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In this study, the mathematical model of the cholera epidemic is formulated and analyzed to show the impact of Vibrio cholerae in
reserved freshwater. Moreover, the results obtained from applying the new fractional derivative method show that, as the order of
the fractional derivative increases, cholera-preventing behaviors also increase. Also, the finding of our study shows that the
dynamics of Vibrio cholerae can be controlled if continuous treatment is applied in reserved freshwater used for drinking purposes
so that the intrinsic growth rate of Vibrio cholerae in water is less than the natural death of Vibrio cholerae. We have applied the
stability theory of differential equations and proved that the disease-free equilibrium is asymptotically stable if R, < 1, and the
intrinsic growth rate of the Vibrio cholerae bacterium population is less than its natural death rate. The center manifold theory is
applied to show the existence of forward bifurcation at the point R, = 1 and the local stability of endemic equilibrium if R > 1.
Furthermore, the performed numerical simulation results show that, as the rank of control measures applied increases from no
control, weak control, and strong control measures, the recovered individuals are 55.02, 67.47, and 674.7, respectively. Numerical
simulations are plotted using MATLAB software package.

1. Introduction

Cholera is a waterborne acute gastrointestinal infection
characterized by diarrhea and vomiting, which kills within
an hour if not treated [1]. Cholera is caused by drinking
water or eating food contaminated by a bacterium called
Vibrio cholerae (V. cholerae) [2, 3]. Most of the diseases are
controlled by public health organizations including cholera
which is characterized with severe vomiting and diarrhea
[4]. The incubation period of cholera is less than five days
[5]. However, cholera outbreak occurs twice in endemic
areas, and it becomes the major issue in developing coun-
tries. Cholera infection can be transmitted from human to
human or human to environment through effective contacts
with bacterium V. cholerae [6].

Different mathematical models have been carried out to
describe the transmission dynamics of cholera infection
[7, 8]. Codeco developed the first basic mathematical model
for cholera infection. Furthermore, a new fractional

derivative was developed by Hattaf [9] and applied to an-
alyze the memory effect on the HIV-infected population.
However, the new fractional derivative has not been applied
to study the cases in the cholera infection.

In this study, we modified the model developed in [5], we
focus on the logistic growth model of Vibrio cholerae
concentration in reserved freshwater used for drinking
purposes, and the contribution of infected individuals to the
environment is assumed to be properly managed. That is, all
waste disposals from cholera-infected patients are properly
managed, and the contributions of humans to the envi-
ronment are restricted. Hence, we developed an optimal
control mathematical model that takes into consideration
the loss of immunity after cholera infection recovery. Our
model considers the reimmunization system for those in-
dividuals that lose immunity. Furthermore, we have applied
a new fractional derivative and analyzed the relationship
between the order of the derivative and the extinction status
of cholera infection.
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2. Mathematical Model Developments

In this study, we have developed the deterministic mathe-
matical model of cholera with optimal control strategies. We
have divided the total population as (i) susceptible (S): these
are individuals free of the infection but can be infected with
the infection if exposed to the infectious people or envi-
ronment contaminated with the cholera-causing bacterium;
(ii) infected (I): these are individuals that get infected with
cholera and can transmit infection to others with possible
contacts that cause infection; (iii) recovered (R): these are
individuals recovered from the cholera infection with
treatment. The recovered individuals who lose immunity
become susceptible; (iv) concentration of the Vibrio cholerae
bacterium B(t): this covers an environment contaminated
with Vibrio cholerae that cause the cholera epidemic.

Furthermore, the following assumptions are incorpo-
rated into the formulation of the model:

(i) The total population is considered to be

nonconstant

(ii) All humans die due to cholera at the disease-in-
duced death rate of ¢

(iii) All waste products contain Vibrio cholerae which
are assumed to be managed, and there is no
contribution of the infected person to reserved
freshwater

(iv) All human populations are assumed to die at the
natural death rate p

(v) All new infected human individuals are recruited
to the susceptible at the recruitment rate A

(vi) Treatment is performed in reserved freshwater

(vii) Cholera-infected individuals recover at a recovery

rate of 7
(viii) Cholera infection-recovered individuals lose im-
munity at the rate y

(ix) Cholera infection is transmitted from human to
human at the rate f8

(x) V. cholerae is ingested from the environment at
the ingestion rate 3,

(xi) The saturated incidence rate is used in the
transmission of cholera infection from the envi-
ronment to humans

(xii) The concentration of V. cholerae in water that
causes 50% chance of cholera infection is denoted
by x

(xiii) The carrying capacity of V. cholerae is K

(xiv) V. cholerae die at the rate of v

(xv) Cholera infection transmission preventive control
effort is u,

(xvi) Immunity loss control effort is u,

(xvii) V. cholerae clearing control effort is u;,

In general, the stated assumptions can be described by
the flow diagram.

The behavior of the population described in Figure 1 can
be described by the mathematical model as

ds B.SB
- A= (1 _ul)(k+B +ﬂSI> +(1 = uy)yR-uS,

dI SB
T 0o ES pst) g,

dR
5 - M- (L -m)y+p)R,

B _ (1- )B(l—ﬁ)— B
dt_ Uus)r K VDb,

(1)

with nonnegative initial conditions.

3. Mathematical Analysis of Only Cholera
Model without Optimal Control

Formulated model (1) of cholera without control measures is
reduced to the following form:

ds B.SB
a— —k+B—ﬁSI+yR—[zlS,
dI p.SB
E_k+B+ﬁSI_(’1+(P+‘M)I’
(2)
d—R— I-(y+u)R
dt —7’] y ‘Ll >
dB B
—er(l——)—vB,
dt K

with nonnegative initial conditions.

3.1. Invariant Regions

Theorem 1. Solutions of model (1) are invariant in the region
Q c RY such that

A
Q=05 xQ4 cﬂ{ix&:{(s, I, R, B): (S I, R)eiRi,Be?{+,Nh=S+I+Rsﬁ,BsK}». (3)

Proof. As in [10], to prove this theorem, we add the first

three equations of model (1) so that

4,

5 = A HNy - 9IS A-uN, (4)
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Figure 1: The flow diagram of the SIR-B model of the cholera
epidemic with control measures.

Applying a definite integral over time interval [0, ¢], the
preceding inequality gives

N, g&_@_ N(O))e-w. (%)
#o\H

Here, as time ¢ gets larger and larger, N, approaches to
least upper bound A/y. Also, Nj, <A/u, for all time ¢. Sim-
ilarly, from the last equation of model (2), we obtain B< K
for all time ¢. Therefore, the invariant region Q) ¢ ERﬁ is given

by

A

Q:{(S, I, R, B): Nh:S+I+R§—,BsK]>. (6)
‘Ll

O

3.2. Positivity Property of Solutions

Theorem 2. For given positive initial conditions, all possible
solutions of model (1) are positive in the invariant Q C Eij
such that

Q={(S, I, R, B): $(0)>0,1(0)>0,R(0)>0, B(0)=>0}.
(7)
Proof. To prove the positivity property, we apply the

methods employed in [11]. Consider the first equation of
model (1):

ds B.SB
— =A—-—"——BST+pR-uS. 8
i B BST + yR-uS (8)
Rearranging the preceding equation, we get
ds_( p.B _
a+<k+B+[31+y)S—)\+yR 9)

Also, we have

d t
% [S(t)exp«lyt + Jo(kﬂiBB(fc)v) +/31(O)dCH

=1+ yR)exp{yt + J;(kﬁiBB(((g) + ﬁI(())d(]».

Applying integration on the preceding equation over
time interval [0, ¢], we get

S(t)exp{yt + Jo(kﬂiBB(gé) + ﬂI({))d(} -S(0)

_[ ‘[ B:B()
= JO(/H yR(C))eXp<|;4H Jo(k+B(() +/31(()>d(}dt.

e o (42 e ] e (55 )]

! ‘[ BB
. [JO(A+VR(())eXp{yt+Jo<k+B(O

Since the expressions

N ([ e )|

(11)
Hence,
(12)
+ ﬁI(())d(}dt] > 0.
(13)

. [J-;(A + yR(())eXp{yt+ J-;(kﬁj_BB(fg) +[3[(()>d(}dt]

are positive, the state variable S(t) >0 for all time t. Simi-
larly, all other state variables are positive. Therefore, the set

that contains all solution variables of model (1) is a positively
invariant set. O
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3.3. Disease-Free Equilibrium (DFE). The disease-free
equilibrium (E,) of model (1) is given by

A
E0:<—, 0, 0, o). (14)
U

3.4. Endemic Equilibrium (EE). The computed endemic
equilibrium E; = (S*, I", R*, B")of model (2) is given by
* * n * *
E:<S)I)—I)B>, 15
1 v (15)
where I*=A-uS*/y+¢+u,B* =K(1-v/r)=B, and
§* = § is the solution of the equation

2
‘M RO 2 ﬁCB
JE I — + + A =0. 16

3.5. Reproduction Number. In this section, the reproduc-
tion number (R;) is computed by employing the next-
generation matrix (FV~!) stated in research works
[1, 5, 12]. Thus, from model (2), the reproduction number
can be computed as

Ry =p(FV"), (17)
where F = [/3/1/‘“ ﬁcM‘uk]andV= [;7+<p+y 0].
0 r 0 v
Hence,
PA Bk
bu uy
Fv'!= . (18)
0 —
y

The eigenvalues of the preceding next-generation matrix
are

AL = BAIbu, A, = 1. (19)
Therefore,
_ prL | _pr
R, = max{ o v [ b (20)

where b=n+¢ +p.

3.6. Local Stability of Disease-Free Equilibrium

Theorem 3. The disease-free equilibrium (E,) of model (2) is
locally asymptotically stable for the reproduction number less
than one and intrinsic growth rate (r) of bacteria less than the
natural death rate. On the contrary, E, is unstable for the
reproduction number greater than one.

Proof. To approve the local stability of E,, we compute the
eigenvalues of the Jacobian matrix obtained from model (2)
and evaluated at E;. Hence, it follows that

i B B

- u L
BA
0 (n+e+uw(Ry—-1 0 -
1(E,) = n+e+u)(Ry—1) i
0 0 —(y+w) 0
) 0 0 r—vl

(21)

The computed eigenvalues of the preceding matrix are
given by
A=-hy=-pls=(+o+u)(Ry—1)A =1 -
(22)

From the stability principle on the eigenvalues computed
from the Jacobian matrix evaluated at E,;, we conclude that
the disease-free equilibrium (E,) is locally asymptotically
stable if Ry <1 and r <v and unstable if either R, >1 or
r>9. O

3.7. Global Stability of Disease-Free Equilibrium. Model (2)
can be rewritten in the following form:
dXx
dt
dy

E = G(Xa Y)’G(X)O) =0.

The disease-free equilibrium E} of the preceding system

=H(X,Y),
(23)

is
E, =(X°,0), (24)

where X is the disease-free equilibrium of the disease-free
system.

According to Biswas et al. [13], to guarantee global as-
ymptotic stability, we verify the following conditions H1 and
H2 to be satisfied:

H1: for dX/dt = H(X,0), X" is the globally asymp-
totically stable equilibrium

H2: G(X,Y)=PY-G(X,Y),G(X,Y)20 for (X,
Y)eQ

Here, P = DyG (X, 0) satisfy the condition of the Metzler

matrix, and Q is a region of feasible solutions. Now, we state
the following theorem.

Theorem 4. The disease-free equilibrium of the cholera
dynamic model is globally asymptotically stable if R, <1 and
r<wv if conditions HI and H2 are satisfied and unstable
whenever Ry > 1.

Proof. From model (2), we have
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H(X,0) = A—uS = H(S,0). (25)

Solving H(X,0) =0, we obtain S=A/u Hence,
X% = (Mu,0).
Here, X° is the globally stable equilibrium of equation

dx
ST H(X,0). (26)

From the infected compartments of model (2), we obtain

_PeSB _
~p+e+w) 0 1 k+B P
s R )
0 r—v

(27)

At the disease-free equilibrium, the preceding equation
reduces to the following form:

asm-aosn-[ 7 1] [

r—v|[B 0
=PY-G(X,Y),
(28)
where P = [—(11+0g0+y) r?v] and G(X,Y) = [8]20,
VX,Y.

Now, it follows that the formulated model satisfied the
hypothesis conditions required as G(X,Y) = PY — G(X,Y),
where G(X,Y)>0, VX,Y. Therefore, E, is globally as-
ymptotically stable if R < 1. O

3.8. Bifurcation Analysis

Theorem 5. The endemic equilibrium (E,) of model (2)
exhibits backward bifurcation at R, = 1.

Proof. Let 8" be a bifurcation parameter corresponding to
parameter 3 and obtained by setting R, = 1 and solving for
B*. Therefore, the bifurcation parameter (8*) is given by

To determine types of bifurcation, we construct Jacobian
matrix J (E,, 8*) from model (2) and compute the eigen-
values of J(E,, *). Thus, we have

-_ B _@-
w-(nro+u) K
BA
0 0 0 —
](EO,/)’*): yk . (30)
0 0 —(y+u) O
L O 0 0 r—7.

The computed eigenvalues of the preceding matrix are
given by

M=-ml =0 =-wl=r—m (31)

Here, all eigenvalues are negative except A, which is simply
0 with condition r <v. Therefore, according to Akanni et al.
[14], model (2) exhibits bifurcation at bifurcation parameter 3*.
To determine the type of bifurcation, we compute left eigen-
vector v= (v, v, Vs v,) and right eigenvector w =
(w,, w, w;, wy) that satisfy the conditions v- J (E,, %) =
0,J(EyB")-w=0, andv-w = 1. Hence, the computed left
eigenvalues from equation v - J (E, *) = 0 are given by

k
v =0,v, =v,,v;=0,v, = Sl (r—m). (32)

BA

c

And the computed right eigenvalues from equation
J(Ey, ) - w = 0 are given by

+ ¢+ pw
lz—w(pyﬂ)z,wzzwz,wS:O,w4=0. (33)
Also, from the condition v- w = 1, we have
1
vy =— (34)
w,

Let us choose v, = w, = 1; we compute the following
second-order partial derivatives of functions evaluated at the

. +o+
g = w (29)  disease-free equilibrium and bifurcation parameter.
Now, set x = (x;, x5, %3, x4) = (S, I, R, B) and
Bexix
A- X +1x: = Pxyxy + yx3—px,
fi
Bex1%4
; fa s +Pxixy = (1 + ¢ +p)x,
(x) = (x) = * ;
fs
; nxy = (y + 4)x;
4

x
rx4<1 —f) — VX,
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azfl azfl azfl azfl 2B kx, azfz _ azfz azfz -0, aZfz - _ 2B.kx,
oxt 8x2 8x3 8x4 (k+x,)° ox ax2 ax3 0x; (k+x,)”
Oy (P hs o Ths B hs_ (B (O Ffa_ Ffe_
x> ox) ox2  ox; o ox’ ax2 ax3 " ox? k’
Ifi _ , 9f O fi pk  If, _, f, O f, Bk (35)
0x,0%; ' 0x30x; 0x0x;  (k+x,)7 0%0x, | 0x30x, 0x,0%  (k+x,)"
O fs _ . 0fs Pfs _ o fa _ g O fs _o O fs _
0x,0x,  0x30x,  0x,0X;  0x,0x,  0x30x,  0x,0x,
P fs _ (kxy + 0% + x4) O fs _ O f, -0 ’f, _ kx,
x0fy  k+x,  ox;of owdpl 0B, (k+xg)
ds B.SB
Next, the bifurcation coefficients a and b can be com- dr - A k+B
puted as follows:
dI  j.SB
? e SI — I, 37
a= Z vszw] f (E ﬂ*): ﬁz/\ 2(17+(P+.“)ﬁc 0, dt k+B+/3 (’1+(P+.“) ( )
kii,j=1 a a !’lk U dR
. SR
Z Viw—= (Eg, B7) = vywyx; = =>0.
k=1 8 8[3 Let N, (t) be the size of human populations at time t and

(36)

Hence, according to Akanni et al. [14], the model shows
supercritical (forward) bifurcation at R = 1. O

3.9. Stability of Endemic Equilibrium (E,)

Theorem 6. Endemic equilibrium is locally asymptotically
stable if Ry > 1.

Proof. 1t follows from the center manifold theory, a model
that shows forward bifurcation has endemic equilibrium
that exhibits locally asymptotic stability if R, >1 [14]. O

Theorem 7. Endemic equilibrium is globally asymptotically
stable if Ry > 1.

Proof. It follows from the center manifold theory, a model
that shows forward bifurcation has endemic equilibrium
that exhibits globally asymptotic stability if Ry > 1 [14]. O

4. Application of a New Generalized Fractional
Derivative with the Nonsingular Kernel

In this section, using the works done in [9], we study the
dynamics of the human population with a new generalized
definition of the fractional derivative with a nonnegative
singular kernel in the presence of cholera infection. The rate
of change of human population, from model (2), can be
described as

defined as

N, (&) =S®) +I(t)+R(2). (38)
Differentiating both sides of the preceding equation with
respect to time ¢ and using (37), we get
dN
—h_ A-uN,, -

dt (39)

(PI < /\—[JNh.
Now, considering the upper bound, the preceding in-
equality reduces to the form
dN

S NN

i (40)

The solution of the preceding equation over time interval
[0, t] is given by

N, = &—(& - Nh(O))e‘*” (41)
H \H

Definition 1. (new generalized fractional derivative with
nonsingular kernel; see [9]).

Leta € [0,1), B, y>0,and f € H'(a,b). In the sense of
Caputo, the a-order new generalized fractional derivative of
function f () with respect to the weight function w(t) is
defined as

N(oc) 1
T l-a w(t)

op; d
DI £ (1) j By [, (6= 0)") 2 () (),
(42)

where w e C'(a, b), w, w' >0 on [a,b], N(a) is a nor-
malized function obeying N(0)=N(1) =14, =a/l-a,
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and Eg (t) = Zzzgtkll"(/i’k + 1) is the Mittag-Leffler function

of parameter f.
For simplicity, we symbolize CDZf T £ () by DZf3 T f (1)

Assuming that when a cholera infection spreads within a
community, the individuals get knowledge about the in-
fection, we replace the classical derivative by D} ,. Then,
(41) becomes

DN, (1) = A-uNy, (1).

a,t,w

(43)

Applying the Laplace transform to (43), we get

L{wODIIN, (0} = AL{w ()} - uL{w (DN, (D}
(44)

Using Theorem 2 [9], we have

N (0w ()T (0)s""

[N (&) +pu(1-a)ls" +au

ZL{w ()N, (1)} =

N A(1-a)s’ + A
[N(a) +u(1 —oc)]sﬁ +ay

Llw(t).

(45)

LIw(ON, (1)} = wg

_&54
14

Applying inverse Laplace, the preceding equation re-
duces to

o o

&

d ap g
it -

_Mp
a

wON, (1) = YOLONOp

()

Letting w(t) = 1 and applying the integration by parts,
the preceding equation reduces to
e 25) o

<)L
#
In the next section, using numerical simulations, we will

analyze the impact of the order of the new fractional derivative
on the behavior of solutions of the cholera infection model.

+/1(1 - a)E/j(

a

%4 04 44

e
a(x

o

5. Numerical Simulations

The parameters presented in Table 1 are used in the sim-
ulation of solutions of the SIR-B model and are either as-
sumed logically or taken from the literature.

_Mp
a

a

)
)}g{w(t)}-

B

o

Let a, = N («) + p(1 — «). Then,

N(a)w(0)N, (0) s

F{w ()N, (1)} = .

&+ aula,

o

s

Al -a)
+
a

sZ{w(t)} (46)

« s+ aula,

A 1

ﬁig{w(t)}.
Ay 5" + apla,

Therefore,

+)L(1—(x)g
a

OC‘th B

{Eﬂ(‘a—

o o

)t )+ wo)

(47)

Ad

1 - a)w(0)
_;a o PPV ER

Eﬁ(—%tﬁ)w(t) At ity
alX

a

) ) (0)
w

6. Results and Discussion

()

(48)

o o

In this study, the three-dimensional dynamical system is
formulated and analyzed, considering the interaction of
human to human and human to environment in the
transmission of the Vibrio cholerae bacterium. The analysis
of the SIR-B model of the cholera epidemic shows that we
can control cholera more effectively if we apply strong effort
on the preventive, sanitation, hygiene, vaccination, and
follow-up program. Figure 2 shows that, without control
measures, the recovered individuals and others become
susceptible. Figure 3 shows that weak control measures do
not bring a significant change on the epidemic even though
the number of pathogens is reduced. Figure 4 shows that the
high contribution of control measures helps in the reduction
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TaBLE 1: Description of the parameter value and source.
Parameter Parameter value Source
A 15/day [15]
Be 1.7(107%) (5]
B 1.48(107%) (5]
y 0.025/day (15]
n 0.004/day (15]
u 0.0000548/day [15]
1) 0.15/day (15]
v 0.033/day (15]
K 106cells/ml [15]
r 0.0004 Estimated
K 108cells/ml Estimated
10000
‘\
\
8000
\\
; \\\ ———————————
= 6000 | ST
~ \\ —————————
2 __,l\:—" S (150) = 6937
: 4000 |-~ \\ e 1(150)=116.2"
= R (150) = 55.02
2000 k- \,\‘ . B (150) = 75.22
0—__—___—____l-_____-__—:::r_—_—_—————_—_—- ::::
0 50 100 150
Time (t) in days
——- S --- R(1)
I(t) --- B(1)

FiGure 2: Simulation

u, =0, andu; = 0.

of the SIR-B model with u;, =0,

10000
\\
1
\
8000 |\
= \
Nk \ ]
[2a] \\ —————————
D 6000 |y e
~ \\‘ ————————— .
= e S (150) = 6925
: 4000 |-~ - \\ T T(150) =116.2
< N |R (150) = 67.47
2000 | o | B(150) = 74.77
0'__'__‘_"'"._ _____________ reSS—zcmam=
0 50 100 150
Time (t) in days
——= S(b) --- R(t)
1(t) --- B

Figure 3: Simulation of the SIR-B model with weak control
measures (u; = u, = uz =0.1).

of the Vibrio cholerae bacterium in freshwater but increases
recovered individuals. Also, from Figures 2-4, one can
observe that, as control measures increase applied as no

10000
\\
\
\
8000 | 4 -
= \
~ AY
M “
56000 F N\ et
~ \\ __________
S IRV S (1) = 6318
= 4000 =Ny 6
s o R (1) = 6747
2000 [ e B(t)=71.05
oL . el
0 50 100 150
Time (t) in days
S --- RV
L) --- B(®)

FIGURE 4: Simulation of the SIR-B model with strong control
measures (4; = 0.95,u, = 0.95, andu; = 0.95).

8000
7500 f - - - . Sl . S e
7000 f T T
Z - e »
6500 et T
6000 be2=2""" . :
0 50 100 150
Time (t) in days
--- a=0 --- a=0.6
--- a=02 --- a=0.38
--- a=04
FIGURE 5: Simulation of total human population size described in
(49) for different values of the fractional order

(¢=0,0=0.2,a=04,a =06, anda = 0.8) and N, (0) = 6000.

control, weak control, and strong control, the recovered in-
dividuals increase as 55.02, 67.47, and 674.7, respectively. The
SIR-B model of cholera exhibits globally asymptotic stability at
disease-free equilibrium if R, > 1 and unstable if r > v. Figure 5
describes that, as the order of fractional derivatives increases,
the total population size approaches to disease-free equilibrium
of the cholera model. This shows that, as the human population
gets free of cholera, the behaviors of the population change
along with the order of the new fractional derivative. Fur-
thermore, the memory effect results we obtained in this study
are supported with the study done in [9].

7. Conclusion

The current study pointed out that, as we apply strong
control measures at all levels, the concentration of Vibrio
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cholerae in freshwater will be reduced. Furthermore, the
study pointed out that, to significantly reduce the concen-
tration of Vibrio cholerae in reserved freshwater, the intrinsic
growth rate of the Vibrio cholerae bacterium must be less
than the natural death rate of the Vibrio cholerae bacterium
in freshwater. The stability of the disease-free equilibrium
SIR-B model is accompanied with the intrinsic growth rate
of Vibrio cholerae that needs to be less than its natural death
rate and reproduction number less than one. The new
fractional derivative results in that the memory effect in the
human population has a direct relationship. As the order of
the new fractional derivative increases, human memories of
cholera infection controlling also increase.
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