽘

p−1

i�1
dXi

ui, WXi xi, yi, λ( 􏼁( 􏼁≤ 􏽘

p−1

i�1
λdXi

ui, xi( 􏼁 + 􏽘

p−1

i�1
(1 − λ)dXi

ui, yi( 􏼁

≤ λ 􏽘

p−1

i�1
dXi

ui, xi( 􏼁 +(1 − λ) 􏽘

p−1

i�1
dXi

ui, yi( 􏼁

� λd1 u1, u2, . . . , up−1􏼐 , x1, x2, . . . , xp−1􏼐 􏼑

+(1 − λ)d1 u1, u2, . . . , up−1􏼐 , y1, y2, . . . , yp−1􏼐 􏼑.

(12)

Definition 8. A subset E of the convex metric space
(Πp−1

i�1 Xi, d1, W(Πp−1
i�1 Xi)) is a convex if

W Πp−1
i�1 Xi􏼐 􏼑 x1, x2, . . . ., xp−1􏼐 􏼑, y1, y2, . . . ., yp−1􏼐 􏼑, λ􏼐 􏼑 ∈ E,

(13)

for all (x1, x2, . . . ., xp−1), (y1, y2, . . . ., yp−1) ∈ E and λ ∈ I.

We now state our first main result. □

Theorem 3. Let Ai􏼈 􏼉
p

i�1 be nonempty, closed, bounded, and
convex subsets of a (S) convex metric space (X, d, W)

which has the (C) property; suppose Ai􏼈 􏼉
p

i�1 are disjoint

subsets of [a, b] where a, b ∈ X, let a map
T: ∪pi�1Ai⟶∪

p
i�1Ai be p cyclic contraction map. 4en, T

has a best proximity point.

Proof. We denote by 􏽐 the set of all nonempty, bounded,
closed, and convex subset (B1,B2, . . . ,Bp) ⊆ (A1,A2, . . . ,Ap)

such that T is p cyclic on ∪Pi�1Bi. *en, 􏽐 is nonempty and
partially ordered by reverse inclusion, that is,

B1i ≤B2i⟺B2i ⊆ B1i. For i � 1, 2, . . . , p. (14)
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Let (Bij)j∈I i�1,...,p be an increasing chain of 􏽐, and since
X has the property (C), ∩j∈IBij for i�1,...,p are bounded,
closed, and convex. We have

Bij ≤ ∩
j∈I

Bij for i�1,...,p for all j ∈ I. (15)

By Zorn’s lemma, we have a maximal element say
(C1, C2, . . . . . . Cp) ∈ 􏽐 . We have

co T Ci( 􏼁( 􏼁⊆Ci+1, for i � 1, 2, . . . , pwithCp+1 � C1,

(16)

hence, T(co(T(Ci)))⊆T(Ci+1)⊆ co(T(Ci+1)); we have T

which is p cyclic on ∪pi�1(co(T(Ci)), and by the maximality
of (C1, C2, . . . , Cp) we have

Ci+1 � co T Ci( 􏼁( 􏼁, for i � 1, 2, . . . , p. (17)

Now let xi ∈ Ci for i � 1, 2, . . . , p, k ∈ (0, 1):

Dp Tx1, . . . ., Txp􏼐 􏼑≤ kDp x1, . . . , xp􏼐 􏼑 +(1 − k)δ Π
p

i�1
Ai􏼠 􏼡

≤ kΔ C1, . . . , Cp􏼐 􏼑 +(1 − k)δ Π
p

i�1
Ai􏼠 􏼡 � Λ.

(18)

*en, Txp ∈ B(Tx1, . . . , Txp−1,Λ) ∀xp ∈ Cp⇒T(Cp) ⊂
B(Tx1, . . . , Txp−1,Λ). C1 � co(T(Cp)) ⊂ B(Tx1, . . . , Txp−1,

Λ) so Δ(Tx1 ,...,Txp−1)(C1)≤Λ.
Put

B1 � x2, . . . , xp􏼐 􏼑 ∈ Π
p

i�2
Ci􏼠 􏼡: Δ

x2 ,...,xp( 􏼁
C1( 􏼁≤Λ􏼨 􏼩,

Bi � xi+1, . . . ..xp+i−1􏼐 􏼑 ∈ Π
p+i−1

j�i+1
Cj􏼠 􏼡: Δ

xi+1 ,.....xp+i−1( 􏼁
Ci( 􏼁≤Λ􏼨 􏼩,

(19)

for i � 2, . . . , p with Cp+j � Cj for j � 1, . . . , p. Bi is non-
empty, bounded, and closed for i � 1, 2, . . . , p.

Put Ψx1
: Πp

i�2Ci⟶ R+ and let x1 ∈ C1 such that
Ψx1

(x2, . . . ., xp) � Dp(x1, . . . ., xp), then we have

B1 � ∩
x1∈C1

Ψ−1
x1

([0,Λ]). (20)

Let (x2, . . . , xp), (y2, . . . , yp) ∈ B1, x1 ∈ C1 and λ ∈ I.

We have

Dp W x2, y2, λ( 􏼁, W x3, y3, λ( 􏼁, . . . ., W xp, yp, λ􏼐 􏼑, x1􏼐 􏼑

� 􏽘
2≤i<j≤p

d W xi, yi, λ( 􏼁, W xj, yj, λ􏼐 􏼑􏼐 􏼑 + 􏽘

p

i�2
d W xi, yi, λ( 􏼁, x1( 􏼁

≤ 􏽘
2≤i<j≤p

λd xi, W xj, yj, λ􏼐 􏼑 +(1 − λ)􏼐 􏽘
2≤i<j≤p

d yi, W xj, yj, λ􏼐 􏼑􏼐 + λ􏽘

p

i�2
d xi, x1( 􏼁 +(1 − λ)( 􏽘

p

i�2
d yi, x1( 􏼁(

≤ λ􏽘

p

i�2
d xi, x1( 􏼁 +(1 − λ)( 􏽘

p

i�2
d yi, x1( 􏼁 +(

+ λ 􏽘
2≤i<j≤p

λd xi, xj􏼐 􏼑 +(1 − λ)d xi, yj􏼐 􏼑􏼐 ⎞⎠ +(1 − λ) 􏽘
2≤i<j≤p

λd yi, xj􏼐 􏼑 +(1 − λ)d yi, yj􏼐 􏼑􏼐 􏼑

≤ λ􏽘

p

i�2
d xi, x1( 􏼁 +(1 − λ) 􏽘

p

i�2
d yi, x1( 􏼁 + λ2 􏽘

2≤i<j≤p
d xi, xj􏼐 􏼑

+ λ(1 − λ) 􏽘
2≤i<j≤p

d xi, yj􏼐 􏼑 + d yi, xj􏼐 􏼑⎛⎝ ⎞⎠ +(1 − λ)
2

􏽘
2≤i<j≤p

d yi, yj􏼐 􏼑.

(21)

Since xi, yi ∈ [a, b] for i � 1, . . . , p implies there exist
αi, βi ∈ I, such that d(xi, yj) � |αi − βj|d(a, b), d(xi, xj) �

|αi − αj|d(a, b), and d(yi, yj) � |βi − βj|d(a, b).

If αi > βi, αj ∉ ]αi, βi[ and βi ∉ ]αj, βj[ for i≠ j.

Suppose for example α1 < α2 < β1, then we have x2 �

W(y1, x1, ((α2 − α1)/(β1 − α1)))⟹x2 ∈ [y1, x1] since C1
is convex then [y1, x1] ⊆ C1⇒x2 ∈ C1, which is a contra-
diction, C1 ∩C2 � ∅.
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Suppose αi > αj and βi > βj.

We have d(xi, yj) + d(yi, xj) � d(xi, xj) + d(yi, yj).

So

Dp W x2, y2, λ( 􏼁, W x3, y3, λ( 􏼁, . . . , W xp, yp, λ􏼐 􏼑, x1􏼐 􏼑􏼑

≤ λ􏽘

p

i�2
d xi, x1( 􏼁( +(1 − λ) 􏽘

p

i�2
d yi, x1( 􏼁( + λ2 􏽘

2≤i<j≤p
d xi, xj􏼐 􏼑

+ λ(1 − λ) 􏽘
2≤i<j≤p

d xi, yj􏼐 􏼑 + d yi, xj􏼐 􏼑⎛⎝ ⎞⎠ +(1 − λ)
2

􏽘
2≤i<j≤p

d yi, yj􏼐 􏼑

≤ λ 􏽘
1≤i,j≤p

d xi, xj􏼐 􏼑 +(1 − λ) 􏽘

p

i�2
d yi, x1( 􏼁( + 􏽘

2≤i<j≤p
d yi, yj􏼐 􏼑⎛⎝ ⎞⎠

� λDp x1, x2, . . . , xp􏼐 􏼑 +(1 − λ)Dp x1, y2, . . . , yp􏼐 􏼑≤Λ.

(22)

*at means

W x2, y2, λ( 􏼁, W x3, y3, λ( 􏼁, . . . W xp, yp, λ􏼐 􏼑􏼐 􏼑

� W Πp
i�2Ci􏼐 􏼑 x2, x3, . . . , xp􏼐 􏼑, y2, y3, . . . yp􏼐 􏼑, λ􏼐 􏼑 ∈ B1,

(23)

for all (x2, x3, . . . , xp), (y2, y3, . . . , yp) ∈ B1 and λ ∈ I.

Define

􏽥T: ∪pi�1 Π
p+i−2

j�i
Aj􏼠 􏼡⟶∪pi�1 Π

p+i−2

j�i
Aj􏼠 􏼡, (24)

by

􏽥T x1, x2, . . . , xp−1􏼐 􏼑 � Tx1
, Tx2

, . . . , Txp−1
􏼒 􏼓. (25)

We have 􏽥T which is pcyclic:

􏽥T Π
p−1

i�1
Ai􏼠 􏼡 ⊆ Π

p

i�2
Ai􏼠 􏼡, 􏽥T Π

p

i�2
Ai􏼠 􏼡

⊆ Π
p

i�3
Ai × A1􏼠 􏼡, . . . , 􏽥T AP × Π

p−2

i�1
Ai􏼠 􏼡⊆ Π

p−1

i�1
Ai􏼠 􏼡.

(26)

Let

x1, x2, . . . , xp−1􏼐 􏼑 ∈ Π
p−1

i�1
Ci􏼠 􏼡, 􏽥T x1, x2, . . . , xp−1􏼐 􏼑

� Tx1
, Tx2

. . . , Txp−1
􏼒 􏼓 ∈ Πp

i�2Ci􏼐 􏼑.

(27)

We have

Δ Tx1
, Tx2

, . . . , Txp−1
􏼒 􏼓 C1( 􏼁

≤Λ⇒􏽥T x1, x2, . . . , xp−1􏼐 􏼑 ∈ B1⇒􏽥T Π
p−1

i�1
Ci􏼠 􏼡⊆B1.

(28)

So 􏽥T is p cyclic on ∪Pi�1Bi. ((Πp−1
i�1 Ci), (Πp

i�2Ci), . . . ,(CP ×

Πp−2
i�1 Ci)) is maximal in 􏽥􏽐 where

􏽦
􏽘 �

Π
p−1

i�1
Mi􏼠 􏼡, Π

p

i�2
Mi􏼠 􏼡, . . . ., MP × Π

p−2

i�1
Mi􏼠 􏼡⊆ Π

p−1

i�1
Ai􏼠 􏼡, Π

p

i�2
Ai􏼠 􏼡, . . . ., AP × Π

p−2

i�1
Ai􏼠 􏼡:

Π
p−1

i�1
Mi􏼠 􏼡, Π

p

i�2
Mi􏼠 􏼡, . . . ., MP × Π

p−2

i�1
Mi􏼠 􏼡 are nonempty, closed, bounded, and convex

with 􏽥T isp cyclic on π
p−1

Mi
i�1

􏼠 􏼡∪ π
p
Mi
i�2

􏼠 􏼡∪ . . . ∪ MP × π
p−2

Mi
i�1

􏼠 􏼡

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

, (29)
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􏽥􏽐 is partially ordered by M1i
􏽥≤M2i⇔M2i⊆M1i. For

i � 1, . . . , p. Let (Mij)j∈I i�1,.....,p be an increasing chain of 􏽥􏽐 ,

and since X has a the (C) property, ∩j∈IMij for i�1,...,p are
bounded, closed, and convex subsets. We have

Mij
􏽥≤ ∩

j∈I
Mijfori�1,...,p forall j ∈ I. (30)

So

B1 � C2, . . . , Cp􏼐 􏼑,

Bi � Ci+1, . . . , Cp+i−1􏼐 􏼑 for i � 2, . . . , p.
(31)

Inductively,

Δ
x1 ,x2 ,...xp−1( 􏼁

Cp􏼐 􏼑≤Λ,∀ x1, x2, . . . , xp−1􏼐 􏼑 ∈ Π
i�1

p−1
Ci􏼠 􏼡.

(32)

So, we have

Δ
x1 ,x2 ,...,xp−1( 􏼁

Cp􏼐 􏼑 − kΔ Π
p

i�1
Ci􏼠 􏼡􏼠 􏼡≤ (1 − k)σ Π

p

i�1
Ai􏼠 􏼡􏼠 􏼡,

∀ x1, x2, . . . , xp−1􏼐 􏼑 ∈ Π
p−1

i�1
Ci􏼠 􏼡

⇒(1 − k)Δ Π
p

i�1
Ci􏼠 􏼡􏼠 􏼡≤ (1 − k)σ Π

p

i�1
Ai􏼠 􏼡.

(33)

So

Δ Π
p

i�1
Ci􏼠 􏼡≤ σ Π

p

i�1
Ai􏼠 􏼡. (34)

Now let (r1, r2, . . . , rp) ∈ (Πp

i�1Ci), then we have

σ Π
p

i�1
Ai􏼠 􏼡≤Dp r1, Tr1, T

2
r1, . . . , T

p− 1
r1􏼐 􏼑, Dp T

p− 1
r2, r2, Tr2, T

2
r2, . . . , T

p− 2
r2􏼐 􏼑, . . . , Dp Trp, T

2
rp, . . . , T

p− 1
rp, rp􏼐 􏼑

≤Δ Π
p

i�1
Ci􏼠 􏼡≤ σ Π

p

i�1
Ai􏼠 􏼡, thenΔ Π

p

i�1
Ci􏼠 􏼡 � σ Π

p

i�1
Ai􏼠 􏼡,

(35)

which finishes the proof of the theorem.
Now, we give some examples for p � 4. □

Example 1. Let X be R2 normed by the norm ‖(x, y)‖ �

|x| + |y|, and let A � [1, 2] × 0{ }, B � 0{ } × [−2, −1],

C � [−2, −1] × 0{ }, and D � 0{ } × [1, 2], then

σ(A, B, C, D) � D4((1, 0), (0, −1), (−1, 0), (0, 1)) � 12. We
define W: X × X × I⟶ X by W(x, y, λ) � λx + (1 − λ)y

for all x, y ∈ X, λ ∈ I, then (X, d, W) is a complete convex
metric space. W is a (S) convex structure on X. Let
a, b ∈ X, x � W(a, b, α), and y � W(a, b, β) with α> β. We
have
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W a, y,
α − β
1 − β

􏼠 􏼡 �
α − β
1 − β

a + 1 −
α − β
1 − β

􏼠 􏼡y �
α − β
1 − β

a +
1 − α
1 − β

􏼠 􏼡y

�
α − β
1 − β

a +
1 − α
1 − β

􏼠 􏼡W(a, b, β)

�
α − β
1 − β

a +
1 − α
1 − β

􏼠 􏼡(βa +(1 − β)b) �
1

1 − β
(α(1 − β))a +(1 − α)b � αa +(1 − α)b � x,

W x, b,
β
α

􏼠 􏼡 �
β
α

x + 1 −
β
α

􏼠 􏼡b �
β
α

W(a, b, α) + 1 −
β
α

􏼠 􏼡b

�
β
α

(αa +(1 − α)b) + 1 −
β
α

􏼠 􏼡b � βa +
β
α

((1 − α)b) + 1 −
β
α

􏼠 􏼡b

� βa +(1 − β)b � y.

(36)

Put

T: A ∪ B ∪ C ∪ D⟶ A ∪ B ∪ C ∪ D, (37)

such that

T(x, 0) � 0, −
x + 1
2

􏼒 􏼓 if x ∈ [1, 2],

T(0, y) �
y − 1
2

, 0􏼒 􏼓 if y ∈ [−2, −1],

T(z, 0) � 0,
1 − z

2
􏼒 􏼓 if z ∈ [−2, −1],

T(0, t) �
t + 1
2

, 0􏼒 􏼓 if t ∈ [1, 2].

(38)

We have

T(A) ⊆ B, T(B ) ⊆ C, T(C) ⊆ D, T(D) ⊆ A, (39)

D4(T(x, 0), T(0, y), T(z, 0), T(0, t)) �
x + 1
2

+
1 − y

2
􏼒 􏼓 +

x + 1
2

+
1 − z

2
􏼒 􏼓

+
x + 1
2

+
t + 1
2

􏼒 􏼓 +
1 − z

2
+
1 − y

2
􏼒 􏼓 +

t + 1
2

+
1 − y

2
􏼒 􏼓 +

t + 1
2

+
1 − z

2
􏼒 􏼓

�
1
2

(x − y) +(x − z) +(x + t) +(−y − z) +(t − y) +(t − z) + 6

�
1
2
D4((x, 0), (0, y), (z, 0), (0, t)) + 6

�
1
2
D4((x, 0), (0, y), (z, 0), (0, t)) + 1 −

1
2

􏼒 􏼓σ(A, B, C, D).

(40)

So T is a quadricyclic contraction. *en, T has (1, 0) a
best proximity point, since

D4 (1, 0), T(1, 0), T
2
(1, 0), T

3
(1, 0)􏼐 􏼑

� D4((1, 0), (0, −1), (−1, 0), (0, 1)) � 12 � σ(A, B, C, D).

(41)

□

Example 2. Let k ∈ (0, 1), and let A, B, C, and D the four
subsets of lp, 1≤p≤∞, defined by

A � 1 + k
4n

􏼐 􏼑e4n, n ∈ N􏽮 􏽯,

B � 1 + k
4m− 3

􏼐 􏼑e4m−3, m ∈ N􏽮 􏽯,

C � 1 + k
4s− 2

􏼐 􏼑e4s−2, s ∈ N􏽮 􏽯,

D � 1 + k
4t− 1

􏼐 􏼑e4t−1, t ∈ N􏽮 􏽯. (42)

Put

T: A∪B∪C∪D⟶ A∪B∪C∪D, (43)

such that T(1 + kp)ep � (1 + kp+1)ep+1 for all p ∈ N.

We have T(A) ⊂ B, T(B) ⊂ C, T(C) ⊂ D, and
T(D) ⊂ A.
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Since k ∈ (0, 1), lim
n⟶∞

((1 + k4n− i)p + (1 + k4n− j)p)1/p �

21/p for i, j � 1, 2, 3.

So σ(A, B, C, D) � 6.21/p.

D4 T 1 + k
4n

􏼐 􏼑, T 1 + k
4m− 3

􏼐 􏼑, T 1 + k
4s− 2

􏼐 􏼑, T 1 + k
4t− 1

􏼐 􏼑􏼐 􏼑

� D4 1 + k
4n+1

􏼐 􏼑, 1 + k
4m− 2

􏼐 􏼑, 1 + k
4s− 1

􏼐 􏼑, 1 + k
4t

􏼐 􏼑􏼐 􏼑

� 1 + k
4n+1

􏼐 􏼑
p

+ 1 + k
4m− 2

􏼐 􏼑
p

􏼐 􏼑
1/p

+ 1 + k
4n+1

􏼐 􏼑
p

+ 1 + k
4s− 1

􏼐 􏼑
p

􏼐 􏼑
1/p

+ 1 + k
4n+1

􏼐 􏼑
p

+ 1 + k
4t

􏼐 􏼑
p

􏼐 􏼑
1/p

+ 1 + k
4m− 2

􏼐 􏼑
p

+ 1 + k
4s− 1

􏼐 􏼑
p

􏼐 􏼑
1/p

+ 1 + k
4m− 2

􏼐 􏼑
p

+ 1 + k
4t

􏼐 􏼑
p

􏼐 􏼑
1/p

+ 1 + k
4s− 1

􏼐 􏼑
p

+ 1 + k
4t

􏼐 􏼑
p

􏼐 􏼑
1/p

� k 1 + k
4n

􏼐 􏼑 +(1 − k)􏼐 􏼑
p

+ k 1 + k
4m− 3

􏼐 􏼑 +(1 − k)􏼐 􏼑
p

􏼐 􏼑
1/p

+ k 1 + k
4n

􏼐 􏼑 +(1 − k)􏼐 􏼑
p

+ k 1 + k
4s− 2

􏼐 􏼑 +(1 − k)􏼐 􏼑
p

􏼐 􏼑
1/p

+ k 1 + k
4n

􏼐 􏼑 +(1 − k)􏼐 􏼑
p

+ k 1 + k
4t− 1

􏼐 􏼑 +(1 − k)􏼐 􏼑
p

􏼐 􏼑
1/p

+ k 1 + k
4m− 3

􏼐 􏼑 +(1 − k)􏼐 􏼑
p

+ k 1 + k
4s− 2

􏼐 􏼑 +(1 − k)􏼐 􏼑
p

􏼐 􏼑
1/p

+ k 1 + k
4m− 3

􏼐 􏼑 +(1 − k)􏼐 􏼑
p

+ k 1 + k
4t− 1

􏼐 􏼑 +(1 − k)􏼐 􏼑
p

􏼐 􏼑
1/p

+ k 1 + k
4s− 2

􏼐 􏼑 +(1 − k)􏼐 􏼑
p

+ k 1 + k
4t− 1

􏼐 􏼑 +(1 − k)􏼐 􏼑
p

􏼐 􏼑
1/p

≤ k 1 + k
4n

􏼐 􏼑􏼐 􏼑
p

+ k 1 + k
4m− 3

􏼐 􏼑􏼐 􏼑
p

􏼐 􏼑
1/p

+ 2(1 − k)
p

( 􏼁
1/p

+ k 1 + k
4n

􏼐 􏼑􏼐 􏼑
p

+ k 1 + k
4s− 2

􏼐 􏼑􏼐 􏼑
p

􏼐 􏼑
1/p

+ 2(1 − k)
p

( 􏼁
1/p

k 1 + k
4n

􏼐 􏼑􏼐 􏼑
p

+ k 1 + k
4t− 1

􏼐 􏼑􏼐 􏼑
p

􏼐 􏼑
1/p

+ 2(1 − k)
p

( 􏼁
1/p

+ k 1 + k
4m− 3

􏼐 􏼑􏼐 􏼑
p

+ k 1 + k
4s− 2

􏼐 􏼑􏼐 􏼑
p

􏼐 􏼑
1/p

+ 2(1 − k)
p

( 􏼁
1/p

+ k 1 + k
4m− 3

􏼐 􏼑􏼐 􏼑
p

+ k 1 + k
4t− 1

􏼐 􏼑􏼐 􏼑
p

􏼐 􏼑
1/p

+ 2(1 − k)
p

( 􏼁
1/p

+ k 1 + k
4s− 2

􏼐 􏼑􏼐 􏼑
p

+ k 1 + k
4t− 1

􏼐 􏼑􏼐 􏼑
p

􏼐 􏼑
1/p

+ 2(1 − k)
p

( 􏼁
1/p

≤ k 1 + k
4n

􏼐 􏼑􏼐 􏼑
p

+ k 1 + k
4m− 3

􏼐 􏼑􏼐 􏼑
p

􏼐 􏼑
1/p

+ k 1 + k
4n

􏼐 􏼑􏼐 􏼑
p

+ k 1 + k
4s− 2

􏼐 􏼑􏼐 􏼑
p

􏼐 􏼑
1/p

k 1 + k
4n

􏼐 􏼑􏼐 􏼑
p

+ k 1 + k
4t− 1

􏼐 􏼑􏼐 􏼑
p

􏼐 􏼑
1/p

+ k 1 + k
4m− 3

􏼐 􏼑􏼐 􏼑
p

+ k 1 + k
4ns− 2

􏼐 􏼑􏼐 􏼑
p

􏼐 􏼑
1/p

+ k 1 + k
4m− 3

􏼐 􏼑􏼐 􏼑
p

+ k 1 + k
4t− 1

􏼐 􏼑􏼐 􏼑
p

􏼐 􏼑
1/p

+ k 1 + k
4s− 2

􏼐 􏼑􏼐 􏼑
p

+ k 1 + k
4t− 1

􏼐 􏼑􏼐 􏼑
p

􏼐 􏼑
1/p

+ 6.21/p(1 − k)

� kD4 1 + k
4n

􏼐 􏼑, 1 + k
4m− 3

􏼐 􏼑, 1 + k
4s− 2

􏼐 􏼑, 1 + k
4t− 1

􏼐 􏼑􏼐 􏼑 +(1 − k)σ(A, B, C, D).

(44)
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T is a quadricyclic contraction.
Put W: lp × lp × I⟶ lp such that W(x, y, λ) �

((λx + (1 − λ)y)/‖λx + (1 − λ)y‖).

Let

u ∈ lp, x, y ∈ lp, d(u, W(x, y, λ)) � d(u, ((λx +(1 − λ)y)/(‖λx +(1 − λ)y‖)))

�
1

‖λx +(1 − λ)y‖
d(u, λx +(1 − λ)y)

�
1

‖λx +(1 − λ)y‖
􏽘 ui + λxi +(1 − λ)yi

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
p

􏼐 􏼑
1/p

�
1

‖λx +(1 − λ)y‖
􏽘 λui +(1 − λ)ui + λxi +(1 − λ)yi

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
p

􏼐 􏼑
1/p

�
1

‖λx +(1 − λ)y‖
􏽘 λ ui + xi( 􏼁 +(1 − λ) ui + yi( 􏼁

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
p

􏼐 􏼑
1/p

≤
1

‖λx +(1 − λ)y‖
λp

􏽘 ui + xi(
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
p

+(1 − λ)
p

􏽘 ui + yi

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
p

􏼐 􏼑
1/p

≤
1

‖λx +(1 − λ)y‖
λ 􏽘 ui + xi

􏼌􏼌􏼌􏼌
p

􏼐 􏼑
1/p

􏼌􏼌􏼌􏼌􏼌􏼌 +(1 − λ) 􏽘 ui + yi

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
p

􏼒 􏼓
1/p

≤ λ d(u, x) +(1 − λ)d(u, y).

(45)

*en, (lp, d, W) is a complete convex metric space for all
1≤p≤∞.

For p � 2, let a � (1, 0, 0, 0, . . .) ∈ lp, b �

(0, 1, 0, 0, . . .) ∈ lp,

x � W a, b,
1
2

􏼒 􏼓 �
1
�
2

√ ,
1
�
2

√ , 0, 0, 0, . . .􏼠 􏼡,

y � W a, b,
1
4

􏼒 􏼓 �
1
��
10

√ ,
3
��
10

√ , 0, 0, 0, . . .􏼠 􏼡.

(46)

We have
W(a, y, (1/3)) � ((1/3) +(2/(3

��
10

√
)), (2/

��
10

√
), 0, 0, . . .)≠x,

W(x, b, (1/2)) � ((1/(2
�
2

√
)), (1/(2

�
2

√
)) +(1/2), 0, 0, 0, . . .)≠y.

(47)

W is not a (S) convex structure on X. *en, T has not a
best proximity point.
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