Hindawi

Journal of Applied Mathematics

Volume 2019, Article ID 2852815, 5 pages
https://doi.org/10.1155/2019/2852815

Research Article

Hindawi

Discretization of Optimal Control Problems Governed by

p-Laplacian Elliptic Equations

Shu Luan

School of Mathematics and Statistics, Lingnan Normal University, Zhanjiang, Guangdong 524048, China

Correspondence should be addressed to Shu Luan; luans257@yeah.net

Received 18 September 2019; Accepted 15 October 2019; Published 31 December 2019

Academic Editor: Fernando Simdes

Copyright © 2019 Shu Luan. This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

In this paper, a state-constrained optimal control problem governed by p-Laplacian elliptic equations is studied. The feasible control
set or the cost functional may be nonconvex, and the purpose is to obtain the convergence of a solution of the discretized control
problem to an optimal control of the relaxed continuous problem.

1. Introduction and the Optimal Control
Problem

Let Q be a bounded open convex domain of R", n = 2, 3, with
a Lipschitz continuous boundaryI. Let U be a compact subset
of R”, and we denote by % the set of measurable functions
u: Q — U. For each u € 7%, we consider the following state
equation

{—div(|Vy|P_2Vy) = f(x, y(x),u(x)) in Q, 0
y=0 onT,

where 3 < p < +00.

We first make the following assumptions on f:

(S1) The function f(-, y,u) is measurable in Q, f(x, -, u)
is in C'(R), flx, ), fy(x, -,+) are continuous in R x U.
Moreover,

f (%, y,u) <0 V(x,y,u) € AxRxU, 2)
and for any R > 0, there exists a constant M, > 0 such that

|f (, y,u)| + |fy(x,y,u)| <M, VY(xu)eQxU, |y| <R
3)

The next theorem claims the well-posedness of the state
equation.

Proposition 1. Suppose that (S1) holds. Then for any u € %,
there exists a unique weak solution y, € WOI’P(Q) N L=(Q) of
(1). Moreover, there exists a constant C > 0, independent of
u € U, such that

Ilyu"wol"’(g)an(Q) <C. (4)

The estimate of [|-[ly»(q) can be obtained by the same argu-
ments in the proof of Theorem 6.11 in [Chapter 2, 9] and the
remained results of this theorem can be deduced from Lemma
3.1in [1].

Remark 2. Since 3 < p < +00, W, P(Q) can be compactly
embedded into C(Q), which shows that there exists a
constant C > 0, independent of u € %, such that

Yo < S (5)

where y, is the solution of (1) corresponding to u € %.

Let us consider another function that satisfies the following
properties:

(82) L: Ox(RxU) — R is a Carathéodry function
which satisfies that for any M > 0, there exists a nonnegative
function ¢,, € L'(Q) such that

|L(x, y,u)| < ¢py(x) ae.x€Q, V|y|<M, Yuel.
(6)
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Now our optimal control problem can be stated as follows.

» ){ Minimize J(u) = IQL(x, ¥,(x), u(x))dx,
Nuedd, g(x,y,(x) <8 VxeQ,
(7)
where § € Rand g : Q x R — Ris a continuous function.

In the case of no convexity assumption, optimal control
problems do not have classical solutions generally, whereas
the corresponding relaxed problems have solutions if some
reasonable assumptions are made. To deal with these problems
numerically, one needs to discretize them in some way, and
then by applying some optimization method to the discrete
problems to find some discrete optimal solution. Since the
structures of the continuous problems are basically different
from the discrete ones, it is necessary to know whether discrete
optimality converges to continuous optimality.

Similar problems were considered by Casas [2] and
Chryssoverghi and Kokkinis [3]. In the field of finite element
approximations for optimal controls governed by PDEs, we
refer the readers to the papers [4-10] and the references
therein. This present paper is mainly motivated by the work
of [2] where the author considered the following state
equation

{Ay = f(x, y(x),u(x)) in Q, ®)
y=0 onT,
with

Ay =- Z axj [aij(x)ax‘y]. (9)

i,j=1

Our main goal is to generalize the results in [2] to the case of
p-Laplacian. Such models arise from fluid mechanics, nonlin-
ear diffusion and nonlinear elasticity (see [11]).

Now, we first introduce the stability concept of (P;) with
respect to perturbations of the set of feasible states.

Definition 3 [1, Definition 1]. We will say that (P;) is stable
to the right if

lim inf(Py ) = inf(P,). (10)
&'\6

Analogously, (P;) is stable to the left if ()
lim inf(P; ) = inf(Py).
8' 78

(P,) is said stable if it is stable to the left and to the right
simultaneously.

The following result shows that problem (Py) is stable
under what cases, and which can be proved by the same argu-
ments as that in the proof of Theorem 2 [2]. However, we still
present the details for readers’ convenience.

Lemma 4. Suppose that (S1) and (S2) hold. There exists
8, € R such that (P,) has no feasible control for 8 < 8, For
every 8 > 8, except at most a countable number of them,
problem (Py) is stable.
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Proof. From (5), there exists a constant M > 0 such that
ly,(x)| <M for all xe€ Q and u € %. The minimum
and maximum of g over Qx [-M,M] are denoted by
Ay and A, respectively. Then we can claim that for
8 <A, (Ps) admits no a feasible control, while every
element of % is a feasible control for any 6 > A,,. Let
8, = inf{8 : (P;) hasatleast one feasible control}, and then we
have that 1,, < 6, < A ;.

Next we show that, for almost all 8 > 8, (P,) is stable. We
consider a function h:(8,,+00) > R defined by
h(8) = inf(P,). Then except for at most a countable number
of §, we find that /1 is monotone, nonincreasing and continuous.
Moreover, it is easy to see that the continuity of 4 in § is
equivalent to the stability of (P;). Thus the lemma is proved.

O

2. The Relaxed Control Problem

In this section, we would like to apply the relaxation theory.
That is the control set U can be extended to a bigger space such
that the new control problem has at least one solution. For this
reason, we recall the concept of relaxed controls and the rela-
tions between classical controls and relaxed controls given by
Warga [12] first.

Let C(U) denote the space of continuous functions
endowed with the maximum norm and .# (U) = C(U)"is the
space of Radon measures in U. Let .Z, : (U) be the subset of
A (U) formed by the probability measures in U, and Z be the
subset of the Banach space L(Q;.# (U)) = L'(; C(U))*
formed by all .2 (U)-valued C(U)-weakly measurable func-
tions in Q. That is, 0 € Z if and only if

o(x) € //ZJ(U), Vx € Q (12)

and
X J h(v)o(x)(dv) is measurable, Vh e C(U). (13)
U

As usual we call each member of Z a relaxed control and an
element of 7 a classical control, respectively.
It is known that Z is convex and compact, moreover, %
is dense in Z with the weak star topology of L™ (Q; .# (U))
(see Warga [12, Theorem IV.2.1, p. 272 and Theorem IV.2.6,
p- 275]).
We now define the relaxed control problem in the follow-
ing way
(RP5){ Minimize J,(0) = _[de_[UL(i, v,(x),v)o(x)(dv),
o€, g(x,y,(x) <8 VxeQ,

(14)
where y_ € W,?(Q) N L™(Q) being the solution of the
problem

{—div(lVyU|P72Vya) = [, f (% y,(x),v)o(x)(@dv) in Q,
y,=0 onT.

(15)

Let us remark that %/ can be considered as a subset of % by
identifying u € %/ with Dirac measure-valued function
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0 =8, € % Moreover, with this identification we have y_ = y,
and Jz(0) = J(u). On the other hand since U is dense in %,
problem (RP;) can be considered as an extension of (Pj).
Furthermore, we will see below that (RP;) has at least one
solution. However we must be concerned whether
inf(RP;) = inf(P;). The following theorem gives the answer.

Theorem 5. Suppose that (S1) and (S2) hold. Let §, be as in
Lemma 4. (RPy) has at least one solution for every & > 8.
Moreover inf(RP;) = inf(Py) if and only if (P,) is stable to the
right.

Proof. Step 1. We would like to prove the existence of one
solution of (RPy) for 8 > &, Indeed, similar to (5), there
exists a constant C > 0, independent of 0 € %, such that

1yelo@y < €. (16)

It follows from (16) and (S2) that
giggf:]R(o-) > —00. (17)

Therefore, there exists a minimizing sequence o, € Z with the
property of

JAm Je(oy) = inf Jp(0). (18)

Since Z is convex and compact, there existsac € % such that
(ask — +00)
0, — 0 weakly” in L®(Q; . (U)). (19)

Moreover, without losing generality, we can suppose that there
exists a function y € WO1 P(Q) N L™(Q) such that

¥ — ¥ weakly in W,(Q), strongly in C(ﬁ)
(20)
when k — +o00, where y,, ¥ is the solution of (15) correspond-

ing to 0y, 0, respectively. Finally the continuity of J(-) and g (-, -)
shows that & is a solution of (RPy).

Step 2. We deal with the remainder part of the theorem. To do
this, we first sate the following inequalities

inf(RPy) < inf(Py) < inf(RPs) < inf(Ps) for every &' > 6.

21)

The first and the last inequalities can be deduced from the identifi-
cation of every feasible control for (Pj) (resp. (P )) with a feasible
control for (RP;) (resp. (RPy )). We only need prove the second
inequality. Since 7 is dence in %, if 0 € Z is a feasible control for
(RP,), then there exists {u; },, C % such that (as k — +00)

8, — o weakly” in L*(Q;.# (U)). (22)

That is,

JgdeUz(x, V)‘Suk(x)(d")
= [ ax[ zwvota@ vzer@ico). @)
Q U

Let y, be the solution of (15) corresponding to ¢ € Z. From
(23), we have that

Jim [ feyu)dx = Jim [ dx| flx )8, @)
= | dx| syt
Q U

(24)
which means that y, — y, uniformly in Q, then
82 g(xy,(0) = lim  g(x,, (x)), (25)

therefore g(x v, (x)) < &' for any x € Q and k bigger than
some k, only dependlng ond'. Thus {u, } k=, are feasible solu-
tions for problem (P ) and

Je(o) = lim J() > inf(Py), (26)

the desired inequality is obtained.
Next, we only need to prove that

lim inf(RPy ) = inf(RP;).
8}1\1} inf(RPy ) = inf(RP;) (27)

Let oy be a solution of (RPy) for every &' > 8. Since Z is
compact, one can take a sequence {0, }72,, with §; s 8, such
that o5 — o weakly* for some o € By the umform con-
vergence y, = y, in Q, for every x € Q, we have that

9(x, y,(x)) = Jim g(x, y%_(x)> < lim 6, =0, (28)

this shows that o is a feasible control for (RPs). Hence we
obtain that

inf(RP,) < Jg(0) = lim Jy(0, ) = lim inf(RPy) < inf(RP, ).
jotoo AN

(29)
Finally, it follows from (22) and (27) the proof can be deduced.
In fact, if inf(RP;) = inf(P,), then we have that

lim inf(Py) < inf(P;) = inf(RP;) = lim inf(RP) < hm inf(Py),
&'\o &'\o o
(30)

that is (P,) is stable to the right. On the other hand, if
limy . 5inf(Py) = inf(Py), then

inf(RP6) = (lsiyr\r; inf(RPy) < inf(Pé) = (lsi’r\r; inf(Paf) < inf(RPé),

(31)
and the proof is completed. O
Corollary 6. Suppose that (S1) and (S2) hold. If problem (Py)

is stable to the right and it has a solution u, then & = 8 is also
a solution of (RPy).



3. Numerical Approximation of the Control
Problem

In this section the numerical discretization of problem (P) will
be considered, and the convergence of optimal discrete controls
to optimal relaxed controls in some topology will be proved.

We first give some standard notations to use the finite ele-
ment method (see Ciarlet [13] or Casas [2]). Let {7} },.,be a
regular family of triangulations in Q satisfying the inverse
assumption. Let us take Q;, = |y« 7 T with the interior (0, and
the boundary T}, Then we assume that Q, is convex and the
vertices of 7, placed on the boundary I, are points of T. To any
boundary triangle T of .7, we associate another triangle T ¢ Q
with two interior sides to Q coincident with two sides of T and
the third side is the curvilinear arc of T limited by the other two
sides. Denote by .7}, the family formed by these boundary tri-
angles with a curv111near side and the interior triangles to Q) of
7, and thus Q = Urez T We now consider the spaces

U, = {uh €U : uh|T is constant VT € %}, (32)

Vh—{yheC yh| € P VT € J, and y,(x) =0 VxEQ\Q}

(33)

where &7, denotes the space of the polynomials of degree less
than or equal to 1. It is noticed that since we assume the set Q
is convex, the inclusion V,, ¢ W,**(Q) holds. For any u, € %,
we denote by y, (1,,) the unique element of V, that satisfies (for
anyv, € V,):

JQWJ’h(”h”P_ZVJ’h(”h) “Vydx = Iﬂf(x’ yh(uh)(x)’”h(x))vh(x)dx'

(34)
Now we state the finite dimensional optimal control problem
as follows:

® {Minimize I (u,) = J‘Q}’L(x, ¥, (1) (%), uy (x))dx
subject to u,, € %, and g(xj,yh(uh)(xj)) <8 1< j<n(h),

(35)
where {x Vi (1 is the set of vertices of .7,

From Theorem 5.3.2 in [13], we can prove the discrete
solution converges to the solution y, of (1), as we now show.

Lemma?7. Suppose that (S1) holds. Let there be given a family
of finite element spaces as previously described. If y,, y,(u,)
are the solutions of (1), (34), respectively. Then

}l{% 17 = (1) wiry = 0- (36)

The following result shows that problem (P, ) has at least one
solution.

Lemma 8. Suppose that (S1) and (S2) hold. For every 8 > &,
there exists hy > 0 such that (P, ) has at least one solution u,
forallh < hy.
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Proof. By the compactness of %, and the continuity of
J,» we can claim that (Pg,) has one solution if one can
show the set of feasible controls is nonempty. In fact,
let u, € U be a feasible control for (Pao) and we take
Uy, € %, such that ug,(x) — u,(x) for almost all x € Q
as h — 0. Then it follows from (36) that y,(uy,) — ¥,
uniformly in Q. Using this uniform convergence, we have
that _limy,_,g(x, y,(1,)(x)) = g(x, yuu(x)) <9, for any
x € Q. Thus for § > §,, there exists a constant h5 > 0 such
that g(x, y,(4y,)(x)) < 8 holds for all x € Q and each h < h;,.
That is to say that uy, is feasible for (P, ) and thus the proof is
over. g

Finally, we will prove the main result in this paper.

Theorem 9. Suppose that (S1) and (S2) hold. Let us assume
that (Py) is stable and let hy > 0 be as in Lemma 8. Given a
family of controls {u,},,, ,u, being a solution of (Py,), there
exist subsequences {uy, }in with i — 0 as k — +oo, and
elements G € # such that 0, = 87 — 0 in the weakly*
topology of L (Q; 4 (U)). Each one of these limit points is a
solution of (RP,). Moreover we have that

%i_ng Ju(w,) = inf(RP;) = inf(P;). (37)

Proof. Let y, be the state corresponding to u, and we set
0,(x) = 5[%(96)]' Since & is a weakly* compact subset of
the space L™(Q;.#(U)) and {6h}hsh5 C %, there exists a
subsequence Ehk such that 4, — 0and Ehk = 6@ — 0 weakly*
in L*(Q; .# (U)) for some o € #%. Now we show that & is a
solution of (RP). Let ¥ be the state associated to o. Similar
to the proof of Lemma 8, since y,, converges to y uniformly
in Q and g(x Vi, ( ])) < § for any 1 < j < n(h), therefore
g(x, y(x)) < 8 which shows that & is feasible for the problem
(RP,).

For &' € [§, +&,8), with 0 < & < § — §, fixed, and we let
oy be a solution of (RPy ). Since % is dense in Z, there exists
sequence W12 721 C% such that w — oy weakly* i

L™(Q; .4 (U)). By the uniform convergence y,; — Yo, ONE
can claim that there exists jy € N such that
g(x, y,i(x)) <& +¢/2 for every x € Q and j > jy. For any j
fixed we can take a sequence {u,},,, C %, such that
u,(x) — ! (x) for almost all x € Q. It follows from the uni-
form convergence y,(1,) — y,sand g(x, y, (4, )(x)) < & (for
each x € Q,h < i) that u, is a feasible control for (Ph).
Hence, we have that ], (O‘h ) ]hk(”hk) < ]hk(”hk) whenever
h, < K. Therefore, we get

Jx@ = lim J, (5,) < lim J, (u,) = /(). (38)

Now passing to the limit as j — +co, we gain that
Jx(@) < Jz(0g ). Finally, from the feasibility of & for (RP,) and
the stability condition (Definition 3), we conclude that
inf(RP;) < J(0) < lim Jz(0y) = lim inf(RPy)
) 8' 78
inf(RP;),  (39)

< liminf(Py ) = inf(P;) =
87
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which shows that @ is a solution of (RP;). The rest of this

theorem is obvious. O
(11]
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