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In this paper, we propose and study a diagonal inexact version of Bregman proximal methods, to solve convex optimization
problems with and without constraints. The proposed method forms a unified framework for existing algorithms by

providing others.

1. Introduction

Let f;: R* — R (i=0,1,...,m) convex functions and C
the nonempty subset of R? are defined by

C={xeR': f,(x)<0,i=1,...,m} (1)

Let us consider the problem of convex optimization:
(P): min{f,(x),x € C}. (2)

To solve (P), many authors [1-7] have combined the
exterior penalty methods with the proximal method (PM)
defined by

xkeek—Argmin1f(-)+i|~—xk1”2}, (3)

where f € T,y (RY) is set of proper closed convex functions on
R4, PM and its variants have been studied by several authors
[6, 8-13]. In this labor, we generalize this process by in-
troducing Bregman’s distance D), (.,.) defined by

Dy, (x,y) = h(x) = h(y) —={x -y, Vh(y)), (4)
where h is Bregman’s function [14].
In order to solve (P), we study the coupling of the

methods of the exterior penalty with the diagonal inexact
version of the Bregman proximal methods defined by

X eg - Argmin{f(-) + )L,Zth(-,xk_l)}. (5)

The exact version PMD is defined by

X = arg min{f(-) + A,;th(-, X 1)}, (6)

has been studied by several authors [15-18].
We propose and study a diagonal inexact version of the
Bregman proximal method, which we call DBPM, defined by

X eg - Argmin{fk(-) + )L,Zth(~, xk_l)}, (7)

where the sequence { f*}, ¢ T, (R) is given and approaches

By introducing the penalty functions in DBPM, we
deduce a solution of (P).

If f* = fVk, the proposed method appears as an inexact
version of (6) and solves the problem of convex optimization
without constraints:

(P": min{f(x),x € Rd}. (8)

For h(-) = (1/2)|-|*>, DBPM coincides with diagonal
proximal method of Alart and Lemaire [1] as well as the
penalization method given by Auslender [2].

2. Preliminary

In this section, we remind some theoretical properties of the
approximations called entropic studied by Kabbadj in [17].
This study covers the properties of regularity and approx-
imations of the Moreau-Yosida approximations [19]. These
results are necessary for the analysis of the methods pro-
posed in Section 3.
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Let S be an convex open subset of R% and
h: S — R. We define D, (.,.) by

Vx € S,Vy €S: D;(x,y) =h(x)—h(y) —<{x—y,Vh(»)).
9)
Let us consider the following hypotheses:

H,: h is continuously differentiable on §.
H,: h is continuous and strictly convex on S.

H,;:Vr>0,Yx € S,Vy € S, thesets L, (x,r) and L, (y,7)
are bounded where

Ly (x,r) ={y € S/D;, (x, y) <r},

L,(y,r) ={x € SID;,(x, y) <r}. (10)

(i) Hy: if {y*}, ¢ S is such that y* — y* €S, then,
Dy(y"y*) — 0. (11)

H: if {x*}, and {y*}, are two sequences of S such that
D, (x¥, y*) — 0 and x¥ — x* € S, then

Yy — x". (12)

Definition 1

(i) h: S — R is a Bregman type function on S or “D-
function” if h verifies H,, H,, H;, H,, and H..

(ii) Dy, (.,.) is called entropic distance if / is a Bregman
function.

We put
A(S)={h: S — R verifying H, and H,}

B(S)={h: S — R verifying H,, H,,H;,H,, and
H.}.

Theorem 1 (see [17]). Let f € FO(Rd) and h € A(S) such
that domf NS+ ¢.
If one of the two following conditions is verified,

(i) inf5f > —0o and h verifies H,
(ii) ImVh = R4,

then for all x €S and for all A>0, the function
u— f(u)+1" th (u, v) has a unique minimum point on S.

Definition 2. fand h verify the hypothesis of Theorem 1.

(i) The entropic approximation of f compared to h, of
parameter A (A > 0), is the function defined by

F(x) = in£{f(y)+A_IDh(y,x)}, VxeS. (13
ye

(ii) The application entropic proximal of f comparing to
h, of parameter A, is the operator defined by
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h{(x) = prox;'f (x) = argmip{f(y) +/\_1Dh (», x)}, Vx €S.
yeS

(14)

Proposition 1 (see [17]). Leth € A(S) and f € I, (RY) such

that
(a) ri (dom f) NS+¢
(b) ImVh = R4
Then, Vx € S,VYA > 0.
h (x) €S, (15)
inf fyp = inf f, (16)
_ f
Vh(x) - Vh(hj (x)) car(h ), (17)
p)
fm(x)gf,w(x)gf(x), Yu: 0<pu<A. (18)

Proposition 2 (see [17]). We suppose that h and f verify the
conditions of Proposition 1.

If inf (f) > —co and h verify H;, then h{: S—Sisa
continuous application.

Proposition 3 (see [17]). We suppose that h and f verify the
hypothesis of Proposition 2.

If h is twice continuously differentiable on S and D, (.,.)
and jointly convex, then f, is continually differentiable and
convex such that Vx € S:

Vi (x) = A H (x)(x - i (x), (19)

where H = V?h.

Proposition 4. We suppose that h and f verify the hypothesis
of the Proposition 3. If H is defined positive, then

Argmsinf = Argmsin f (20)

Proof. Let u* € Argmingf ).
()= inf fu = 0€0fp (u’)
0=V ") (21)
= Hu")(u" - h (u)).
Since H is defined positive, we deduct then that u* =
h{(u*). From (17), we have
u' =hl (W)= 0eof () =u" cargmin f.  (22)
We get then Argmingf,; ¢ Argmingf.

Reciprocally, let x* such that f(x*) = infs f. From (16)
and (18), we have
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thus, we have f(x*) = infg f;,) = fy (x*), which completes
the demonstration.

Some examples of Bregman functions are given
below. O

=il§ffm$fm(x*)§f(x*)5 (23)

Example 1. If S, = R4 and hy(x) = (1/2)|lx%, then

1
Dy, (x,y) = EHX -yl (24)
Example 2. If S; = R’L ={x € RYx;>0,i= 1,...,d} and
i=d B
hy (x) = le-logx,» -x; VYxeS§, (25)

i=1

with the convention 0log0 = 0, then
d X B
Dy, (x,y) = Zx,»log;’ +y,—x, V(x,p) €S XS

i=1 i

(26)

Y=\ /1 - x2, then

Y(x,y) € S,XS,.

Example 3. IfS, = [-1,1]? and h, (x) =

U

1-x;y;
Dy, (x,y) = hy(x) + Y ——2

We easily verify that h; € B(S;),i =0,1,2.

(27)

3. Analysis of the Diagonal Bregman
Proximal Method

In this paragraph, we assume the following:
(A): h € B(S): ImVh = R? and domf c §

B): f, f* €Ty (RY): domf* ¢ S, k=1,2,...
(C): lim inf (inffk) > —00

From (15), we can then construct the sequence {x},
defined by (Algorithm 1):

In what follows, we will derive a convergence result
(Theorem 2) for the DPMD framework. First, we need to
establish a few technical results.

Lemma 1 (see [20]). Let f,, f, be two functions of 'y (R?) if
there exists X € domf, in which f, is finite and continuous,
then for € >0, for all y € domf, Ndomf,,

0. (f1+ /2) () = U 91 +0,f>()

& +&,=¢6,€20,6,20
(28)

Definition 3. The sequence {(A;ay;by;ci;di)}, € R XS
verifies the K-property only if the following properties are
verified:

K, :31>0,Vk A > ).

K, : {a;} is bounded and Adh{a,} c §
K, : Dy (a, b)) — 0.

K, : Dy(ay,c;) — 0.

K, : dy = (Vh(b) - Vh(c)) A,

Lemma 2. If the sequence {(Ay; ay; by; ci; di)} verifies the K-
property, then d,, — 0.

Proof. If the sequence {d,} does not tend to zero, then it
exists that M > 0 and the subsequence {dki} of {d, } such that

vk, |d ]| > M. (29)

The sequence {aki} is bounded and Adh {aki} cS; it
exists that the subsequence {aki} of {aki} and u* € S such
that akj — u®. Dh (akj, bkj) — 0 and Dh (akj,ij) — 0

allow to write, from Hs, bkj — u* and Cr, — u*. On the

other hand,
o<l - le(bkj) - vh(c, ) vi(b,) - v )|
(30)

1

<A

M,

Vh is continuous on S, then Vh (bk )—Vh (ck ) — 0. It
follows that ||dk | — o. {dk } isa subsequence of {dk } from
with the entropic proximal method (29), we have 0 > M >0,
so d, — 0.

Lets consider now the function h,, defined by
h,:S— R, VA>0,Yu €S,

=1"'D, (x,u),

hy ) (x) Vx €S (3113)

Proposition 5. Ve >0,VA>0,Vu € S,Vx* € S.

z Vh(x)-Vh(u)

Ochyp (x7) = {; = with¥ € Sand D, (x", %) g)ts},

(32)

Proof. z € 0,h,, (x*).

Ehyy (%)= h, (x") 2z, x-x") —¢, Vx €S,

=! [A(x) = h(u) —{x—u, VA(u)) = h(x") + h(u)
+{x" —u, Vh(u))]2{(z,x - x") —¢, Vx €S,
= h(x") —h(x) —(x" - x Vh(u)
<z, x" —x)+1e, VxeS,
(33)
which is equivalent to
h(x") = h(x) —{x" = x,Vh(u) + Az) < Ae. (34)

According to (A), it exists that X € S such that
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(1) Input: x° € S

(3) Set k ——k+1 and go to step 2

(2) Choose Xz)tk > 1 >0and & >0, and find x* € S, such that x* € ¢ — Arg min{fk )+ A;th (-,xk’l)}.

ALGORITHM 1: DPMD.

Vh(u) + Az = Vh(%), (35)
which means
. Vh(x) — Vh(u)

T Ix €. (36)
Replacing in (34) x by X, we get
Dy, (x",%) < Ae. (37)
Finally
O.hy, (x7) C {Z = wwithf € Sand D), (x", %) S)Le}.

(38)
Conversely, let z such as
. Vh(x) - Vh(u)

1 .
Dy, (x",%) < Ae,
Dy (x",x)<de=h(x") — h(x) —{(x" - X, Vh(x)) <Ae< e
+ Dy, (x,%),
= h(x") - h(x) —(x" - % Vh(%)) - h(x)
+h(x) +<{x -, Vh(X)) < Ae,

= h(x") - h(x) -(x" - x,Vh(X)) <)e.
(39)

Replacing Vh (%) by Vh(u) + Az, we get (34). According
to what precedes,

(34) =z € 0.h,, (x*), (40)

which establishes the desired equality. O

Definition 4.
VA>0,¥%p20,Vf, g € Ty(R),

41
dpy(fr9) = sup |fin(x) =g (x)]. (41)
llxll<p,xeS
Theorem 2. We assume that
(i) Ykex + 2dy, < +00,Vp 20, where
dy., = dﬁ,&(fk’ f) (42)

(ii) The sequence {x*} generated by DPMD is bounded.
Then

(a) f*(xF) — inf f
(b) Moreover, if f and h verify the conditions of
Proposition 4, then

Adh{xk} C Argmin f. (43)

Proof.
X e & — Argmin{fk (u) + A;th(u, xk_l)}
= fk<xk) + )L,Zth(xk,xk_l) Sfﬁ,\k(xk_l) + &,
(44)
according to (18), we can write
fﬁi(xk) +)L,;1Dh(xk,xk_l)SfZ&(xk_l) + & (45)
The sequence {x*} is bounded; let p >0 such that
vk, ”xk" <p. (46)
Considering (45),
)L,ZIDh(xk, X 1) + fh&(xk) < fhi(xk_ 1) +& +2dy

(47)
Therefore,
Fin() < fra(61) + & + 2d,.,. (48)
So, from (i), we have
limf,,(x*) =I2inf f,,; = inf f > —co. (49)

On one hand,
FER) < () + g
U (50)
FEN) < (1) + Ay + &
on the other hand, we have

fh/_x(xk)—dk,pﬁfk(xk); (51)

finally, the two previous inequalities make it possible to
write

fh&(xk) —dk’pgfk(xk)gfh/l(xkil) +dk,p +€k. (52)
If | = —co, then inf f = —co and fk(xk) —> —00. So,
f(x*) — inff. (53)

If I > — 00, then, from (52),

lim f*(x*) = lim £, (x*) = L (54)
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Let us show that [ = inf f, from (45),
A D, (xF, xk=1) — 0 when k — +o0.
As A <A, <A, we have
Dh(xk, xk_l) — 0. (55)
On the other hand,
X" e & — Argmin{fk (u) + AIZIDh(u, X 1)}
(56)
=0ed, [ )+ Dy x1)](xF).

From Lemma 1, there exists ¢, >0 such that g +
&, = & and

0 €9, fH(x*)+a, (' Di(- % 1))(+"). (57)
Since 9, f* increases with &, we have
0 €0, f*(«") + 0, (A D (-6 1)) (). (58)
Therefore, there exists z € 0, ¥ (xF) such that
~z; €9, (A Dy (- 1)) (). (59)

From Proposition 5, there exits X € S such that
Vh(x) = Vh(x51)
M (60)

-z

Dh(xk, Ek) < Aksk.

Finally, there exists {Yk} such that
Vh(x*1) - Vh(x*)
Z. =

€ askfk(xk)with Dh(xk, Ek) <Agg

k n
(61)
From (55) and (61), we have
Vh(x* 1) - Vh(x*) -
z = i €0, f (x )
1 62
Dh(xk,fk) — 0, .
| D, (xK, x* 1) — 0.
Since Adh {x*} cudomf* ¢S, the sequence

{(Ak; xk;ik;xk‘l;zk)}k verifies then the K-property. From
Lemma 2, z;, — 0. On the other hand, for all y € S,

-1

)= () ¢z y - x5 — o= S (9) + ADy (30 %)

ka(xk) +{z},y - xk> - &

(63)

there exists X* such that for all k € N,
-1
inf{fk(y) - ADh(y,»o} = fi (%)
(64)

-1

= f*(F) + AD,( x).

5
By replacing y by X* in (63), we get
-1
fk(?ck) + /th(ik, x) sz(xk) +{z, % -5y — ¢
(65)
It is still
Fia ()2 ff(x") +(zo & - ) - . (66)
{Tck} is bounded. Indeed,
e ook ck(k
co< infinf f< f(z"), (67)
s0 it exists K, € R such that K, < f*(x*).
From (i),
dk’p — 0= {fZ/_\ (x)}is convergent, (68)
O
3K, € R: K, > K|,
. (69)
fh& (x)<K,.
From (64), we have
D, (%", x) < A(K, - K,). (70)

From H;, {fk} is bounded. Going to the limit in (66), we
have

fin () 2limf*(+*) =1, (71)
then,

flx)=1,

Vx=inff >,

(52) =>fh&(xk) sfk(xk) +dp

(72)
= inff = inff,, < f(x") +dj,
= inf f <lim f*(x") = L
Finally, we have
lim f*(x*) = inf . (73)

(b) Let x* € Adh{x¥}, there exists then the subsequence
{x%} of {x*} such that x¥ — x*, we have

inf £, < fo (x7) <lim f, (x*) <lim (%)

o . : (74)
=inff =inff,, = inff,, = f),, (x).
From (20), we have
x" € Argmin f),, = Argmin f. (75)
- O
4. Exterior Penalty Coupled with Bregman
Proximal Method
Let f;: RY — R,i=1,...,m, be the convex function and

let C the set of constraints given by

C={xeR" f,(x)<0,i=1,...,m}. (76)



We suppose that C verifies the condition of Slater:
Ix" e R f(x")<0, i=1,...,m. (77)

Let us consider the functions of the linear penalty de-
fined by

@) (x)=r, Zf:r (x), VxeR) VneN", (78)
izl

and the quadratic exterior penalty defined by

o) =7, [fF ],

i=1

Vx e R, ¥ne N*,  (79)

where a* = max {0, a} and {r,}, is an increasing sequence of
strictly positive real numbers which tends to +co.
Let us put Vn e N*:

f=rfot¥e
fi=fotop (80)
fr=fo+ ¢

In what follows, we assume
(A": h € B(RY): ImVh = R?
(B'): infpa f > —00,

so conditions (A), (B), and (C) of Section 3 are verified
for fand f7, j=1,2neN.
We give below an estimate of dlp (f f),j=1 2.

Proposition 6

(a) VA >0,Yp=>0,3r,>0,

dy,(f1 f) =0, Vnir,zr, VA= ). (81)

(b) VA >0,¥p>0,3u,>0,

d’;,P(fZ,f)s‘:—h, Vas1,VA> A, (82)

Proof. Let 1>0 and x € RY.
f(x) =inf{f +17'D, (%)} = irc1f{f0 +A7'D, (5 x)}.
(83)

Since Slater’s condition is verified, there exists from
Ekeland-Temam [21] (chap 3, Theorem 5.2) multiplicators of
Lagrange

piLx)20; j=1,...,m, (84)

such that Vy € R%,

fin(X) < fo(») + 27Dy, (3, %) + z pix)f; (). (85)

Jj=1
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From (18), we have f, (x) >inf,. f,, by replacing y with
x*, we obtain

iléffosfo(x*)+)L71Dh(x* x ij()t x)fj ),

(86)

where x* verifies (3). On the other hand

ZP] (A x)f;(x [Z P, x)] sup f;(x7).  (87)
Let us put
sup fi(x")=-c, wherec>0. (88)
It follows that
ipj(A,X)fj(x*)s —clpA )l (89)
=

where p(A, x) = (p; (A, x), ..., p,, (A, x)). Therefore,
Dy, (x",x) <D, (x",x) + Dy, (x,x")
={x" = x,Vh(x") = Vh(x)) (90)
<" = xR - V()

which leads to

Dy, (x", x) < (Ixl” +llx) (| VA (x ). O
From (86), (89), and (91), we obtain
||p(A,x)||1s§[fo(x*)+i( l MEDIGLICY
(92)

HIVA I - inf fo|.
(a) From (85),

-1 m
()< fo () + 2D, (3,2) +lp L0, Y. £ ().
i=1

(93)

For x € B,, from (92), we have

Ip (L9l < [fo )+ 1 (| + )

. <||Vh (x

> - irc1ff0:| =1

(94)
Thus, for n such as r, >7,
fm®)<fi()+1'Dy(y,x), VyeRP
U (95)

th (X) < (f?)h/\ (x), Vx € BP'
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Conversely,

(fDm (x) = mf{fo()’)JfT Zf N +A Dh(y,x)}

i=1

<1nf{ (M+A Dh(y,x)}
inf{f () + 1" 'Dy (3, %)}.
(96)
Therefore,
(fDm (%) = fra (x)- (97)
(b) If ||-||,,, indicates the Euclidean norm on R%, so

m 1 ) rnm . 2
;E%ﬁMM%ﬂﬂmwwsgm@”’@&

by proceeding as below, we deduce the result.

Let us consider now the methods of the coupled exterior
penalties with the entropic proximal method (Algo-
rithm 2): O

Theorem 3. Let us suppose
(i) Y218, < +00, and Y2 (1/r,) < + 00
(ii) Jiy >
Then the sequence {x } generated by (DBPM); j=1, 2 is
bounded, Adh{ j} C Argmin f, and

f?{x;-’}—ﬁnff, j=12.... (99)

>1: f; is coercive

Proof. Let us show that {x}}, is bounded.
FLGD) + Dy (217 ) < £1 () + 4, Dy (1,677 ) + e
(100)

By replacing u by x7! in (100), we obtain

AR WACHEN G ITD WHCRE

Let R= infp. f,,, we have

PR, 8 oy Sl R,

Ty Ty i=1 n
(102)
{r,} is increasing, so we put
n —R m
An=%+2f?(x’f> (103)
n i=1

we deduce

7
&,

A, <A, +— (104)

rﬂ

which leads to

n sk
A <A + ) — 105
WAt Y (105)

Let € such as ¢ <¢, since (f,(x}]) - R/r,)>0, we have

fz (x)<AO+Z_

i1 Tk

(106)

From (i) and (ii), we deduce that the sequence {x7}, is
bounded, so by application of Theorem 2 and Proposition 6,
the result is immediate.

In a similar way, we deduce the result for j=2. O

5. Example

Let us consider the following optimization problem:
min{a, x),
@) |

107
Ixl* <®, (o7

where a € R? and b € R**.
The (DBPM), algorithm can be applied to solve (P,). We
take

Vn,e, =0,
r,=2" (108)
A=A, > 1 >0.

Let us consider the function h: R? — R defined by

h(x) = 1 i:f|x-|p'
p 1 b

i=1

p>2: Vx e R%. (109)

We easily show that & € B(R%) and which checks (A4")
Let us put Vx € R%:

fo(x) =<a, x),
f1(0) =[] -8,
" (x) = 91 (x) = 1, [T (0],

C = {x € R f,(x) <0} is compact and f, is continuous, so

(110)
Vne N*.

Argmin f # &,
P ~ (111)
121ff—néffo> 0.
We have
=fot+ ¥
J;f"n e (112)
fr=r=fo+e

The sequence {x"} generated by the (DBPM), algorithm
is defined by x° € R¥ and

x" e Argmin{f"(-)+A;1Dh(-,x"71)}, n>1. (113)

By writing the condition of optimality, we have
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(1) Input: x? € R4
(2) Choose 1>\, > A >0 and ¢,>0, and find X €S, such that x;‘ €¢,— Arg min{f;‘ () + )L;IDh (-,x?”l)}.
(3) Set ne——mn+1 and go to step 2
ALGORITHM 2: (DBPM);, j=1,2.
V(") + AL (V h(x") -V h( X 1)) -0 (114) convex optimization problems with and without constraints
§ while providing others, more precisely.
On the other hand, (i) For h(-) = (1/2)[I>, DBPM coincides with the
12 . . diagonal proximal method DPM studied by Alart
V17 (%) =2f (x)Vf(x) = 4f] (x)x. (115) and Lemaire [1].
Then, (ii) If h(-) = (1/2)|-|* in DBPM, j=1, 2, we find then
the methods of penalization studied by Auslender
27 (M + A VR (KT = )L;Vh(x”*l) -a, (116) 2].
(iii) If f* = fVk, DBPM appears as an inexact version of
where BPM and solves the problem of convex optimization
without constraints:
(Vh(x")); = sign (x?)lx?lp_l, i=1,...,d, (117)

f, is coercive, so by applying Theorem 3, we have

Adh{x"} ¢ Argmin f :{x e R%: fy(x) = iréffo},
P} — i £,
(118)

Remarks 1

(i) The convergence performance of the {x"} can be
discussed according to the parameter p. We take note

that for p =2,
L
h(x) =5||x|| . (119)
(ii) Let
1 d
fo(x):E<Ax,x>—<c,x>, Vx € RY, (120)

where A is matrix symmetric definite positive and ¢ € R%.
Previously developed methods can solve optimization
problems of the type

min1 (Ax, x)y —{c, x),
(121)

(P,):

2
lxll”<®.

6. Conclusion

The class of the methods studied in this work constitutes a
unified framework for several existing methods that solve

(P"): min{f (x),x € R}, (122)

the convergence of this version is included in our
analysis and responds to the question asked by Eckstein in
[15].

i) If fk = f and ¢ = 0,Vk in DBPM, we find then
BPM studied by [15-18].
(ii) If f¥= f and h(:) = (1/2)|-]* in DBPM, we find
then PM studied by [6, 8-13].
(iii) If f* = f and h, (%) =Y "xlogx; — x; Vx €S,
DBPM allows to minimize f on

S =R, ={xeRx;>0,i=1,....d}. (123)
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