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We prove the polynomial analogues of some Liouville identities from elementary number theory. Consequently several sums
defined over the finite fields I, [¢] are evaluated by combining the results obtained and some of the results from sums of reciprocals

of polynomials over [Fq[t].

1. Introduction and Background

Let p be a prime number, g = p° for some positive integer
e and [, the finite field with g elements. It is well known
that [, [f] and the set of all integers Z share many similar-
ities. Analogue of many results on Z has been proven for
F,[t]. Both rings are principal ideal domains, both have the
property that the residue class ring of any nonzero ideal is
finite, both rings have infinitely many prime elements, and
both rings have finitely many units. For the ring Z, the
units are +1 and every nonzero integer is a multiple by a
unit of a positive integer. Similarly, the units of F,[¢] are the
nonzero scalars [F; , and every nonzero polynomial in F[¢]
is a multiple by a unit of a monic polynomial. Thus, one
may think that many other results, which hold for Z, have
their analogues in the ring [, [¢]. This is indeed the case. For
example, analogues of the little theorem of Fermat and Euler,
Wilsons theorem, quadratic (and higher) reciprocity, the
prime number theorem, and Dirichlet’s theorem on primes in
arithmetic progression and many more well-known theorems
from elementary number theory have been proven true for
[Fq[t], see [1].

In the nineteenth century, Joseph Liouville introduced a
powerful new method into elementary number theory that
allowed him to get many interesting identities. His approach
was also used to solve well-known problems such as sums of
squares, sums of triangular numbers, recurrence relations for
divisor functions, convolution sums, and many others. Most
of these problems are still today a subject of mathematical
research.

In this present paper, we propose to study the polynomial
analogue of some identities of Liouville in Williams [2, chap-
ter 3]. More precisely, if d(n) and o(n) represent respectively
the number of divisors and the sum of divisors of #, and

dim(9) = Z 1, neN,
deN (1)
dlg
d=k(modm)

Liouville proved the following.

Theorem 1 (Liouville). Letae€ Z*,be Z, m € N, andn € N.
Set

g =gcd(a,m),
o
g )
o
1 g
Ifa, € 1,2,...,my — 1 satisfies
aa, = 1 (modm,), (3)
then
y [“‘“b] = fom+ Lam
= m m m
din
1 m—1 (4)
- — id, . n),
m ; a,(I-b)/ g,m,
I=b(mod m)

where [x] represents the integer n satisfyingn < x < n+ 1.
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He also proved many other results related to Theorem 1.

The main goal of this paper is to evaluate some sums of
polynomials over [, involving the polynomial analogue of
Theorem 1. We also evaluate the average of some functions
defined on the set of all monic polynomials over [F_.

Throughout this paper, we let A = [Fq [t]. We define M,
M, and M_, to be the subset of all monic polynomials in
A, the subset of all monic polynomials in A of degree #, and
the subset of all monic polynomials in A of degree less than
n, respectively. We also let P, and P_, to be respectively the
subset of all monic irreducible polynomials in A of degree n
and the subset of all monic irreducible polynomials in A of
degree less than n.

For f € A, we denote the degree of f by deg f, the
number of polynomials g coprime to f with degg < deg f
by ¢(f), the number of divisors of f by d(f) and we set

= dfk
o (f) d;wu )
d|f

Finally, we set | f| = ¢/ if f # Oand | f| = 0if f = 0.1t
is well known (see [1]) that every f € A, f # 0 can be written
uniquely in the form

f= “Pil "'Pis’ (6)

where « is a nonzero element in F,, p;,...,p, are
irreducible monic pol.yno.mials, p; # p;jfori # j, and
ey, ..., € are nonnegative integers.

The following 2 propositions will be needed later. Their
proofs are omitted here and can be found in [1].

Proposition 2. Let f € A. If the prime decomposition of f is
given by

f=api...p%, then
: 1
= 1-— ).
o0 -111(1-5)
d(f)=(e;+1)(es+ 1) (es+1). (7)
~ |p1|el+l -1 |p2|ez+l -1 |p$ e+l -1
L B R Y

Proposition 3.

Y d(f)=m+1q"

fem,
e 8)
1_q n—1

_1 .

l1-¢g

> o()-q"

fEMﬂ

2. Some Results about Sum of Reciprocals of
Polynomials over F, (t]

In this section, we give a closed formula for some sums
of reciprocals of polynomials over F[t]. These results will
be used in the subsequent sections to help prove some
polynomial identities in [Fq[t].
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We start with the following definitions. Letting n € N, we
define d,, and ], as

—

n- n i
dn: (tq _tq))

i

]
(=]

©)

S

1, = H(t—tqi)

i=1

Further, wesetd,, = [, = 1, and, for an integer k, we define

1
S,k= Y -
aeM,
) (10)
S =Y =
aeM,_,

The next 2 theorems are due to Carlitz [3]. The first one
provides an explicit formula for S, (k) and S_,(k) if k = +(q' -
1). Details of this theorem can be also found in [4].

Theorem 4 (Carlitz [3]). For eachn € N, we have

S,(d 1) = s,

li—l n (11)
S . (qz _ 1) _ n+ii—1 ,
) L
foriz>n,
Su(=(d 1)) - I d.;" ’ (12)
i al
sl - 1) -
n—1"%j-n

The next theorem is initially due to Carlitz [3], but an
alternative proof was given by Hicks et al. [5] in a most recent
paper published in 2012.

Theorem 5 (Carlitz [3]). Fork € N, 1 < k < g, we have

yl 1 1
S (-] 13

More results about sum of reciprocals of polynomials can
be also found in [6]. We state here some of them. Let R, be
the subset of all monic reducible polynomials in A of degree
less than n and we denote by h, the product of all monic
irreducible polynomials of degree nin A, i.e.,

h,=[]p. (14)

peb,

S. Nelson [6] in 2016 has proved the following theorem.
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Theorem 6 (Nelson [6]). With P
above, we have

R,, and h,, defined as

(11— )17
hy(t)

2

1
pep, p

) (h, (1))’ (tq2 - t)q_4

1
1 1
rg;z; - (tq - t)z .

1 1
Z_:_ 2

A G CED

We conclude this section with our main theorem that
states the following.

Theorem 7 (main theorem). Letm € M,,0# a € [Fq[t], and

b € M, Assume a = ms, +r; and b" = ms, + r,, where
r; € M_,,i =1,2. Define

v (f) = Z Z [ldlb +a]

beM,, deM
alf

(16)
|d|b +a
V1 (f Z Z
beM,, deM m"
dif
Ifu = (Im| = 1)|m|*", then
|m|k?1 -n-1
- n l_q
v(f) = —E——q" ——— —(n+ 1)
f§4,, A
n 1- |m|
. ————(a-1)
(1-q)mk™ (17)
Y Y
m beM,, r,eM,,
b= s, +1,
and
o4 "(1-q")(1-4"")
Y n(f)= o
feM, q (18)
q
_ 1 n n—
(n+1)g -

Theorem 7 will be used in Section 4 to establish some
polynomials identities in F,. These identities are obtained by
evaluating certain sums taken over the subset of all monic
polynomials and monic irreducible polynomials.

3. Polynomial Analogue of
Some Liouville’s Identities

Let k € Aand m € M. We define the function dj,,(g) as the
number of divisors d of g congruent to k modulo m, i.e.,

dem(g)= Y 1, geM,

deM (19)
dlg
d=k(modm)

The following theorem is the polynomial analogue of [2,
theorem 3.8]. It describes some of the properties of d; ,,, for
polynomials. The proof follows the same steps as the one for
integers proved by Liouville in [2].

Lemma 8. Form, g € M, we have

don(9) =d (L),
20
Y dinl(e)=d(g). 0
keM
degk<degm

Proof. The proofis essentially the same as the integer case. We
have

g
dom(9) = 1= ) 1= 1=d (—)
’ dgl‘(/l e;\:/l e;\:/l m (21)
dlg eml|g elg/m
d=0(mod m)
For m = 1, we have
doy (9) =d(g)- (22)

For the second equality, we have

2 (= Y ) 1=

keM keM deM deM
degk<degm deg k<degm dlg dlg (23)
d=k(mod m)
=d(g).
[l

Let m,a € [Fq[t]. The division algorithm theorem states
that that there exists a unique set of polynomials s,7 € F_[
satisfying a = ms + v, with r = 0 or degr < degm. We degne

[i
m
Remark 9. Since for a,b € [Fq[t], deg(a + b) is the maximum
between dega and degb, for m € M, we have

CLRCNC

Lemma 10 (see [2]). Let 0 # a,b € [Fq[t] and f,m € M. Then

dla m
Z erll — | Daa(f) (26)

beM deM q) m
degb<degm d|f

=s. (24)




Proof. We have

L

keM deM
degb<degm d|f

2 2

beM deM
degb<degm d|f

a

=— ) o)
m beM
degb<degm

a

=—o(f) Y 1 @)
beM
degb<degm

O

The next theorem is the polynomial analogue of [2,
theorem 3.9].

Theorem1l. Let0 # a,b € [F[t] andm € M. Ifgcd(a,m) = 1
and aa; = 1 modm, then

> M- Lo+ Lap)

@
(28)
1
- Z rda (r=b),m*
m reM '
degr<degm

Proof. Foreachd e M, there exista unique set of polynomials
s,r € M suchthat |[d|la+b = ms+r,degr < degm. Therefore,
we have

Z [|d|a+b]

2 X s

deM seM deM
d|f dlf
[(Id]a+b)/m]=s
_ Z Z |d| at+b-r
reM deM m

deg r<degm d|f
|d|a+b=ms+r

_ Z |d|a+b

deM m

alf

DI
reM deM m
degr<degm dlf
|d|a+b=ms+r

k
=% PINCEED

deMld| deM
dlf dif
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1
ai=aD VLD Y
m reM deM
degr<degm dlf
|dla=r—bmodm

b
%Z |d|+;21

deM deM
dlf alf
1
eV DY
m - rem deM
degr<degm d|f
d=h,(r-b)modm
a b
=—o(f)+—d
o (f)+ ()
1
- Z rdul(r—b),m (f) .
m reM
degr<degm
(29)
O

Our last polynomial analogue result in this section deals
with the function F,;(a) defined for f,d € M as

1, ifd]| f

Fd(f)=‘|0 a4 f (30)

Lemma 12. Foranyd, € M,,

Y E,(N= )1 (31)

feM,,, beM.,

Proof. We have

Y Fi(f)= ) 1+ Y 0

feM, feM, feM,
dilf ditf
= Z 1+ Z I+---+ Z
feMy  feM, feM,p
a\|f a\lf dilf

1]
—_
+

M
—
+

g
—
+

feM, feM; (32)

+ Z l=1+q+q +-+q"
fEMnH
eeM,

f=d,xe

> oL

beM,,

4. Proof of the Main Theorem

In this section, we prove the main Theorem 7 stated in
Section 2. Some other sums are also evaluated. We need the
following lemma.
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Lemma 13 (see [4]). Let0 # a,b € [F tl and f,m € M. Then

m]=1)lm[*

y oy

beM deM
degb<degm d|f

(33)
k-
dy (o(f)
llmlk 1d|m|k mk
Proof. We have
Z Z |d| b(lml Dlm[*
beM deM
degb<degm d|f
1 _ e
=— Z b(|m| Dlm[*? Z |d|
m beM deM
degb<degm dif
_ o (f) Z pml=Dimi*! (34)
m* beM
deg b<degm
|m|k71
_ o (f) Z pml=1)
k
m beM
degb<degm
Therefore, by Theorem 4 the proof is complete. O

4.1. Proof of the Main Theorem

Proof. We have |d|b" +a = (|d|s, + sl)mk + (|d|r, + r;) and

|d|b" +a |d| b a
mk Tk +[ﬁ

Therefore, we have

v (f) = Z Z [|d|b +a]

(35)

beM,, deM
dlf
|d| b*
-y Y|4 Y Y[
beM,, deM beM,, deM
dif alf

>y Oy s (0

beM,, s,€M deM
dlif
(1dIb* /m*)=|d]s,

IDIDIED)

beM,, s;€eM  deM
d|f

la/m*]=s,

5
Rewriting the summation in terms of r, and r, yields
—-r
V=Y Y =2
beM,, deM
alf
a=ms,+1,
| b (37)
-7,
HIDIED YD J
beM,, €M, deM
alf
b"=ms,+r,
Hence Lemmas 10 and 13 imply
—Im|
v(f)= 7z (@a-n)d(f)
( —q)m
m k-1
d,) <G(f)) _4()
k-1 k k k
R ANV AT
L3 e (A0)
1, =
beM,, reM,, ? llmlk 1d|m|k mk
b oms, 41,
(38)
1 —|m|
+d ——(a-
(f) (l—q)mk (a 1’1)
1
EYX 2
beM,, r,eM,,
B =g, 4,
Therefore,
dm
v(f) = —ms 2 o (f)
& e B,
1 —|m]
-r) 1,
(1 - )mk k bE;V[:m fzezl\:/fm
v :mk52+r2
g 1 gt
) d(f) = — -
fg\:@ me gyt 1-g (39)

n 1-|m
+1)g #(a—rl)

(1-q)m*

1
abw D M M
m

beM,, n1,EM,
b =mFs,+r,



The proof of (18) is similar and is a direct consequence of
Lemma 13. O

Corollary14. Ifm = p € P, then

> v(f)

fEMYI

!
dn—l 2n .

TR Kk
Loy dy P

o (40)

—Ipl 1 1-1p|
AR

Proof. If € P,, then, for each b € M_,,,b" = p*s, +r,, we have

-(n+1)q"

b = pp-op - r, mod p~, (41)
which forces r, = 1 by Euler theorem for polynomial; see [1].
Therefore,

y Y o= 1-1p|
beM,, €M, (1 - Q) (42)
bP = ps, 41,

and the corollary follows from the main theorem. O

4.2. Evaluation of Some Sums in [Fq[t]

Theorem 15. Letn € N and for k € N.
If1 <k < g, then

Z Z Vl(f)

meM, feM,

g (1) (1-q") 11 @
= ~(n+1)q" 22| .
(1-a) b |
Proof. Using the main theorem, we obtain
a d'(1-q)(1-4"")
ZI:W Zvl(f): ZI:WW (1_q)2
meM, feM, meM,, (44)
q
— (f’l+ 1)q Wn_l

Therefore, if 1 < k < g, Theorem 5 implies
5 [_q (1-q")(1-4"")
m (1-q)°

nL]Za[q SO e
.y (1-9)’

meM,

-(n+1)q

ndZI 1
—(1’1+1) ln ]l—k

which complete the proof of (43). O
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Theorem 16. For k = 1, we have

z Z Vl(f)

meP, feM,
q_ q-3 n 1- n+1

BN GED I ST DI i) o
h, (t) (1—q)

q _ )43
+(n+1)q" [d””&].

Z h, (t)
Z Z v (f)

meP; feM,

(hy () (7 - t)q“‘ ¢ (1 -q) (1-q")
s (1) (1-q) (47)

ai, () (e -0)""
Zn—l h3 (t)

-(n+1)q"

Proof. By the main theorem, we have

e ad'(-4)(1-9")
> 2ul=Y — 0 af

meP, feM, meP,

(48)
q

1
mkl

n—1

-(n+1)q"

Therefore, if k = 1, then Theorem 6 implies

aqd' (1-q")(1-9"") , dl
m;) [ﬁ (1_q)2 -(n+1)q —~ 1 ]
4 (1-q)(1-4"") 41
= |:a ( 7 +(n+1)q"l” 1:| (49)
l—q n—1
ey
hy (t)

n—1

which completes the proof of (46). The proof of (47)
is similar and follows directly from the main theorem and
Theorem 6 of Nelson. O

Theorem 17. For k = 1, we have

z z Vl(f)

meR, feM,
"(1-agM(1- n+l1 dq
- aq( q)(zq )—(n+1)q"”—_1 (50)
(1-9) bt
1

N
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Z Z vy (f)

meR; feM,
,,dq_ qn(l _qn) 1_qn+1
n+1)q"-2L —a (2 ) (51)
b1 (1-4)

1
' ((tr -t)a -1

Proof. Using the main theorem, we obtain

o aqd(-qg)(-q")
2 2= = 0o

meR, feM, MER, (52)
1
-(n+1)q"
ln 1
Therefore, if k = 1, then Theorem 6 implies
5 [ a q'(1-4")(1-4"")
meM,, mk (1 - Q)
dq n(1— n+1
-(n+1)q"—— :|=a[q( )( ) (53)
m, (1-q)°

dl 1
_ 1 nn-1 .

(n + )q l :| tq _ t)2
which complete the proof of (50). The proof of (51) is
similar and follows directly from the main theorem and
Theorem 6 of Nelson. O

Example 18. In this example, we let m runs through the set of
all linear polynomials.

Letne Nandk € N.If 1 < k < gand u = (Jm| - 1)|m[*",
then

Z Z Z Z|d|b +a_“”l(q ) 59

k
meM, feM, beM., deM (t_ tq)
dlf

5. Conclusion

In this project, we prove the polynomial analogue of some
Liouville theorems involving the arithmetic polynomial divi-
sor functions. We then use the results obtained to establish
several polynomials identities over the finite fields of g
elements. As an example, we show that some complex sums of
polynomials in F,[t] may be reduced to very simple algebraic
expressions.
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