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Magnetohydrodynamics free convection flow of incompressible fluids over corrugated vibrating bottom surface with Hall
currents and heat and mass transfers considering heat flux is discussed. -e corrugation patterns suggested are sinusoidal in
nature.-e governing equations are solved by the explicit finite difference numerical method of the forward-time backward-space
scheme to obtain the analytical results for velocity, concentration, and temperature profiles. -e unsteady resultant velocities,
concentration, and temperature for various values of physical parameters are discussed in detail, and it is shown that they have
significant effects on the fluid flow, and heat and mass transfers are shown graphically.

1. Introduction

More advances in modern technology calls for the need to
design processing equipment that complies with the eco-
nomic, environmental, and energy saving with high effi-
ciency of mass and heat transfers.

Corrugated structures are well known for heat transfer
enhancement applied in various engineering problems such
as heat exchangers, air-conditioning devices, refrigeration
systems, chemical reactors, and fuel rod [1]. Corrugated
channels can be designed with different corrugation angles
with different arrangements of channel surface [2, 3].
Corrugated ducts are designed in a way that fabricates heat
[4] and improves heat transfer efficiency in an appropriate
Reynolds number regime [5]. A numerical study on heat
transfer of sinusoidal wavy channels at zero-degree phase
shift was conducted by [6, 7]. Abo-Eldahab and Aziz [8]
studied hydrodynamics and thermal behaviour of free
connective flow over an isothermal, vertical flat plate and
convective flow of heat-generating fluid past a vertical plate
with Hall current and heat flux through a porous medium.
Idowu et al. [9] studied the impact of heat and mass transfers

on MHD oscillatory flow of Jeffery fluid in a porous channel
with thermal conductivity, Dufour and Soret. 3D numerical
predictions of fluid flow and heat transfer between cross-
corrugated plates were studied in [10] and obtained for the
same geometry. -ey found that all models used predicted
practically satisfactory and acceptable within the current
Reynolds number range.

MHD flows with Hall and ion-slip currents have ap-
plications in the design of MHD generators, Hall accel-
erators, and flight magnetohydrodynamics [5, 11, 12]. -e
Hall effect is important since it can be applied in deter-
mining if a given material is a semiconductor or insulator,
and it can measure the magnetic field and also in sensing as
they are immune to water, mud, dust, and dirt and in
integrated circuits as Hall effect sensors. -e heat-gener-
ated effects may alter the temperature distribution and,
consequently, alter the rate of particle deposition in a
nuclear reactor, electronic chips, and semiconductor wa-
fers [13]. -e magnitude of thermal diffusion effect may
be considerably large, and it can be utilized as such in the
separation of isotopes in a mixture of gases with very light
molecular weight (hydrogen and helium) and gases with
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mediummolecular weight (nitrogen and air). Mahmud and
Mohammad [14] studied MHD fluid flow of an incom-
pressible electrically conducting fluid along a semi-infinite
vertical porous plate under strong transverse magnetic field
with rotation. -e momentum and energy equations were
solved by the perturbation technique. Das et al. [15] in-
vestigated the effects of slip condition on an unsteadyMHD
flow of a viscous incompressible electrically conducting
fluid past a periodically accelerated horizontal porous plate
under the influence of transverse magnetic field and Hall
current. -e flow was generated due to the accelerated
motion of the porous plate. A unified closed form analytical
solution of governing equations was obtained by the
Laplace transform technique. Prasad et al. [16] investigated
the MHD flow and heat transfer of an electrically con-
ducting fluid over a stretching sheet with variable thickness.
-e effects of external magnetic field along the sheet and the
Hall currents were considered too.-e governing equations
were solved numerically using an implicit finite difference
scheme. -e results showed the effect of the Hall current
which gave rise to a cross flow. Moreover, the Hall current
and the magnetic field had a strong effect on the flow and
heat transfer characteristics. Ram [17] employed the finite
difference method to analyse the MHD Stokes problem for
a vertical plate with Hall and ion-slip currents and dis-
cussed MHD Stokes problem of a convective flow of a
vertical infinite plate in a dissipative rotating fluid with Hall
current for the effects of various parameters.

Free convection in channel flow has many important
applications in designing ventilating and heating of
buildings, cooling of electronic components of a nuclear
reactor, bed thermal storage, and heat sink in the turbine
blades. Convective flows driven by temperature difference
of the bounding walls of channels are important in in-
dustrial applications [18, 19]. Soundalgekar [3] studied
magnetohydrodynamic free convection flow past an
infinite vertical plate oscillating in its own plane. An
isothermal plate was considered, and it was observed that a
phase angle of ω � 3π/2 brings about cooling of the plate
making the flow unstable. Bhaskar et al. [20] studied the
effects of Hall currents and radiation on MHD free con-
vection of a viscous incompressible fluid confined between
two vertical walls in a rotating medium. -e governing
equations were solved analytically using the Laplace
transform technique. Mahendar and Rao [21] investigated
the effect of Hall current on an unsteady MHD free
convective flow along a vertical porous plate with thermal
radiation. -e dimensionless governing coupled, nonlin-
ear boundary layer partial differential equations were
solved by an efficient finite element method for velocity,
temperature, concentration field, and also the expression
for shearing stress, Nusselt number, and Sherwood
number. MHD free convective heat and mass transfers of a
heat generating fluid past an impulsively started infinite
vertical porous plate with Hall current and radiation ab-
sorption was studied in [22].-e effects of Hall currents on
MHD free convective flow past a semi-infinite vertical
plate with mass transfer for different parameters was
studied in [23].

Although different authors studied heat and mass
transfers on different rotating geometric structures with or
without viscous dissipation and porosity applying different
numerical techniques, this study concentrates on corrugated
vibrating surface with hall currents and heat and mass
transfers that is sinusoidal in nature and nonporous bottom
by applying the FDM explicit scheme because of stability.

2. Mathematical Formulation

Consider an unsteady MHD flow of an electrically con-
ducting incompressible fluid on a vibrating bottom surface
that is sinusoidal as shown in Figure 1. -e x-axis is taken
along the infinite surface and the y-axis normal to it. Initially
the corrugated surface and the fluid are at the same tem-
perature, and fluid is allowed to flow in the upward di-
rection. At time t> 0, the plate starts vibrating with a
frequency of oscillation ω and reference velocity UR forming
boundary velocity u � UR sinωt, where UR is the reference
velocity having a linear relation with the vibration amplitude
and the vibration frequency. A magnetic field B0 of uniform
strength is applied perpendicular to the plate along the
positive z-axis. -e gravitational acceleration g is acting
downwards.

-e magnetic Reynolds number is assumed to be
small since the electric intensity E is zero at the plate;
therefore, it is assumed to be zero everywhere within the
flow [24]. Considering the equation of conservation of
electric charge, [25] given as ∇ · J � 0, the components of
electric current density along the x, y, and z-axes are Jx,
Jy, and Jz, respectively. Since the bottom vibrating
surface is electrically nonconducting, E � 0 and Jz is zero
everywhere in the flow [26]. -erefore, considering Hall
current in the problem, the generalized Ohm’s law [25] is
given as

J +
ωeτe

H0
J × H � σ E + μeq × H( 􏼁. (1)

For the electron pressure gradient for weakly ionized
fluid in equation (1), ion-slip and thermoelectric effect are
neglected. Taking these assumptions into consideration and
in the absence of electric field, it simplifies to
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Figure 1: Schematic diagram with boundary.
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Jx + mJy � σμeHov, (2)

Jy − mJx � −σμeHou, (3)

where m � ωeτe is the Hall parameter. By solving equations
(2) and (3) for Jx and Jy, it gives

Applying Lorentz force J × B yields

JyBoi − JxBoj. (4)

If there is an appreciable temperature difference between
the vibrating surface and the ambient fluid, the temperature-

dependent heat source or sink is considered which may exert
a strong influence on the heat transfer characteristics within
the fluid [27]. Moreover, if Q is the temperature-dependent
volumetric heat generation parameter, then Q> 0 represents
a heat source, andQ< 0 represents a heat sink. Incorporating
equations (2) to (4) into the equations of momentum, the
following respective equations of momentum, energy, and
concentration are obtained:

Equations of momentum:
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Energy equation:
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Equation of concentration:
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(7)

-e initial and boundary conditions for the current
problem are specified as follows:

t � 0: u � 0, v � 0, T � 0, C � 0, at 0≤x≤L,

t> 0: u � UR sinωt, U � U∞ , C � Cw, T � Tw, C � C∞, atx � 0,

T � T∞ + Tw − T∞( 􏼁, v � 0, C � C∞ + Cw − C∞( 􏼁, aty � 0,

u � 0, v � 0, T � T∞, C � C∞, atx � L.

(8)

3. Nondimensionalization

-e nondimensional equations of momentum, energy, and
concentration are transforming the equations governing the
flow to their respective nondimensionalised form given as
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where Q � Q0H/ρUCp, the nondimensional heat, is the
source or sink parameter [28].
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-e nondimensional form of the initial and boundary
conditions for this problem is given as

t∗ � 0: u∗ � 0, v∗ � 0, T∗ � 0, C∗ � 0, at 0≤x∗ ≤L,

t∗ > 0: u∗ � sinωt, v∗ � 0, T∗ � 1, C∗ � 1, atx∗ � 0,

u∗ � 0, v∗ � 0, T∗ � T∞ + Tw − T∞( 􏼁, C∗ � C∞ + Cw − C∞( 􏼁, aty∗ � 0,

u∗ � 0, v∗ � 0, T∗ � 1, C∗ � 1, atx∗ � L.

(13)

-e equations that govern the flow on a vibrating cor-
rugated surface in the presence of heat source or sink are
coupled and highly nonlinear. -ey are represented by
equations (10)–(12) and are to be solved under the initial and
boundary conditions (13).

4. Numerical Technique

-enumerical method used to solve the equations governing
the flow together with the initial and boundary conditions

applies the forward-time backward-space (FTBS) difference
method which is stable and convergent. A necessary con-
dition for time stability is the CFL condition which depends
on time and space discretization.

-e finite difference form of the equations of momentum
(14) and (15), concentration (16), and energy) (17) are given
as
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A mesh size is fixed at Δx � 0.2, Δy � 0.3, and
Δt � 0.0001, where a sinusoidal shape is formed by the
x -axis and y-axis considered appropriate for calculation of
velocities, temperature, and concentration. -e FTBS
scheme is unconditionally stable, and thus compatibility and
stability ensures convergence. Hence, the present employed
scheme is always convergent (Figure 2).

5. Discussion of the Results

In order to ascertain the accuracy of the numerical re-
sults, the present study is compared with the available

solution in literature. -e velocity, temperature, and
concentration fields have been discussed by assigning
numerical values to various nondimensional parameters,
that is Grθ � 10, Grm � 10, M � 0.2, Ec � 0.5, Df � 0.03,
Sr � 2.0, Sc � 0.22, R � 0.2, ωt � 30, m � 0.5, and Q � 0.8.
-e values of the Schmidt number used are 0.22, 0.62,
and 0.78 and represent hydrogen, water vapour, and
ammonia, respectively, at 20°C and one atmosphere
pressure. It is clear from Figures 1 and 3 that, in the
presence of a heat source, the increase in Hall parameter
m leads to an increase in the magnitude of primary and
secondary velocity profiles. -e Hall parameter m
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increases the transverse velocity profile up to a value
m � 1.5; however, for the values m> 1.5, the transverse
velocity profiles decreases since the large values of m turn
M/(m + m2) very small, and hence the resistive effect of
magnetic field diminishes. -is is due to the fact that an
increase in m decreases the effective conductivity and
hence the magnetic damping.

An increase in the magnetic parameter M leads to a
decrease in the magnitude of primary velocity profiles and
secondary velocity profiles, respectively. A large value of M

causes a reversal in the direction of the secondary velocity
profiles. -e effect of M results to a decreasing velocity
distribution across the boundary layer due to the effect of
transverse magnetic field which gives rise to Lorentz force
that has a tendency to flow down the fluid motion. A higher
M increases the transverse velocity field and reaches a peak
value near the vicinity of the boundary layer and approaches
zero, and the less magnetic field has less peak value as it
reaches zero far away from the boundary.

It is clear from Figure 4 that, for lower values of Sc, it
decreases the concentration distribution in the boundary layer
thickness, which is associated with the reduction in the
concentration profiles. -e particles have greater diffusivity
conditioned by viscosity of the medium for them to cross
from laminar to turbulent-characterized fluid flows in which
there are simultaneous momentum and mass diffusion
convection processes. -is means that an increase in Sc

means a decrease of molecular diffusion; hence, the con-
centration of the species is higher for large values of Sc and
lower for small values of Sc. It is noticed that the effect of
increasing values of Sc results in a decreasing concentration
profiles across the boundary layer. Physically, the rise in the
value of Schmidt number means reduction of molecular
diffusion. Hence, the concentration of the species is advanced
for smaller values of Sc and lesser for larger values of Sc.

It is observed from Figure 5 that an increase in the
Prandtl number decreases the velocity of the flow field.
Since Prandtl number is the ratio of kinematic viscosity to
thermal diffusivity, this implies that an increase in the
kinematic viscosity of the fluid dominates the thermal
diffusivity of the fluid which leads to decreasing the velocity
of the flow field.

Figure 6 presents the effect of the Prandtl number Pr on
the temperature profiles as a result of the heat source (Q> 0).
An increase in the value of Pr has the tendency to decrease
the fluid temperature in the boundary layer as well as the
thermal boundary layer thickness. -is causes the wall slope
of the temperature to decrease as Pr increases. -is means
that a mixture of flue gas (Sc � 0.64) and hydrogen
(Sc � 0.22) diffuses faster than does a mixture of air and
hydrogen; and a mixture of air and hydrogen diffuses faster
than a mixture of water and hydrogen. Figure 5 shows that,
in the presence of a heat source, an increase in the Schmidt
number Sc causes a decrease in the velocity profiles.

A similar condition is experienced as shown in Figure 7,
where an increase Pr over a given time causes a decrease in
concentration profile.

Figures 8 and 9 show that an increase in themagnitude of
the heat sink parameter (Q< 0) leads to a decrease in the

magnitude of temperature and velocity profiles, respectively.
A contrary effect is shown in Figure 8, where an increase inQ

leads to an increase in concentration profiles since the
presence of a heat sink produces a cooling effect that de-
creases velocity of the convection currents that move up-
wards next to the surface of the vibrating surface, leading to
higher concentration profiles.

Heat source is an indication that generation of heat from
the surface (this is due to Tw >T∞), which increases the
temperature in the flow field. -is physically implies that
when the heat source parameter increased, the temperature
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increases steeply and exponentially from the surface. -e
influence of heat source parameter Q> 0 on velocity and
temperature profiles is very much significantly related to the
heat sink parameter Q< 0 (Figure 10).

As Re changes, separation of flows in the weak region
of the corrugated vortices is created. At lower Re, no
separation occurs, and an increase in Re unstable sepa-
rations are seen as a result of vortex shedding at certain
frequencies, and it applies that the viscous force is pre-
dominant, thus imposing drug in the fluid and thus

decreasing the fluid flow as shown in Figure 11. -e effect
of the flow velocity on the rod vibration can be repre-
sented by the Reynolds number, which expresses the
extent of the flow turbulence.

-e Nusselt number physically indicates the rate of heat
transfer and the local Sherwood number as well as the rate of
mass transfer. -e shearing stress on the surface of the
vibrating surface is defined. -e local skin friction coeffi-
cients due to the primary and the secondary velocity profiles
are given as
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Cfx � −
2

ReU2
zu

zx
􏼠 􏼡

x�0
, (18)

Cfy � −
2

ReU2
zv

zx
􏼠 􏼡

x�0
. (19)

-e length L units along a vibrating surface is expressed
in Sherwood number as

Sh � −
zC

zx
􏼠 􏼡

x�0
. (20)

Furthermore, the local Nusselt number Nu may be
expressed as

Nu � −
zT

zx
􏼠 􏼡

x�0
(21)

Heat and mass transfers are considered. -is is done by
computing velocity, concentration, and temperature in
equations (18) to (21) in MATLAB code to generate the
values of skin friction, Nusselt number, and Sherwood
number as shown in Table 1.

It is clear from the table that

(i) As time increases, a decrease in Nusselt number,
Sherwood number, and Skin friction occurs as it
physically implies that shear stresses decrease with
an increase in time.

(ii) An increase in the heat source parameter leads to an
increase in both skin frictions, meaning that an
increase in Q enhances convection currents on the
flow and a reverse effect in Sherwood number and
Nusselt number since a thicker thermal boundary
layer leading to lower temperature gradients.

(iii) A high value of radiation parameter leads to an
increase in magnitudes of skin frictions and Nusselt
number as a result of an increase in the rate of
species concentration. It is clear that the effect of
radiation is to decrease the rate of energy transport
to the fluid, thereby decreasing the temperature of
the fluid but decreasing the Sherwood number.

6. Conclusion

A numerical study has been conducted on free convective
heat and mass transfers of an incompressible electrically
conducting fluid on a vibrating bottom surface with Hall
currents and heat and mass transfers. It is clear that

(i) -e velocity profiles decreases with an increase in
the Prandtl number Pr, Schmidt number Sc,
Magnetic parameter M, and Soret number Sr.

(ii) Concentration profiles increase with an increase in
the Reynolds number Re and decreases with an
increase in the Prandtl number Pr and Schmidt
number Sc.

Table 1: Values of the Nusselt number, Sherwood number, and
skin friction.

Parameters Cfx Cfy Nu Sh

Pr � 0.71 −0.3114 0.00291 0.06961 1.19124
Pr � 0.63 −0.03132 0.00284 0.03997 1.20154
N � 3 −0.05287 0.00841 0.71812 1.87443
m � 1.5 −0.02993 0.00106 0.0108 1.15884
m � 0.5 −0.02874 0.00229 0.06942 1.19442
M � 0.1 −0.01974 0.00267 0.0681 1.20014
M � 2.0 −0.01971 0.00183 0.15717 1.19331
Q � 0.80 −0.02768 0.002513 0.06800 1.18772
Q � 1.90 −0.03001 0.00291 0.02681 1.20013
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Figure 10: Graph of effects of heat source/sink parameter on
concentration profile C.

Distance, x
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Ve
lo

ci
ty

, V

0

0.5

1

1.5

2

2.5

3

3.5
Velocity, V at timestep = 1000 and ystep = 15

Re = 2
Re = 3
Re = 4

Re = 5
Re = 6

×10–5

Figure 11: Graph of effects of the Reynolds number on secondary
velocity profile.

8 Journal of Applied Mathematics



(iii) Both hydrodynamic and thermal behaviours are
relevant to the Reynolds number, and the patterns
are shown by oscillations.

(iv) Fluid damping is generated as the bottom surface
vibrates normal to the flow, and this is proportional
to the surface velocity. -erefore, an increase in
damping causes an increase in the velocity.

(v) It is shown that an increase in the parameters under
consideration causes reduction in the skin friction.

Nomenclature

B0: Magnetic field strength, Wbm−1

B: Magnetic flux density, Wbm−2

Sc: Schmidt number
Sr: Soret number
Df: Dufour number
DM: Molecular diffusion coefficient
M: Magnetic parameter
T: Dimensional temperature of the fluid, K
R: Joules heating parameter
N: Radiative parameter
g: Acceleration due to gravity (m·s−2)
Pr: Prandtl number
Ec: -e Eckert number
D: Electric flux density, (C·m−2)
H: Magnetic field intensity vector, (A·m−1)
L: Characteristic length (m)
ωt: Phase angle
Grθ: Local temperature Grashof number
Grm: Local mass Grashof number
ω: Frequency of oscillation
T∞: Fluid temperature far from the surface of the object) (K)
Ts: Wall surface temperature (K)
C∞: Concentration in the fluid away from the surface
Re: Hydromagnetic Reynold’s number
E: Electric field strength, V·m−1

M: Magnetic parameter
T: Dimensional temperature of the fluid, K
g: Acceleration due to gravity (m·s−2)
u, v: Dimensionless velocity components
x, y: Cartesian coordinates
u∗:
v∗:

Nondimensional velocity components in x∗ and y∗

directions.
Q: Dimensionless heat source parameter
Q0: Volumetric heat generating parameter (W·m−3)
Cs: Concentration susceptibility parameter (kmol·m−3)
Cp: Specific heat at constant pressure (J·Kg−1·K−1)
m: Hall parameter
ee: Charge density, (C·m−3)
Cfx: -e local skin friction coefficient due the primary

velocity profiles.
Cfy: -e local skin friction coefficient due the secondary

velocity profiles.
τx: Viscous stress due to primary velocity profiles,

(N·m−2)
τy: Viscous stress due to secondary velocity profiles,

(N·m−2)
∇: Gradient operator

Greek Symbols
β: -ermal expansion coefficient (K−1)
σ: Electrical conductivity, Ω−1m−1

ρ: Density (kg·m−3)
ωe: Electron frequency (s−1)
τe: Electron collision time (t)
σs: Stefan–Boltzmann constant
μe: Magnetic permeability, (H·m−1)
βT: -ermal expansion coefficient
βc: Mass expansion coefficient
μ: Dynamic viscosity (m2·s−1)
υ: Kinematic viscosity (m2·s−1)
α: -ermal diffusivity (m2·s−1).
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-e data was generated by MATLAB version 8.5.0.197613
(R2015a) computer program.
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