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In this paper, we consider the Darboux frame of a curve « lying on an arbitrary regular surface and we use its unit osculator
Darboux vector D, unit rectifying Darboux vector D,, and unit normal Darboux vector D,, to define some direction curves such
as D,-direction curve, D,-direction curve, and D, -direction curve, respectively. We prove some relationships between « and these
associated curves. Especially, the necessary and sufficient conditions for each direction curve to be a general helix, a spherical
curve, and a curve with constant torsion are found. In addition to this, we have seen the cases where the Darboux invariants §,, J,,

and §,, are, respectively, zero. Finally, we enrich our study by giving some examples.

1. Introduction

In the theory of curves in differential geometry, charac-
terizing the curves and giving general information about
their structure in terms of curvature is a very interesting and
important problem that is developed by many differential
geometers in different ambient spaces. The most popular and
important curves that have been studied in many types of
research are spherical curve [1], general helix [2], relatively
normal slant helix [3], isophote curve [4], Salkowski curve
[5], and anti-Salkowski curve [6].

Recently, the problem of deriving a new curve from a
given curve and obtaining new characterizations for them
has taken its place among popular topics. This category of
curves called associated curve has been investigated in
various research. Bertrand curve [7], involute-evolute curve
[8], Mannheim curve [9], and spherical indicatrix [10] are
among the leading examples.

In this sense, in the Euclidean 3-dimensional space, a
new version of the associated curve called direction curve
was introduced by Choi and Kim in [11]. They defined the
principal-direction curve and binormal-direction curve as
the integral curve of principal normal N and binormal B of a
Frenet curve, respectively, and they use this concept to

characterize general helices, slant helices, and PD-rectifying
curve in E3. However, Deshmukh et al. defined in [12] the
natural mate curve and the conjugate mate curve which are
similar to the principal-direction curve and binormal-di-
rection curve, respectively, from algebraic viewpoint, but are
more accurate and comprehensive from the geometric
viewpoint since the integral curve is defined only for vector
fields on a region which contains a curve, not along a curve.
Then, they derived some new characterizations of helices,
slant helices, spherical curves, and rectifying curves. Fur-
thermore, in [13], the authors expressed new direction
curves such as evolute direction curves, Bertrand direction
curves, and Mannheim directon curves by means of a vector
field generated by Frenet vectors of normal indicatrix of a
given curve. These direction curves were used to give a new
approach to construct slant helices and C-slant helices. In
[14], Macit and Duldul defined W-direction curves and
W-rectifying curves of a Frenet curve in R’ by utilizing the
Darboux vector of the curve. They also introduced V-di-
rection curve of a given curve on a surface by using the
Darboux frame. This curve was used to characterize the
relatively normal-slant helix in [3].

Motivated by this, in the present study, we consider the
Darboux frame of a curve « lying on an arbitrary regular
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surface, and we define in Euclidean 3-dimensional space the
D,-direction curve, the D,-direction curve and the D, -di-
rection curve of « as the integral curve of the unit osculator
Darboux vector D,, the unit rectifying Darboux vector D,,
and the unit normal Darboux vector D,, respectively. Then,
we give some relationships between the curve a and each
direction curve. Especially, we obtain necessary and sufficient
conditions for that these direction curves be a general helix, a
spherical curve, and a curve with constant torsion. Beside, we
discuss the cases where the Darboux invariants 6, §,, and J,,

are, respectively, zero. Finally, two examples are illustrated.

2. Preliminaries

In this section, we recall some basic concepts and properties
on classical differential geometry of curves lying on a regular
surface, in the Euclidean 3-dimensional space.

(i) We denote by E° the Euclidean 3-dimensional
space, with the usual metric

(60 =x1 91 + %0, + X393 (1)

where x = (x,,x,,x3) and y = (y,, ¥,, y3) are two
vectors of E>.

(ii) Leta = a(s): I ¢ R —> E? be aregular curve in E°,
with nonnull curvature, we also assume that is
parametrized by arc-length s, i.e., &' (s), &' (s)) = 1
for all s € I.

The Frenet frame along the curve « is an ortho-
normal frame (T (s), N (s), B(s))

_da(s)

T(s) = i
T'(s) )

N(s) =

e

B(s) = T(s)AN (s),

where T is the unit tangent, N is the unit principal
normal, B is the unit binormal, and k and 7 are,
respectively, the curvature and the torsion of the
curve o, given by

k() =[a" (9)],

, (3)
7(s) = <B' (), N (s).

The curve « is called a Frenet curve if 7+#0.

It is known that a Frenet curve « in E? is a spherical
curve if and only if

(p'q9) +==0, (4)

p
q
holds, where p=k™!, g=1"'. Moreover, if the
Frenet curve a: I — E> is a spherical curve lying
on a sphere of radius a, then we have [15]

P+ (pg) =d, (5)

(iii) Let M be a regular surface, and
a=a(s): I ¢ R — M bea unit speed curve on the
surface M. The Darboux frame along the curve « is
an orthonormal frame (T'(s),V (s),U(s)), where T
is the unit tangent, U is the unit normal on the
surface M, and V = UAT. Then, the Darboux
equations are given by the following relations:

T(s) 0 ky(s) k()T (s)
d
= Vis) | = —kg (s) 0 T, & 1Vs)|, (6)
U (s) —k,(s) —14(s) 0 Ul(s)
where k & k,,and T, are, respectively, the geodesic curvature,

the normal curvature, and the geodesic torsion of the curve «
and are given by

'kgzksin(p,
] k, =k cosg, )
Tg=‘[+((11—(§,

with ¢ denote the angle between the surface normal U and
the normal N.

The curve « is called a general helix (resp., a relatively
normal slant helix and an isophote curve) if the vector field T
(resp., V and U) makes a constant angle with a fixed di-
rection, i.e., there exists a fixed unit vector d and a constant
angle 0 such that (T, d) = cos 6 (resp., {V,d) = cos 6 and
(U,d) = cos 0).

Let us give some theorems characterizing these curves.

Theorem 1 (see [2]). A curve ais a general helix if and only if
the following function

H-= (8)

’
k)

is constant.

Theorem 2 (see [3]). A unit speed curve a on a surface M
with (Tg, kg) # (0,0) is a relatively normal slant helix if and
only if the following function
i ! 2 2
_ (Tgkg - kgTy) - kn(Ty + kg)
0y = 2 2\32 ’ ©)
+k )
(Tg g

is constant.

Theorem 3 (see [4]). A unit speed curve a on a surface M
with (7,,k,) # (0,0) is an isophote curve if and only if the
following function
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.- Tk, — kT, + kggz + kﬁ)) 10
(75 k)

is constant.

3. Direction Curves Associated with Darboux
Vector Fields

In this section, we introduce the direction curves associated
with Darboux vector fields of a curve lying on a regular
surface, and we determine some of their properties.

Let o = a(s) be a unit speed regular curve lying on a
regular surface M. We denote by (T, V,U) its Darboux frame,

K> kg, and T, the normal curvature, the geodesic curvature,

and the geodesic torsion of the curve a and by D, = (r,T -
k,VI\[k2 + 12 ) (resp. D, = (7,7 +k U/ ké + T; )and

D, = (=k,V +k U/ [k2 + kz))  the  unit
(resp., rectifyingand normal) ~ Darboux  vector  with
(k,»74) # (0,0) (resp. (kg 7,)# (0,0)and (k,, k,) # (0,0))
and §, = ((‘rék” - k,’lrg) +k, (T; +Kk2)/ (T§+ k2)) (resp.d, =
((tgky = koty) =k, (7 + kD) (75 + k7)) and §,, = ((kk, —
kg'kn) +1, (k2 + k;)/(kﬁ + k;)) the Darboux invariant asso-
ciated with the Darboux frame.

osculator

Definition 1. The integral curve 8, (resp., B, and ,) of the
osculator (resp., rectifying and normal) Darboux vectors
ﬁeld D, (resp., D, and D,) is called D,-direction (resp.,

d1rect10n and D —direction) curve of a. In other words,

Bo(s) =D, (s),
B (s) = D, (s), (11)
B (s) =D, (s).

3.1. Frenet Frame of Direction Curves Associated with Darboux
Vector Fields. In this paragraph, we determine the Frenet
frame of 3, f3,, and f3,,, respectively, assuming for each case
that the curve is well defined.

Theorem 4. Let 3, be the D,-direction curve of a. If 8, #0,
the Frenet vector fields (Tg,Ng,Bg), curvature kﬁo’ and
torsion Tg of B, are given by

Ty D
U 5
1 N, ] (12)
[3 —SU
kﬁo=£5o
s 13
Tg = wkﬁ+rz (13)

where ¢ = +1(ed,>0).

Proof. From the definition of the curve f, we have
Ty, =D, = (TT k, VI k2+7§)
Usmg (6) and after calculation, we get

= =kn (7gk - nTg)"'kg(Tngkfl)]T

D
° (rf7 + ki)y2
N Tg [(Tg’k" - k';Tg) + kg(T; + kf,)] v »
(2 +k)" (14)
=k,0,T + 1,0,V
=-o,U".
Then,
5.5 U
D, = 6”||U'||' (15)

So, by taking the norm of (15), we obtain |D,|| = &5,
where e = +£1(&6, >0). Thus,

7/ !
= o= e
o

Ny (16)

The cross production of T and Ng leads us the
binormal vector as follows:

Bﬁu =eU. (17)
On the other hand, we have

kg, =[[Do|| = 3 (18)

!

5,() = <Bg (5), N (9)) = ~eU', - e|U

v (19)
=|v'|| = \/T; + k.

Theorem 5. Let 3, be the D,-direction curve of a. If 8, #0,
the Frenet vector fields (Tﬁr,N ﬁr’Bﬁ,)’ curvature kﬁ,’ and
torsion Tg of B, are given by

O

Tg, =D,
v
1 Ng = —5"7,”, (20)
By =&V
ky = &o,
{ 8= W ’ (21)

where ¢ = +1(&d, >0).
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Proof. We have Ty = D, = (7, T +k,U/ ké + ‘ré ).
Differentiating D,, we get

!

D) =-o0,(-k,T+1,U)=-0,V' = —5r"‘;—,". (22)

Therefore, we have || D, = &8,, where e = + 1 (&8, > 0).
Thus,

D! \%4
Ny ===~ (23)
IE IV
By =Ty AN; = V. (24)
On the other hand, we have
ks, 1D = <5, 05
V/

75 () = <Bg'(5), Ng (5)) = <eV', —e—=)
b b b \d (26)
= \/T; + k;. 5

Theorem 6. Let f3,, be the D, -direction curve of a. We denote
by k and v the curvature and the torsion of «. If T #0, the
Frenet vector fields (Tﬁﬂ, Ng, Bﬁn)’ curvature k/;”, and torsion

73 of P, are given by

Tﬁn = EVI
T/
{1 Ng =—e—=» (27)
B
Il
| Bﬂn =T
kg = er,
g, =5
where ¢ = +1(&d,,>0).
Proof. In this case, we have

Ty = D, = (-k,V + kiU/ k2 + ké ).
Differentiating D
D, =-6,(T'/|T"]).
By using (7), we prove that

by using (6), we get

n

Kk, = Kk + Tg(k,i + kg)

" KAk ! (29)
Then,
D)= el
= 0

So, by taking the norm of (30), we have | D,.|| = ez, where
e= 1 (&6, >0). Consequently,

T/
Nﬁn = —Sm, (31)

Bﬁn = Tﬁn/\Nﬁn =¢T. (32)

On the other hand, we have
kg, =[Da] = em. (33)

74 () = <Bg'(s), N () = \[kj +kp = k. (34)

Using Theorems 1-3, we conclude the following
results. O

Corollary 1

(1) B, is a general helix if and only if a is an isophote curve

(2) B, is a general helix if and only if «a is a relatively
normal-slant helix

(3) B, is a general helix if and only if a is a general helix

Proof. The proof can be done by using (13), (21), and (28),
respectively. O

3.2. Spherical Direction Curves of Darboux Vector Fields.
In this paragraph, we propose to determine a necessary and
sufficient condition for the direction curve f3, (resp., 8, and
B,) to be a spherical curve.

Theorem 7. Let o = a(s) be a unit speed regular curve lying
on a regular surface M, such that §,+0 and B, = f3,(s) its
D, -direction curve. The curve B, is a spherical curve if and

only if
5, = lsec(J kft + TZ ds), (35)
a

where a is the radius of the sphere.

Proof. From (5), since the curve f3, is lying on a sphere of
radius a, we have

2 "2
1 k
(k_ ) b= (36)
ﬁ" ﬂu Tﬁo
It follows that

ke, = 275 ks \a'ks, 1, (37)

and by using the expression of kz and 75, we obtain

ed) = ted,\ki + T2\a’8, - 1. (38)

We have a28§ — 1+ 0; otherwise, kﬁg = (1/a) = cste, and

as B, is assumed spherical, necessarily 7, = \/k;; + 75 = 0 [1],
which is absurd because we assumed (k,,, T g) # (0, 0). We get




International Journal of Mathematics and Mathematical Sciences 5

&, [2 2
- = *¢ kn+Tg' (39)
8,\a"0, -1
Therefore, we get

1 2. 2
o =c0s<j kn+‘rgds>, (40)

o

and it means that
1
5, = —sec(J kfl + TZ ds). (41)
a

Conversely, suppose that §, = (1/a)sec(J k2 + Té ds),
we have

1 1
ngzgzsu cos(J- ki+r§ ds), (42)

e (43)

Then,
p'q=-¢a sin(J K+ T; ds). (44)

So, (p'q)" + (p/q) = 0. Hence the result from (4).
By reasoning similarity, we obtain the following
theorem. O

Theorem 8. Let a = a(s) be a unit speed regular curve lying
on a regular surface M, such that §,#0 and B, = B, (s) its
D, -direction curve. The curve B, is a spherical curve if and

only if
1
6, = ;sec(J k; + T; ds), (45)
where a is the radius of the sphere.

Theorem 9. Let o = «a(s) be a unit speed regular curve lying
on a regular surface M, such that t#0 and B, = B, (s) its
D,-direction curve. The curve B, is a spherical curve if and

only if
T= lsec(J kds), (46)

a

where a is the radius of the sphere, and k and v are the
curvature and the torsion of a, respectively.

Proof. From (5), since f3,, is lying on a sphere of radius a, we

have

2 "2

1 k

(k_) + b =g (47)
B B, B,

It follows that

kg = + 1 kg \a'ky ~ 1, (48)

by using (28), we obtain

e = +etk\a'T - L. (49)

Since a’1? — 10, we write

!
ET

2_2

——= *c¢k (50)
Va1t -1

Therefore, we get

T:ésec(Jkds) (51)

Conversely, suppose that 7 = (l/a)sec(j kds), we have

eT Tgn

1 1 1 1
p=i—=_=e cos(Jkds)andq:—:E. (52)
Ba

Then, it is easy to see that (p'q)' + (p/q) = 0. Hence the
result from (4). O

3.3. Direction Curves of Darboux Vector Fields with Constant
Torsion. In this paragraph, we propose to study the case
where the direction curve f3, (resp., B, and f3,) has a constant
torsion.

From formula (13), we can conclude that if there exists a
function ¢ (s) such that the normal curvature k, and the
geodesic torsion 7, of the curve « satisfy

k, = c cos(¢(s))and Ty = csin(¢(s)), (53)
where ¢ is a constant, then the D, -direction curve of the

curve o has a constant torsion.
Conversely, we give the following theorem.

Theorem 10. Let o = a(s) be a unit speed regular curve lying
on a regular surface M, such that 6,#0 and f, = B, (s) its
D, -direction curve. If the curve 3, has a constant torsion, then
the normal curvature k, and the geodesic torsion 7, of «
satisfy the following equalities:

k, = c cos(p(s))and 7, = csin(¢(s)), (54)
where ¢ = Tﬁo>0 and
¢(s) = ij(ekﬁo —k,)dsifk,#0o0r¢(s)
(55)
= & [ (eky, - Ky s + 3 if o 20

Proof. We take

c=15 = \/kfl + 1527)0. (56)

By differentiating (56), we obtain
/ o
kk,+ 1,75 = 0. (57)
On the other hand, we have

(i) If k,, # 0, by multiplying (58) by (k,/k,), and using
(57), we get
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2
kﬁu=£ k—n+kg . (59)

Since (7)/k,) = + ((z)/c)/\J1 - (1,/c)*), we can
reformuleﬁe the given egxpression qu kg as

)

ks = ¢
g 1 —(Tg/c)2

o

+ ekg (60)

or equivalently

ek —k, = + —————. 61
Bo 9 1 _(Tg/C)Z ( )

By integrating (61), we obtain

Ty=c¢ sin< + J(skﬁo - kg)ds>, (62)
so immediately, we find
k,=c cos( + J-(skﬁg - kg)ds). (63)

(ii) In a similar way, we make sure of the result for 7 g #0.
Then, by multiplying (58) by (7,/74) and using (57),
we get

_ky’l
kg = e( : +kg). (64)

g

Since (ky',/‘rg) = + ((k /o)1 - (kn/c)2 ), we can
reformulate the given expression of kg as

kﬁo:£<$ () +kg> (65)

1 = (k,/c)’
or equivalently

Skﬂ -k, = $M. (66)
N s

By integrating (66), we obtain

k,=c sin<$ J(skﬁg - kg)ds>, (67)
so immediately, we find

Ty=c¢ cos(?L J(skﬁo - kg)ds>. (68)
By taking ¢ (s) = + j (ekg —k,)ds, we get the result
as desired.

Similarly, from formula (21), we can conclude that if
there exists a function ¢ (s) such that the geodesic curvature
k, and the geodesic torsion 7, of the curve « satisfy

kg = ¢ cos(¢(s))and T, = csin(¢(s)), (69)

where ¢ is a constant, then the D,-direction curve of the
curve « has a constant torsion.

Conversely, we can prove the following theorem, using
the same reasoning as Theorem 10. O

Theorem 11. Let o = «(s) be a unit speed regular curve lying
on a regular surface M, such that 8,+0 and f, = 5, (s) its
D, -direction curve. If the curve 3, has a constant torsion, then
the geodesic curvature k, and the geodesic torsion T, of «
satisfy the following equalities:

kg =c cos(¢) and‘rg = csin(g), (70)
where ¢ = Tﬁr>0 and

9= ij(‘Skﬁr +kn)dsifkgsé0, or¢
(71)
= & [ (e + K, )ds + 3 i 7, 20

Using formula (28), we can state the following theorem
without proof.

Theorem 12. Let o = a(s) be a unit speed regular curve lying
on a regular surface M, with torsion T+ 0 and B, = f3,,(s) its
D,-direction curve. 3, has a constant torsion if and only if the
curvature k of a is constant.

4. Necessary and Sufficient Condition for the
Darboux Invariant §, (Resp., §, and §,) to
Be Zero

In Section 3, we defined the direction curve
B, (resp., 3, and 3,,), when it exists, and we have given its
Frenet frame as well as some properties. All this work was
done under the condition §,+0 (resp.,d, #0andd, #0),
that is, it was assumed that the curvature of
B, (resp., 3, and 8,,) is nonzero. In this section, we propose to
study the special case where &, (resp., 8, and §,) is zero.

Theorem 13. Let o = «(s) be a unit speed regular curve lying
on a regular surface M, and f8, = B, (s) its D,-direction curve.
Then, 8, = 0 if and only if the position vector of 3, always lies
in the osculating plane of «.

Proof. Suppose that §, = 0, then from (15), we get
D, = cte. (72)
Consequently,

(B, U =<| D,ds, Uy = (D, [ ds,U) = [ ds(D,,U) =0.
Conversely, suppose that

B, = AT +uV, (73)
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where A and p are differentiable functions. Since 3, is the
D,-direction curve of «, by differentiating (73) with respect
to s, we obtain

. 7,7 - k,V N ,
0_4425143—_(A —uk, )T +(p' + My )V +(pt, + Ak, )U,
n Tg
(74)
which gives us the following system:
T
A —uk, = -9
9 2, 2
VK, + T,
b yl + Ak = _kn (75)
9 2, 2
k, + 1,
| uty + Ak, =0.

In this case, we assume that (Tg, k,) # (0,0). Ifrg +0 (we
notice that the result is the same if k, #0), from the third
equation of (75), we have

_ n
H==—"
g

(76)

By replacing (76) in the first equation of system (75), we
obtain the following differential equation:

O P

2, 2
Tg VK, + 7,
We solve the differential equation, and we find
k,k
exp(— J de),
Ty

(78)

(77)

Ax)=

k,k
2 943x |dx+K

T
J-en( [
T
k,+1 4 g
where K is an integration constant. So, from (76), we write

(s) a J i (Jk”kgd )d K ( Ik”k9d>
u(s) =— exp( | —ds |ds + K |exp| — s,
Tg B\ k721+‘l’; T_t] Tg

li _ kn ' kn ? Tﬂ
vo[ () ()]

Therefore, by replacing (78) and (80) in the second
equation of system (75), we find

k,k,
—————exp JT—ds ds+ K
g

Hence 6, = 0, which completes the proof.

By doing the same, we get the following two theorems. [
Theorem 14. Let « = a(s) be a unit speed regular curve lying
on a regular surface M, and B, = B, (s) its D,-direction curve.
Then, §, = 0 if and only if the position vector of 3, always lies
in the rectifying plane of a.

Theorem 15. Let a = a(s) be a unit speed regular curve lying
on a regular surface M and 3, = 3, (s) its D, -direction curve.

<kk
eprT

(79)
and by differentiating (79), we obtain
k,k

. gds)ds+K exp(—J . gds) __k ! (80)

T kz 2

g g +T

nt g

( k,k,
exp —J—ds =0. (81)
g Ty

Then, T = 0 if and only if the position vector of B, always lies
in the normal plane of a.

5. Examples

Example 1. Let 'a(s) = (=(3/2)cos(s/2) — (1/6)cos(3s/2),
—(3/2)sin(s/2) — (1/6)sin(3s/2), V/3 cos(s/2)) be a curve
lying on the surface 'M given by the following parametri-
zation (see Figure 1):
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FiGure 1: The curve 'a (blue) lying on the surface ' M.

Seol2) Sol() 1 (G(2) o) Lo ()5
pr-| ) @) fe@) @) | @

The Darboux frame of '« is

760+ (J0(3) () S0 o)~ on()

1'V(s) = <—cos<—><2 cos2<£) - 3), - sin3<$>, _\/§ cos<£>) (83)
2 2 2
. -3 /1 s\ 1 [3s -3 /1 /sy 1. /3s\\ 1
U(s) =| ———— (— cos(—) + —cos<—>),— (— sm(—) + —sm<—>),— .
| cos(s/2) \4 2/ 4 2 /) cos(s/2) \4 2/ 4 2/)2
We can notice that a! is an isophote curve, and We have '7, = (V/3/2)sin (s/2), 'k, = — (/3 /2)cos (s/2),
according to Corollary 1, B} is a general helix. and lkg = 0. It follows
'D, = <—— cos(s), —sin (s), —?),
'D, = (é sin(£> + lsin(ﬁ), 3 cos(£> - lcos(ﬁ), —ﬁ sin<i>), (84)
4 2 4 2 4 2 4 2 2 2
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Consequently, the 'D,-direction curve, 'D,-direction
curve, and an—direction curve are given, respectively, by

1B,, !B, and !B, as follows (see Figures 1-3):

1 1 3
1/30(5) :<—£sin(s) + cl,zcos(s) + cz,—gs + 63),

0= Leof)

where ¢;, i = 1,2,...9 are real constants.

3 1 3
) sin(%) - gsin<?5> +c5,V3 cos(%) + c6>, (85)

"B, (s) = (sinG)(l + %sin2<%>> +p0—

2 cos(i)(l - §c052<%>) +cg V3 sin(%) + c9>,

In this example, the curve « is a general helix, a relatively
normal slant helix, and an isophote curve. Therefore,

Example 2. Let 20(s) = ((s/2)cos (V2 1n(s/2)), according to Corollary 1, the curves 2f,, 28,, and 2, are
(s/2)sin (V2 1n(s/2)), (s/2)) be a curve lying on the surface ~ general helices. .
2M given by the following parametrization (see Figure 4): We  have  ’k, = (1/V2s), *k, = (1/s), and "1, =
(1/+/2 s). Tt follows
2(p(u, v) = (u cos v,u sin v, u). (86)
1 s
— cos< V21n 7)
The Darboux frame of 2« is V2 2

%cos(\/iln%) - %sin(\/iln%)

1 1
’T = Esin<\/§1n%> +—cos<\/§1n§>

— 1
D, = 7z sin( V2In %)

\/E >
1 L s1n<\/§ln f) - Lcos< V2In f)
2 6 2/ 2V3 2
—Lsin(ﬁlnf)—lcos«/ﬁlnf) D = 1 V21 s L V21 s
) 5) > D, = %cos< ni) —mmn( n5> , (88)
2 1 s 1. s
Vel geos(Vand)-Jsin(v2ml) | (87 V3
\/Ecos<\/_ n2)-sin V2 n2 (87) o
1 Lsin(\/ilnf>—icos<\/§ln£>
3 V6 2/ 243 2
_LCOS<\/§1HE> 1= 1 ) - L inlv3Ins
NG 2 D, = —%cos( 21n5> - ﬁmn( 21n5>
U = —isin<\/§ln£> V3
V2 2 2
1 Consequently, the *D,-direction curve, 2D,-direction
z curve, and 2D, -direction curve are given, respectively, by

2B, 2B,, and 2B, as follows (see Figures 5-7):
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F1GURE 2: ' D, -direction curve of 'a.
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Ficure 3: ' D, -direction curve of 'a. FiGURE 5: 2D, -direction curve of %a.
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F1GURE 4: The curve a (blue) lying on the surface M. FIGURE 6: 2D, -direction curve of 2a.
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FIGURE 7: 2D, -direction curve of a.

2/30 :(gsin<\/fln%> +%cos<\/§ln%> +cw,%sin<\/§ln%> —gcos<ﬁln§> +cll,%+c12),

2, [ 2s < f) S ( f) S
/5r_( —sin \/Eln2 + cos \/Eln2 ton g

V3s )
—+C18 N

3/6 63

-$ S =S . S
Zﬁn _ (m cos(ﬁlnz> + clé,ﬁsm(\/fln E) + 175

where ¢;, i = 10,11, ...,18, is a real constant.
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