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In this paper, we study the solvability of a class of nonlinear multiorder Caputo fractional differential equations with integral and
antiperiodic boundary conditions. By using some fixed point theorems including the Banach contraction mapping principle and
Schaefer’s fixed point theorem, we obtain new existence and uniqueness results for our given problem. Also, we give some

examples to illustrate our main results.

1. Introduction

Fractional calculus has a history of several hundred years, and
many valuable results that have contributed to the develop-
ment of mathematical theories and their application to prac-
tice have been created during its historical process (see [1]).
Also, fractional differential equations are one of the powerful
means to model and solve scientific and technological prob-
lems that have been arisen in physics, chemistry, biology,
mechanics, and many other fields, and it has developed more
and more in-depth (see [2]). In particular, boundary value
problems of fractional differential equations are often used as
mathematical models for many phenomena in a variety of
physical, biological, mechanical, and chemical studies such
as analysis of turbulent flow, simulation of chemical reaction,
and image processing technique (see [3-6]).

In recent years, antiperiodic boundary value problems
have been put forward in various practical phenomena and
have attracted the attention of a large number of researchers
because of the specific properties of their solutions (see [7]).
Based on many works about the solvability of antiperiodic
boundary value problems for integer-order differential equa-
tions (see [8-10]), a lot of attempts have been made to extend
the existence results for them to the case of fractional differ-
ential equations (see [11-20]). For instance, Agarwal and

Ahmad [11] established the existence of solutions of the fol-
lowing single-term Caputo fractional differential equations
with antiperiodic boundary conditions by using the nonlin-
ear alternative of Leray-Schauder type and Leray-Schauder
degree theory:

‘Dix(t)=f(t,x(t)), te€[0,T), T>0,3<q<4,

x(0) = =x(T), x' (0) =—x'(T), x"(0) = —x"(T), x" (0) = —x " (T).
(1)

In [17], Choudhary and Daftardar-Gejji considered the

antiperiodic boundary value problem of the nonlinear multi-
order Caputo fractional differential equation

Z)Li‘D“"u(t) =f(t,u(t)), telo,T],

u(0) =-u(T),

(2)

where A, €R,i=0,1,--,n,A,#0, 0<ay < <---<ax, < 1.
They proved the existence and uniqueness of solutions to
their problem in terms of the two-parametric functions of
Mittag-Leffler type. Their equation in problem (2) is a
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generalization of the classical relaxation equation and gov-
erns some fractional relaxation processes.

Analyzing the higher-order fractional differential
equations like that in problem (1), some new research
papers considered not only antiperiodic boundary condi-
tions but also mixed-type boundary conditions which are
composed of both integral and antiperiodic boundary condi-
tions (see [21-25]). Xu [24] obtained new existence and
uniqueness results for the following single-term fractional dif-
ferential equations with integral and antiperiodic boundary
conditions by means of the Krasnosel’skii fixed point theo-
rem, contraction mapping principle, and Leray-Schauder
degree theory:

‘Dix(t)=f(t,x(t)), te[0,1],1<g<2,

! oy o (3)
x(1) =;4Lx(s)ds, x (0)+x (1)=0.

Taking the previous results together, we can know that
very little has been done on the multiterm fractional differen-
tial equations with integral and antiperiodic boundary condi-
tions. In particular, as far as we know, the research on the
mixed-type boundary value problems of nonlinear multior-
der fractional differential equations like that in problem (2)
which is of great significance in practice has not been carried
out at all.

Motivated by above analysis, in this paper, we investigate
the existence and uniqueness of solutions for the following
mixed-type fractional boundary value problems of combin-
ing the nonlinear multiorder Caputo fractional differential
equations, which are similar to the equation in problem (2)
and have higher fractional orders, with the integral and anti-
periodic boundary conditions in problem (3):

D, u(t)+ Y A1) Diu(t) + Y py(6) D u(t)

1

agb
Ips
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where 1<a<--<a,<a<2, 0<f<-<f, <1, 0<u<l,
A;€Cl0,1] (i=1,2,--+,n), y; € C[0,1] (i=1,2,---,m), 0 € C[0
1], f€C([0,1] xR, R).

2. Derivation of the Integral Equation

The Riemann-Liouville fractional integral and the
Caputo fractional derivative of order a >0 of a function
f:(0,00) — R are given by

where n=[a] +1, provided that the right-hand sides are
pointwise defined on (0,00) (see [1]).

Definition 1. A function u € C[0, 1] with a Caputo fractional
derivative of order « that belongs to C[0, 1] (i.e., ‘Dj, u € C|
0, 1]) is said to be a solution of problem (4)-(5) if it satisfies
equation (4) and the boundary conditions (5).

Lemma 2. If a function u is a solution of problem (4)-(5), then
y(t) =Dy, u(t) is a solution of the integral equation

in C|0, 1], and conversely, if y € C[0, 1] is a solution of the inte-
gral equation (7), then a function u which is given by

+o(tu(t) =f(Lu(t)), telo1],
1
1 )= | Gt )y(s)as (8)
u(l) = u(s)ds, 0
1) =p] uts 5
”,(O) + ”,(1) =0, is a solution of problem (4)-(5), where
(t - S)OHI H a a-1 a2 1 a-2 a-1
. () +4(1—/4)l’(a+1) [4(1-5)" —4a(1-s)* ' +a(a-1)(1-5) ]+2F(“) (A=) (a-1)(1-5)*?=2(1-5)*"], 0<s<t<]
¢ [4(1-5)" —4a(1 - 5)" + a(a—1)(1-5)"?] + ! [(1-t)(a—1)(1-5)* 7 =2(1-95)""], 0<t<s<1

41-pl(a+1)

20(@)
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Proof. Let a function u be a solution of problem (4)-(5).
Applying I§, on both sides of the expression y(t) =Dy, u(t),
it is obvious that

u(t) = JlG(t, s)y(s)ds, (10)

(see [24]).
We can rewrite (10) as

u(t) = I8

_H
N

1
1t 5 Io )’(t)

L, y(1) |y + %mfs;lym

4(1

t=1

+ o y(1) = Loy (1)),

(11)

u
t=1 =Ig+y(t) + 1-—

o
- EIngly(t)

(e e

From (11), we have some equalities as follows:

1 o
- mIoJ(f)

t=1

Dyu(t) =I5y(t), i=1,m,

“Dfiu(t) = T o () I R )

a—p;
Lo,y (1) - AT2-B)

(12)

Substituting the above D, u(t) and CDgiu(t) into (4), it
can be easily seen that

NIGTOR ARy

G(t,s)y(s)ds =f<t, J

)

(13)

1
A2 F)
1G(t.‘, s)y(s)ds) :

0

This yields the integral equation (7).
Conversely, let a function y € C[0, 1] be a solution of the
integral equation (7). Substituting the expression

u(t) = J G(t,s)y(s)ds, (14)

0

into (7), we can get that

On the other hand, using the expression of Green’s func-
tion G(t, s), we can see that

u(t) =I5, y(0) + 72T

U -1\ .
t=1 + <4(1 _M) + T>10+1y(t)

1 o

t=1
(16)
So, we know that “D§, u(t), “Dy,u(t), and CDg ‘u(t) exist
for any t € [0, 1] and “Dj, u € C[0, 1].
Considering the relations
D u(t) = I5y(1), i=1,m,
cnyPi a-f; 7o~
D€+“(t)zlo+ y(t) = m IO =1 m,
(17)
we can rewrite (15) as
Dhu(t) + ZAODLuO + RO Do(t)
i=1 i=1

+a(t)u(t) = f(t, u(t)).

That is, u satisfies equation (4).
Now, we prove that u satisfies the boundary conditions
(5). By simple calculation, we have

B0t = 1o T (1)

t=1

* —_Ig‘lly(t)h:l +I5, (1))

- ﬁlaym .

¢
4(1-p)

Y(O)|e=1 = Io+)’(t)

=1

;4
4(1-p)

a—1
t:1+ I

Ig+ y t |l:1 +IO+ y(t)|t:1

—Iouy(1)

1
=15 qlgil)’(t)

|
- ZIngly(t)

(=1 +

1 o
- HIO-J}U)



This means that u( /,tjo s)ds. Also, since

- 1 .- |
u'(0) =I5, "y(t)] - 518‘+1y(f) =1 = —513+1y(t)

a— 1 a— 1 a—
”I(1> =IO+1J’(t)’t:1 - Elml)’(t) =17 510+1)’(t)

(20)

we can see that u' (0) + u' (1) = 0. Therefore, it is proved that u
satisfies the boundary conditions (5). The proof is completed.

Remark 3. By Lemma 2, the existence of solutions for prob-
lem (4)-(5) refers to the solvability of the integral equation
(7) in C[0, 1].

Remark 4. As we can see from the expression

| atepisias=15.p00) + I”M

I(X+1y(t)
0 =

(a5 :

the function fo y(s)ds is continuous in [0, 1] for any y €
Cl0, 1]. Also, for any y E C[0, 1], the following inequality holds:

foc-

1 (24
- mlm)’(t) t=

1
- EI&J’U) =1

$)y(s)ds|| = max Ig y(t) +

B o
#Ioil)’(t)

1- t=1
u 1-t a-1
—+ — 1 t
1+(4(1_M)+ 2)0+y()
1 U 1 1 1
S + . + .
IF'(a+1) 1-p I'(a+2) 1-pu I'(a+1)

(0 +3) i ) W = el

te[O 1]

t=1

(22)
where w, , is denoted as
- ! @-platd) v
Yau= (1—;4)F(0(+1)( i a+1)' 23)
3. Main Results
Define the operators P and Q on C[0, 1] as follows:
)0 =f(x [ vt
(@)(0)==F OB - ROy
ISNAGE 1A a-1 !
32ty B0 ~o(0)] Gle. (s
(24)
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Then, the integral equation (7) can be regarded as the
operator equation

y(t) = (By)(t) +

Lemma 5. The following hold:

(Q)(®)- (25)

(i) For any a € RY, the fractional integral operator Ifj,
: C[0, 1] — CJ0, 1] is compact.

(ii) For any d € C|0, 1], the operator A : C[0, 1] — C[0,
1] which is defined by

(Ax)(t) =

is a bounded linear operator.

() x(t), (26)

Proof.

(i) It is sufficient to prove that for any bounded set
Q={ueCl0,1]|||ul| <r}, I§,Q is relatively com-
pact. Obviously, we can see

YueQ,

(27)

15,0001 < gyl

So, we can know that If, Q is uniformly bounded. Also,
we have that for any t,,t, € [0, 1] (t; < t,),

I8 u(ty) ~ I3, u(t)]| = 'ﬁj(t g u(s)ds

[ - utsyas= [ 1,9 utsyas

= (tr=9)") - Ju(s)|ds

+ J:(tz -5t \u(s)|ds> < F(!ﬂ' 0 [2(¢, -

0)* + 6% 5%
(28)

This yields that I§, 2 is equicontinuous. Therefore, using
the Ascoli-Arzela theorem, it can be easily seen that I, Q is
relatively compact.

(i) It is obvious that for any d € C[0, 1],

Vx € C[0, 1],
|(Ax)(#)] < max|d()] - |I*[]-

te[0,1]

This completes the proof of (ii).
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In this article, the following hypothesis will be used:

H1. There exist L, ] € [0,+00) and 0, 0, €
any t,,t, € [0, 1] and for any x;,x, € R,

(0, 1] such that for

[f(tx1) = f(t x2)| <1t = 15| + Lixy — x| (30)

Lemma 6. Assume that hypothesis H1 holds. Then, the opera-
tor P : C|0, 1] — CJ0, 1] is compact.

Proof. As in the proof of Lemma 5, put Q:={u € C[0, 1]|||u
|| <7}. Then, we have that for any u € Q,

|<Pu><t>|=\f(t, jc li( jlca,s)u(s)ds)
a0+ 1760 <1 Gt s

0

JIG(- ,$)ds ’

(t, s)u(s)ds)

IO
(1)

+|f(£,0)| < Lr™ ’

This implies that PQ is uniformly bounded.
On the other hand, we can get that for any ¢, t, € [0, 1]

(t <ty),

1

|(Pu)(ty) — (Pu)(t2)| = f(tp JOG(tl’S)”(S)dS)

—f(tz, J;G(tz,s)u(s)ds) | <I|t, - 1,| (32)

G(t,, s)u(s)ds

0

+L JIG(tl,s)u(s)ds—J :

0

Since

JIG(tl, s)u(s)ds — JlG(tz, s)u(s)ds

0 0

= |Ig+u(t)’t:tl

o Ly

- %Inglu(t) _Ig+u(t) t=t, + EZInglu(t) |
t=1 t=1
< |16, u(t)| 1=, —18‘+u(t)’t:t2 (33)
-1 [t — o] ]
+‘Ig+ l/l(t)|t:1" 2 < F((X+1) .|2(t2_tl)a
u

+1 %=1 %| 1~ bl

the following inequality holds:

|(Pu)(t,) = (Pu)(ty)| <[t — 15|
Lr™ (|2(t2—t1)a+t1a—tza N It —l‘2|)g2

+
I'(a)™ o 2

(34)

This yields that PQ is equicontinuous. The conclusion
then follows from the Ascoli-Arzela theorem.

Lemma 7. The operator Q : C[0, 1] — C[0, 1] is compact.

Proof. From Lemma 5 and the fact that the composition of
the bounded linear operator and compact operator is also
compact, every term of the operator Q is compact. Since
the sum of two compact operators is also compact, the proof
is completed.

Lemma 8 (see [26]). Let X be a Banach space. Assume that

is an open bounded subset of X with 0€Q, and let
T:Q—X be a compact operator such that

I Tul| < ||ul, VuedQ. (35)

Then, T has a fixed point in Q.

Denote w, as follows:

S |A]] S 12l
;F(a Y +;F(¢x—ﬁi+1) )
2LT(2-B)I(a)

i=1

Here, we list more hypotheses to be used throughout this
paper.

H2. w, <1.

Theorem 9. Assume that hypotheses H1 and H2 hold. If the
nonlinear function f satisfies that

t,
lim maxf( ") - 0, (37)
x—>0tej0]] X

then problem (4)-(5) has at least one solution.

Proof. Since hm Hfo (s)ds|| =0 and lim maxf (¢, x)/

x—=01¢€[0,1]
x=0, we obtam

vd, >0,
dr, >0,
VuecC[o, 1] (|Jul|<n) (38)

(St moa)

<dy - ||ul].




Put d:=1 - w,. Then, it holds that

dr >0,
VueC[0,1] (||lu]| <r), (39)

(St mo)

Now, consider the ball B, :={u € C[0,1]]| ||ul]| <r}, and
for any u, € 0B,, estimate the norm ||(P + Q)u,|. Since ||u,
|| =, we can see that

(famen)
LTS ]
- j;cc (e < (- ,j:G<»s>uo<s>ds) |

[l - [0l IIM,||| luoll IIM,HI H“o”
Z I'(a—oa;+1) z -B;+1) Z I'(a)

|toll < (d+w*)'r=f= l[uo]l-

<d-[u].

. i A

Pu, + <
[|[ Pug + Qup|| T(a-a;+1)

i=

<

+ ”GH ’ lx,pl|

(40)

Therefore, the operator P + Q has a fixed point in terms
of Lemma 8. This yields the conclusion.

Example 1. Consider the following fractional boundary value
problem:

DySu(t) +0.3t-Dy2u(t) +0.0162 - DY u(t) + 0.2 u(t) = /1 + 12(t) - 1
{ u(l) = O.IJlu(s)ds, u'(0)+u'(1)=0.
0
(41)

Check that the conditions of Theorem 9 are satisfied. Put-
ting f(¢,x) =v1+x2 —1, it can be easily seen that

F(t0) -ty ) = \\/Hx%— J1e2

/ 7 _
lim maxf(t’x) =lim Lrx -1

x—0te[0,1] X x—=0 X

<|x =%,

=0.

(42)

By simple calculation, we also get w, = 0.72 < 1. So, prob-
lem (41) has at least one solution.

Lemma 10 (Schaefer’s fixed point theorem) (see [27]). Let X
be a Banach space and A : X — X a compact operator. Then,
either

(i) the equation x = AAx has a solution for A =1 or

(ii) the set of all such solutions x, for 0<A<1, is
unbounded.

Journal of Applied Mathematics

Theorem 11. Assume that hypotheses H1 and H2 hold. And
suppose that
(i) 3a> 0, Jy e C([0, 1] xR, R), and

lim max AGL))
X—+00 te[0,1] X

=0AVt€[0,1], VxeR,|f(t,x)]<a+|y(t,x)|.

(43)

ACES]

Then, problem (4)-(5) has at least one solution.

(i) Vt € [0, I, x; <x, = [f(t, x;)| <

Proof. From Lemmas 6 and 7 and hypothesis H1, the opera-
tor P + Q is compact. Using condition (i), we can get
vd, >0,
dr, >0,
(44)
Vx2>r,

If(t.x)|<a+d -x.

Putd:=(1-w,)/2w,,. Then, it follows that

dr >0,
Vx>, (45)
1)l Sa+d-x.

Now consider the set S:={u e C[0,1] | u=APu+ AQu,
0 < A< 1}. From Remark 4, it is obvious that for any u € S,

1
J G(-,s)u(s)ds € C[0, 1]. (46)
0
There are two cases ||f(1)G( ,S)u(s)ds|| <rand ||j(1)G( s)u
(s)ds|| >r.
If Hfo (s)ds|| < r, then because of condition (ii), we
have

<

< JIG(- ,S)u(s)ds

0

oo

<|f(tr)<a+d-r.

f(t,

)|

Thus, it follows that

vl
I'a—a;+1) +ZF -B;+1)

1= 1=

|[Pu+Quj|<a+d-r+ (Z [l

+ S L1 — +||0]] - Wy, |\u —a+d'r+w* ujl.

1:1

(48)
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This yields that
Ma+dr) a+dr
< < 49
Il 1-A\w, 1-w (49)
If ||J"0 (s)ds|| > r, then as in the first case, using

condition (ii) and Remark 4, we can see that

‘f (t, J;G(t’ s)u(s)ds) f(t,

<

fG(-,s)u(s)ds

0

)

1
<a+d- ‘ J G(-»s)u(s)ds|| <a+d-wg,|[u].
0
And we obtain
||Pu+ Qu| §a+d-ww||u||
- Al |4
i <IZF (a—a;+1) Zl -B;+1)

‘Dyfu(t) +0.3t - Dy u(t) +0.01¢2 - ‘DY u(t) — 0.8u(t) =sin t -

u(l) = 0.1J u(s)ds, u'(0) +u'(1)=0.

0

Problem (53) is equal to the following problem:

‘Dyfu(t) +0.3t- Dy u(t) +0.01¢% - “DYCu(t) +0.2u(t) = sin t -

u(l) = 0.1J u(s)ds, u' (0) +u'(1)=0.

0

For problem (54), check that the conditions of Theorem 11

are satisfied. Putting f(f,x) =sin t —v/1 + x2 + 1 + x, we can
see that

[f(t>x0) = f(t2 %) <
a=1,
Y(t,x)=1l+x-V1+x2,
lim maxL(t’x) =0

x—+00t€0, 1] X

[ty = £5] +2]x; — x5,

(55)

Also, since w, = 0.72 < 1, all the conditions of Theorem 11
are satisfied. So, problem (53) has at least one solution.

o] way) - flul

1 [l
* EZP(Z - BT («) o (51)
+ (d-wa)’l +w*)||u||.

Therefore, it holds that

Aa

1-Ad-w,, +w,)

a 2a

Jull <
(52)

Tl-dow, -, 1-w,)

*

These inequalities (49) and (52) imply the boundedness
of the set S. By using Lemma 10., the operator P+ Q has a
fixed point. This completes the proof.

Example 2. Consider the boundary value problem

L+u?(t) + 1,
(53)

L+ u?(t) + 1+ u(t),
(54)

Theorem 12. Suppose that the following hold:

(i) There exists L >0 such that for any t € [0, 1] and for
any x;, x, € R,

[f(tx1) = f(x2)| < LJx; = x5 (56)

(i) q =
(I (a—

(L+[loll) - wey + X AT (0 = + 1) + 3 (
Bi+ 1)+ (17212 = B)I'(@))) ||| < 1

Then, problem (4)-(5) has a unique solution.
Proof. Define the operator T : C[0, 1] — CJ[0, 1] as

Ty(t) = (Py)(t) + (Q)(1)- (57)



Obviously, we can obtain that for any y,, y, € C[0, 1] and
for any t € [0, 1],

[(Ty))(t) = (Ty,)(1)]

(e[ Gtwsmou) (s [ Geomoa)

¥ ;Mi(thz“f 71(8) = 3,(1))|

<

ol

15 ()]
+§;r@—ﬁ
fca,

- Al
L+|o|]) - w, ut
<( o) ;F(x a;+1)

m 1 1
' ;(F(oc—ﬁi+ 1) " 2F(2—[3’i)F(oc)) HH’H)
Ay =2l =4llyy = 2.ll-

$1(t) =7 (1)
Ig; 1|)’1( ) =22 (0] =

+lo ()]

$) - (1(8) =22(s))ds

(58)

This means that T : C[0,1] — CJ0, 1] is a contraction
operator. Therefore, the operator T has a unique fixed point
in terms of the Banach contraction mapping principle, and
problem (4)-(5) has a unique solution.

Example 3. Consider the following boundary value problem:
Dy u(t) +0.3t - “Dy2u(t) +0.016 - “DYSu(t) +0.2u(t) = sin t +0.03y/1+ u2(f) - 1,
{ u(1) =0.1J0u(s)ds, u'(0)+u'(1)=0.

(59)

Putting f (¢, x) = sin t + 0.03v/1 + x2 — 1, we can see easily
that

f(tx1) = f(£x3)] < 0.03[x; = x5 (60)

This shows that condition (i) of Theorem 12 is satisfied.
On the other hand, we can get

g=~0.78<1. (61)
Thus, problem (59) has a unique solution.

4. Conclusion

In this paper, we consider the solvability of nonlinear multi-
order fractional differential equations with integral and anti-
periodic boundary conditions. At first, we derive an integral
equation, transforming our fractional boundary value prob-
lems. Then, using some fixed point theorems such as the
Banach contraction mapping principle and Schaefer’s fixed
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point theorem, we prove the existence and uniqueness of
solutions. Since the problem considered in [24] is a special
case of our problem, the results of this work can be regarded
as generalizations of those results.
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