Hindawi

Journal of Applied Mathematics

Volume 2019, Article ID 9891503, 17 pages
https://doi.org/10.1155/2019/9891503

Research Article

Hindawi

Nonlinear Analysis of the Dynamics of Criminality and
Victimisation: A Mathematical Model with Case Generation

and Forwarding

Chikodili Helen Ugwuishiwu

,'D. S. Sarki

,>and G. C. E. Mbah’®

'Department of Computer Sciences, University of Nigeria, Nsukka, Nigeria
*Department of Mathematics, Federal College of Education, Pankshin, Nigeria
*Department of Mathematics, University of Nigeria, Nsukka, Nigeria

Correspondence should be addressed to Chikodili Helen Ugwuishiwu; chikodili.ugwuishiwu@unn.edu.ng

Received 11 June 2019; Accepted 11 August 2019; Published 28 December 2019

Academic Editor: Yansheng Liu

Copyright © 2019 Chikodili Helen Ugwuishiwu et al. This is an open access article distributed under the Creative Commons
Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is
properly cited.

In this paper, a system of deterministic model is presented for the dynamical analysis of the interactional consequence of criminals
and criminality on victimisation under two distinguishable forms of rehabilitation—the behavioural reformation of criminals and the
emotional psychotherapy of victims. A threshold value, %, = max{%., %}, responsible for the persistence of crime/criminality
and victimisation, is obtained and, using it, stability analyses on the model performed. The impact of an effective implementation
of the two forms of rehabilitation was found to be substantial on crime and criminality, while an ineffective implementation of
same was observed to have a detrimental consequence. The prevention of repeat victimisation was seen to present a more viable
option for containing crime than the noncriminalisation of victims. Further, the removal of criminals, either through quitting or
death, among others, was also found to have a huge positive impact. Numerical simulations were performed for a variety of mixing
criminal scenarios to verify the analytical results obtained.

1. Introduction

Crime is a complex dynamical phenomenon [1-8] that no one
global community is free of [5, 7, 9-12]. While crime is ubiqui-
tous, it does neither, however, appear to be uniformly distributed
[7, 10-15] nor is its perception, severity, categorisation, and
punishment across regions the same [12, 15]. It is thus quite
challenging to provide a consistent and comprehensive defini-
tion of crime [4, 7, 16]. The common denominator for what
constitutes a ‘crime, however, consists of an unlawful act or the
deviant behaviour of a perpetrator, its appropriate punishment,
as prescribed by a criminal legislating institution [5, 16] and the
victim of such acts [1, 16, 17]. Criminality is basically influenced
by the convergence of three factors—a motivated offender, a
suitable target, and the absence of a capable guardian [14, 18-
20]. The rise in global crime and criminality, together with the
attendant effect on victims is, in recent times, very worrisome
[7, 10, 12, 17, 21-25]. Though most disturbing and absolutely
unjustifiable, the assumption elsewhere is that offenders have

needs that directly cause their criminal behaviour [23]. Other
influencing risks factors [12, 23, 25-27] are equally very dis-
heartening. It is expedient, therefore, to correct this dysfunc-
tional mind-set through a systematic capacity building initiative
which primarily focuses on assisting criminals to reconstruct
personally meaningful and socially acceptable identities [28]. A
comprehensive listing and categorisation of crime can be looked
up in [8, 23]. The economic implication of crime is enormous
[1, 15] and the ensuing psychological and/or physical aftermath
of victimisation, to say the least, is colossal [1, 23, 26, 29-31].
Criminal activities are widely recognised to concentrate among
a relatively few victims [32]. Further, empirical evidence has
associated victimisation with a temporal future risk elevation of
repeat and near repeat [1, 12, 23, 30-32]. Heterogenic associa-
tion, either through direct contact with crime victims or indi-
rectly through media outlets, that regularly publicise
victimisation, could aggravate the fear of crime [12, 29, 31-33]
or even the crime itself. Victimisation estimates should suffi-
ciently index all occurrences of crime. However, there is a wide
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gap between occurrences and their records [6, 7] especially in
developing countries. Victims are often reluctant or unwilling
to report their ordeals for factors deserving institutional atten-
tion [7, 18, 34]. The challenges militating against easy and willful
flow of crime information, as at when due, have continued to
create avoidable bottlenecks in the dispensation of criminal jus-
tice [6, 7]. The social media has been explored in this regard in
[35]. The short message service (SMS), like the Twitter-handle
[35], has proven worthwhile in facilitating reportage [36, 37]
and guaranteeing secrecy and confidentiality [9, 18, 36, 38]. A
sufficient volume of research has proffered profound mathemat-
ical insight into the extent of and remedies to the menace of
crime and criminality [2, 9, 13, 15,27, 34, 39, 40-44]. The present
study is motivated by the phenomenal successes in the modelling
of systemic interactional dynamics [45-50]. The remainder of
the paper is organised as follows. The model is formulated in
Section 2. The analyses of the model (for the stability of the
associated crime-free and crime persistence equilibria) are done
in Section 3 and numerical simulations and discussion are car-
ried out in Section 4. Finally, in Section 5 the conclusion is
drawn.

2. Model Formulation and Basic Properties

We assume that the population being studied is a small,
highly-criminally-prone subset of a larger population. The
larger embedding population is relatively free of crime/crim-
inality and provides a constant source for noncriminal indi-
viduals’ entry into the highly-criminally-prone population.
Further, the understudied population is broadly considered
to be categorised into human and the density of criminal
cases (forwarded through SMS). The human population at
time t, given by P(t), is basically divided into three mutually
exclusive compartments of individuals who have not come
in contact with criminals but are however at-risk of either
being initiated into crime and criminality or victimisation,
denoted by S(¢), criminals, denoted by P.(t) and victims of
crime, denoted by P, (¢). In addition, both the criminal and
victims of crime subpopulations are further subdivided into
three subclasses. The criminal subpopulation comprises of:
potentially criminally minded individuals whose moral
integrity has been compromised due to a sustained crimino-
genic contact with individuals whose willful internalisation
of criminal thoughts and ideations is influencing their
behaviours, denoted by S (t) (these individuals only harbour
criminal ideologies but are yet to indulge in criminality),
core criminals, denoted by C(¢) and individuals whose
degrees of blameworthiness in the commission of certain
crimes have warranted their confinement in reformation/
correction facilities, denoted by Cy(t). The victims of crime
subpopulation on the other hand is comprised of individuals
who have survived a carefully planned and meticulously
carried-out criminal intention and have incurred neither
loss of property nor injury to life, denoted by S,,(t), individ-
uals on which such contacts were successful and have, there-
fore, suffered specified levels of losses, denoted by V(¢) and
victimised individuals whose traumatic experiences are
being psychotherapeutically managed in some competent
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rehabilitation centres, denoted by Sg(¢). Thus, the human
population is

P(t) = S(t) + Sy(t) + C(t) + Cy(t) + Sy(t) + V(£) + Sy(t).
(1)

The at-risk population is assumed, at any time ¢, to have either
never had any criminally defrauding contacts or must have
substantially recovered from the effect of criminality and have
reassumed a susceptibility status thus becoming at-risk of
criminality again. That is, they are liable to either becoming
criminals or victims of crime in the event that they condone
criminally influencing risky behaviours over time. The at-risk
population is assumed, after a sufficient requisite effective
criminogenic interactions with criminals, to either become
criminalised at a rate A, or become victims of crime at a rate
Ay or A,,. Thus the extent of criminogenic tendencies on crim-
inalisation is given by
C+nC

A = Bi( P’7K R), )
where B, is the effective criminalisation contact rate of crim-
inality (criminogenic interactivity capable of recruiting new
criminals). The modification parameter 0 < #, < 1 accounts
for the relative reduced risk of criminalisation of reforming
criminals (since it is assumed that the correction programme
has the capacity to reform criminals) in comparison to that of
core criminals. It is assumed that criminogenic interactivity
has the capability of inflicting varying degrees of psychological
injuries on a prospective victim. Thus at-risk individuals are
prone to victimisation at rates given by

_ B,[C + 1, C + 11y, (V + 0Sp )]
P

L = B(C + 1, Cp + 17, V) 3)
vi = P >

Ay and

where f3, is the effective victimisation contact rate
(criminogenic contact capable of resulting in the loss of
property or threat to life, but not leading to death). We
propose the parameter 0 < 7, < 1 to monitor the relative
victimisation possibility (possible emotional injury resulting
from fear) on individuals due to their interaction with victims
of a criminal activity as compared to the victimisation
causation of both career and quitting criminals. We anticipate
that the rehabilitation programme for the victims of crime
has the therapeutic impact of facilitating beneficiaries with
the skill of relating their ordeals more objectively and so are
assumed to inflict far lesser psychological injury (in the form
of fear), if any, (as compared to nonrehabilitated victims) with
the modification parameter 0 < 0 < 1 accounting for the
relative reduction in victimisation causation. Further, we
consider the modification parameter, 0 < #,,, < 1to model the
reducing victimisation potentiality of quitting criminals (in
comparison to career criminals).

2.1. Derivation of Model Equations

2.1.1. System Description. The at-risk population is generated
by the recruitment (through birth or immigration) of
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TABLE 1: Variables for the crime model and their descriptions.

Variable Description

S(t) At risk individuals (individuals susceptible to criminality)

Sg(t) Individuals that are exposed to violent thoughts and behaviours and are fantasising criminality

C(t) Active or career offenders (individuals in a criminal career with nonzero offending frequency)

Cr(®) Criminal individuals in correctional (reformation) facilities

S, () Individuals on whom criminal assault was f(.)ile.d or persons Yvith crin}in:ally attractive properties that are close to a previous
criminal event victims of criminal event

V(t) Victims of criminal event

Sp(t) Victims of crime being rehabilitated of trauma

T(t) Density of criminal cases forwarded through text messages (SMS)

individuals (assumed susceptible) into the population
at a rate A, or from the successful correction of the two
adverse influences of criminality through reformation and
rehabilitation of criminals and victims from the classes C,
and S, at the rates y, and y, respectively. The population
of at-risk individuals is reduced due to criminalisation at
a rate A, or victimisation, at a rate A, or by natural death
at a rate 77, We assume that natural death occurs in each
human population while only core criminals are liable to
crime-induced death 7. The population of individuals whose
moral uprightness and integrity has been compromised and
now fantasise criminality (that is they contemplate indulging
criminal activities), in other words, the population of the
criminally exposed members of the community, is assumed to
be increased when at-risk individuals, victimised individuals
and individuals undergoing rehabilitation are criminalised at
rates Ay, y,Ax and y,A . (where the modification parameters
0 <y, < 1and0 < y, < laccount for the risk of the victimised
and rehabilitated victims to be criminalised). It is decreased
by death and crime-career progression at the rate x. The
population of criminals is generated from the crime fantasising
class at a rate x and decreased by death (both natural and
crime-induced at rates #,, and # respectively) and enrolment
for reformation/correction at a rate 7,. The population of
criminally corrected or reformed individuals is generated
by the identification and enrolment of individuals with
confirmed disruptive behavioural disorder and its subsequent
effective reformation in a competent correction facility at a
rate 7, and could decrease, in addition to natural death, by
the reintegration of reformed criminals in to the susceptible
population at a rate y,. The population of individuals in the
nearly victimised class is generated from the at-risk and
rehabilitated individuals at the rates A, and aA,, respectively,
where the modification parameter 0 < & < 1 models the
reduced tendency for a repeat victimisation on rehabilitated
individuals (it is assumed that they have been exposed to coping
strategies against criminal techniques and so are therefore
less prone to becoming victims of crime). It is reduced due to
eventual progression to the class of victims of crime at a rate
v, or death. The population of the victims of crime is generated
by the success of a criminal attempt on the nearly victimised
individuals at a victimisation progression rate v. It is assumed
to be decreased by criminalisation (due to discontentment
over perceived unfair judicial process and/or an inert desire for
revenge) at a rate y, A, (where the modification parameter y,

models the degree of discontentment which is liable to increase
the contemplation for criminalisation). The population of
rehabilitated victims of crime is increased by the admittance
of traumatic victims of crime for psychotherapy at the rate
7,. This population is decreased by dead or the successful
completion of the rehabilitation cycle on victims (at a rate y,)
or criminalisation (at the rate y,A,) and repeat victimisation
(at the rate ad,,), where the modification parameters y,
and 0 < & < 1 model the fear and reduced tendencies for
criminalisation and repeat victimisation respectively. Finally,
it is assumed that individuals in all the aforementioned classes
can report criminal conducts at a rate #;, however, with
varying levels of enthusiasm modelled by ¢, (fori = 1,2,...,7)
where ¢, € (0,1),i =1,...,7 corresponds, respectively, to
individuals in S, S5, C, Cy, S, V and S;. We assume that some
discontented doubled-crossed criminals would "anonymously"
disclose the details of a “contentious” criminal case (since
reportage is via SMS) at a forwarding enthusiasm rate given by
0 < ¢, < LItis further assumed that the density of forwarded
cases is reduced by further legal action at a rate #,.
Combining the aforementioned assumptions and defini-
tions, the variable and parameter descriptions and transfer
diagram for the model of the interactional dynamics between
crime, criminality, and victimisation in a community are
shown in the Tables 1 and 2, and Figure 1, respectively.
From Figure 1, the mathematical representation of the
model is given by the following system of ordinary differential

equations:
ds
q A+, Cp +9,Sg = AkS = AyS = 1S,
dsg
I AkS+ 1AV + 1Ak Sp — Q;Sps
dc
i xS; — Q,C,
dcC
d_tR =7,C - Q;Cp,
ds
—L = A, S+aky,S; - Q.S
dt
av
ar =uSy = AV - QY
ds
d_tR =1,V = 9,AxSg = 0dy, Sg = QsSps
dI
at = (3 S+ 9,8 + 6.C + ¢,Cr + ¢Sy, + ¢V +¢,Sz) =, T,

(4)
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TABLE 2: Parameters for the crime model and their various descriptions.

Parameter Description

A Recruitment rate into the population

HorMp Natural and crime-induced death rates

v v Modification parameters

Hr Text messages (SMS) rates

A Correctional success rate leading to criminal career termination

v, Psychotherapy (trauma rehabilitation) success rate leading to emotional stabilisation of victims of criminal event

K, Progression rates into criminal career and victims of crime

T, Probability of identification and investigation of active criminals (reformation rate)

T, Probability of trauma management given victimisation (psychotherapeutic rate for traumatised victims)

YL Y $si=1,...,7

B By
Ao Avs Ay,

Modification parameters
Effective contact rates for criminalisation and victimisation
Criminalisation and victimisations rates

e +1p

FIGURE 1: Transfer diagram for the crime model 1.

where

Q=K +1pQy =7y + 1 +11p, Qs = ¥y +1p, 5)

Q= v+, Qs = Ty + 11, Qg = ¥, + 1.
2.1.2. Qualitative Properties of Model 1. Since the model is
proposed to monitor the dynamics of the interaction between
crime, criminality, and victimisation with the impact of case
reporting through SMS, it is therefore necessary that all
the variables and parameters of the model be nonnegative.
Further, the region for the systemic analysis of model 1
should guarantee criminological feasibility. We proceed to
establish this by considering only the first seven equations of
model 1 since the variable T'(t) appear only in the last of the
eight equations in system 1. Thus, we propose the region of
criminological feasibility for model 1 to be

A A
7 = {(S,SE,C,CR,SV,V,SR) eR/|P-<=,I< M}
fIp ot
(6)

Then & is a positively invariant set for model 1 since adding
the first seven equations of model 1 gives:

d
% = A—npP(t) = ncCl). )

From where we see that (dP(t))/(dt)is bounded by A — #, P(t).
Thus,

dP(t)
dt

and so (dP(t))/(dt) < 0 if P(t) > (A/np). Thus from 2 and
Gronwall's inequality it follows that

< A —-npP(1), (8)

P(t) < P(0)e™" + A(1 —e ™), )
b
Thus P(t) < (A/np,) provided P(0) < (A/n,). Hence 2 is a
positively-invariant set and therefore the model is well-posed both
mathematically and in criminological sense. Thus, the dynamical
flow of the model can be sufficiently considered in Z.

3. Equilibria and Stability Analysis

It is easy to see that the model has two equilibria - the crime-
free equilibrium (CFE), &, and the persistent crime equilib-
rium (PCE), &, which are obtained by setting the right-hand
sides of the equations in the model to zero.

3.1. Local Stability of the CFE. The CEF, &,0f model 1, obtained
by setting the right-hand sides of the equations in the model
to zero, is given by

& =(8",8;,C",Cp, Sy, V", S5, T")

- (A,O,O,O,O,O,O, (PIUTA). (10)
p pt;

The nonnegative matrix, .%, of new criminality terms and the
M-matrix, ¥, of transfer terms associated with the model 1,
needed for computing the crime generation number, %, using
the next generation method [51], are given respectively, by
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0 0 0 0 0 0 0
0 0 B(l+y+y) mBi(l+y +y,) 0 0 0
0 0 0 0 0 0 0
F = 0 0 0 0 0 0 0 , (11)
00 B(1 + ) 1 Br(1 + @) 0 nyB(1+a) onyp,
0 0 0 0 0 0 0
0 0 0 0 0 0
and By computing the partial derivatives of %, and %,
respectively, with respect to 7, and 7, gives more insights into
, 0 0 -y, 0 0 -y, the impact of the rehabilitation parameters 7, and 7, on
0 Q ©0 0 0 o0 0 model (1). It can be verified that
0 -« Q 0 0 0 0
Vo= 0 0 -, Q 0 0 0 (12) 0y KB (L +y + ) [1cQ, = (17 + Q5)] (17)
0 0 0 0 Q 0 0 or, K+ T+ 10+ 1) () +
0 o0 o0 0 v Q 0 1 (ke + 1) (71 +71e +1p) (¥, + 1p)
00 0 0 0 0 Q and

Thus, the basic reproductive number denoted by %, = p(ﬁ a ),
with p as the spectral radius, is given by

Ry = max{ %y, By}, (13)
where,
Ry = KBy (1 +y + ) (T + Q3)’ and
Q,Q,Q,
R = vy Byo, + (1 + “)Qs). (14)
v Q,Q5Q4

The following result is established from Theorem 2 of [51].

Lemma 1. The CFE of model (4), given by (10) is locally
asymptotically stable (LAS) if Z, < 1 and unstable if %, > 1.

The criminological implication of Lemma 1 is that crime
and criminality can be eradicated from the community (with
%, < 1) if the initial densities of the model’s classes are in the
basin of attraction of &,

3.1.1. Analyses of the Basic Reproduction Numbers. In this
section, analyses of the two threshold quantities %, and
Xy, are performed to ascertain which of the rehabilitation
strategies is most effective in the containment of crime and
criminality in the community. It can be observed from the
expressions for Zy and %,, that

_ K7y By (1 +y, + Vz)

lim >0, (15)
700 K (K + WD)(Wl + ’7D)
and
. votryy, B,
lim R, = —F——— <0, 16
Y )y, + 1) =

from the foregoing, sufficiently effective reformation and psy-
chotherapeutic programmes that are implemented, respec-
tively, on criminals (at a rate 7, — oo) and victims of crime
(at rate 7, — 00) have the enormous capacity to effectively
contain crime and criminality if in each case the right-hand
sides of (15) and (16) can be made less than unity.

0%y _ viivP [0Q, — (07, + (1 + 0)Q,)] (18)
0T, (v +71p)(w, +11p) (7, + ’71))2

From where it can be deduced, respectively, from (17) and (18)
that (0%)/(0t,) <0 if ng(n. +1p) <y, +71p and that
(0%,)/(07,) < 0iforn, < (1 +a)(y, +1p).

3.2. Global Stability of the CFE

Theorem 1. The CFE of model (4) is globally-asymptotically
stable (GAS) in 9 when ever %, < land %, < 1.

We will perform this analysis on the assumption that
a =7, =Y, =y, =y, = 0. Further, we follow the procedure
in [52] to confirm the present claim. To achieve this, we apply
the fluctuation lemma (Lemma 2.1) of [52] which we repro-
duce below for emphasis.

Lemma 2. (Thieme [52]) Given a real-valued function f on
0,00. Define f, =liminf,__ f(t) and f* =lim sup,__ f(t);
so that if f:[0,00) — R is bounded and twice continuously
differentiable with bounded second derivative and that
t,, t, — 00is a sequence such that f(t,) convergesto f or f,
forn — oo; thenf'(t,) — 0asn — oo.

Proof. Let % < 1. Choose a sequence t, — co such that.

oo d
C(tn) ->C” = Ec(t") — 0. (19)
It then follows from the equation for (dC)/(dt) and [52] that
K
C* < —S7.
Q, E (20)

Next, we choose a sequence g, — 0o with the condition that

o d
Cr(q,) — CR» aCR(qn) -0, 21)
thus using the equation for (dCy)/(dt) in model (1) gives

Cy < D, (22)
Qs

and applying the relation (20), we have



KT,
R <
Q2Q3

Finally, for some sequence g, — oo with the condition that

Ccy Sy (23)

d

thus using the equation for (dSE)/ (dt) and model 1 together
with (20), (23) and the expression for A, gives

cy < 2, (25)
Q

3

and applying the relation (20), we have

S © (o] OO (oe]
05[’)1(5) (C” +nCy') - Q,S;
= ﬁl(coo + UKCOO) -Q,Sy

K(TlrlK +Q3) 00
P QQ, Q% (26)
(T, + Q;) ] ~
o [ UL AN
1| B 2,0.0,
= Ql(‘%K - 1)8?

This implies that S7° < 0 since (% < 1). But hypothetically

(Sg),, =0, hence leading to a contradiction. Thus,
Sg = (Sg),, = 0, and therefore

Sg(t) = 0,t — oo. (27)

Similarly, for Z,, < 1. Choose a sequence a, — oo such that

V(a,) - V® = %V(an) - 0. (28)

Thus from the equation for (dV)/(dt) and [52] it follows that
v
Ve < —8§7.
Q. v (29)

Again, for a sequence x,, — oo with the property that

o d
SR(xn) - Sp> ESR(xn) - 0. (30)

Then using the equation for (dSy)/(dt) in model (1) gives
00 TZ 00
Sz < 66‘/ . (31)
Thus substituting (29) into (31), we have

T,

&= .S (32)
Further, for a sequence y, — co such that
o d
Sy(3) = SV ESE(gn) -0, (33)

then on using the equation for (dS,,)/(dt) from model (1), and
the expression for A, it follows that
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S & (o) (o) 00 (o)
Ogﬁz(_) [C +7IV(V +08y )+’7V1CR |-
< B,[C™ + ’7V(V + OSOO) + 1y, C ] QS

Thus, on substituting equations (20), (23), (29), (32), into (1),
it will follow that

0 < B[C® + 1, (V™ +0VR?) + 1, CF'] - Q,SY
< ol 2D Y v o (T2 N5 | - s

(34)

Q2Q3 Q5Q6
0Ty, + Qg \ oo o
< mlvﬁz< = )S - Q,Sy
QsQs (35)
T, + Q,
Q [O_ 2 6 I]SOO
4| 91 B, Q,Q.Q, v
= Q4(<%v - I)SS,O
This implies that S}, < Osince (%, < 1). However, the previous
hypothesis that (S,,)_ > 0 leads to a contradiction. Thus,
Sy = (Sy),, = 0, and therefore

Sy(t) = 0,t — co. (36)
From the foregoing, it thus follows that
C(t) = 0,Cr(t) = 0,V (t) — 0,Vi(t) — 0,as t — co.
(37)

In which case it will follow from the equation for (dP)/(dt) in
equation (1) that

A A
P,z —(A-n.Cl) = e (38)

fip D

However, with P < 1/#p, then

A
P_=P%=—. 39
o (39)

Finally, from the equation for dI/dt in model (1), we get that

;/I (o) (o) (o) (oe] [oe)
2 _T(¢1S + 6,55 +¢;C7 +¢,Crp + ¢5Sy

(40)
+ho K™ + o, V') = (PMT‘
fiptly

However, with I < (¢,777)/(1p1;)s it follows that

Ioozlooz (PlrlT' (41)
pt;

Thus the greatest compact invariant set in

A
D = {(S,SE,C,CR,SV,V,V)EIR |P< — (D eR I <= ¢ }
b Hipty

(42)
is the singleton set {&,}. Thus

(S(8), Sp(1), C(£), Ca(1), Sy (£), V'(1), Vi (8), I(£)) — (0,0,0,0,0,0,0,0),
(43)
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FIGURE 2: CFE, &, is GAS when % < 1.

ast — 00. Therefore, every solution of the equations in the model
(4) with initial conditions in & approaches &, as t — oo,
whenever Z,, < 1. Thus, &, is GAS in Z provided that Z,, < 1
and Z,, < 1simultaneously.

The criminological implication of this theorem is that if
R, = max{Zy, %} has a value less than unity, then a small
influx of criminal individuals into the community is not suf-
ficient to result into criminal tendencies and so criminality
would be substantially contained to such levels that would not
result in the escalation of crime and criminality.

In Figure 2, the respective densities of the model’s subpop-
ulations confirm that the CFE, &, of the model 4 is indeed
globally asymptotically stable with %, = max{Z%y, %} = 0,
thus verifying Theorem 1.

7
thus reducing the model (4) to:
ds
% =A-(np+ A +1,)S,
ds
d_tE = AS = (kK +1p)Sg,
dcC
ar = xSy — (7, + He + 1p)C,
dcC
d_tR =1,C-npCy, (45)
ds
d_: = AyS— (v+1p)Sk
av
a - vSy — (7, + 1p)V,
dvy
T T,K = 1pVi
dt

a (@S + ¢S + $;C + $.Cr + §sSy + &6V + ¢, V) —m,T.
The unique persistence equilibrium of the reduced system (45)

isgivenby & = (8™, S;",C*", Cy",
Sy VL VRE, T, where

e _ DAY G S AT+ +1S)

S S** —
Hp + A + Ay 78 K +1p
o kSy” o o 7,C"" o o AVS 4+ a)y Sy
_T1+’7C+71D) . _1//1+’7D’V - v+1p ’
v vSy” o V™"

R = ¢k sk )
Y, 1 + AR Hady

* ok ’1 * K * ok * k. * %
T = W_T(‘Pls +6,5; +¢,C" +¢,Cp
1

+bsSy + OV + ¢,8%).

- * >
NAc 4+ 1p

(46)

The corresponding forces of criminalisation and victimisation
become, respectively

_ NP (C™" + 1 C7)

3.3. Existenceand Stability of Persistent-Crime Equilibria. Existence p s , (47)
The presence of crime, criminality and victimisation in the A-ncC
community will guarantee the existence of a persistent-crime and
equilibrium, & =(S",S;",C™", Cy, Sy VL VLT,
Again, we will perform this analysis on the assumption that . . . .
a=vy, =y, =y =1y, =0. That is, that persistence does not Ay = MoBlCT + iy (VI + (IYR ) + 11, Ci ] (48)
require any form of modification. Further, as previously stated, A-ncC
it is sufficient to exclude the eighth equation of system (4). It oo . .
can easily be seen also from model (4) that Simplifying (47) and (48) using (46) gives
P = ﬂ (44) A = By (1 + T QiQy (1 + AT + AV) A
’ K - ® ok P > (49)
I ady +QQy(np + A7)
and
A = B, + i QuQs(1p + A" + AV IA + a,(p + AT + AN (50)
‘ A+ QQ[QQ (1 + 41)]

wherea, = (1, + 1) + Q,Qanda, = v, B,Q Q, (1 + 0T,).

The positive equilibrium of the reduced system (45) can
be obtained by simultaneously solving for A" and A}" in (49)
and (50) and using the result in (46). Obviously A}" = A} = 0

is a fixed point of (49) and (50). On the other hand, the values
Ay #0and A" # in (49) and (50) gives the nontrivial solu-
tions of A" and A} as



At = UDQIQZQS(%V — 1)(%1( - %V) (51)
K a,Qy(Zy — Ry ) + kB, (1,1, + Q)
and
P K11 By (T 71y, + Q3) (g — 1)
v = (52)

alQ3(‘%K - ‘@V) + K.Bz(Tﬁ’lVl + Qa)

Since all parameters are necessarily nonnegative, it follows
that both (51) and (52) are also nonnegative for %y > 1,
Xy, > land Xy > Xy, while for Z;, < 1and Z#,, < 1both (51)
and (52) are negative, which is meaningless in criminological
sense. Finally, Z,, = %, = 1, will imply that both (51) and (52)
are zero, which corresponds to the CFE &) Thus, we have
establish the following result.

Lemma 3. The unique PCE &, of the reduced crime and
victimisation model (68) is locally asymptotically stable if and

only if %y > 1.
Theorem 2. The PCE of the crime model (4) is GAS whenever .
Ry > 1.

Proof. The prove is achieved using the Goh-Volterra type
nonlinear. Lyapunov function.

Consider the following Lyapunov function

U=5-§" —s**lns% +8, - S

S 53
- Sy In—E£ + (c C™ -C"In C) (53)

Sk C”
+A2<CR—CI’;* Cy'l >+S -8y

S
—S‘*,*ln%+A3<V—V** V**In V)

Sy \%

* kK * kK R ¢k ¢k T

+A4 SR_SR _SR lnf +T-T""-T IHF
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Thus the time derivative of the Lyapunov function is

w =S<1— S >+SE<1— St >+A1C**<1— ¢ )
S S, C
. C** . S** . V**
+A,Cj (1—C—i>+sv<1—é>+A3V (1— % >
S* ) T**
+A s**(l— R >+T<1— )
oR Sk T (54)
where
A - (st + 047,) + [Bl(ﬂD + 71 ) + Bz(”lD + TlﬂVl)]S**
! MpQ, ’
A, - yir + (’71<ﬁl + ’7V1182)SH ’ (55)
b
A = (Dt + 0,7,) + Wvﬁz(”lD +071,)S"”
’ 1pQs
A = &1 + ony B, S
=

fIp

with 8 = B/A. The forces of cr1m1nallsat10n and victimisation
therefore become = B,(C + 1, Cp) and
Ay = [C+ny, Cr + 1, (V + O'SR)] respectively. Further, it can
easily be shown from model (4) that at the persistent
steady-state,

QS =B, S (CT + 1 Gy,
Q,Sy =STBICT + 1y (V' +0V") + 1, CR ]
A=np+Q S5 +Q,S,,Q, = KS;*,
npCr =1,C7QV™ =08, Sy =7,V
T = (8™ + 4,85 +¢,C7
+0,Cp" + 058y + ST+, V")

(57)

Substituting these expressions together with the right hand
sides of the equations in model (1) into the time derivative of
the Lyapunov function (54) and simplifying give

x S S** . x x S** S S** C** S
U =npS (2_ - )"':813 C ( ___T*i__%>
S S s §*S, CS;
S T** . S & Ct S c cy
+1.4,8( 1 + scr ————i——————R>
’7T¢1 < S** T ) r]Kﬁl ( S S** SE C S;:* C** CR
C** S C T** ~ S** S** S S** V** S
come (oSS E T sy (4SS S S V)
el ( c s o )tk s s, §°s, Vs
" v©tSs, TV > . < s CcCy o Ccts, S s;*)
oV 2-——L )4 e - = R E_ -V
Peltr < VST TV ifs S C'c, Cs” s,
S, T VS cCy C, T C*S
B ot - R ) B
7R S ST VS At C*"Cy, CT CS§
. S S ST C*S . S S S VTS
+ﬂ28**c**<3___?i__?>+7] ﬂzs**V**<3———?L——%>
s §*s, CS; s §*Ss, VS
S T** - S T**
+ Pstr Sy <1_S£/* T >+¢2’7TSE < _S;E* )
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Since the arithmetic mean exceeds the geometric mean, the
following inequalities hold:

S8 c0s-So- 3% C %o
S S S S§*s, CS&;
ST** S** SS** C**S
- <03-—— -~ ~ o <0,
ST s §'s, CS§;
3—S——mSL—V—%S0,

s S§*s, Vs
L ST_SSToCts ccr

S §*S, C S CTC
, €8 CT

cCs, C*T (59)
4_$_£_%S_y_v_**%go’

S S, S§TS, VS
VIS VT,

VS V' T
4_&_%(7_;*_2‘*%_%530

S C"C, CS S5,
- ST s S ST VIS
ST S, ST VS
32 C % GT S O ST,
c"c, CS T S ¢C ST

We observe that at the crime persistent steady-state, since
t — 00, then

lim S(t) = §°*, lim S,.(t) = S}, lim C(t) = C™*,

lim C(t) = Gy, lim S, (1) = S}, lim V(£) = V™,

tlil?o Sp(t) = S;*,}Lrglo T@t)=T"". (60)
Hence
-5 S0 5 8 S 5, ST
S S s s§*Ss, Cs; ST
:3_£—T£—C—H%:0,

s §*s, C S
3 87 S8 VTS, ST S S

s §*TSs, V.S S §TS,
(€S CGT_, €S CTT

C S C”Cy cCsS, C*T ’
4 S0 S SST VTS, VS, VT
S S S§TS, V.S VST Vet T
ST G Cts sSs

S C*C, CS §*s,
1_SET_**:3_£_S_RT_**_V_MS_V:3_CC_;*
Sy T Se ST V.S C™ Cq
_&T_**_S_E_C_**zl_SVT_**:o

cT S C ST T
C*"-C=C} =Cr=8" -8, =V"-V=8"-8,=0.

(61)

0.35

03}
T(t)

0.25 -

02} S

0.15 - V(o)

Sx® C(t)
0.1+ Sg(t)

Co{t)
0.05 /\

Rt
0

S,(t)

0 20 40 60 80 100 120

FIGURE 3: CFE, &), is GAS when %, = max{%y, %, } > L.

Thus, since all the model parameters are nonnegative, it fol-
lows that %/ < 0 for %, > 1. Hence % is a Lyapunov function
on 7. The proof is thus completed following through from
LaSelle's Invariance Principle [53] that every solution to the
equation in model (4) with initial conditions in &, approaches
& as t— oo, so that & is GAS in & whenever
Ry = max{ %y, B} > 1.

In Figure 3, the respective densities of the model's
subpopulations confirm that the PCE, &, of model 1 is glob-
ally asymptotically stable with %, = max{%, = 2.2534,
Ry, = 1.7181} = 2.2534 < 1, thus verifying Theorem 2. The
sociological implication of this theorem is further but-
tressed by Figures 9, 10, 11 and 12. Here, the convergence
of the densities of crime/criminality and victimisation to
the PCE is observed despite the increasing contact rates of
criminalisation and victimisation. It can be seen from
Figures 9 and 11 that though an increasing criminalisation
contact rate increases crime and criminality, the model
always converges to the PCE. Similarly, from (Figures 10
and 12), it is noted that though the cumulative density of
victimisation always increases with increasing rate of vic-
timisation, these trajectories will, in each case, converge to
the PCE.

3.3.1. Backward Bifurcation Analysis. In the following, system
1 is considered for the investigation of the phenomenon of
backward bifurcation involving the CFE, &, for %, = 1. More
precisely, the conditions on the parameter values that cause
the bifurcation (either forward or backward) are sought. The
Centre Manifold Theory (CMT), [3, 49, 54], will be explored
to investigate the phenomenon of backward bifurcation. To
describe the CMT, consider a general system of an ODE with
a parameter ¢ given by

Z—f = f(x,¢), f: R" xR — Rand f € C*(R,R), (62)
where 0 is an equilibrium point of the system. That is,
f(x,¢) = 0,V¢ and assume that:
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(1) A=2_£(0,0) = ((afi/axj)(o, 0)) is the linearisation
matrix of system (62) around the equilibrium point 0 with
¢ evaluated at zero. Zero is a simple eigenvalue of A and
other eigenvalues of A have negative real parts;

(2) Ahasaright and left eigenvectors, W and V, respectively;
each corresponding to the zero eigenvalue.

Let f, be the kth component of f and
9 fi

n
a= Z VL WWw:.
k¥
ki ax,.axj

n aka
(0) 0), and b = k,iz=l Ukwiaxi—a(b

(63)

(0,0).

Then the local dynamics of system (63) around the point 0 is
totally determined by the signs of a and b as follows.

(i) a>0,b>0. When ¢ < 0 with |¢| < 1, 0 is locally
asymptotically stable and there exists a positive
unstable equilibrium; when 0 < ¢ « 1, 0 is unstable
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equilibrium, and there exists a positive unstable
equilibrium.

(iii) @ > 0,b < 0. When ¢ < 0 with |[¢| < 1, 0 is unsta-
ble, and there exists a locally asymptotically stable
negative equilibrium; when 0 < ¢ < 1, 0 is sta-
ble and there exists a positive unstable negative
equilibrium.

(iv) a<0,b>0. When ¢ < 0 changes from negative
to positive, 0 changes its stability from stable to
unstable. Correspondingly, a negative equilib-
rium becomes positive and locally asymptotically
stable.

Note:ifa > 0and b > 0, the a backward bifurcation occurs
at¢ = 0.

Pursuant to the forgoing and preparatory to systemic
transformation for computational convenience, the following
simplifications and change of variables is made. Let S = x,,
Sg=xp C=x5, Cp=x, Sy =%, V=x, S =x, and

and there exists a negative locally asymptoticallysta- T =xg so that on wusing the vector notation
ble equilibrium. % = (X5 Xy» Xg» Xy Xy Xg» X xs)T, system (1) can be rewritten
(i) a<0,b<0;When¢ < 0with|$| < 1,0is unstable;  in the form . dx/dt = F(x), where
when 0 < ¢ < 1, 0 is a locally asymptotically stable  F = (f,, f,, f3» fo fo» foo fo» fz) > as follows:
dx X5 + Nex,) + Bolxs + y(xg + 0x,) + 1y X
d_tl = fi= At yx, + X, - B (x; ’7K+4) +ﬂ2[+3 ’ﬁ/( 6+ +7) My1%4] X, — Xy,
Xyt Xt X+ Xy Xs + Xt X7
dx, -1, = P (x5 + miex,) () + 1ixs + 12%7) ~Qx
dt T X H X, X, X, X Xt X, i
dx,
ar J3 = 1%, = Qyxs,
dx,
ar fo= 1% - Q5,6 (64)
dxg - f= B (x, + axy) [oe; + 1y (36 + 02%,) + 1y %, ] —Qux
dt > X+ X, + X5+ X, + X + X+ X, o
dxg o .8 (xa + ’7Kx4)x6
— = fe=vx5 - = Q5%
dt X+ Xy + X5+ X, + Xs + Xg + X,
dx; o VB (55 + 1) + By [ x5 + 1y (X6 + 0x;) + 17, %,
ar fr=TpXg - X7 = QgXz5
t X+ X, + X3+ X+ X+ Xg + X,
dxg
I Js = 1r(byxy + by, + sy + Gx, + x5 + Pexg + ;) — 1yxg

The CFE is {[x]"=A/qp %7 =0, x;" =0, x;" =0,
X" =0, x," =0, x," =0, x;" = (¢,7,4)/(mpn;)]}. Consider
the case Z,, = 1(thatis Z, = {%y, %} = ). Also, suppose that
B, = B is chosen as the bifurcation parameter. Solving for
B, = B from %, = lin the transformed system (64) above gives

g - Q,Q,Q; |
k(L ) (g + Q)

(65)

The linearisation matrix of system (64), evaluated at the CFE
with 8, = B/ is

Following from [2], zero is a simple eigenvalue (with all
other eigenvalues having negative real parts) of #(&).
Therefore, the CMT can be used to analyse the dynamics of
the transformed system (64) near f3, = f3;.

“Hp 0 ~(B+B,) v = (P + i By) 0 7y B, v, —onyfB, 0
0 Q. (L+y+1)B nk(L+y +12)B 0 0 0 0
0 x  -Q 0 0 0 0 0 (66)
eyl 0 0 -Q, 0 0 0 0
0 0 0 (1+a)p, (1 +a)p, -Q m(l+a)B, onp, 0 ’
0 0 1B “N1kB v Qs 0 0
0 0 (1B + ;) ~(na11x By +amy, ) 0 ) Qs 0
Nrdy 1rdy  1rds Nrd, Nrds  Hrds Nrd; My
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Eigenvectorsof ¢ (&), corresponding to 3, = ;. For the case
Z, = 1,aleft eigenvector of _# (&) that is associated with the
zero eigenvalue denoted by v = [v,,v,, v;,v,, Vs, Ve, ¥, Vg, i
such that

(67)

K v o
=V, Vs = — VeV, =

Q, Qg Qs
(1 + a)B,vs + T,v,

Qs

Thus, if v, > 0 thenv; > Oand if v5 > 0, then v, > Oand v, > 0,
while v, > 0 provided Q,Q, > (1 +y, +y,) and y,8,Q,Q¢+
ouny By (v, + af,) < v(1 + @) B,Q with vy = v, = 0.

Similarly, the components of the right eigenvector (corre-
sponding to the zero eigenvalue), denoted by
w = [w,, wy, w;, w,, Ws, We, Wy, W], is such that

163

6

azfl _ ﬂp(ﬁf +ﬁ2) azfl

_ oM By + 11 Ba) azf1 _ Mty Bs

11
K T
LU3 = Q—zwz, w4 = 631113,
_ (1 + )Bw; + 1y, (1 + o) Byw, + 1, (1 + ) Byws + oy fyw;
5 Q4
w. = (1, + “.Bz)ws + (1B + 0”7V1ﬁ2)w4 + Qgw;
3 I, >
Ui
Wg = _T(¢1w1 + ¢, w, + yw; + P,w, + Psws + ow, + Prw,).
i
(68)

So that if w, < 0, then w; < 0 and it will follow immediately
that w, < 0, then w, < 0, ws < 0, w, < 0and w, < 0.
Computation of g and b.
The associated nonzero second order partial derivatives
of F (at the CFE (&;)) are given by

azf1 _ oty

>

0x,0x, A ' 0x,0x, A 0x,0x, A 0x,0x, A
o, _ (B +B,) 'S, _ (Bi +1viBo) + BL + B, 9 f, _ no(Bi + Ba)
0x,0x, A C0x,0x, ° A " 0x,0x4 A ’
o f; _ B+ (L+m)B, 0'f, _ Bi+(L+ony)B, 0'f, _ 2115 (ne By + 1v1 o)
0x,0x, Ip A S 0x,0x, C A " 0x,0x, A ’
o' f, _ no(nx By +mviBs) 9 fy _ By + (il +1y)By 0 fy _ xPr + (1 + omy) B
0x,0x A 0x,0x, © A " ox,0x, 7 A ’
o' f, _ noyB, 9 fy _ onptvfs S, _ 2oty 'S, _ Mty (1 +0)p,
0x,0x, A’ 0x,0x, A Ox,0x, A’ 0x,0x, A ’
o' f, _ 20mpmy By 0 _ ooty 0 f, _ _77D/3f 21, _ _’7D’7Kﬁf o' f, _ _ZWD/;T
0x,0x, A 0x.0x, A 7 0x,0x, A’ 0x,0x, A 7 9x,0x, A’
O _ _’7D(1 +1)Bl 0 f, _ _’lDﬁ; Of _ _ﬂDﬁ;(l -n) 9 _ _ﬂDﬁf(l - 1)
0x,0x, A " 0x,0x,4 A 7 0x,0x, A " 0x,0x, A ’
2 f, _ _WDWK[;; 7' f, _ _271D’7K/31* o' f, _ _’7D’71<ﬁik of, _ _WD’?K[;T(I -1)
9x,0x, A 0x,0x, A’ 0x,0x, A 0x,0x, A ’
azfz _ _ﬂDﬂKﬁf(l ~ 1) azfs _ _’713/32 azfs _ _nDﬂVlﬁZ azfs _ _’7D”lvﬁz
0x,0x, A " 0x,0x, A’ 0x,0x, A 0x,0x, A (69)
O fs _ 9ty By 7 fs _ _21pP, o fs _ _’7D(1 + 1) B
0x,0x, A 7 9x,0x, A 7 9x,0x, A ’
o fs _ _’7Dﬁ2 o fs _ _WD(1 +my)By 'S _ _2’7D’IV1182 o' f _ _’7D(1 +ony —a)p,
0x,0x A’ 0x,0x, A " 0x,0x, A’ 0x,0x, A ’
o fy _ Mty B o' f _ _’7D(’7V +nv)By 9 fs _ Mty By o fs _ _anphy By
0x,0x A 7 0x,0x, A " 0x,0x A’ 0x,0x, A
o fs __"b [ony + 1, (L-)]B, 0 f; _ _2’7D’7Vﬁz O fs _ _Mpiy(1+0 - a)B,
0x,0x, A " 0x40x, A 7 9x,0x, A ’
O fs _ _2’7D’7V(1 ~a)p, ' f _ _Ylﬂnﬁf 0 f _ _YIWDWK[)); 7' f, _ _’ID(Yzﬁr +ap,)
0x,0x, A " 0x,0, A 7 0x,0x, A 0x,0x, A ’
azf7 _ _ﬂD(YzﬂKﬁr + oy, B) azf7 _ _“ﬂD”IVﬁz azf7 _ _2‘7“’7D’7vﬁ2
9x,0x, A " 0x,0x, A’ 0x,0x, A
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Following from above and (63), the resulting expression for a is

v{w, (w; + mew,) + (1 + 1 Jwyw,
+(rle4 + w3)[w5 + (1 - Vl)ws + (1 - Vz)w7+]}

2 iy 2
- %ﬁl"z(wg + ani) - ’12/32 vs{ws[(1 + 1y, Jw,

+ws + (1 + ) )wg + (1 + oy — d)w, |

+ ws(ﬂvws + G’?Vw7)w4{’7vw5 + (’7V + ’7v1)w6
+1y (1 = ) ]w,} + 7,(1 + 0 — Q)ww,

+w2(w3 Ty Wy + 1y We + Uﬂvw7)}

2
_ ’72/32 Vs{

__ 208,
A

(70)

2158,

2 2 2
w; + W, + a’7v“’7} TTA (w; + nw,)

21 : :
- TD[(Yzﬁ1 + oy )ws + (Va1 By + oty By )w, + oy Byw].
It can easily be seen thata < 0.
Similarly, the associated nonzero derivatives of F needed
for the computation of the corresponding sign of b are

f, *f,
= —1’ = — s
0x,0P; 0x,0P; Tk 71

2f, o’ f,
=1, = .
0B axopr K (72)

So that,

8 aka
b= ka=1 VW, axlaﬁr = UZ(wS + ﬂKw4) <0. (73)
Thus, the transformed system (64), or equivalently, system
(1) undergoes a forward bifurcation at %, = max{%., %, } = 1.

4. Numerical Simulation

We subject system (1) to numerical analysis primarily to mon-
itor its dynamics and to further illustrate some of the theoretical
results arrived at in the paper as well as to provide evidences
that our results are likely to provide insight in a more general
situation. To achieve this, we have considered the following
parameter values from Table 2. A = 0.019, 7. = 0.3,7, = 0.02,
n; =06, 1n=012, n, =036, #n, =056, 1, =035
0=05 y, =044, v, =016, k=05 v=065 1, =03,
1, = 0.15,& = 0.46,y, = 0.25,y, = 0.145,¢, = 0.89, ¢, = 0.64,
¢, = 0.025,¢, = 0.52,¢. = 0.745, ¢ = 0.87,¢, = 0.64, 8, = 0.8,
B, = 0.21, This is summarised in Table 3. The simulations are
carried out as follows.

The three solution trajectories for model (1) in Figure 4
describes the impact of an effective psychotherapy
(1, # 0,y, # 0) on the cumulative density of criminals/crim-
inal cases as a result of a situational combinations of the
parameters &, y, and y,, so that: the trajectory with & = Oiden-
tifies empowering and facilitating victims to avert repeat
victimisation as having the most effective containment effect
on crime and criminality while guarding against
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TaBLE 3: Nominal values for system’s parameters.

Parameter Nominal value Source
A 0.019 [42]
e 0.045 Estimated
fIp 0.02 [45]
m 0.6 [35]
Nx 0.12 Estimated
Ty 0.36 [23]
fy 0.56 [42]
o 0.35 [28]
o 0.5 Estimated
v, 0.5 [40]
v, 0.35 Estimated
0.5 (53]
0.62 [23]
T 0.3 [40]
T, 0.175 Estimated
« 0.46 [42]
Vi Vs 0.75, 0.145 Estimated
0.89, 0.64, 0.025, 0.52, 0.745, 0.87, .
b, 0.64 Estimated
B 0.8 Estimated
B, 0.21 [40]
P 0.28 T T T T T
L —
g 026 «=0 i,
E
g 0.24 B
REN ) "=0 i
<
g 0.2 B
£
S 018 -
B
3 0.16 B
E
é‘ 0.14 E
[
% 0.12 E
= Y,=0
g oy - o=
5
0.08 1 1 1 1 1
0 20 40 60 80 100 120

Time (months)

FIGURE 4: Simulation of model (4) showing the cumulative number
of new crimes/criminals (S; + C + Cp) as a function of time for the
values of «, y;, and y, changing between zero and their respective
values in Table 3. Other parameter values used are as in Table 3.

criminalising victims under psychotherapy has the least con-
tainment effect.

Figure 5 depicts the projected decrease in the overall crim-
inal population and the corresponding criminal cases that
could be averted due to the effective implementation of refor-
mation programme on identified criminals.

Figure 6 shows the solution trajectories of model (1) where
we observe enormous benefit of implementing an effective
psychotherapy (z, > 0, v, > 0) for victims of crime. It can be
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0.35 T T T T T

0.3 1

0.25

0.2

0.15

Cumulative of crime/criminality averted

o1 0 20 40 60 80 100 120
Time (months)
—— 0.0
— 0.2
Ty ——--- 0.4
—— 0.6
fffff 0.8

FIGURE 5: Simulation of model (4) showing the cumulative number
of criminals and criminal cases averted as a function of time for
different values of 7,. Other parameter values used are as in Table 3.

3

b 0.18 T T T T T

&

] 016 | An effective rehabilitation

< . ST

'T':)s 0.14 |  programme for victims

£ Absence of rehabilitation
E o012} programme for victims
S

T oolp 1
g 0.08 - An ineffective rehabilitation i
o programme for victims

S

g 0.06

=)

g

2 0.04

£

£ 002

E

g 0 L L L L L

O 0 20 40 60 80 100 120

Time (months)

FIGURE 6: Simulation of model (4) showing the cumulative number
of quitting criminals and the corresponding averted criminal cases
as a function of time for a combination of variable values of 7, and
,. Other parameter values used are as in Table 3.

observed that the ineffectiveness of such a programme
(r, > 0,y, = 0) potents a detrimental consequence as com-
pared even to an absolute absence of the programme
(t, = ¥, = 0) to note the detrimental consequence for such a
programme to be ineffective. This implication is further con-
firmed by the trajectories in Figure 7.

Figure 8 indicates that the removal of criminals (death of
criminals as a result of criminal activities or quiting criminality
even without formal reformation) can significantly reduce the
cumulative number of new victimisation cases.

13
0.36 r T T T T
0.34 - 4
0.32 E
An ineffective rehabilitation
0.3 programme for victimes

Absence of rehabilitation

0.28 programme for victimes

0.26

An effective g
rehabilitation
programme for victimes

0.24

Cumulative number of victims of crime

0.22

0 20 40 60 80 100 120
Time (months)

FIGURE 7: Simulation of model (4) showing the impact of a victim
rehabilitation programme for victims of crime on criminality as
observed from a combination of variable values of 7, and v, on the
density of victimisation/victims of crime as a function of time. Other
parameter values used are as in Table 3.
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FIGURE 8: Simulation of model (4) showing the effect of varying the
values of 1 (Crime-induced death) on the density of victimisation/
victims as a function of time. Other parameter values used are as
in Table 3.

It is noted from Figure 13 that an effective reformation
programme will result in the reduction of texted criminal
cases, supposedly due to the obvious fact that the decriminal-
isation of core criminals would result in reducing the number
of criminal activities.

Like the scenario depicted in Figure 13, a similar reduction
in the cumulative density of texted criminal cases is observed
from Figure 14 and we conclude that an effective psychother-
apy will result in the reduction of texted criminal cases,
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FIGURE 9: Simulation of model (4) using various initial conditions,

showing cumulative number of crime/criminal cases when 8, = 0.25
and 3, = .05. Other parameter values used are as given in in Table 3.
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FIGURE 10: Simulation of model (4) using various initial conditions,
showing cumulative number of victimisation cases when 8, = 0.25
and 8, = 0.05. Other parameter values used are as given in in Table 3.

probably because rehabilitated victims may not so easily fall
victims of repeat victimisation.

The advantages of prioritising psychotherapy is captured
in Figure 15. Here, we note that the absolute deployment of
psychotherapeutic techniques against the prevention of the
criminalisation of rehabilitated victims would be less effective
in reducing the number of criminal activities as compared to
emphasising such deployments to guarding against the crim-
inalisation of non-rehabilitated victims, talk less of when
repeat victimisation is completely prevented.

5. Conclusion

A deterministic model for monitoring the interactional dynam-
ics of crime, criminality and victimisation in a population is

Journal of Applied Mathematics
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FIGURE 11: Simulation of model (4) using various initial conditions,
showing cumulative number of crime/criminal cases when f3; = 2.512
and f3, = 1.25. Other parameter values used are as given in Table 3.
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FIGURE 12: Simulation of model (4) using various initial conditions,
showing cumulative number of victimisation cases when 3, = 2.512
and f3, = 1.25. Other parameter values used are as given in Table 3.

designed and analysed. The model includes two levels of reha-
bilitation--a reformation programme for criminal individuals
and a psychotherapy for individuals who are victims of crime.
The model is shown to have a globally-asymptotically stable
crime-free equilibrium whenever the largest of the two asso-
ciated reproduction numbers is less than unity; and has a
unique and locally-asymptotically stable endemic equilibrium
when the number exceeds unity. Using Centre Manifold theory,
the model was shown to undergo the a forward bifurcation,
when the the largest reproduction number is less than unity.
Further, the model is shown to have a crime free equilibrium
which is locally-asymptotically stable whenever the largest
reproduction number is less than unity. By analysing the var-
ious associated reproduction numbers, it was shown that by
effectively implementing both the reformation and
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FIGURE 13: Simulation of model (4) showing the effect of varying the
values of y; on the cumulative density of texted criminal cases as a
function of time. Other parameter values used are as given in Table 3.

0.3 T T T T T
g
g 0295
E
g 0.29
s}
'§ 0.285
153
3y
S 028
2
& 0.275
Q
<
15
Z 027
=
£
E 0265
O
0.26 1 1 1 1 1
0 20 40 60 80 100 120
Time (months)
— 0.0
— 0.2
Y= — 04
— 0.6
0.8

FIGURE 14: Simulation of model (4) showing the effect of varying the
values of y, on the cumulative density of texted criminal cases as a
function of time. Other parameter values used are as given in Table 3.

psychotherapy programmes, respectively for criminals and
victims, the menace of crime and criminality would be suffi-
ciently contained in a criminally prone community. Some
major findings from numerical simulations of the model
include:

(i) The none implementation of rehabilitation is more
beneficial than when it is done ineffectively;

15
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FIGURE 15: Simulation of model (4) showing the effect of combinations
of variable values of @, y, and y, on the cumulative density of texted
criminal cases as a function of time. Other parameter values used
are as given in Table 3.

(ii) Focusing psychotherapy on the enlightenment of vic-
tims against the phenomenon of repeat victimisation
is most effective in containing crime and criminality
while priotising enlightenment against criminalising
victims is least effective;

(iii) The removal of criminals, either through criminal-
ly-induced deaths or the willingness to quit crime
even without formal reformation, can significantly
lead to the containment of crime and criminality;

(iv) The effective reformation of criminals can fundamen-
tally reduce criminals and criminal activities;

(v) The decreases in texted crime cases as a result of the
eventual outcome of implementing psychotherapy is
a function of the priority direction of psychotherapy.
It is noted, just like in (ii), that the absence of repeat
victimisations will have the most containment effect
on crime as obvious in the minimal number of texted
cases while the none criminalisation of victims will
have the least of such effects.
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