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We propose an optimal control strategy by conducting awareness campaigns for diabetics about the severity of complications
of diabetes and the negative impact of an unbalanced lifestyle and the surrounding environment, as well as treatment and
psychological follow-up. Pontryagin’s maximum principle is used to characterize the optimal controls, and the optimality
system is solved by an iterative method. Finally, some numerical simulations are performed to verify the theoretical analysis

using MATLAB.

1. Introduction

Nowadays, diabetes is a chronic disease with a huge burden
affecting individuals. According to the World Health Organi-
sation (WHO) [1], diabetes is a disorder characterized by the
presence of problems in the insulin hormone, which natu-
rally results from the pancreas to help the body use glucose
and fat and store some of them. According to the American
Diabetes Association (ADA) [2], diabetes mellitus is a group
of metabolic diseases characterized by hyperglycemia result-
ing from defects in insulin secretion, insulin action, or both.
It is known that the proper level of glucose in the blood after
fasting eight hours should be less than 108 mg/dl, while the
borderline is 126 mg/dl. If a person’s blood glucose level is
126 mg/dL and above, in two or more tests, then that person
is diagnosed with diabetes. Diabetes is divided into several
different types; some more prevalent than others. The most
common type of diabetes in the general population is type
2 diabetes, and type 1 diabetes is more common in children,

and gestational diabetes is a form of diabetes that can occur
during pregnancy. According to the latest statistics from
the International Diabetes Federation (IDF) and as reported
in the 9th edition of the Atlas Diabetes 2017 [3], diabetes is
a constantly growing disease. There are more than 370 mil-
lion people with diabetes worldwide (8.5% of the adult pop-
ulation) and about 463 million people in prediabetes (6.5%
of the adult population), and more than 625 million are
expected to be affected by to 2045.

Today, all countries of the world suffer from the high
number of people with diabetes, which is increasing and
expanding on the extreme level. When it is not treated well,
all types of diabetes can lead to complications in many parts
of the body, leading to an early death. When a diabetic knows
how to control the level of glucose in the blood, this aware-
ness plays a key role in reducing the serious complications
of diabetes. According to IDF statistics, diabetes has serious
and varied complications. For example, the risk of cardiovas-
cular disease. Moreover, more than a third of diabetics have
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retinopathy which is the main cause of vision loss, in addition
to the risk of kidney disease. In addition, the complications of
diabetes are multiple and different depending on the degree
of severity; there are complications that can be treated and
others that have reached critical stages with which treatment
is not beneficial. According to ADA [20], diabetes has eco-
nomic and social burdens on the individual and society.

During the last decade, large mathematical models on dia-
betes have been developed to simulate, analyse, and under-
stand the dynamics of a population of diabetics. In a related
research work, Boutayeb and Chetouani [4] and Derouich
et al. [5] introduced a mathematical model for the dynamics
of the population of diabetes. And Kouidere et al. [6] pro-
posed a discrete mathematical model highlighting the impact
of living environment. Also, many researches have focused
on this topic and other related topics ([7-12]).

As we said earlier, diabetes has many complications, and
the nature of these complications are two types: treatable
ones and those that have reached a critical stage which is
impossible to cure completely.

According to IDF [3], diabetes is influenced by a complex
interaction of behavioural, genetic, and socioeconomic fac-
tors; many of which are outside our individual control.

To achieve this objective, we considered a compartment
model that describes the dynamics of a population of diabetics
that is divided into six compartments, i.e., the healthy people
(H), the prediabetics through genetic factors (P), the predia-
betics through the negative effect of behavioral factors on dia-
betics patients and others (E), and (D) diabetics without
complications are those who control blood sugar through diet
and exercise before it is too late, and we divided diabetics with
complications into two parts: C; diabetics with treatable
complication and Cg diabetics with serious complications.

We noticed that most of researchers about diabetes and
its complications focused on continuous and discrete time
models and described by differential equations. Recently, more
and more attention has been paid to study the control optimal
(see [13-21] and the references mentioned there).

In this paper, in Section 2, we represent a HPEDCCg
mathematical model that describes the dynamic of a popula-

u

}

FiGURrk 1: The dynamics of a population of diabetics.

tion of diabetics. In Section 3, we presented an optimal con-
trol problem for the proposed model, where we gave some
results concerning the existence and positivity of the opti-
mal control and we characterized the optimal controls used
Pontryagin’s maximum principle. Numerical simulations
through MATLAB are given in Section 4. Finally, we con-
clude the paper in Section 5.

2. A Mathematical Model

We consider a mathematical model HPEDC . Cg that describes
the dynamics of a population of diabetics. We divide the pop-
ulation denoted by N into six compartments.

2.1. Description of the Model. The graphical representation of
the proposed model is shown in Figure 1.

The compartment (H) are healthy people; the compart-
ment H is increased by I (which is the recruitment rate of
healthy people), and this compartment H is decreased by 6,
H(t) (the number of prediabetic people through genetic fac-
tor) and also decreased by 6,H(t) (the number of predia-
betics through the negative effect of behavioral factors) and
decreased by the amount y (natural mortality).

dH(t)
dt

=I-(u+6,+6,)H(t). (1)

The compartment (P) are people who are likely to
have diabetes through genetic factors. The compartment
P is increased by 6, H(t). This compartment P is decreased
by the amount y (natural mortality) and also decreased
by B,P(t) (the probability of developing diabetes) and by
B5Cr(t) (the probability of developing diabetes at stage of
complications).
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Compartment (E) are people who are likely to have dia-
betes through the negative effect of lifestyle or psychological
problem factors and others (these are people at risk of devel-
oping diabetes, such as those who are obese, overweight, ges-
tational diabetes, or due to family and work problems, in
addition to the person without diabetes).The compartment
E increased by 6,H(t) and decreased by yE(t) (patients
who become diabetics without complications because of the
negative effect of lifestyle) and also decreased by u (natural
mortality).

— =OH() ~ (u+y)E(D). (3)

Compartment (D) is the number of diabetics without
complications. The compartment D(t) increased by the
amount 3, P(t) and by the amount yE(t). This compartment
D is decreasing by y (natural mortality) and «, (the rate of
negative impact of ordinary people on diabetics without
complications through improper nutrition, or practical or
family social problems) and also decreased by 3,D(t) (the
probability of a diabetic person developing a complication)
and also decreased by #,D(t)(the number of diabetics whose
serious complications because of a sudden shock).

Compartment (Cj;) is the number of diabetics with
treatable complications. The compartment C; increased by
B5P(t) and byB,D(t) and also increased by «; and and
decreased by «, (the rate negative impact of ordinary people
on diabetics with treatable complications through improper
nutrition, or practical or family social problems) and
decreased by #,C(¢) (the number of people developing of
diabetics with complications can be treated to serious com-
plications) and also by y (natural mortality)

O - p,p(o) + g,0(1) +.0 2O 5
-y OO (o),

Compartment (Cg) is the number of diabetics with seri-
ous complications, they are the diabetics who have serious
complications such as retinopathy or renal failure. The com-
partment Cg = Cq(t) increased by #,D(t) and also by n, C (1)
and by «,. This compartment Cg decreased by § (mortality
rate due to complications) and also by p (natural mortality).

dCq(t
S D00 +1,Cr(0) +

GO (v orcyn

(6)

Hence, we present the diabetic model by the following
system of differential equations:

= (u+ By +1)D(1),

dD(t) D(t)E(t)
@ PP ma g 4)
—(p+ By +m,)D(2).
d’;ft) — I (u+6, +0,)H(t),
% =0,H(t) = (u+ B, + Bs)P(t),
% =0,H(t) - (u+y)E(t),
A0 )+ () - oy 2
dCr(t) _
th =BsP(t) + BoD(t) + oy ——

d(;st(t) =n,D(t) +1,Cy(t) + 1,

with H(0) >0, P(0) >0, E(0) >0, D(0) >0, C;(0) >0, and
C,(0) >0.

2.2. Positivity of Solutions
Theorem 1. If H(0) > 0, P(0) >0, E(0) = 0,D(0) > 0, C(0)

>0, and C4(0) >0, the solutions H(t), P(t), E(t), D(t),
Cr(t), and Cy(t) of system (7) are positive for all t> 0.

D()E(t) _  Cr(HE[)
N

Cr(tE()
N

* = (u+m)Cr(1),

=~ (u+0)Cs(t),

Proof. 1t follows from the first equation of system (7) that

) 1 (6, + 6,)H (1) 2 ~(u+ 6, + 0,)H (1)
dt (8)
dI;Et) +(u+0,+0,)H(t) 20



Both sides in the last inequality are multiplied with exp
(4 +6,+6,)1).
We obtain

exp ((M"'el +62)t) : ? (9)
+(u+0,+0,) exp ((u+0,+0,)t)-H(t) 20,

then
d
a(exp(((4+91+02)t)-H(t))20. (10)
Integrating this inequality from 0 to ¢ gives

Jojs(exp ((p+0,+0,)s)-H(s))ds=0, (11)

then
H(t)=H(0) exp ((1+6, +0,)t)= H(t)>0. (12)

Similarly, we prove that P(t) >0, E(t) >0, D(t) >0, Cy
(t) =0, and Cg(t) =0.

2.2.1. Boundedness of the Solutions
Theorem 2. The set Q={(H,P,E,D,C,Cs) € R°/0<H +
P+E+D+ Cp+ Cy<I/u} is positively invariant under sys-

tem (7) with initial conditions H(0) > 0, P(0) >0, E(0) =0,
D(0) 2 0, C(0) > 0, and C(0) > 0.

Proof. By adding the equations of system (7), we obtain

(Zi:] =I-uN-8Cg<I-uN=N(t)< é +N(0)e ™, (13)
—(u+0,+0,) 0 0
6, —(u+B+By) 0
A 0, 0 -pu+y
0 By Y
0 B, 0
0 0 0
1
0
0
D(t)E(t
B(X) = -, ( I)\] ®)
 DIOED) _ | Crl0E()
N N
. CrOE()
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where N(0) represents the initial values of the total
population.
Thus, tlim sup N(t) = (I/u). It implies that the region OQ
—00

is a positively invariant set for system (7). So, we only need
to consider the dynamics of the system on the set Q.

2.2.2. Existence of Solutions
Theorem 3. The system (7) that satisfies a given initial condi-
tion (H(0), P(0), E(0), D(0), C1(0), and Cg(0)) has a unique

solution.

Proof. Let

(14)

so the system (7) can be rewritten in the following form:

<p<X) =X = AX + B(X), (15)
where
0 0 0
0 0 0
0 0 0
—(u+By+1) 0 0 ,
B, —(u+my) 0
1, M —(u+9)
(16)
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The second term on the right-hand side of (15) satisfies

|B(X1) = B(Xy)[ < M(|D; () = D, (t)| +
|B(X1) _B(X2)| <M- HX1 _X2||’

|Cr.1(t) = Cra(t)])s

(17)

where M =2(I/y)(|o;IN| + |oty/N| 5 |, /IN| + |ty /N|),then

lp(X1) = p(X)[[ < V- [1X; = Xa; (18)

where V = max (M, ||A]]) < co.

Thus, it follows that the function ¢ is uniformly Lipschitz
continuous, and the restriction on H(t) >0, P(t) >0, E(t) >
0,D(t) 20,Cy(t) =0, and Cg(t) >0, we see that a solution
of the system (7) exists [22].

The problem is to minimize the objective functional

J(ans st 45) = Cr (Ty) = D(Ty) = E(Ty)
T
+J0ch ()~ B0+ 580 ()
+ gug(t) + gug(t) + S uj(r) |dt,

where A >0, B>0, F >0, and G > 0 are the cost coeflicients;
they are selected to weigh the relative importance of u, (¢),
uy(t), us(t), and uy(t) at time £, and T is the final time.

In other words, we seek the optimal controls uj(t),
u;(t), u;(t), and uj(t) such that

min
Uy ,Uy,Us, U €U

J(uy> uy, u3, uy) = J(uys g, 1z, 1y), (21)

where U is the set of admissible controls defined by

3. Formulation of the Model

Our objective in this proposed strategy of control is to mini-
mize the number of people evolving from the stage of predi-
abetes to the stages of diabetes without complications and to
diabetes with treatable complications. In this model, we
include four controls u, (), u,(t), us(t), and u,(t) for t € [0,

Ty]. The first control we note u; represented treatment that

will work to treat diabetic patients with treatable complica-
tions. The second control u, represented the awareness pro-
gram through media and education, by raising awareness and
awareness of the seriousness of the negative impact of behav-
ioral factors on diabetes. The third control u; represented
treatment and education, by treating complications, with
sensitivity to the negative effect of behavioral factors on dia-
betic patients with complications. The fourth control u, rep-
resented the awareness program, through raising awareness
on nondiabetics against the negative impact of behavioral,
economic, and social factors that lead to diabetes at time t.

So the controlled mathematical system is given by the fol-
lowing system of differential equations:

dif) (446, +6,)H(t),

T ~0,1(0)~ (u+ B, + B)P(0),

T — 0,1(0) ~ uE(1) ~y(1 - wy()ECO) )
A0 — ,p(t) + 901 - ()E() - (1 - () 2P _ (s g, 4 D(1) + ()0,

A0 _ g p(o)+ £,0(0) + (1 - () 2O 1y 1) SHOEO )00,

d(;st(t) = ,D(t) +1,Cy(8) + ay (1 - 15 (£)) w ~ (u+8)Cs(t).

U = {(uy> g t3, 1) /0 Sty iy Sty (1) S Uy gy
<LO0<uy in Sty (B) Sty o S1L,0< 0y
< u3(t) = u3 max < 1’0 < u4 min < u4(t) < u4 max
<Ute 0, T/}

(22)

4. The Optimal Control: Existence
and Characterization

We first show the existence of solutions of the system
(18),thereafter, we will prove the existence of optimal control.

4.1. Existence of an Optimal Control

Theorem 4. Consider the control problem with system (18).
There exists an optimal control (u},u}, u}, u}) € Usuch that

min
UjsUysUg,l €

J(up> uys vy, uy) = J(up> iy, U, ty). (23)



Proof. The existence of the optimal control can be obtained
using a result by Fleming and Rishel [23], checking the fol-
lowing steps:

(i) It follows that the set of controls and corresponding
state variables is not empty. we will use a simplified
version of an existence result ([24], Theorem 7.1.1)

(i) J(uy, uy, us, uy) is convex in U

(iii) The control space U = {(uy, u,, Uy, ty/tiy, Uy, Uz, 1)
is measurable, 0 < 1y ;) Sy (F) S vy 0 1,0
Uy min S Uy () Sty o <L and 0 <y 0 <y (t) <
Uy max S 10 Sty i S 1y (1) Sty gy < UEE[0, T}

is convex and closed by definition

(iv) All the right-hand sides of equations of system are
continuous, bounded above by a sum of bounded
control and state, and can be written as a linear func-
tion of u, v, and w with coefficients depending on the
time and state

(v) The integrand in the objective functional, Cy(t) -
D(t) - E(t) + (A72)u3(t) + (B/2)u3(t) + (F/2)ud(t)
+ (G/2)ui(t), is clearly convex on U

(vi) It rests to show that there exist constants {;,{,,
(5,04, (s> 0 and { such that C(t) - D(t) - E(¢) +
(A72)u3(t) + (BI2)ud(t) + (FI2)ui(t) + (G/2)ui(t)
satisfies

Crlt) = D)~ E(1) + 5 d(t) + S18(6) + 2 4(0) + S ()

>-(, +Cz\”1|( + (3|”2|( +C4|”3\( +C5|”4|(

The state variables are being bounded; let {; = sup (Cy(¢)
te[0,Ty]

-D(t)-E(t)),{,=A,{;=B,{,=F,{s=G and { =2; then,
it follows that

Cr(t) = D(e) ~ E(f) + (1) + S18(0) + 2 ad() + 5 48 (1)

> =0y + &y |* + G fu |+ s | + sy [
(25)

Then, from Fleming and Rishel [23], we conclude that
there exists an optimal control.

4.2. Characterization of the Optimal Control. In order to
derive the necessary conditions for the optimal control, we
apply Pontryagin’s maximum principle to the Hamiltonian
H at time ¢ defined by

Journal of Applied Mathematics

H(t) = Cr(t) - D(t) = E(t) + Sui(t) + Suy(t) + guﬁ(f)

(26)

where f is the right side of the difference equation of the it"
state variable.

Theorem 5. Given the optimal controls (u}, u}, u},u}) and
the solutions H*, P*, E*, D*, C}., and Cj of the corresponding
state system (18), there exists adjoint variables A}, A,, A5, A,
As, and Ay satisfying

/\; =A(u+0,+0,)-A,0,- 1,0,
A;: Ay(p+ B+ Bs) = APy = AsPss
Aé: I+ As[p+y(1—uy(t))]

- ue) =1 0) 3
s o150 52 - 1= () S5
-2t -us(0) 1Y

K= 1= =(0) ) + (e o)

- As [ﬁz +ay(1-uy(t)) %} = AsM

E(t)

Ko =1 (0) s -1 = ) ) = e,

+ ul(t))} - Ag [111 +a,(1- uﬂt))%} ,

A=Ay +9)

With the transversality conditions at time T, A,(Ty)
= 0, A’Z(Tf) = 0, A’?’(Tf) = 1, A4(Tf) = 1, A’S(Tf) = _1, and A6

Furthermore, for t € [0, T], the optimal controls uj, u3,
uj;, and uy are given by




Journal of Applied Mathematics 7
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CT (t)
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—— Diabetics without complications —— Diabetics with treatable complications
7
b x10
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& 6
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0 20 40 60 80 100 120
Months
—— Diabetics with several complications
FIGURE 2: The evolution of the number of diabetics with and without complications without controls.
Proof. The Hamiltonian is defined as follows: For t € [0, Ty], the adjoint equations and transversality

conditions can be obtained by using Pontryagin’s maximum

~ A B F inci
A(t) = Cp(t) - D(t) - E(t) + Euﬁ(t) + 2w + Eug(t) principle [13, 25] such that

. ’ (29) ]
+ Eui(t) + ;Ai(t)fi(H,P,E, D, Cy, Cy), A= _g_g (146, +6,) = A0, — 1,0,
N (30)
where Aé = _Z_I; =M (u+ B+ Bs) — AP — AsBss
fi(H,P,E,D,Cy,Cq) =I1— (u+6, +6,)H(¢)
f,(H, P,E, D, Cy, Cy) = 6,H(t) — (1 + B, + B)P(0), -
. )fs(H’ P, E, D, Cp, Cg) = 0,H(t) — pE(t) +y(1 —uy(1))  )! = 2 =LAt y(1 - (1))
t),
fy(H, P, E, D, Cy, Cg) = B, P() + (1~ 4y (£)) E(t) — (1 o — a1 e PO
() (D(OE(N) = ( + B, + 1,)D(1) + 1 () (1), A1) =1 () 20 .
f5(H, P,E, D,Cy, Cg) = BP(t) + B,D(t) + oy (1 (1)) : D(t) c,m Y
(D(E(£)IN) = ay(1 = u5(£))(Cp(£)E(t)IN) = (u +1,)Cr(t) —As oy (1 y(1)) 7 — (1 - u5(1) — ]
—u, ()Cr (1), i Cr(t)
fe(H, P, E, D, Cy, Cg) = 11,D(t) + 1, C(t) + oy (1 — u3(t)) = Ag| oy (1 —us(t)) ;I }

(Cr(DE)IN) = (u+8)Cs(1). -
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TABLE 1: Parameter values used in numerical simulation.

Paramater Value in mth™ Description

u 0:02 Natural mortality

9 0:001 Mortality rate due to complications

B, 0:2 The probability of developing diabetes

B, 0.08 The probability of a diabetic person developing a complication

Bs 0.01 The probability of developing diabetes at stage of complications

a 0:4 The rate of negative impact on diabetics without complications

Y 0.06 Rate of patients become diabetic without complications through lifestyle
I 2000000 Denote the incidence of healthy people

a, 0:6 The rate of negative impact on diabetics with treatable complications
0, 0:1 Rate of prediabetic people through genetic factor

0, 0:2 Rate of prediabetic people through lifestyle factor

U 0:6 The probability of a diabetic person developing a serious complication
1, 0:3 Rate of diabetics whose serious complications are because of a sudden shock

TaBLE 2: Evolution of number of diabetics without control after 120
days.

Population without control after 120 days Without control

Diabetics without complications 3:05x 10°
Diabetics with treatable complications 1:49x10
Diabetics with serious complications 1x 108
oH E(t
K==3p =LA ) 5 e e
E(t
—As {/32 +oy (1= uy(1)) %] AsTlys
oH E(t
;:_E 1= Ayuy (t) +As _“2(1_“30))(7)
E(t
e (0] A (1= () 5
oH
/\é:—a—cs =As(p+9)

(32)

For, t € [0, Tf] the optimal controls u}, u3, u3, and u; can
be solved from the optimality condition,

of
Y
0H
ou,
oH
ou,
oH
ouy

that are
oH

" ou, =—Auy (1) + (A, = A4)Cr(2) =0,
‘S—H =—Buy(t) + &y (As — Ay) % =0,

" (34)
_S—Z =—Fus(t) + oy (Ag - /\5)% =0,
O G0+ (4= M yE() =0
We have
w(n =% M), (33)
u,(t) = oy x (A5 — A4)/B) x (D(t)E(¢t)/N),
u (t) = X (A6_/\5) % CT(t)E(t>

3 2 F N
- A,) (36)

uy(t) = % X yE(t).

By the bounds in U of the controls, it is easy to obtain
uy, u;, u;, and u; and are given in (13-16) the form of sys-
tem and in the form of system (18).

5. Numerical Simulation

In this section, we present the results obtained by solving
numerically the optimality system (18). In our control prob-
lem, we have initial conditions for the state variables and ter-
minal conditions for the adjoints. That is, the optimality
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—— D with control u; and u,
--- D without control

x107

1.6

CT (t)

0 20 40 60 80 100 120

-—-— CT without control
—— CT with two controls u; and u,

FiGURe 3: The evolution of the number of diabetics with and without complications without controls.

TaBLE 3: Evolution of the number of diabetics with two controls
u, (t) and u, (t) after 120 days.

Population without control after =~ Without ~ With two controls
120 days control u; (1) and u,(t)
Diabetics without complications 1 : 26 x 10° 1.78 x 107
Diabetics with treatable 107 214 x 10

complications

system is a two-point boundary value problem with sepa-
rated boundary conditions at times step i=0 and i=T/.

We solve the optimality system by an iterative method with
forward solving of the state system followed by backward
solving of the adjoint system. We start with an initial guess
for the controls at the first iteration, and then before the next
iteration, we update the controls by using the characteriza-
tion. We continue until convergence of successive iterates is
achieved. A code is written and compiled in MATLAB using
the following data.

Different simulations can be carried out using various
values of parameters. In the present numerical approach,
we use the following parameters values taken from [6].

Since control and state functions are on different scales,
the weight constant value is chosen as follows: A = 10000,
B =10000, F=10000, and G = 10000 and with the intial value
of H(0) = 14000000,P(0) = 6660000, E(0) = 13000000, D(0)
= 6200000, C,(0) = 4500000, and C4(0) =2000000 (Figure 2).

After the parameter values (Tables 1 and 2), we noted
that diabetics without complications after 120 months
decreased from 6.2 x 10° to 3.05 x 10° (Figure 2) This trans-
formation is due to three main things: first, it is by the
genetic factors. Second, due to the negative impact of behav-
ioral factors on the patient (nutrition pattern and psycholog-
ical and moral problems) and the third by sudden shock
(family problem, work problem), we noted that diabetics
with treatable complications are increasing. Indeed, we noted

that the number of the transition becomes from 4.5 x 10° to
1.49 x 107 (Figure 2) and, as mentioned above, has disease
progression for diabetics without complications, and also a
sudden shift in the potential for people diagnosed with diabe-
tes by means of genetics and with negative impact of behav-
ioral factors.

We noted that diabetics with serious complications are
increasing and that the number of the transition becomes
from 2 x 10° to 1 x 10® (Figure 1) and, as mentioned above,
has disease progression for diabetics without complications
by sudden shock and with negative impact of behavioral fac-
tors, and by developing the disease of diabetics with treatable
complications.

In this formulation, there are initial conditions for the
state variables and terminal conditions for the adjoints.

That is, the optimality system is a two-point boundary
value problem with separated boundary conditions at time
steps i=0 and i=T. We solve the optimality system by an
iterative method with forward solving of the state system
followed by backward solving of the adjoint system. We start
with an initial guess for the controls at the first iteration, and
then before the next iteration, we update the controls by
using the characterization.

We continue until convergence of successive iterates is
achieved.

The proposed control strategy in this work helps to
achieve several objectives.

5.1. Strategy A. In this strategy, we applied two controls u, ()
and u,(t) in order to reduced the number of diabetics with
treatable complications to diabetics without complications,
through Figure 2, we noted that after applied different strate-
gics, the number of diabetics with treatable complications
decreased from 1.49 x 107 to 1.26 x 107 by the end of the
strategy (Figure 3).

The reason of this increase was justified by the fact that
the number of diabetics with treatable complications will
become diabetics without complications. For improving the
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F1GuRE 4: The evolution of the number of diabetics with treatable and serious complications with three controls u, (t), u,(t), and u,(t).

TABLE 4: Evolution of number of diabetics with three controls
u, (), u,(t), and us(t) after 120 days.

Population without control Without ~ With three controls
after 120 days control  u;(t), u,(t), and u;(t)
Dlabe'[.lCS .w1th treatable 1:5x10 1.28 % 107
complications

Diabetics with serious 10° 732 % 107

complications

effectiveness of this strategy, we added the elements of
follow-up and psychological support and education about
the negative impact of behavioral factors which are repre-
sented in the proposed strategy by the optimal controls vari-
ables u,(t) and u,(t) (Figure 3 and Table 3), combining
follow-up and psychological support with treatment and
education results in an obvious decreased in the number of
diabetics with treatable complications.

5.2. Strategy C: Control with Awareness Program, Treatment,
and Psychological Support with Follow-Up. We combined
three optimal controls u; (), u,(t), and u,(t).

In this strategy, the three optimal controls u, (¢), u,(¢),
and u(t) are activated at the same time, in order to reduced
the number of diabetics with treatable complications to dia-
betics without complications (Figure 4).

In this strategy (Figure 4 and Table 4), we used three con-
trols optimal u, (), u,(¢), and u,(¢). That is, we combined the
previous two strategies to achieved better results that repre-
sented treatment, and psychological support with follow-
up, and also awareness program through education and
media for lower the negative impact of behavioral factors.
In Figure 4 and Table 4, we observe that the number of dia-
betics with treatable complications is decreasing from 1.5 x

107 to 1.28 x 10, and also, the number of diabetics with seri-
ous complications is decreasing from 10% to 7.32 x 10”.

5.3. Strategy D: Prevention and Protection E from Diabetes.
We we use only the optimal control u,(#).

In this strategy, we focus the effort of the awareness cam-
paign to reduce the negative impact of behavioral factors
(Figure 5).

In this strategy, we used control u,(t) (Figure 5 and
Table 5); the objective of this control u,(t) is to raise aware-
ness campaigns for this target group on the risks of diabetes
and its complications as cardiovascular disease, blindness,
kidney failure, and lower limb amputation, with tracking
healthy and balanced diet program. after Figure 5 and
Table 5, we observed that the number of diabetics without
complications is decreasing from 1.29 x 10° to 10°.

Remark 6. We could also merge multiple assemblies as
(1 (£), 4y (6 14,(£)), and (g (£) 4, (1), 5 (£), 1, (1)) and thus
get a variety of results.

6. Conclusion

In this paper, we formulated a mathematical model of pop-
ulations of diabetics, having six compartments: prediabetics
through the genetics effects and others by behavioral fac-
tors, diabetics without complications, and diabetics with
treatable and serious complications, in order to minimize
the number of diabetics with treatable complications, and
reduce the effect of behavioral factors. We also introduced
four controls which, respectively, represent awareness pro-
gram through education and media, treatment, and psycho-
logical support with follow-up. We applied the results of the
control theory, and we managed to obtain the characteriza-
tions of the optimal controls. The numerical simulation of
the obtained results showed the effectiveness of the pro-
posed control strategies.
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Figure 5: The evolution of the number of diabetics without complications with control u,(t).

TaBLE 5: Evolution of number of diabetics with control u,(¢) after
120 days.

Population without control after Without ~ With control
120 days control uy (1)
Diabetics without complications 1:29x10° 10°
Prediabetics due to effect of 172 % 107 1.86 % 107

behavioral factors

Data Availability

The disciplinary data used to support the Ondings of this
study have been deposited in the Network Repository
(http://www.networkrepository.com).

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Acknowledgments

The authors would like to thank Dr. Bruno Carpentieri
and all the members of the Editorial Board who were respon-
sible for dealing with this paper, and the anonymous referees
for their valuable comments and suggestions, improving the
content of this paper.

References

[1] World Health Organisation, Definition and diagnosis of diabe-
tes mellitus and intermediate hyperglycemia, WHO, Geneva,
2016.

[2] The American Diabetes Association (ADA), How to Prevent
and Treat PrediabetesMarch 2018, http://www.diabetesforecast
.org/2018/02-mar-apr/how-to-prevent-and-treat.html.

[3] International Diabetes Federation (IDF), IDF DIABETES
ATLAS, Ninth editionNinth edition, , 2019.

[4] A.Boutayeb and A. Chetouani, “A population model of diabe-
tes and prediabetes,” International Journal of Computer Math-
ematics, vol. 84, no. 1, pp. 57-66, 2007.

M. Derouich, A. Boutayeb, W. Boutayeb, and M. Lamlili,
“Optimal control approach to the dynamics of a population
of diabetics,” Applied Mathematical Sciences, vol. 8, no. 56,
pp. 2773-2782, 2014.

A. Kouidere, O. Balatif, H. Ferjouchia, A. Boutayeb, and
M. Rachik, “Optimal control strategy for a discrete time to the
dynamics of a population of diabetics with highlighting the
impact of living environment,” Discrete Dynamics in Nature
and Society, vol. 2019, Article ID 6342169, 8 pages, 2019.

O. Balatif, I. Abdelbaki, M. Rachik, and Z. Rachik, “Optimal
control for multi-input bilinear systems with an application
in cancer chemotherapy,” International Journal of Scientific
and Innovative Mathematical Research (IJSIMR), vol. 3,
no. 2, pp. 22-31, 2015.

W. Boutayeb, M. E. N. Lamlili, A. Boutayeb, and M. Derouich,
“A simulation model for the dynamics of a population of dia-
betics with and without complications using optimal control,”
Lecture Notes in Computer Science (including subseries Lecture
Notes in Artificial Intelligence and Lecture Notes in Bioinfor-
matics), vol. 9043, pp. 589-598, 2015.

A. H. Permatasari, R. H. Tjahjana, and T. Udjiani, “Existence
and characterization of optimal control in mathematics model
of diabetics population,” Journal of Physics: Conference Series,
vol. 983, p. 012069, 2018.

P. Widyaningsih, R. C. Affan, and D. R. S. Saputro, “A mathe-
matical model for the epidemiology of diabetes mellitus with
lifestyle and genetic factors,” Journal of Physics: Conference
Series, vol. 1028, p. 012110, 2018.

A. Kouidere, A. Labzai, B. Khajji et al., “Optimal control strat-
egy with multi-delay in state and control variables of a discrete
mathematical modeling for the dynamics of diabetic popula-
tion,” Communications in Mathematical Biology and Neurosci-
ence, vol. 2020, p. 14, 2020.

A. De Gaetano and T. A. Hardy, “A novel fast-slow model of
diabetes progression: insights into mechanisms of response

(5]

(6]

(10]

(11]

(12]


http://www.networkrepository.com
http://www.diabetesforecast.org/2018/02-mar-apr/how-to-prevent-and-treat.html
http://www.diabetesforecast.org/2018/02-mar-apr/how-to-prevent-and-treat.html

12

(13]

(14]

(15]

(16]

(17]

(18]

(19]

(20]

(21]

(22]
(23]

[24]

(25]

to the interventions in the diabetes prevention program,” PLoS
One, vol. 14, no. 10, article e0222833, 2019.

B. Omar, K. Bouchaib, R. Mostafa, and E. Benlahmar, “Opti-
mal Control of an SIR Model with Delay in State and Control
Variables,” ISRN Biomathematics, vol. 2013, Article ID
403549, 7 pages, 2013.

H. Laarabi, A. Abta, and K. Hattaf, “Optimal control of a
delayed SIRS epidemic model with vaccination and treat-
ment,” Acta Biotheoretica, vol. 63, no. 2, pp. 87-97, 2015.

A. Barbagallo and M. A. Ragusa, “On Lagrange duality theory
for dynamics vaccination games,” Ricerche di Matematica,
vol. 67, no. 2, pp- 969-982, 2018.

A. Labzai, O. Balatif, and M. Rachik, “Optimal control strat-
egy for a discrete time smoking model with specific saturated
incidence rate,” Discrete Dynamics in Nature and Society,
vol. 2018, Article ID 5949303, 10 pages, 2018.

A. Fl Bhih, Y. Benfatah, S. Ben Rhila, M. Rachik, and A. El
Alami Laaroussi, “A spatiotemporal prey-predator discrete
model and optimal controls for environmental sustainability
in the multifishing areas of Morocco,” Discrete dynamics in
nature and society, vol. 2020, Article ID 2780651, 18 pages,
2020.

A. El Bhih, R. Ghazzali, S. Ben Rhila, M. Rachik, and A. El
Alami Laaroussi, “A discrete mathematical Modeling and opti-
mal control of the rumor propagation in online social net-
work,” Discrete dynamics in nature and society, vol. 2020,
Article ID 4386476, 12 pages, 2020.

A. Kouidere, B. Khajji, A. El Bhih, O. Balatif, and M. Rachik,
“A mathematical modeling with optimal control strategy of
transmission of COVID-19 pandemic virus,” Communications
in Mathematical Biology and Neuroscience, vol. 2020, article
24, 2020.

A. B. Gumel, P. N. Shivakumar, and B. M. Sahai, “A mathe-
matical model for the dynamics of HIV-1 during the typical
course of infection,” Proceeding of the 3rd World Congress of
Nonlinear Analysts, vol. 47, pp. 2073-2083, 2011.

B. Khajji, A. Labzai, A. Kouidere, O. Balatif, and M. Rachik, “A
discrete mathematical modeling of the influence of alcohol
treatment centers on the drinking dynamics using optimal
control,” Journal of Applied Mathematics, vol. 2020, Article
ID 9284698, 13 pages, 2020.

G. Birkho and G. C. Rota, Ordinary differential equations, John
Wiley & Sons, New York, 4 edition, 1989.

W. H. Fleming and R. W. Rishel, Deterministic and Stochastic
Optimal Control, Springer, New York, NY, USA, 1975.

W. E. Boyce, D. P. RC, and H. Villagémez Veldzquez, “Ele-
mentary Differential Equations and Boundary Value Problems
Chapter 7,” in Systems of first order linear equations (Theorem
7.1.1) Page 362, John Wiley & Sons, New York, 2009.

L. S. Pontryagin, V. G. Boltyanskii, R. V. Gamkrelidze, and

E. F. Mishchenko, The Mathematical Theory of Optimal Pro-
cesses, John Wiley & Sons, London, UK, 1962.

Journal of Applied Mathematics



	A New Mathematical Modeling with Optimal Control Strategy for the Dynamics of Population of Diabetics and Its Complications with Effect of Behavioral Factors
	1. Introduction
	2. A Mathematical Model
	2.1. Description of the Model
	2.2. Positivity of Solutions
	2.2.1. Boundedness of the Solutions
	2.2.2. Existence of Solutions


	3. Formulation of the Model
	4. The Optimal Control: Existence and Characterization
	4.1. Existence of an Optimal Control
	4.2. Characterization of the Optimal Control

	5. Numerical Simulation
	5.1. Strategy A
	5.2. Strategy C: Control with Awareness Program,Treatment, and Psychological Support with Follow-Up
	5.3. Strategy D: Prevention and Protection E from Diabetes

	6. Conclusion
	Data Availability
	Conflicts of Interest
	Acknowledgments

