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We discuss Fisher’s fixed point theorem for mappings defined on a generalized metric space endowed with a graph. This work
should be seen as a generalization of the classical Fisher fixed point theorem. It extends some recent works on the enlargement of
Banach Contraction Principle to generalized metric spaces with graph. An example is given to illustrate our result.

1. Introduction and Preliminaries

Currently, fixed point theory is a very active area of research
because of its applications in multiple fields. It concerns the
results which indicate that, under certain conditions, self-
mapping on a set admits a fixed point. Among all the results
in metric fixed point theory, the Banach Contraction
Principle [1] is the most celebrated one due to its simplicity
and ease of application in major areas of mathematics.
Subsequently, many authors extend and generalize this
principle in different directions. In 1981, Fisher [2] proved
the following related fixed-point theorem involving two
mappings on two complete metric spaces as follows.

Theorem 1. Let (X, d) and (Y, ) be complete metric spaces.
If T'is a mapping from X into Y and S is a mapping from Y into
X, satisfying the following conditions,

8(Tx,TSy) <cmax{d(x,Sy),0(y,Tx),8(y, TSy)},
1 d(Sy,STx) <cmax{d(y, Tx),d(x,Sy),d (x,STx)},
(1)
forall x in X and y in Y where 0 < c < 1, then ST has a unique

fixed point z in X and TS has a unique fixed point w in Y.
Furthermore, Tz = w and Sw = z.

In 2017, Chaira et al. [3] extend the Fisher theorem in the
setting of partially ordered generalized metric spaces.

The concept of standard metric space is a fundamental
tool in topology, functional analysis, and nonlinear
analysis. In recent years, several generalizations of stan-
dard metric space have appeared. In 1993, Czerwik [4]
introduced the concept of a b-metric space. Since then,
several works have dealt with fixed point theory in such
spaces. In 2000, Hitzler and Seda [5] introduced the
notion of dislocated metric spaces in which self-distance
of a point need not be equal to zero. Such spaces play a
very important role in topology and logical programming
(see [6]). In this work, we present a new generalized
metric space introduced by Jleli and Samet in [7] and that
recovers a large class of topological spaces including
standard metric spaces, b-metric spaces, dislocated metric
spaces, and modular spaces with the Fatou property. Also,
several interesting results about the existence and the
uniqueness of the fixed point were proved in the setting of
this generalized metric space (see [3, 7-13]).

An interesting approach in the theory of the fixed point
in some general structures was recently given by Jachymski
[14] in the setting of metric spaces endowed with a graph and
Samet and Turinici [15] in the setting of metric spaces
endowed with an arbitrary binary relation.
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In this work, inspired by the ideas given in [14-18], we
investigate Fisher fixed-point theorem in generalized metric
spaces with a graph. As corollary, we obtain Fisher fixed-point
theorem in the setting of standard metric spaces endowed with
a graph. An example is provided to illustrate our result.

In the following, we describe the mathematical background
materials which are necessary for establishing the results in this
paper. A directed graph or digraph G is determined by a
nonempty set V (G) of its vertices and the set E(G) ¢ V (G) x
V (G) of its arcs. Let A denote the diagonal of the Cartesian
product V (G) x V(G). A digraph is said to be reflexive if the
set E(G) of its arcs contains all loops, i.e., A C E(G). G is said
to be transitive whenever for any x, y,z € V(G):

[(x,y) € E(G)and (y,z) € E(G)] implies (x,z) € E(G).
(2)

We say that a vertex x in V (G) is isolated if for any vertex
yin V (G) such that x # y, and we have neither (x, y) € E(G)
nor (y,x) € E(G).

By G~ ! we denote the converse of a digraph G, that is, the
digraph obtained from G by reversing the direction of arcs.
Thus, we have

E(Gil) ={(x,») e V(G)xV(G): (y,x) € E(G)}. (3)

Also, G denotes the undirected graph obtained from G
by ignoring direction of the edges. Thus, we have

E(G)=E(G)UE(G"). (4)

Given a digraph G = (V, E), a (di)path of G is a sequence
(ag,ay,...,a,) with (a;,a,,,) € E(G), for each i ¢ N. A fi-
nite path (ay,a,,...,a,)is said to have length n, forn e N. A
closed directed path of length #n> 1 from x to y, i.e., x = y, is
called a directed cycle. An acyclic digraph is a digraph that
has no directed cycle. A digraph is connected if there is a
finite (di)path joining any two of its vertices and it is weakly
connected if G is connected.

If G is such that E(G) is symmetric and x is a vertex in G,
then the subgraph G, consisting of all edges and vertices,
which are contained in some path beginning at x, is called
the component of G containing x. In this case,
V(G,) = [x]g, where [x]g; is the equivalence class of the
following relation R defined on V' (G) by the rule yRz if there
is a path in G from y to z. Clearly, G, is connected. We say
that two vertices x and y in V (G) are connected if y € [x];
or x € [yl

The basic concepts related to a graph may be found in
any textbook on graph theory, see for example [19, 20].

Definition 1. A sequence {x,} in V(G) is said to be
(i) G-increasing, if x,,,, € [x,]g for all n € N;
(ii) G-decreasing, if x,, € [x,,,]g for all n € N;
it it is

(iii) G-monotone, either

G-decreasing

G-increasing or

Let X be a nonempty setand 2: X x X — [0, +00] be a
given mapping. For every x € X, let us define the set

€(2,X,x) ={{x,} c X: lim,_, D (x,,x) = 0}. The
mapping 9 is called a generalized metric on X if it satisfies
the following conditions [7]:

(2)) forevery (x,y) e Xx X, D(x,y)=0=x = y.
(9,) for every (x,y) € Xx X, D(x,y) =D (y,x).

(2,) there exists C >0 such that if (x, y) € X x X and
{x,} € (2, X, x), then

D (x,y) <Clim sup D (x,,, y). (5)

n—~o0

In this case, we say that the pair (X, 9D) is a generalized
metric space. Obviously, if the set € (2, X, x) is empty for
every x € X, then (X, D) is a generalized metric space if and
only if (2,) and (2,)are satisfied. A sequence {x,} in a
generalized metric space (X, D) is said to be P-convergent
to xeX if {x,} €€(2,X,x). Note that if the set
€ (2, X, x) is not empty for some x € X, then D (x, x) = 0.
A sequence {x,} is said to be a @-Cauchy sequence if
lim,,, < (x,,x,,) = 0. Note that in a generalized metric
space, a sequence has at most one limit and a &-convergent
sequence may not be Z-Cauchy sequence (see [16]).
Moreover, (X,9) is said to be D-complete if every
2-Cauchy sequence in X is P-convergent to some element
in X.

Definition 2. We say that (X, 9,G) is G-regular if any G-
increasing sequence (resp. G-decreasing sequence) {x,}
which @-converges to some x € V(G), we have x € [x,]g
(resp. x,, € [x]g), for any n € N.

2. Main Results

Let (X, 92) and (Y, A) be two generalized metric spaces such
that X is endowed with a digraph G. Consider a nonde-
creasing function «a: [0,+00) — [0,1) such that
lim sup,__,y-a(t) <inf{l, (1/C)} with C as the positive real
appeared in the condition (9;) in the definition of the
generalized metric 9.

Let T: X — Y and S: Y — X be two mappings and
denote, for any x, € X,

0(S, T, x0, D, A) = sup{@( (ST)ixO, (ST)ij),
A(T (ST) x0, T (STY x,): iy j € N}.
(6)

Theorem 2. Let T: X — Y and S: Y — X be two map-
pings satisfying the following conditions:
(1) Let
{ D (Sy,STx) < a(A(y, Tx))max{D (x,Sy), A(y, Tx), D (x,STx)},
A(Tx, TSy) <a (D (x,Sy))max{D (x,Sy), A(y, Tx), Ay, TSy)},

(7)

for any x in X and y in Y such that x and Sy are
connected.
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(2) (X,9,G) is D-complete and G-regular. Consider the two sequences {x,} ¢ X and {y,} cY
(3) There exists an element x,€ X such that defined by
8(S, T, x9, D,A) <00 and (ST)*'x, € [(ST) x,)c
for all i € N. X, = STx,,
Then, the sequence { (ST)"x,}Z-converges to some x* in Yn =Ty )
X. If D (x*,STx") <00, then there exists y* €Y such that for alln € N.

y* =Tx* and Sy* = x*; then, STx* = x* and TSy* = y*.

Moreover, 2 (x*, x") = 0 and A(y*, y*) = 0. In (7), by taking x = x, and y = y,, where pand g in N,

we obtain
Proof.  Step 1. Suppose that there exists an element x, € X

such that §(S, T, x4, 2, A) < 0o and

(ST)"'xy € [(ST)'xy]» forallieN. (8)

Q(Syq,STxp) sa(A(yq,Txp))max{Q(xp,Syq),A(yq,Txp),g(xp,STxp)}, (10)
A(Txp’ TSyq) < oc(@(xp,Syq)) max{@(xP,Syq), A(yq’ Txp)’ A(yq’ TSyq)}’
since x,, and Sy, = Xg.1 are connected.
Thus,
9(xq+1’xp+l) = “(A(yq’yp))max{g(xp’xqﬂ)’A(yq’yp)’@(xp’xpﬂ)}’
(11)
A(yp’ yq+1) = “(9("?’ xq+1))max{9(xp, xq+1)’ A(yq’ yp)’ A(yq’ yq+1)}'
In (11), by taking p = g = n, we obtain
(3 ) S8 (D ) A ) )
A (yn’ yn+1) s (9 (xn’ xn+1))max{@ (xn’ xn+1)’ A (yn’ yn)}’
and by taking p — 1 = g = n, we obtain
{ 2 (xn+1’ xn+2) < ‘X(A (yn’ yn+l))rnax{9 (xn+1’ xn+1)’ A (yn’ yn+1)}’ (13)
A (yn+1’ yn+1) sa (9 ('xnﬂ’ xn+1))max{@ (an) xn+1)’ A (yn’ yn+1)}'
For any » in N, let It follows from inequalities (12) and (13) that
4y = D (x,0%,), iy < (s, )max{d s,
d, =D (x,, , s <a(d,)max{d,,s,},
= D (55,01 ” Saldmas(ds) -
Sn = A(yn’ yn)’ dn+1 SOC(Sn)rnax{dnﬂ’Sn}’

5:1 = A(yn’ yn+1)' Sn+1 < a(dn+l)max{dn+1’5:1}'
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Now for any # in N, let k, = max{a(d,), a(s,)} and
t, = max{a(d,,,), a(s,)}. System (15) becomes

dn+1
s <k,a

n-n’
d,

<k,a,

<t b, (16)

n+l1

<tb

Snt1 S

where a, = max{d,,s,} and b, =max{d,,s,}.
Consequently,

{max{d,ﬁl,s W <k,a, (17)

<t,b,

maX{dVHl’ n+1}

That is, b, <k,a, and a,,, <t,b,, and so a,,, <k,a,

Let {6,} be the sequence defined by
8,=0(S, T, (ST)"xy, D,A), for any n € N. Since the

D((STY"'x0, (STY" )

@(xnﬂ», xn+j)

a
(

IN

IN

(21

Forany nin N, x = x,,,; and Sy = x,,,; are connected

and by using the second inequality in (7), we have

A(T (ST)"™" x4, T(ST)" ) = A(Ypais Vi)

function a is nondecreasing, d,, < §, and s,, < &, for any

nenN,
k,<a(d,)andsoa,,, <a(d))a, foranyneN,

(18)

which implies that the sequences {a,} and {b,} con-
verge to 0. This yields

lim P (x,,x,) = lim D(x, x,,)

= lim A(y,,y,) = lim A(y, ¥,,1) =0.
(19)

Step 2. Let us show that {x,} is a @-Cauchy sequence.
Let us fix i and j in N.

Foranyn e N, x = x,_,,; and Sy = x,,; are connected
and by using the first inequality in (7), we have

A(yrﬁ-i—l’ yn+j—l))ma)({ g%(xrwj—l’ xn+i)’ A(yn+i—1> yn+j—1)9(xn+j—1’ xn+j) }’ (20)
A(ynﬂ'—l’ yn+j—1))6n—l'

S(X(@( n+1’xn+])) a‘x{g(xn+i>xn+j)’A(yn+i>yn—1+j)A(yn—l+j>yn+j) }’ (21)
“(9( n+1’xn+])) n-1+
Thus, §,<a,0,,, where a,=sup{a(D(x,,; Thus, lim,,,, D (x,,x,,,,) = 0, and hence, {x,} is a

xn+j))’ « (A (yn+1—1’ yn+;—1)) : i’j € N}'

Since the function « is nondecreasing and

9 (xn+i’ xn+j) = 80’ A(yn+i—l’ yn+j—1) < 80, for any i,

jeN, we get o, <a(dy). Thus,
<a(8y)d,_;, and then 8, < («(5,))"8,, foralln € N.

which implies that the sequence {9, } is convergent to 0.

Furthermore, for all n,m € N, we have

D (x,,x D ((ST)"xy, (ST)"™x4) <8, (22)

n+m )

2-Cauchy sequence. Since X is D-complete, there
exists x* € X such that lim,, .9 (x,,x*) = 0.
Step 3. Let y* = Tx*. Since {x,} is a G-increasing se-
quence and (X, 2, G) is G-regular, x* € [x,]s, for any
n € N. Thus, x* and Sy,_, = x,, are connected.

In (7), by taking x = x* and y = y,_;, we obtain
A(Tx" TSy,) Sa(D(x7, Sy ))max{D (7, Sy,1),
A (yn—l’ Tx )’ A (yn—l’ Tsyn—l)}'
(23)
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As limsup,_ g a(t) <1, there exists k€ [0,1) and
N eN such that for all n>N, we have
a(D(x*,Sy,_1)) <k. Thus,

A" y,) <kmax{D (x",%,), AVt ) A(Yer va)) (24)

Since lim,_, D (x,,x*) =lim, Ay, ;> ¥,) =0,
we get limsup, , A(y*, y,) <klimsup,
A(y*,y,;) and so limsup,_ . A(y*,y,) =0.

As limsup,_,,-a(t) <inf{l, (1/C)}, there exists
k' € [0,inf{1, (1/C)}) and N' € N such that for all
n>N', we have a(A(y,,,y*))<k'. Since
lim, 9 (x,,x*)=0,

P2 (x*,Sy") <Climsup D (x,,Sy")

n—=~oo

= Climsup 2 (Sy,_;,STx")

n—00

<Climsupa(A(y,_,y"))max{D (x,, x"),

—

A1 y"), D (x7,Sy")}
<CK'D(x",Sy").
(25)

{ D(x',x") =D (Sy',STx") <a(A (Y, Tx"))max{D (x',Sy"), A(y', Tx"), D (x',STx")},
A(y',y")=A(Tx', TSy ) <a (D (x',Sy"))max{D (x',Sy"), A(y', Tx"), A(y', TSy")}.

That is,
{ D (x",x" ) <a(A(Y, ¥ )AL, Y
ALy )<a(D(x,x")D (', x").

Therefore, we have

{ D (Sy*,STx")<a(A(y*, Tx"))max{D (x', Sy*), A(y*, Tx"), D (x',STx")},

We conclude that @ (x*, Sy*) = 0, since Ck' < 1. Then,
x* =8y*, and so STx" = x* and TSy* = y~.
Since {x,} € €(2,X,x*) and {y,} € €(2,Y, y*),

D(x",x") =0,

T (26)
A(y"y")=0.

O

Remark 1. In Theorem 2, we can replace the condition
(ST)"'xy € [(ST)'x,lc by (ST) x4 € [(ST)*'x,]g, for any i
in N.

For the uniqueness of the pair (x*, y*), we establish the
following.

Proposition 1. Suppose that there exists another pair
(x',y'), satisfying Tx' = y' and Sy’ = x'.

IfD(x',x")<ooand A(y', y') <o, then D (x',x") = 0
and A(y',y") = 0. Moreover, if x* and x' are connected,
D (x*,x') <00 and A(y*, y") <o then (x',y") = (x*, y*).

Proof. By taking x = x" and y = y' in (7), we have

(27)

(29)

{ (1-a(A(,y) a(@ (', 5)) D (x',x') 0,
(1-a(A(, ) a(@ (%) Ay y') <0

Then, @ (x',x') =0 and A(y', y') = 0.
Since Sy* and x' are connected, by taking x = x' and

y = y* in (7), we obtain

(30)

A(Tx', TSy*) <a (D (x',Sy*))max{D (x', Sy*), A(y*, Tx"), A(y*, TSy*)}.

That is,
{ 9 (x",x') < (B (", ymax(@ (¥, x ), A (v, ¥ )

Ay ) =a(P(x x7))ma{D (x, ), A(y*, y')}-
(31)

Hence,

{ D (x*,x" ) <a(A(y y) Ay ¥,

! ! ! (32)
Ay, y* )<a(D(x',x*)) D (x', x*).
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Therefore, we have 2 (x',x*) =0 and A(y*,y') =0,
which implies that (x',y") = (x*, y*).

Let a: [0,+00) — [0,1) such that a(t) = (2v/2/3).
Consider the two mappings 2: X x X — [0;00] and
A: Y xY — [0; 00o] defined as follows:

Example 1. Let X = [1,3] and Y = [1,2] and two mappings D (a,b) = ‘l _ 1‘,
T: X — Y and S: Y — X be defined as follows: b (30
x+1
Tx =—— foranyx € X, Ale.d =L‘l_7l.
: . ed) = 75|~
Sy=y+1, foranyyeY. We can show that & and A are generalized metrics on X
and Y, respectively, with constant C> 1.
Consider the graph G on X such that V(G) = X and
1 1 1
E(G) ={(x,x): x € X} U {(3 —§,3>: ne N} U {(3 —?,3 _W>: ne N}. (35)
We prove that, for any (x, y) € X XY, such that xand Sy
are connected, we have
<l D (Sy,STx) <a(A(y, Tx))max{D (x,Sy), Ay, Tx), D (x,STx)}, (36)
A(Tx,TSy) <a(D (x,Sy))max{D (x,Sy), A(y, Tx), Ay, TSy)}.
1 1] 2 1 1
There are five cases. 2 (Sy,STx) = ‘3 —on g‘ Sglz —on 5‘
2V2
Case 1. For y € [1,2] and x = Sy € [2,3], we have = —A( , Tx),
2 2 | _2v2 39
@(Sy, STx) === | | | _—A(}/, Tx), 1 1 2 1 1 ( )
x+3|7 3|x—1 x4 1 A(Tx,TSy):—’ __‘<_‘ __’
V212 -2-(tD) 21732 -2-n 2
A(Tx,TSy) = A(Tx,Tx) =
242
(37) = —A( , Tx).

Case 2. Forx =3 - (1/2"),foranyn € Nand y = 2, we have

(65T = ;3|5
i@(x Sy),

A(Tx,TSy) = \/—’2 7—(n+1) 1.‘2\/_’3 2n l
:ig(x Sy).

(38)

Case 3. Forx =3and y =2 — (1/2"), foranyn € N, we have

Case 4. For x =3 - (1/2") and y =2- (1/2?), for any
n, p € N, such that the following can be obtained.
One can see that

RS T IR S T
B-a 3-B732-a 2-p

for any «a, B € (0,1].
By taking a = 2~ ) and 8 = 277, we obtain
1 1 | 2 | 1 1 |

5oz om 32953z 2o 229 Y
Thus,
2+/2
D (Sy,STx) < \TF Ay, Tx). (42)
Furthermore,
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1] 1 1] 2v2] 1 1
s (43)
V22-a 2-B|7 3 |3-2a 3-28

for any a, € (0,1].
By taking a = 27" and B = 2=(?*1, we obtain
1] 1 1 |<2\/§| 1 1|
V212-2-(mD 2 _2-(D| T 3 |3-2-n 32|
(44)
Thus,
22
A(Tx, TSy)s%—g(x, Sy). (45)

Case 5. For x =3 - (1/2") and y=2- (1/2P), for any
n, p € N, such that n> p + 1. In the same way as Case 4, we
obtain
242
P (Sy,STx) ST\/—A(y, Tx),
(46)
242
A(Tx,TSy) STWQ (x, Sy).

Let x, = 2 € X, we have (ST)"x, =3 — (1/2"), for any
n € N. One can see that

8(S, T, x4, D, A) = sup{D((ST)'x, (ST) x5), A(T (ST)'x, T (STY x,): i, j € N}

1
= sup{9<3 -=3

207 )

< 00,

and (ST)*'x, € [(ST)'x,], for all i € N.

Since (X, 92,G) is D-complete and G-regular, then all
assumptions of Theorem 2 are satisfied and there exists
(x*, y*) = (3,2) such that Tx* = y* and Sy* = x*.

Remark 2. Theorem 2 extends the main result of Chaira et al.
in [3] by considering the graph G_ on X defined by

(x,y) € E(G.), iffx<y. (48)

The next corollary gives a version of Theorem 2 in
standard metric spaces endowed with a digraph.

1 d(Sy,STx) <a(8(y, Tx)) max{d (x,Sy), 8 (y, Tx),d (x,STx)},

1 1 .
),A(Z—W,Z—m>: l,] € N} (47)

Corollary 1. Let (X, d) and (Y, 8) be two metric spaces such
that X is endowed with a digraph G. Consider a nondecreasing
function a: [0, +0c0) — [0, 1), such that

limsup a(£) < 1. (49)

t—0*

Let T: X — Y and S: Y — X be two mappings sat-
isfying the following conditions:

(1) Let

(50)

8(T'x,TSy) <a(d(x,Sy)) max{d (x,Sy), 8 (y,Tx),8(y,TSy)},

for any x in X and y in Y, such that x and Sy are

connected.
(2) (X,d,G) is complete and G-regular.
(3) There exists an element x, € X such that

(ST)*'x, € [(ST)'x,]g foralli € N.

Then, there exists (x*, y*) € X x Y, such that Tx* = y*
and Sy* = x*; then, STx* = x* and TSy* = y*.

Data Availability

No data were used to support this study.

Conflicts of Interest

The authors declare that there are no conflicts of interest
regarding the publication of this paper.

References

[1] S. Banach, “Sur les opérations dans les ensembles abstraits et
leur application aux équations intégrales,” Fundamenta
Mathematicae, vol. 3, no. 1, pp. 133-181, 1922.

[2] B. Fisher, “Fixed point on two metric spaces,” Glasnik
Matematicki, vol. 16, no. 36, pp. 333-337, 1981.



8 International Journal of Mathematics and Mathematical Sciences

[3] K. Chaira, A. Eladraoui, and M. Kabil, “An extension of Fisher
fixed point theorem in partially ordered generalized metric
spaces,” Malaya Journal of Matematik, vol. 5, no. 4, pp. 647-
652, 2017.

[4] S. Czerwik, “Contraction mappings in b-metric spaces,” Acta
Mathematica et Informatica Universitatis Ostraviensis, vol. 1,
no. 1, pp. 5-11, 1993.

[5] P. Hitzler and A. K. Seda, “Dislocated topologies,” Journal of
Electrical Engineering, vol. 51, no. 12, pp. 3-7, 2000.

[6] E.Karapinar and P. Salimi, “Dislocated metric space to metric
spaces with some fixed point theorems,” Fixed Point Theory
and Applications, vol. 2013, no. 222, pp. 1-19, 2013.

[7] M. ]Jleli and B. Samet, “A generalized metric space and related
fixed point theorems,” Fixed Point Theory and Applications,
vol. 2015, no. 61, pp. 1-14, 2015.

[8] N. Hussain, Z. D. Mitrovi¢é, and S. Radenovié, “A common
fixed point theorem of Fisher in b-metric spaces,” Revista de la
Real Academia de Ciencias Exactas, Fisicas y Naturales. Serie
A. Matematicas, vol. 113, no. 2, pp. 949-956, 2019.

[9] V. Parvaneh, N. Hussain, and M. A. Kutbi, “Some fixed point
results in extended parametric b-metric spaces with appli-
cation to integral equations,” Journal of Mathematical
Analysis, vol. 10, no. 5, pp. 14-33, 2019.

[10] T. Chaiporn and A. Khemphet, “Coincidence point theorems
for (a, f, y)-contraction mappings in generalized metric
spaces,” International Journal of Mathematics and Mathe-
matical Sciences, vol. 2018, Article ID 4053478, 7 pages, 2018.

[11] E. Karapimnar, B. Samet, and D. Zhang, “Meir-Keeler type
contractions on JS-metric spaces and related fixed point
theorems,” Journal of Fixed Point Theory and Applications,
vol. 20, no. 2, pp. 60-78, 2018.

[12] I. Altun and B. Samet, “Pseudo Picard operators on gener-

alized metric spaces,” Applicable Analysis and Discrete

Mathematics, vol. 12, no. 2, pp. 389-400, 2018.

T. Senapati, K. D. Lakshmi, and D. D. Diana, “Extensions of

Ciri¢ and Wardowski type fixed point theorems in D-gen-

eralized metric spaces,” Fixed Point Theory and Applications,

vol. 2016, no. 33, pp. 1-14, 2016.

[14] J. Jachymski, “The contraction principle for mappings on a
metric space with a graph,” Proceedings of the American
Mathematical Society, vol. 136, no. 4, pp. 1359-1373, 2007.

[15] B. Samet and M. Turinici, “Fixed point theorems on a metric

space endowed with an arbitrary binary relation and appli-

cations,” Communications in Mathematical Analysis, vol. 13,

no. 2, pp. 82-97, 2012.

K. Chaira, M. Kabil, and A. Kamouss, “Common fixed points

in generalized metric spaces with a graph,” Journal of

Mathematics, vol. 2019, Article ID 8956083, 4 pages, 2019.

[17] K. Chaira, A. Eladraoui, M. Kabil, and A. Kamouss, “Kannan
fixed point theorem on generalized metric space with a
graph,” Applied Mathematical Sciences, vol. 13, no. 6,
pp. 263-274, 2019.

[18] R. Espinola and W. A. Kirk, “Fixed point theorems in R-trees
with applications to graph theory,” Topology and Its Appli-
cations, vol. 153, no. 7, pp. 1046-1055, 2006.

[19] J. A. Bondy and U. S. R. Murty, “Graph theory,” in Graduate
Texts in Mathematics, Vol. 244, Springer, New York, USA,
2008.

[20] W. D. Wallis, A Beginner’s Guide to Graph Theory, Springer
Science and Business Media, Berlin, Germany, 2010.

(13

[16



