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In this paper, an initial value method for solving a weakly coupled system of two second-order singularly perturbed Convection-
diffusion problems exhibiting a boundary layer at one end is proposed. In this approach, the approximate solution for the given
problem is obtained by solving, a coupled system of initial value problem (namely, the reduced system), and two decoupled initial
value problems (namely, the layer correction problems), which are easily deduced from the given system of equations. Both the
reduced system and the layer correction problems are independent of perturbation parameter, . These problems are then solved
analytically and/or numerically, and those solutions are combined to give an approximate solution to the problem. Further, error

estimates are derived and examples are provided to illustrate the method.

1. Introduction

Singular perturbation problems (SPPs) arise most frequently
in diversified fields of applied mathematics. For instance, in
fluid mechanics, elasticity, aerodynamics, quantum mechan-
ics, chemical-reactor theory, oceanography, meteorology,
modeling of semiconductor devices, and many others in the
area. A well known fact is that, the solutions of such problems
have a multiscale character, i.e., there are thin transition lay-
er(s) where the solution varies very rapidly, while away from
the layer(s) the solution behaves regularly and varies slowly.
This leads to boundary and/or interior layer(s) in the solution
of the problems. For a detailed discussion on the analytical
and numerical treatment of SPPs one can refer the books of
Miller et al. [1], O’Malley [2] and Roos et al. [3].

Due to the presence of the layer regions, it has been shown
that the classical numerical methods fails to produce good
approximations for singular perturbation problems (SPPs). In
fact, some numerical techniques employed for solving sec-
ond-order singularly perturbed boundary value problem
(SPBVPs) are based on the idea of replacing this problems by
suitable initial value problems (IVPs). The reason for that is,
the numerical treatment of a boundary value problem is much

more demanding than the treatment of the corresponding
IVPs. There are different initial value methods in the literature
of SPPs developed for solving SPBVPs, for the detail discus-
sions of such methods one can refer the papers [4-8] and the
references there in.

In the past few decades, a considerable amount of works
have been reported in the literature of SPPs. However, most of
the works connected with the computational aspects are con-
fined to second-order equation. Only few results are reported
for higher order and systems of equations. The systems of SPPs
have applications in electro analytical chemistry, predator prey
population dynamics, modeling of optimal control situations
and resistance-capacitor electrical circuits [9]. In recent years,
few scholars developed non-classical methods for different
classes of systems of singularly perturbed differential equations.
A class of systems of singularly perturbed reaction-diffusion
equations have been examined by the authors in [10, 11-14].
In the papers [15, 16], a class of strongly coupled systems of
singularly perturbed convection-diftfusion equations are exam-
ined. The scholars in [17-21], considered weakly coupled
systems of singularly perturbed convection-diffusion equa-
tions with equal or different diffusion parameters. A brief sur-
vey of article on the current progress about the numerical


https://orcid.org/0000-0001-5966-4985
mailto:
mailto:
mailto:
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2020/1062025

treatment of systems of singularly perturbed differential equa-
tions is also discussed in [22]. However, most of the methods
developed for systems of singularly perturbed problems focus
on fitted mesh method, so it is natural to look for an alternative
approach for such problems.

In this paper, an initial value method for solving a weakly
coupled system of two second-order singularly perturbed con-
vection-diffusion equations exhibiting a boundary layer at one
end is proposed. The technique, used in this work, is the careful
factorization of original problem into a system of IVPs and two
explicit IVPs which are independent of perturbation parameter.
First, a system of IVPs is obtained by putting the perturbation
parameter to zero, namely the reduced system, which corre-
sponds to the outer solution. Next, using reduction of order
together with stretching of variable gives two decoupled IVPs,
namely the boundary layer correction problems, which corre-
sponds to the inner solution. And then, the reduced system is
solved numerically using fourth-order Runge-Kutta method,
whereas, the boundary layer correction problems, are solved ana-
lytically. Finally, combining the above two solutions we obtain an
approximation for the original problem. In addition, error esti-
mates are derived and examples are provided to illustrate the
method.

2. Statement of the Problem

Consider the problem of finding y,, y, € Co(ﬁ) N C*(Q)such
that

Lly = _8y{,(x) - a1(x)y{(x) + bn(x)yl(x)

Phpp() = i), Yreq,
L,y =—ey)(x) - az(x)yg(x) +b,,(x)y,(x) (1b)
+b,(x)y,(x) = f,(x), VxeQ,
with the boundary conditions
10 =pi y(1) =4, (2a)
2:(0) = pp 3,(1) = g, (2b)

where Q = (0,1),Q = [0,1]and ¥ = (y,, 9,)"» pp P»q,and g,
are given constants, and 0 < & <« 1is the singular perturbation
parameter. The coeflicient functions are taken to be sufficiently
smooth on Q and satisfying the following conditions:

a,(x) =0, >0, a,(x) 2, >0, (3a)

by, (x) + b, (x) = B, >0, by,(x) + b, (x) = B, >0,Vx € Q,
(3b)

b,(x) <0, b, (x) <0. (3¢)

Under these assumptions the system (1a)-(2b) has a unique
solution y(x) which exhibits a boundary layer of width O(e)
on the left side (x = 0) of the underlying interval. The case
a,(x) <, < 0fori = 1,2, can be putin to (1a) and (1b) by the
change of independent variable from x to 1 — x.

The above coupled system of Equations (1a)-(2b) can also
be written in vector form as
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dZ
—& - 0 _
L= |50 - A@Y () + By
A 0 —& E
= f(x), VYxeQ, (3d)
with the boundary conditions
50 =(0)5m=(2), (o)

where

o= () o= (30,8,

a,(x
(3f)
_ b]](x) b] (X) T _ fl(x)
B“"(bn(x) bﬁ(x)) Teo = ( f2<x)>'

Remark 1. In this paper, we consider only the case where
there is one boundary layer at the left end of the interval.
The case when the layer occurs at right end, can be analyzed
similarly.

Notations. Let y : D — %, the appropriate norm for studying
the convergence of the approximate solution to the exact solu-
tion is the maximum norm ¥, = max,.p|y(x)|. In case of
vectors ¥ = (y,,y,) , we define

7o = maxdlyillo 12zlo) 3o

x€D

71 = (n]s 12D

Throughout this paper, C (sometimes sub-scripted) denotes
generic positive constants independent of the singular pertur-
bation parameter € and in the case of discrete problems, also
independent of the mesh parameter N, these constants may
assume different values but remains to be constant.

3. Analytic Results

In this section, a maximum principle, a stability result, and
estimates of the derivatives of the system of Equations (1a)-
(2b) are presented. First, we consider the following property
of the operators L, and L,.

Lemma 2 (Maximum principle). Assume that 7(x) is any
sufficiently smooth function such that 7(0) > 0, , (1) 2 0 and
L 7(x) 20, L,7(x) > 0inQ, then 7(x) > 0in Q.

Proof. Let x™ and y* be arbitrary points in (0,1) such that
7.(¢) =« minea (0] and | (") = min, om0
Without loss of generality, we assume that 7, (x") < 7,(y"
and suppose 7, (x") < 0. Clearly x™ ¢ {0,1} and }(x") = 0,
m(x") = 0. Moreover,

Limi(x") = —em) (x") - ay (x")m (x7)
+ by, (67 ), (x7) + by, (x7 )y (x7)
)+ (b (x7) + by, (x7))m (x7)

+ (my(x7) =, (x7))byy(x7) < 0,

(4)

= —em)'(x
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which is a contradiction. It follows that our assumption
m,(x") < 0is wrong, so thatr, (x") > 0. Similarly, L,77(x) can
be dealt. Hence, 77(x) > 0 in Q.

An immediate consequence of the maximum principle is
the following stability result.

Lemma 3 (Stability result). If y,, y, € C° (5) NC*(Q), then
fori=1,2,

700) < max (O [FO + 57 v (5

where B = min{B,, B,}.

Proof. Define two barrier functions 3* = (¢%, %) as

@ (x) = Ce + y(x), (6)
where e=(1,1)" is the unit column vector and
¢ = max {[yO)L [7Ol} + @/B| 7]

Clearly, °(0) > 0 and 9*(1) > 1.
Also
L9 (x) = —e(9; ()" - a, ()9} (x))
+ by, (X); () + by, (x)93 (x) (7)
= C(b,,(x) + b, (x)) £ L, ¥(x) = B,C + f,(x)
> Bmax{[ly(O)Il, [y} + I f,ll £ f,(x) = 0.

Similarly, it can be proved that L,@"(x) > 0. Therefore, by the
maximum principle, we obtain g_oi (x) > O0forallx € Q, which
gives the required estimate. O

Now we give bounds on the derivatives of the exact solu-
tion ¥(x) for system (1a)-(2b).

Lemma 4. Let y(x) be the solution of (1a)-(2b), then Vx € Q
and fork = 1,2,

|y§k)(x)' < C[l + (s)‘%xp(%)],

|y§k)(x)' < C[l + (s)‘%xp(%)]. (8)

Proof. By following the approach used in the proof of
Theorem 2 of [19] and the technique from [23], we can easily
derive this Lemma. O

The solution y(x) of the problem (1a)-(2b) can be decom-
posed into smooth and singular components v and w respec-
tively, as

y(x) = v(x) + w(x),

(9)

_ T — T
where v = (v,,v,)" and w = (w,,w,) . Further, the regular
component can be written in the form of v = %, + et + €',
where 4, = (1, 1,,)" is the solution of the following system

-a (x)u('n(x) + by, () ug, (x) + b, (g, (x) = f1(x),
= a,(X)uy (%) + by ()1, (x) + by, (X)ugy (x) = [, (), (10)
Uy (1) =q, and uy,(1) = g,.

— T, . .
and 4, = (u,,,u,,) is the solution of the following system

-a, (x)u'”(x) + by, (0)uy, (%) + b, ()u,(x) = u(')'l (x),
—a, (XYl (%) + by, (X)14y, (%) + by (X)uy, (%) = uly(x), (1)
u,(1)=0 and u,(1) = q,,

and 7, = (1,,,1,,)  is the solution of the following system

—eul (x) — a, (x)uh, (x) + by, (), (%) + by (), () = 1)) (x),
—eut, (x) — a, ()1, (%) + by (3)y () + by (X1, (%) = ], (%),
Uy, (0) =1, u,)(0) =1,,u, (1) =0 and wuy(1) =0,

(12)
where r, and r, are constants to be chosen such that|r;| < C,
fori = 1, 2. Thus the regular component v is the solution of

Lv(x) = T(x), V(1) = g, v(0) suitablychosen. (13)
and the singular component w is the solution of
Lw(x) =0, w(0)=p-70), w(l)=0. (14)

The following lemma provides the bound on the derivatives
of the regular and singular components of the solution .

Lemma 5. For 0 < k < 2 the smooth component v and the
singular component w and their derivatives satisfy the bounds:

Vi) < C[l + (e)szexp<—%>]’ Vx € Q, fori= 1;12))
5

'wf(x)| < C(s)_kexp<—%>, Vx € ﬁfori =1,2, (16)
€
respectively.

Proof. Using appropriate barrier functions, applying Lemma
2 and adopting the method of proof used in [[5] page 44], the
present Lemma can be proved.

4. Description of the Method

In this section, we will obtain the solution of the (1a)-(2b) as
a combination of two solutions: outer solution and inner
solution.

4.1. Outer Solution. Let u,(x) = (o1 they) > 1y € CHO)N
CO(Q> for i = 1,2, be the solution of the reduced problem of
(1a)-(2b) given by

—a, (x)u," (x) + by ()14, (%) + by, (X)ugy (x) = f,(x),
—a, ()1, (x) + by (x)14; (%) + by (XY (x) = f,(x),
Ui (1) = g, upy(1) = . (17)

Since, the degenerate equation does not satisfy the condition
at x = 0, therefore, its contribution to the solution of (1a)-(2b)
is for those values of x which are away from x = 0. The problem
(17) is therefore termed as outer problem.

For the exact solution of the reduced problem the follow-
ing theorem gives an error bound.



Theorem 6. Let y(x) be the solution of (1a)-(2b) and u,(x)
be its reduced problem solution defined by (17). Then

() = (%) sC<s+exp<—0;—x)>, VxeQ for i=1,2.
(18)

where & = min{a,, a, }.

Proof Consider the following barrier function g* = (¢?, ¢%)’,

where
@; (x) = Cls<1 - g) + Clexp<—%>
€
+ (5, (%) —uy(x)), x€Q, i=12. (9
L, (x) = —&(gj (x) )H = a,(x)(¢y ()
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Its easy to see that ¢ € C'(Q) N CO( ) further,
¢; (0) = Cie+C, + (5,(0) — uy(0))

>C, ()’i(o) - MO,»(O)) >0, (20)

for an appropriate choice of C, and

@i (1) = Cls(%) + Clexp<—%> = (7(1) - ug(1)) 21)

=C <( ! >£+ exp(—%)) +(q,-q,) =0,

next, for the operator L, we have

)+ by, ()E(x) + by ()¢ (%)

_cg< 44%+hg( 2»+c<_3um)%+%+hﬁa4—%)ig@uyxmm) (22)

> C1£<%% + 2%%) + Cl(m + /Sl)exp(—“s—x> + —euy) (x)
> C@(%((xl + [31)) + C1<£(“ oc_ ) + [31>exp< x) F eug (x)

> C,e F euy (x)

for an appropriate choice of C,. Similarly, we can prove that
L,p*(x) >0, for all x € Q. Therefore, from the maximum
principle of Lemma 2, we obtain ¢, (x) > 0, Vx € Q and for
i = 1, 2. Hence the proof of the theorem. O

Remark 7. From the above theorem, it is clear that the
solution y of problem (1a)-(2b) exhibits a strong boundary
layer at x = 0 and further away from the boundary layer
region and in particular on [ke, 1], where k > —Ine/a, for
sufficiently small values of €, we have.

(x) —uy,(x)| <Ce, VxeQ and for i=1,2. 23
yl 0i ( )

For the numerical solution of the reduced problem (17)
we employ fourth-order Runge-Kutta method for system.
Suppose U, = (U,,,U,,) be the numerical solution of the
reduced problem obtained from fourth-order Runge-Kutta
method, then the maximum error becomes
() - Unl

j)||£Ch4,f0rj:0,1,...,N and for i=1,2,

(24)

where h = 1/N is the equal mesh spacing of the domain of the
problem.

4.2. Inner Solution. To obtain the inner solution for (la)-
(2b) we will use reduction of order together with streching
of variable as follows:

First we rewrite the given problem (1a) fori = 1,2 equiv-
alently as

dy, d
_gdxz - (a,(x)y,(x

where

(x)) = F(x’ypyz) x €Q, (25)

(%, 31, 35) = fi(x) = al(x)y,(x) = Y b;(x)y;(x). (26)
j=1

= &(C, F ug (x)) 2 0, since [uy (x)| < C,

From Theorem 6 that the solution 4, (x) satisfies (1a)-(2b) on
most part of the interval [0, 1] and away from x = 0. Thus by
replacing the solution y(x) by #,(x) on the right part of (25),
we obtain an asymptotically equivalent approximation as:

—s—‘jl Vi _ —( (%) y,(x)) = F(x,uy;,uy,) + Oe), x€Q,
x

(27)
where

E(x, ug;, tg,) = fi(x) — a] (x)ug;(x) — Z b (x)ug;(x).
=1 (28)

Integrating both sides of (27) with respect to x, gives
—e—=L — a(x)u(x) = J F(x,uy), ty, )dx + O(e), x €[0,1],
x
(29)
where
2
JFi(x, Uy uoz)dx = J (fi(x) — a1 (xX)ug(x) - Z bij(x)uoj(x))dx.
j=1
(30)
Using the reduced problem (16) in the above integral, yields

JFi(x, Uy, Uy, )dx = J(ﬁ(x) - a,' (x)uy(x) - Z bij(x)uoj(x)>dx
=i

= J(—ai'(x)MOi () — a,(x)uy; (x)) dx

d
- _JE(“i(x)uol-(x))dx = —a,(xX)u;(x) + k.
(31

Then, substituting this in to (28), gives us

dv.
—e 2 () =

I —a,(x)uy;(x) + k; + O(e), (32)
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where k, and k, are integration constants. In order to deter-
mine ks, we introduce the condition that the reduced equa-
tions of (32) should satisfy the boundary condition at x = 1.
Thus, we getk, =k, = 0.

Hence, by substituting k, = k, = 0 in (32), a first-order
initial value problem which is asymptotically equivalent to the
second-order system of boundary value problems (1a)-(2b)
is obtained, and written as:

with an initial conditions, (33)
w,(0) = py> wy(0) = p,.
Next, to compute the solution for the layer part, a new inner
variable is introduced by stretching the spatial coordinate x;, as

dt 1
t=% o x=etand & = 2. (34)
€ dx ¢

Using this stretching transformation in to (33), we obtain

{ s% + a,(x)w,(x) = a;(x)uy(x), fori = 1,2,

dw,

% + a,(et)w; = a,(et)uy,(et). (35)
In spite of the simplification, these equations remains first-or-
der differential equation and also regularly perturbed. Thus,
for e = 0, (24) becomes

% + a,(0)w; = a,(0)u,(0). (36)
These are differential equation for the solution of the layer
regions. Moreover, the solutions of (36) are supposed to coun-
ter act for the fact that the solutions of the reduced problem
do not satisfy the boundary condition at x = 0.

Further, using the substitutions, W,(t) = w;(t) — u,;(0) in
to (36), we obtain the following boundary layer correction
problems

aw,
— +a,(0)W, =0,

7 with  W;(0) = p, — u,;(0), for

i=1,2,
(37)

Since these equations are separable linear initial value prob-
lems with constant coefficients which can easily be solved
analytically, thus and gives

W(2) = [0~ uoOlexp( -

Finally, from standard singular perturbation theory it follows
that the solution of the (33) admits the representation in terms
of the solutions of the reduced problem (16) and boundary
layer correction problem (38), which approximates the solu-
tion of the system (1a)-(2b); that is,

a,(0)x

>, for i=1,2. (38)

7,(6) = 1y (%) + w,(x) + O(e) = gy (x) + w(f) +0(e),
-a;(0)x ) +0(e),

&

y,(x) = ug(x) + [p, — ”Oi(o)]exp<
VxeQ and for i=1,2.

The numerical error of the present method has two sources:
one from the asymptotic approximation of the modified prob-
lem (33) and the other from the numerical approximation of
the reduced system (16). We can summarize the results of this
section in the form of the following theorem.

(39)

Theorem 8. Let y(x) be the solution oftf%eproblem (1a)-(2b)
given by (27) and Y (x) = (Y,(x),Y,(x))" be its approximate
then

'|7(x) - ?(x)” = O(e + h4), Vx € Q, (40)

where h is the equal mesh spacing for the domain of the
problem.

Proof. Assume that U, be the numerical solution of the
outer problem determined by making use of the Runge-
Kutta method and W be the solution of the inner problem
whose left boundary conditions are affected by U,, such that
Y =U, + W is the approximation for the exact solution of
(la)-(2b) given by ¥ = u, + w + C,e. Now using (17) and
(27), we obtain,

[0 -¥eo] =@+ 7+-C.o) - (@, + )]

= | - Ty) + (- (0) - B+ Ty(0))
- exp (—a(0)x/e) + C e

S CRANCIORAD) (41)

-exp (-a(0)x/e) + C e

< ||l (1 - exp (-a(0)x/e)) + Cpe
< C(s + h4),
for an appropriate choice of C.

Therefore, we can conclude that ||7(x) - ?(x)" = O(e + h4),
Vx € Q. O

5. Test Problems and Numerical Results

To demonstrate the efficiency and applicability of the pro-
posed method we considered the following two test
problems:

Example 9. Consider the following boundary value problems
for the systems of convention-diffusion equations on (0, 1):

—ey) (x) = y1(x) + 4y, (x) - ,(x) = 4,
—ey) (%) = yy(x) = y,(x) + 4y,(x) = 2, (42)
)’1(0) = 1,)/1(1) = O’yz(o) = 1’)’2(1) =0.

The exact solution of this problem is

1
exp (m,) - exp (m,)

o=t et

] v mn

%mmﬁmm
1[ 1 —exp (m,)

exp (m,) - exp (m,

(43)

5] v

5

1 exp (m;) — 1
5| exp (m;) — exp (m,

] e mn
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TABLE 1: Maximum point wise error Ei’l, for the solution y, of Example 9.

= N =064 N =128 N =256 N =512 N =1024

107! 1.001E - 01 1.001E - 01 1.001E - 01 1.001E - 01 1.001E - 01
1072 1.366E — 02 1.366E — 02 1.366E — 02 1.366E — 02 1.366E — 02
107 1.426E - 03 1.426E - 03 1.426E - 03 1.426E - 03 1.426E - 03
10 1.432E - 04 1.433E - 04 1.433E - 04 1.433E - 04 1.433E - 04
107° 1.429E - 05 1.433E - 05 1.434E - 05 1.434E - 05 1.434E - 05
107° 1.395E - 06 1.431E - 06 1.433E - 06 1.434E - 06 1.434E - 06
1077 1.358E - 07 1.410E - 07 1.432E - 07 1.433E - 07 1.410E - 07
10°® 2.393E - 08 1.280E - 08 1.495E - 08 1.508E - 08 1.509E - 08

TABLE 2: Maximum point wise error Egz, for the solution y, of Example 9.

€ N =64 N =128 N =256 N =512 N =1024

107" 6.133E - 02 6.133E — 02 6.133E - 02 6.133E - 02 6.133E - 02
1072 7.848E - 03 7.848E — 03 7.848E - 03 7.848E - 03 7.848E - 03
107 8.119E - 04 8.119E - 04 8.119E - 04 8.119E - 04 8.119E - 04
107 8.148E - 05 8.147E - 05 8.147E - 05 8.147E - 05 8.147E - 05
107 8.152E - 06 8.150E - 06 8.150E - 06 8.150E - 06 8.150E - 06
107° 8.171E - 07 8.152E - 07 8.151E - 07 8.151E - 07 8.151E - 07
107”7 8.462E - 08 8.159E - 08 8.149E - 08 8.148E - 08 8.148E - 08
107° 1.746E — 08 8.996E — 09 8.842E - 09 8.835E - 09 8.835E - 09

TABLE 3: Maximum point wise error Di’l, for the solution Y, of Example 10.

g N=38 N =16 N =32 N =64 N =128

27! 8.339E - 06 4.267E - 07 2.409E - 08 1.433E-9 8.734E - 11
272 7.914E - 06 4.018E - 07 2.260E - 08 1.343E-9 8.181E - 11
27 7.743E - 06 3.919E - 07 2.207E - 08 1.310E -9 7.975E - 11
276 7.743E - 06 3.918E - 07 2.207E - 08 1.310E-9 7.975E - 11
278 7.743E - 06 3.918E - 07 2.207E - 08 1.310E-9 7.975E - 11
2712 7.743E - 06 3.918E - 07 2.207E - 08 1.310E -9 7.975E - 11
276 7.743E - 06 3.918E - 07 2.207E - 08 1.310E-9 7.975E - 11
2720 7.743E - 06 3.918E - 07 2.207E - 08 1.310E-9 7.975E - 11
27 7.743E - 06 3.918E - 07 2.207E - 08 1.310E-9 7.975E - 11

TABLE 4: Maximum point wise error Dﬁfz, for the solution Y, of Example 10.

g N=8 N=16 N =32 N =64 N =128
27! 9.740E — 07 4.915E - 08 2.771E - 09 1.643E — 10 9.995E — 12
272 9.829E — 07 4.973E — 08 2.824E — 09 1.678E - 10 1.022E - 11
2t 9.833E — 07 4.977E - 08 2.828E - 09 1.680E — 10 1.024E — 11
276 9.833E — 07 4.977E - 08 2.828E - 09 1.680E — 10 1.024E — 11
28 9.833E — 07 4.977E — 08 2.828E — 09 1.680E — 10 1.024E — 11
22 9.833E — 07 4.977E - 08 2.828E - 09 1.680E — 10 1.024E — 11
Q16 9.833E — 07 4.977E - 08 2.828E - 09 1.680E — 10 1.024E - 11
2720 9.833E - 07 4.977E - 08 2.828E — 09 1.680E — 10 1.024E — 11

27 9.833E - 07 4.977E - 08 2.828E - 09 1.680E — 10 1.024E - 11
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The values of y1, y2

0 . . . . . . . . .
0 01 02 03 04 05 06 07 08 09 1

The values of x

—— Exact2 =y2
--- Appr2=Y2

—©— Exactl =yl
—— Appr=Y1

FIGURE 1: Plot of the exact and approximate solutions of Example 9
fore = 0.01and N = 1024.

[ 1

exp (m,) — exp (m,)
1

exp (m,) - exp (m,

QR

exp (m;) — exp (m,)

[ exp (m;) - 1

€xXp (ms) - €Xp (m4

uu.p

»,(x) = ] exp (m, x)

(44)

+

+ +
G~ |+—=

| Jexp m2)

Jexp m,2

Josto

where,

= (-1+ VI+12¢)/2¢e, m, = (-1 - V1+12¢)/2¢, m, =
(-1+ VT+20¢)/2eandm, = (-1 — VI +20¢)/2e.

Since the exact solution is known, we calculate maximum
point wise error by

EY = max |yl ij|, fori=1,2,

& 0<jsN

(45)

where yi( ]) is the exact solution and Y;' is the numerical
solution obtained by using N mesh intervals. Tables 1 and 2
display, respectively, the maximum point-wise errors for y,
and y, for different values of N and ¢. The plots of the exact
and the approximate solution components for N = 1024 and
& = 0.01 are shown in Figure 1.

Example 10. Consider the following boundry value problems
for the systems of convention-diffusion equations on(0,1): (0, 1):

— ey (x) - (1 + xz)y{(x) + (4 + sinx) y, (x) — 2y,(x) = exp(x),
— eyl (x) = (2 + %)y (5) = y,(5) + (2 + cosx) y,(x) = 7,
with y,(0) = 3, y,(1) = 1, ,(0) = 3, y,(1) = 1.
(46)
Since the exact solution is not known, we calculate maxi-

mum point wise error by using the double mesh principle
defined by

2.5 1

[ 38}
1

The values of Y1, Y2
&

0.5 L L L L L L L L L
0 01 02 03 04 05 06 07 08 09 1
The values of x
Y2 with N
--- Y2 with2N

—— Y1 with N
— Y1 with 2N

FIGURE 2: Plot of the solutions of Example 10 for € = 0.05 and
N =1024.

2N
= max , for
0<]<N

i=1,2, (47)
where Y ,;and Y2N denotes the i and 2i™ components of the
numerical solutions obtained by using N and 2N meshes
points, respectively. Tables 3 and 4 display, respectively, the
maximum point-wise errors for Y, and Y, for different values
of N and e. Figure 2 represents the numerical solutions of
Example 10, for N = 1024 and € = 0.05.

6. Discussion

In this paper, an initial value method for solving a weakly
coupled system of two linear second-order singularly per-
turbed convection-diffusion equations exhibiting a boundary
layer at one end is proposed. The method is some how similar
to the asymptotic expansion methods, but differs in detail.
The approximate solution of the given problem is obtained
by solving a coupled system of initial value problem (namely,
the reduced system) and two decoupled initial value problems
with constant coefficients (namely, the layer correction prob-
lems), which are easily deduced from the the original prob-
lem. Both the reduced system and the layer correction
problems are independent of perturbation parameter, ¢ and
therefore, we get easily the numerical solution by solving the
reduced system using fourth-order Runge-Kutta method and
solving the layer correction problems analytically. The
method is simple to apply, very easy to implement on a com-
puter and offers a relatively simple tool for obtaining approx-
imate solution.

We have implemented the method on two test problems
to illustrate the theoretical results, and presented the compu-
tational results for different values of ¢ and N in Tables 1-4
and Figures 1 and 2. From the results it is observed that, for
very small e the present method approximates the exact solu-
tion of the problems very well.
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