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In this present paper, we introduce and explore certain new classes of uniformly convex and starlike functions related to the
Liu-Owa integral operator. We explore various properties and characteristics, such as coefficient estimates, rate of growth,
distortion result, radii of close-to-convexity, starlikeness, convexity, and Hadamard product. It is important to mention that our

results are a generalization of the number of existing results in the literature.

1. Introduction

Let C denote the complex plane and assume that A, denotes
the class of p-valent function of the form

Mw) =+ Y a0 (peN={1,2,..1), (1)
t=1

which are analytic in the open unit disc U = {w: w € C and
|w| < 1. Specially, for p = 1, we denote A=A,.

By U, K, and S, the subclasses of A, consist of all uni-
valent, convex, and starlike functions S(«). We also denote
S(a), the class of starlike function of order &, w € [0 1).In
1991, Goodman [1, 2] introduced the classes UST and UCV
of uniformly starlike and uniformly convex functions, re-
spectively. A function A is uniformly starlike (uniformly
convex) in U if A is in UST (UCV) and has the property that,
for every circular arc y contained in U, with center { also in U,

AMw)

w) (w)
m( - @)

the arc A (p) is starlike (convex) with respect to A ({). A more
useful representation of UST and UCV was given in [3]; see
[4, 5], for details:

w) (w) w) (w)
A e USTe ) - I‘SER( ) ) (wew), (2)
and
w)' (w) w)' (w)
A€ UCV@‘ V(0 SER(I + V() >, (wew). (3)

In 1999, for k > 0, Kanas and Wisniowska [6] introduced
the classes k — UST and k — UCV of k-uniformly convex and
k—uniformly starlike functions, respectively, see also [7-10].

Let k — UST (a, ) denote the subclass of A, consisting of
functions of form (1) and satisty the following inequality:

oc)>k‘“’A (“’)—/3‘, O<a<p<l;k(1-P)<(1-a); w e v). (4)
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Also, let k — UCV (a, ) denote the subclass of A, consisting

of functions of form (1) and satisfy the following inequality:

1 12
w1+ @ _, >k‘1+““, (“’)—/3‘, (O<a<f<1;k(1-p)<(l-a); we ). (5)
A (w) A (w)
It follows from (4) and (5) that where A is given in (1) and 6 (w) = w? + Y o) prw”P.
) Taking from the above cited work and using Liu-Owa
k= UCV(a ol € k= UST («, f). (6) integral operator, we introduce the following class of
Notice that, k—UST(a,0)=S(a) and k-UCV p-valent analytic function. In 2004, Liu and Owa [11] (see

(a,0) = K(a), for k=0. The convolution (Hadamard
product) for two functions A, & € A, is defined by

also [12-14]) introduced the integral operator QZ’P:
A, — A, as follows:

Mw) #8(w) = & + ) a,, by, 07, (7)
=0
pra+b-1\ , (o x\a-1
Q@,A(@:( >_bj (1-2) #adx @065 ~1ipeN) (8)
p+b-1 Jw )0 @
and Definition 1. For 0<a<f<1, 0<v<1, k(1 -6)< (1-a),
0 3 e and 0<u<l, a function Ae€A, is in class
Q@) =A@ (a=0b>-1) ) k_U(ab, p,a B, if and only if
For A € A, given by (1), and using properties of gamma
function, we have
a _ p Tla+b+p) & T(h+p+t) tep
Q@) ="+ =) ;F(a+b+p+ Nl
(a=0;b> -1;peN).
(10)
r w(Q) A (@) + (1 +2u0*(Q A @) 7
(1-w(Q A w) + .
+uw’ (Q M w))
R a a ! 2 a " -
(1=9)(Qp A (@) + 7{w(Q M @) +pw?(Q A ()"}
) ) (11)
(1-)w(Q) A (@) +r0(Q Mw))" + (1 + 2w (Q) A ()"
3 a "
Sk +Uw (Qb’p)t(w))

We also denote k- £U, (a,b, p,a, B, 4,7) =k - U (a, b,
P> B.u, v)NE,, where £, the class of functions A € A, of

(1- v)(QZ)PA(w)) + v{(w(QgpA(w)))’ + ywz(Q;;pA(w))”}

form (1) for which arg(a,) = m + (n - 1)y. For more details,
see [15-20].
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1.1. Special Cases. Specializing parameters, a,b, p,a, B, i, 2. Main Results for the
zﬁfhz,r\sfx.re obtain the following subclasses studied by various Class k—U (a,b, p,a, B, i, v)
1) k-U(0,b, p,a, B, 14, 1) =k = U (a, B, ) [21] 2.1. Coefficient Estimates. In this section, we obtain a nec-
(2) k-=£U,(0,b, p,ar, B, 1) =k — £U, (a, B, 1, v) [21] essary and sufficient condition for functions A(w) in the
(3) 0-£U,(0,b, p,a,1,0,1) = CV () [22] classes k — £U, (a,b, p,a, B, u, ).
(4) k-£U,(0,b, p,a,1,0,1) = k= UCV (a) [23]
(5)1-U(0,b, p,a,1,0,1) = UCV («) [24] Theorem 1. A function A(w) given by (1) is in the class k —
(6) k-U(0,b, p,at,3,0,0) = k — UST (a, B) [25] U(a,b, p,a, B, v) if
T(a+b+p) & F(b+p+t)
T —— 1 - e 1 - D >
T(b+p) ;[D”p( o C”P(Hkﬁ)]r(a+b+p+t) Gepl <Cp (LK) =Dy (@ f) (12
D,=1-v+vp(l+u(p-1), (16)
where
Crop=1-v+v(t+p)(L+ult+p-1), (13) and
Dy, = t+p+v(+p)t+p-1A+ut+p), (14)
C,=p+vp(p-D(1+up), (15)
-l1<a<f<l,0<su<, k(l1-B)<l-w,a=0,b> -1, peNandweuU. (17)
. , R (@) >klo - pl + aoR[(1+ke”)o - pke] > . (18)
Proof. It suffices to show that inequality (11) holds true. As
we know, Then, inequality (11) may be written as
(1+ke") { (1=90(Q A (@) +v0(Q) A (@) +(1+ 2w’ (Q) A (w))" + e’ (Qf A (@)’ }
m (1= (Q A (@) + 7 @(Qf A (@) + e (Qf A (@))") o a (19)

which can be written as R (A(w)/B(w)) > a, where

(1= )w(Qp A (@) +v0(Q A w)'

Al) = (1 + ke
(w) ( + ke ){ +(1+2‘u)a)2(QZ,pM‘U))”+”’w3(QZ’PMw))m

and Then, we have

B(w) = (1-9)(Q) A (@) + v{w(Q) A (@) +pw?(Qf A ()"}

(21) |A(w) + (1 - @)B(w)| -|A(w) - (1 +a)B(w)| 20.

} — Bke” [ (1 = M)Q) A (@) + v{w(Q) A (@) +ue*(Qf M @) "}]

(20)

(22)
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Now,
; IF(a+b+
|A(w) +(1-a)B(w)l|[C, + (1 - a)D, + ke’(C, - BD, ) " - (r(Tp)p)
,9 F(b+p+t) -
XZ[ke (BCisp = Dip) = Dip = (1 = @), ] X Ta+b+prr? ’
(23)
0 I'(a+b+p)
> [ke (ﬂDp - Cp) - CP - (1 - (X)DP](UP —W
i0 F(b+p+1) t+
XZ[ke ( t+p t+p)_Dt+p_(1_a)Ct+p:| Xri(a+b+p+t) |at+p||w p|.
Also,
; Ta+b+
|A(w) = (1 + @)B(w)] =‘[cp -(1+a)D, +ke9(cp -pD,)]w* +TPP
19 Ib+p+t o
xZ[ke ( p ~ Hp)—DHp+(1+oc)CHp]xm e pl0 P
(24)
; Ta+b+
< [ke G(CP - ﬁDP) + CP - (1 + OC)DP](UP - Tpp
i0 Ib+p+t ‘4
XZ[ke ( t+p ~ t+p) Hp+(l+a)ct+P]XFa+b+p+t t+p| p|
Using (23) and (24), then we can obtain the following
inequality:
|A(w) + (1 - )B(w)| -|A(w) - (1 +a)B(w)| > [ke*{(pD, - C,) -(C, - pD, )}
r b
~C,-(1-@D,-C,+(1 +oc)Dp]wp—(ra(27+;)p)
. (25)
X Z 3 {( tvp = Diep) =(BCesp = Dt+p)}
I'b+p+t) .
_Dt+p—(l_a)ct+p t+P (1+a)ct+p] r(a+b_1:p+t) t+p| tpl
The last expression is bounded below by 0 if
T(a+b+p) & F(b+p+t)
Torp 2P0 - Coplar g =l <Cp 1+ = Dy (e k) (26)
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which complete the proof. O where C,,,, D, C, and D, are given by (13)-(16),
respectively.
Theorem 2. Let A (w) be given by (1) and in £,; then, A € k —

£U, (@b, p,a B ) if and only if Proof. In view of Theorem 2, we need only to show that

Fa+b+p) v Aek—-£U,(a,b, p,a, B, u,v) satisfies coefficient inequality
T(b+p) ;[DHP (1+k)— Ct+p (a+ k/j)] 27).If A eﬂk - £U,1 (a,b, p, a, B, i, v), then, by definition, we
- have
F(b+p+t)

WPHA SCP(l +k) —Dp(oc+ kﬂ),

(27)

(Cp—aD,) +T(a+b+p)T(b+p) 3% (Dyyp = aCryp )T (b + p+ T (@ +b+ p+ 1)y, |0

1+T(a+b+p) T+ p) Y2 C )L b+ p+t)T(a+b+p+t) WP

t+p iip

(28)
CP —ﬂDp) +T'(a+b +p)/F(b+p) Ztozol(DHp —ﬂCHp)I‘(b+p +1)/T(a +b+p+t)|at+p'wt+p—l|
1+T(a+b+p)T(b+p) Yy, C ot |

>k|(

wpl 0+ p+t)/T(a+b+p+i)a,,

Since A is a function of form (1) with the argument
properties given in the class £, and setting w = re" in the
above inequality, we have

t+p-1
wP

0 (C,—aD,)=T(a+b+p)L(b+p) Y2 (D, —aCp,, )L (b+p+t)/T(a+b+p+1a,,
1-T(a+b+p)T(b+p) ¥2 Cp )L+ p+t)T(atb+p+ t)|at+p|wt“"’1
(29)
|(cp —BD,)+T(a+b+p)T(b+p) ¥ (Dyyp— BCrip) T(b+p+ 1T (a+b+p+ t))|at+P'wt+P_l|

>k .
1—l"(a+b+p)/l"(b+p)2fflCt+p(l"(b+p+t)/l"(a+b+p+t)) AL I

Arsp

Letting r — 17 (29) leads to the desired inequality: The function,

o0

L@rbt P S 14k -Coyp(at kB)]
t=1

r'(+p)

T'(b+p+t)
[(a+b+p+1)

Ayip SCP(I + k) —Dp(ac+ kp).

(30)

[C,(1+k) =D, (a+kp)|e " >w”f’

/\t‘rl(w) =of -
(T(a+b +p)/1"(b+p))[Dt+P(1 +k) - Ct+P(oc+k/3)] TB+p+t)Ta+b+p+t)) (31)

0<n<2n,t21,

is an external function for (27). O
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Corollary 1. Let the function A(w) defined by (1) be in the
class k — £U,1 (a,b, p, o, B, i, v); then,

C,(1+k)-D,(a+kp)
(t € N), (32)
t+p(1+k) t+p(“+kﬁ)](r(b+p+t)/F(a+b+p+t))

Apip| S

(T(a+b+p)T(b+p)|[D

with equality in (32), is attained for the function A, (w) given ~ Theorem 3. Let the function A € k - £U, (a,b, p, o, B, i, v)
by (31). with argument property as in class £,. Define ; (w)

= w and
C,(1+k) =D, (a+kB)e'""""
Ay (@) = 0 (G, (148 =Dy (@ ke WP (33)
(C(a+b+p)T(b+p)[D,,,(1+k) - Ct+p((x+kﬂ)](F(b+p+t)/F(a+b+p+t))
where 0<y<2m and t>1. Then, A(w) is in the class k — where 9,>0 (t>0) and Y29, = L.
£U, (a,b, p, o, B, 4, v) if and only if it can be expressed as
M) = Z 9., (34) Proof. Assume that
t=0
& C,(1+k) = D, (a+kp)Je' ="
M@ = 9d (0) + 9, |@” - (G140 - Dyl + kp)Je o
P (C(a+b+p)T(b+ p)[D,,,(1+k) = Cpy,p (a+ k)T (b+p+t)T(a+b+p+t)
o0 [Cp (1 +8) =D, (a k)" 90
57 G\ @@+b+p)ir®+p)[D,,1+k) =Cp,(a+kB)|T(b+p+t)T(a+b+p+t)
(35)
Then, by Theorem 2, A € k—£U, (a,b, p,a, B, v). It
follows that
% C,(1+k) =D, (a+kp)Je' "
AMw) :z Gy (1K) = Dy ¢ ﬁ)] |19t
E|(T(a+b+p)/T b+ p)[D,,,(1+k) - Ct+P(oc+k[3)](F(b+p+t)/F(a+b+p+t))|
[(a+b+p) . Tbrp+t) 36
x[ T ) [Dy, (1 +K) Ct+p(a+kﬁ)]r(a+b+p+t) (36)

M8

~
|
—

[C,(1+K) =D, (a+kP)]9 < (1-9,)[C,(1+k)-D,(a+kB)|<[C,(1+k) - D, (a+kp)]-

Conversely, assume that the function A (w) defined by (1)
belongs to the class k - £U, (a,b, p, o, B, 4, v); then,

C,(1+k) - D, (a+kp)
|ac,p| < . (teN). (37)
T(a+b+p)T(b+p)[Dy,(1+k) = Cpp(a+kB)|(T(b+p+t)/T(a+b+p+t))
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Setting 9, = ((I' (a+b+p)T(b+p)) [Dt+ (1+k)- 2.2. Growth and Distortion Result. In this section, we find a
Crp o+ KBITB+p+t))T  (a+b+p+ t))/C (1+k)- growth and distortion bound for functions in the classes
((x+kﬁ))|at+pl, (t=1)and 9, =1-3;2, 9, then Mw) = k- £U (a,b, p, o, B, > ).

Yico dAr,, and this completes the proof. O
Theorem 4. Let the function A(w) be defined by (1) in the
class k — £U, (a, b, p,a, B, u, v); then, for lw| =r<1,
1 -D
e C,(1+k)-D,(a+kp) P2 (@) <P
(b+ pla+b+p)[Dpyy (1+k) - C,,, (a+kp)]
(38)
C,(1+k) =D, (a+kp) i1
7 (lol = 1)
(b+pla+ b+p)[ ot (1+K) = C,py (@ + KP)]
and
+1)|C,(1+k)-D, (a+Kk
prf! - (p+D[Cp(1+K) - Dy(a+kf)] P <) (w)| < prP”
(b+pla+b+p)[D,, (1+k) - C,yy (a+kB)
(39)
+1)|C,(1+k)-D,(ax+k
) (p+D[C,0+H-Dy@rkp]  \,
(b+ pla+b+p)[Dyy (1+Kk) - C,,, (a+kP)]
where equalities (38) and (39) hold for the function A(w) Proof. From Theorem 2, we have
given by (27), for w = +r.
(b+p) < F(a+b+p) r(b+P+t)
Gibih [Dyy (1+k) = Cppy (o + kﬁ)];1 %l S e ) Z[DHP(I +K) = Cprp (o + kB)] Fasbepen|to
<C,(1+k)-D,(a+kp).
(40)
The last inequality follows from Theorem 2 Thus, (@)1= |l - ;} Jacplal* =7~ r! ; |acp| = 7?
R@I <10l + S a0l <r? + 127 S o, | <2
;| o] ; tp i C,(1+K) =D, (a+kp) i
(b+pla+b+p)[Dy, (1+k) = C,,, (a+kp)] '
C,(1+k) -D,(a+kp) - 42)
(b+p/a+b+p)[ ot (1K) = Cppy (o + KB)]

(41) Now, by differentiating (1), we obtain

Similarly,

& el DIC, (1+k D k
'A,(w)lgpl“ﬂpil +Z (t+1’)'“t+p||“~’|HV1Spr‘r1 ”PZ (t‘h17)|at+p|Sprpi1 +< o )[ b kG ﬁ)] > '
t=1 t=1

(b+p/a+b+p)[ o1t (1+K) = Cyy (a+kP)]
(43)
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and Using Theorem 2 in (44), we have

N (w)| 2 |w]” - Z |at+P||w|”P >prf! - rpz (t+ p)'aHp' >prf!
=1 =1

B (p+D[C,(1+k) - D, (a+kp)] o
(b+pla+b+p)[Dy (1+k) =C, (a+kP)] )

(44)
b+ D, ,(1+k)-C,,, (a+kB)| & I'la+b+
(b+p) [ P+l ptl ]Z(t+P)|at+p|SM
(a+b+p) 2 P L'+ p)
s F(b+p+t)
Y |Dyy, 1+ k)-C,, (@ +kf) | ——————|a,,
;[ P P ]F(a+b+p+t) P
<C,(1+k)-D,(a+kp),
(45)
or, equivalently In this section, we obtain the radii of close-to-convexity,

starlikeness, and convexity for functions A (w) in the classes
k- £U, (a,b, p,a, B, v).

X 2(a+b+p)|C,(1+k)-D, (a+kB)
Z(t+p)|atﬂ,|s IS, p /3]_
= (b+ p)[Dyy (1+k) = Cppy (a + kP)]

(46)  Theorem 5. Let A € k- £U, (a, b, p, a, B, i, v); then,

(i) M(w) is starlike of order n (0<u<1) in the disc

Using (46) into (43) and (44) yields inequality (39). O || <r,, where

2.3. Radii of Close-to-Convexity, Starlikeness, and Convexity.

1/t
= inf (2_1,_%) (C(a+b+p)T(b+p)[Dy,(1+k) =Cppy(a+kB)|T(b+p+t)T(a+b+p+t) sl @)
t+p—u [C,(1+Kk) - D, (a+kp)]

(ii) A(w) is convex of order w (0<u<1) in the disc
|w| <7,, where

1/t
r2=in( P2-p-% )F(a+b+p)/F(b+p)[Dt+P(1+k)—Ct+p(oc+k[>’)]1“(b+p+t)/F(a+b+p+t) .
t+p)t+p—x [C,(1+k) =D, (a+kp)]

(48)
w) (w)
These results are sharp for the extremal function A(w) 1w <1l-n (49)
given by (31).
For the left-hand side of (49), we have
P
roof www)_1'<p—1+2§’i’1k+p—1|at+p||wlt 0
(i) Given A € £, and A is starlike of order x, we have Mw) - 1=y Apip lwlf '
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The last expression is less than 1 — if

Use the fact that A € k - £U, (a, b, p, a, B, p, v) if and only

Sfk+p-xn . if

D 2= p_xn )% lowl” < 1. (51)

t=1

o (F(a+b+p)/F(b+p))[Dt+p(l +k) —Ct+p(oc+kﬂ)]r(b+p+t)/F(a+b+p+t)|

t=zl CP (1+k)- DP (a+ kﬁ) |at+p <L (52)

We can say (49) is true if

2-p-n

or, equivalently,

(k+*”_”)|w|f _ T(a+b+p)T(b+p)[Dy,(1+k) —Ct+p(a+kﬁ)]1"(b+p+t)/l"(a+b+p+t). (53)
C,(1 +k)—Dp(oc+kﬁ)
CT(a+b+p)T(b+p)(2-p=30[Dy, (1+k) = Cppp(@+kB)|T(b+ p+D/T(a+b+p+i) (54)

t
|

which is required.
(ii) Using the fact that A is convex if and only if w)’ (w) is
starlike, we can prove (ii) on similar lines to the proof of

(). O
2.4. Modified Hadamard Product. Let the function
Aj(w) (j=12) b;deﬁned by

Ai(w) = wf + Zanp)iwt“’, pypi 20,0 € N, (55)

t=1

[C,(1+Kk) =D, (kB)|(T(@+b+ )T (b + p)[Dyyy (1 +K) = Coop (@ + kBT b+ p+ T+ b+ p+ 1)) = [Dyy (14 k) = Cprp ()] [C, (1 + )~ Dy (a + k)]

(k+p-w)[C,(1+k) - D, (a+kp)]

Then, we define the modified Hadamard product of
A (w) and A, (w) by

(M h) (@) = 0 =) ap, ) a,,,,0"7. (56)
i=0

Now, we prove the following.

Theorem 6. Let /lj (w)
class k—£U,(a,b, p,a, B, u,v);
k—-£U, (a,b, p, Dy, 4, v) for

(j=1,2,...)given by (55) be in the
then, (A; %A,) €

2

1=

[Dyyp (1+K) = Cppp (@ +kP)]
C,(1+k) =D, (@, +kp)

D,((T@+b+ p)/T(b+ p)[Dyyy(145) = Cprp(a+ kBT (b+ p+ )T (a+b+ p+1)) ~Cprp[Cp(1+K) = Dy (a+kp)]°

>

=1

~

(57)
Proof. We need to prove the largest ®,, such that From Theorem 2, we have
Arpi||arpa| <1 (58)
T(a+b+p)T(b+p)[Dy,(1+k)=Cp,(a+kB)|T(b+p+t)/T(a+b+p+t) X
<
C,(1+k)-D,(a+kp) |at+p,1'— ’
(59)

>

~
—

T(a+b+p)T(b+p)[Dy,(1+Kk) =Cpp(a+kP)|T(b+p+t)/T(a+b+p+t)
C,(1 + k) —Dp(oc+k/3)

at+p,2| <l
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By Cauchy-Schwarz inequality, we have

X[T(a+b+p)Tb+p)| Dy, (1+k)—C,,,(a+EkB)|T(b+p+t)T(a+b+p+t)
2 | tpcp(1+k)i1'5p(a+kg) Vg pa =1 (©0

=1

~

Thus, it is sufficient to show that

[Dyyy (1 +K) = Cypp (@) + k)]

Aiyp1lGss
C,(1+k) =D, (D, +kp) tP’l' tp’z‘
(61)
T(a+b+p)/T(b+p)[Dy,(1+k) = Cpp(a+kB)|T(b+p+t)/T(a+b+p+t)
S{ C,(1+K) =D, (a+kp) Vrrpt Grepa:
That is,
C,(1+k)-D, (D, +kB)[T(a+b+p)/T(b+p)|D,,,(1+k)-C,,,(a+kB)|IT(b+p+t)/T(a+b+p+t)
,(1+k) =D, (a+kB)[Dy,, (1+Kk) = Cppp (@) +kP)]
(62)
Note that
C,(1+k)-D,(a+kp)
VAiepd 82 =1 s T (b + p) Dy (14 K) - Ct+P(a+kﬁ)]1"(b+p+t)/F(a+b+p+t) (63)
Consequently, from (62) and (63), we obtain
C,(1+k)-D,(a+kp)
T(a+b+p)/T(b+p)[Dy,(1+k) = Cp,(a+kB)|T(b+p+t)/T(a+b+p+t)
(64)
[c (1+k)=D,(®, +kB)|L(a+b+p)/T(b+p)[Dy,,(1+k)=Cpp(a+kB)|T(b+p+t)T(a+b+p+t)
[Diry (1 +K) = Cppp (B, + kP)|[C, (1 + k) - D, (a + kP)] ’
or, equivalently,
®<[ (1+k) - D, (,kB)|(T(a+b+ p)T(b+p)[D,,, (1 +k) - CHP(a+kﬁ)]I‘(b+p+t)/l"(a+h+p+t -[Diy (14 0) - C,p, (kP [C, (1 +K) - a+k;;)]2: "
- D,(T(a+b+p)T(b+p)[Dy,(1+k) = Cp,p (a+kB)|T b+p+t)/F(a+b+p+t)) Ciip[C,(1+ k)= D (a+k/5] ¥
(65)

Since y, (¢) is an increasing function for t > 1, letting ¢ =
1 in (65), we obtain
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O <y, (1) =

[C,(1+K) =D, (kB)|((b+ pla+b+ p)[Dpey (1 +5) = Cpuy (@ + kB)])’ ~[Dpus (1 +5) = Cpuy (WP)][C, (1 + k) = D, (a + k)]’
D,((b+ platb+p)[Dyy (1+k) ~ Cppy (@ +kB)])* = Cpyy [C, (1 +K) = D, (a+kp)]”
(66)

gl

2 2
The proof of our theorem is now completed. O h(w) = wf - (GHP,I + atﬂ,,z)wﬁp (67)

-~
I
—_

Theorem 7. Let /\j(w) (j =1,2) given by (55) be in the
class k-£U, (a,b, p,a B,u,v). If the sequence {I(a+
b+ p)/I(b+p) [Dyyp(1+k) = Cppp (a + kPIT (b + pt+
t)/T'(a+b+ p+1t)} is nondecreasing, then function

belongs to the class k — £U, (a, b, p, ®,, u, v), where

o < [[(a+b+ )T+ p)[Dyy(1+K) = Cpp (@ + kBT (b + p+ T (a+b+ p+1)]*(C,(1+k) = DykB) = 2[C, (1 + k) =D, (a + kP)]* [y, (1 +K) = Cyo p (KB)]
- 2 [C,(1+K) - D, (a+kp)|" i

D,[T(@+b+p)T(b+p)[Dsyy(1+K) = Cppp(a+ kP)L(b+ p+t)T(a+b+p+D)] -2C,,

(68)
Proof. We need to prove the largest @,. From Theorem 2, we have
S [T(a+b+p)Tb+p)[Dy,(1+k) =Cpp(a+kB)|T(b+p+t)/T(a+b+p+t) 2
; C,(1+k) - D, (a+kp) @repi
(69)
3 i T(a+b+p)/T(b+p)[Dy,(1+k) ~Cpp(a+kB)|L(b+p+t)/T(a+b+p+t) .
< a,, <
& C,(1+k) - D,(a+kp) el
and
i T(a+b+p)T(b+p)[Dyy(1+k) = Cpp(a+ kBT +p+DT@tb+p+n] ,
< C,(1+k) - D,(a+kp) repa
(70)
© [T(a+b+p)T(b+p)[Dyy(1+K) -Cppla+ kBTG +p+t)Tatbtp+t) T
< Z Arpa| s 1
= Cp(1+k)—Dp(oc+kﬁ)
It follows from (69) and (70) that
OZO:1[F(a+b+p)/F(b+p)[Dt+P(1 +k) —Ct+P(oc+k[3)]l"(b+p+t)/l"(a+b+p+t)]2
vap) C,(1+k) - D, (a+kp) 71)

(“f+p,1 + at2+p)2) <l

Therefore, we need to find the largest @,, such that
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[Dt+p (1+k)-Cyp (@, + kﬁ)]
C,(1+k) =D, (@, +kp)

T(a+b+p)T(b+p)[Dy,

(1+k)-

(72)

t+p(“+k/3)]F(b+p+t)/F(a+b+p+t) ?

1
<=
2
That is,

3 [T(a+b+p)T(b+p)[Dy,

C,(1+k) - D, (a+kp) ’

(1+K) = Cypp(a+ kBT (b + p+ )T (@+b+ p+0]*(C, (1 + k)~ DkB) ~2[C, (1 + k) = D, (a+ kB)|*[Dyrp (1 +5) ~ C, (k)]

2

D,[T(a+b+p)T(b+p)[Dyy,(1+k) = Cpp

Since y, (¢) is an increasing function for ¢ > 1, letting t =
1 in (73), we readily have

[F(a+b+p)T(b+p) Dy, (1+k) -Cp,,

(a+kﬁ)]F(b+p+t)/r(a+b+p+t)]2—2C

wp[Co(1+H0) = Dy (a+kp)]”

(73)

(@+kB)|T(b+p+ 0T (a+b+p+0)](C,(1+k) ~D,kB) ~2[C,(1+k) =D, (a+kp)] [Dy (145 - Cppy (kB)]

D, <y, (1) =

The proof of our theorem is now completed. O

3. Conclusion

In our current investigation, we have presented and studied
thoroughly some new subclasses of p—valent functions related
with uniformly convex and starlike functions, in connection
with the Liu-Owa integral operator Qj P)t (w) given by (8). We
have obtained sufficient and necessary conditions in relation to
these classes, including growth, distortion theorem, and radius
problem. Some special cases have been discussed as applica-
tions of our main results. The techniques and ideas of this paper
may stimulate for further research in this area of knowledge.
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Dy[T(@+b+p)T(b+p)[Dy, (1+K) - CM(oz+kﬁ)]r(za+p+t)/r(a+b+p+r)]2 -2C,,[C,(1+k) - Dp(oc+k/5)]2

(74)

References

[1] A. Goodman, “On uniformly convex functions,” Annales
Polonici Mathematici, vol. 56, no. 1, pp. 87-92, 1991.

[2] A. W. Goodman, “On uniformly starlike functions,” Journal
of Mathematical Analysis and Applications, vol. 155, no. 2,
pp. 364-370, 1991.

[3] J. Miller, “Convex meromorphic mappings and related
functions,” Proceedings of the American Mathematical Society,
vol. 25, no. 2, p. 220, 1970.

[4] A. Mannino, “Some inequalities concerning starlike and
convex functions,” General Mathematics, vol. 12, no. 1,
pp. 5-12, 2004.

[5] K. Swaminathan and Raghavendar, “A close-to-convexi of
basic hypergeometric functions using their Taylor coeffi-
cients,” Journal of Mathematical Analysis and Applications,
vol. 35, pp. 111-125, 2012.

[6] S. Kanas and A. Wisniowska, “Conic regions and k-uniform

convexity,” Journal of Computational and Applied Mathe-

matics, vol. 105, no. 1-2, pp. 327-336, 1999.

A. Lecko and S. Kanas, “On the Fekete-Szego problem and the

domain convexity for a certain class of univalent functions,”

Folia Science University Technology Resolve, vol. 73, pp. 49-58,

1990.

[8] V. S. Masih and S. Kanas, “Subclasses of starlike and convex
functions associated with the limagon domain,” Symmetry,
vol. 12, no. 6, p. 942, 2020.

[9] D. Raducanu and S. Kanas, “Some class of analyatic functions
related to conic domains,” Mathematica Slovaca, vol. 64, 2014.

[10] S.G. A. Shah, S. Noor, S. Hussain, A. Tasleem, A. Rasheed, and
M. Darus, “Analytic functions related with starlikeness,”
Hindawi, Mathematical Problems in Engineering, vol. 2021,
Article ID 9924434, 5 pages, 2021.

[7



International Journal of Mathematics and Mathematical Sciences

(11]

(12]

(13]

(14]

(15]

(16]

(17]

(18]

(19]

(20]

(21]

(22]

(23]

[24]

(25]

J. L. Liu and S. Owa, “Properties of certain integral operators,”
International Journal of Mathematics and Mathematical
Sciences, vol. 3, pp. 69-75, 2004.

M. K. Aouf and T. M. Seoudy, “Some properties of a certain
subclass of multivalent analytic functions involving the Liu-
Owa operator,” Computers & Mathematics with Applications,
vol. 60, no. 6, pp. 1525-1535, 2010.

M. K. Aouf and T. M. Seoudy, “Some preserving subordi-
nation and superordination of analytic functions involving
the Liu-Owa integral operator,” Computers & Mathematics
with Applications, vol. 62, no. 9, pp. 3575-3580, 2011.

M. K. Aouf and T. M. Seoudy, “Some preserving subordi-
nation and superordination of the liu-owa integral operator,”
Complex Analysis and Operator Theory, vol. 7, no. 1,
pp. 275-283, 2013.

M. Darus, S. Hussain, M. Raza, and J. Sokol, “On a subclass of
starlike functions,” Results in Mathematics, vol. 73, pp. 1-12,
2018.

S. Hussain, A. Rasheed, and M. Darus, “A subclasses of an-
alytic functions related to k-uniformy convex and starlike
functions,” Journal of Functions Spaces, vol. 2017, Article ID
9010964, 7 pages, 2017.

A. Rasheed, S. Hussain, S. Hussain, M. Darus, and S. Lodhi,
“Majorization problem for two subclasses of meromorphic
functions associated with a convolution operator,” AIMS
Mathematics, vol. 5, no. 5, pp. 5157-5170, 2020.

S. G. A. Shah, S. Noor, M. Darus, W. Ul Haq, and S. Hussain,
“On meromorphic functions defined by a new class of liu-
srivastava integral operator,” International Journal of Analysis
and Applications, vol. 18, no. 6, 2020.

H. M. Srivastava and S. Kanas, “Linear operators associated
with k-uniformly convex functions,” Integral Transforms and
Special Functions, vol. 121-132, p. 9, 2000.

S. G. A. Shah, S. Hussain, A. Rasheed, Z. Shareef, and
M. Darus, “Application of quasisubordination to certain
classes of meromorphic functions,” Journal of Function
Spaces, vol. 2020, Article ID 4581926, 8 pages, 2020.

N. Magesh, “Certain subclasses of uniformly convex functions
of order « and type 3 with varying arguments,” Journal of the
Egyptian Mathematical Society, vol. 21, no. 3, pp. 184-189,
2013.

H. Silverman, “Univalent functions with negative coeffi-
cients,” Proceedings of the American Mathematical Society,
vol. 51, no. 1, p. 109, 1975.

A. Y. Lashin, “On certain subclasses of meromorphic func-
tions associated with certain integral operators,” Computers &
Mathematics with Applications, vol. 59, no. 1, pp. 524-531,
2010.

F. Ronning, “Uniformly convex functions and a corre-
sponding class of starlike functions,” Proceedings of the
American Mathematical Society, vol. 118, no. 1, pp. 189-196,
1993.

R. M. El-Ashwah, M. K. Aouf, A. A. Hassan, and A. H. Hassan,
“Certain new classes of analytic functions with varying ar-
guments,” Journal of Complex Analysis, vol. 2013, Article ID
958210, 5 pages, 2013.



