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Asymptotic approximations of Tangent polynomials, Tangent-Bernoulli, and Tangent-Genocchi polynomials are derived using
saddle point method and the approximations are expressed in terms of hyperbolic functions. For each polynomial there are

two approximations derived with one having enlarged region of validity.

1. Introduction

Several well-known special functions, numbers and polyno-
mials (e.g. zeta functions, Bernoulli, Euler and Genocchi
numbers and polynomials and derivative polynomials
[1-6]) have been studied by many researchers in recent
decade due to their wide-ranging applications from number
theory and combinatorics to other fields of applied mathe-
matics. With these, different variations and generalizations
of these functions, numbers and polynomials have been con-
structed and investigated. For instance, papers in [7, 8] have
introduced and investigated g-analogues of zeta functions
and Euler polynomials. Some variations are constructed by
mixing the concept of two special functions, numbers or
polynomials. For example, poly-Bernoulli numbers and
polynomials in [9-11] are constructed by mixing the
concepts of polylogarithm and Bernoulli numbers and poly-
nomials. Moreover, the Apostol-Genocchi polynomials,
Frobenius-Euler polynomials, Frobenius-Genocchi polyno-
mials and Apostol-Frobenius-type poly-Genocchi polyno-
mials in [12-14] are constructed by mixing the concepts of
Apostol, Frobenius, Genocchi and Euler polynomials.
Another interesting mixture of special polynomials can
be constructed by joining the concept of Tangent polyno-
mials with Bernoulli and Genocchi polynomials. The

Tangent polynomials T, (z), Tangent - Bernoulli (TB),(z)
and Tangent - Genocchi (TG),,(z) polynomials are defined
by the generating functions

zewz (o8] n
goyi- LT wl<3 (1)
wew? < w”
o1 = 2 (TB),(2) - |w <7 (2)
n=0 :
zwewz n

e+ 1

When z=0, (1.1) reduces to the generating function of
the tangent numbers T, given by

n

2 S w T
WZ;RW’VUK; (4)

In [15], the tangent polynomials can be determined
explicitly using the tangent numbers T, which is given by
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T,(z)= Zn: Tk<n>z”_k. (5)
k=0 k

We are interested in finding asymptotic approximations
of the Tangent polynomials

T,(z), Tangent-Bernoulli (TB),(z) and Tangent-Gen-
occhi (TG), (z) polynomials for large # which are uniformly
valid in some unbounded region of the complex variable z.
Equation Equation (1) yields a recurrence relation

Tn(z) =z"- i2k71 (:) Tn—k(z>’ (6)

k=1

with initial value T(z) = 1. The Tangent polynomials T, (z)
can be determined explicitly using (6). The first few
values are

To(z)=1,T (z) =2—-1,T,(z) = 7> -2z, Ts(z) = 22 —37%+2,
T,(z) = 24— 47 + 8z, Ts(z) = 7> —5z% + 202% - 16.

(7)

The Tangent-Bernoulli polynomials and Tangent-
Genocchi polynomials satisfy the relations

(TB), (z)=2""'B, (f) (8)

2

(TG),(z) =2"'G, @ (9)

where Bernoulli and Genocchi polynomials were defined in [7,
16], respectively. Some specific values are given below.

(TB)y(2) = 5, (TB),(2) == + 5, (TB),(2) = - (2~ 62 +32%),

N =
N =
NN
A=

(TB),(z) = %z(z -3z+2%),(TB),(z) = —1;45 +222 -2+ Z;
(TB),(z) = éz(—S +202° - 152° + 32%),

(TG),(2) =0, (TG), (2) = 1, (TG),(2) = -2 + 2z, (TG), (2) = —62 + 32>
(TG),(z) =8-122% +42°, (TG),(z) = 40z - 202° + 5z*. (10)

Applications of Bernoulli polynomials can be found in
[16] while new formulas for Genocchi polynomials involving
Bernoulli polynomials can be found in [17]. The Bernoulli
polynomials and Genocchi polynomials were expressed in
terms of hyperbolic function in [7, 16] as follows

B (24 1 n! we? dw

z — = — _—

" 2)  2mi )2 sinh (w/2) wt!
1 n! we®  dw

Glztz)|=—| ——————.

2)  2mi ) cosh (w/2) w!

where C is a circle about 0 with radius <27 (resp. <m). These
integral representations were used to establish the asymptotic
approximations of Bernoulli and Genocchi numbers.
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In this paper, the Tangent polynomials, Tangent-Bernoulli,
and Tangent-Genocchi polynomials will be given asymptotic
approximations using the method used in [19, 20].

2. Uniform Approximations

First, let us consider the approximation of Tangent polyno-
mials. Using the saddle point method introduced we can
establish the following theorem.

Theorem 1. For z€ C\ {0} such that |I,z7!|<n/2 and
|z + (2i/m)| > 2/ and n>1,

T,(nz+1)=
{r () ) o(2)
(12)

Proof. Applying the Cauchy-Integral Formula to (1)

T,(2) IJ 2e¥* dw

n
CeZw +1wntl’

(13)

n! 2mi

where C is a circle about 0 with radius <7mr/2 . It follows
from (13) that

T,(z+1)=

nl [ 2eEDY gy
| (14)
c

27mi |- e2w + 1 wntl’

With 2e¥ coshw=¢e*" +1, (14) can be written as

T,(z+1)= (15)

n! e** dw
27i

ccoshww™!’

Let f(w)=1/coshw . The singularities of f(w) are
the zeros of cosh w, which are w;=(2j+1)(n/2)i, j€Z.
Each of these singularities is a simple pole of f(w) while
0 is a pole of order n+1 of the integrand of (15).

Take z — nz and let nz — oo by letting n — co with
z fixed. Then

n! dw n! dw
T +1)= — wnz - n(wz-log w) -
(2= | e 28 = 0 | pwe e

(16)
The main contribution of the integrand to the integral

above originates at the saddle point of the argument of the
exponential (see [18]). This saddle point is at w such that

=z (17)

N | =

d
%(n(wz—logw))=0<=>w=

Assume that z™! is not a pole of f(w). Approximations

of T,(nz+1) can be obtained by expanding f(w) around
the saddle point [19]. With z! not a pole of f(w), we can
expand f(w) around z™! . That is,
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- Z_l)k)

- _1{<r (18)

co ¢(k)
>=ka

where r is the distance from z™! to the nearest singularity of
f(w). For w € C, the above series is absolutely convergent if
the saddle point z™! is closer to the origin than to any of the
singularities w;. That is, if z ' is in the strip [Im z7!| < 7/2
and |z < |z7! —wj| for all j=0, 1,42, --- . It follows from
Lemma 1, Lemma 2 and Theorem 1 of [19] that

T,(nz+1)= {fo +f(

3

where
Po(n) =1,p,(n) =0, py(n) = =n, p3(n) = 2n, (20)
Pe(n) = (1-Kk)p_; (n) +np,_,(n). (21)

Writing the first few terms of (19), we have

ol e <z> () o))

= —nz)” 1+
~ cosh (1/z) 211z2 cosh?(

g e (o (2) - (1)) -0 ()

O

Figure 1 below depicts the graphs of T, (nz + 1) (in solid
lines) generated using relation (6) and the graphs of the
approximate values of T, (nz + 1) (in dashed lines) generated
using the expansion at the right-hand side of (12). The graphs
below are generating using the software Mathematica.

The graphs show the accuracy of approximation (12) for
several values of n for real values of the uniform parameter z.
For a real argument, the oscillatory region of T,(nz + 1) is
also contained in |x| < 277!, whereas the monotonic region
contains |x| > 277!, Therefore, the accuracy of approxima-
tion (12) is restricted to the monotonic region.

The next theorem contains the approximation formula
for Tangent-Bernoulli polynomials.

Theorem 2. For z€ C\{0} such that |I,z7'|<n and
|z (1/m)|>1/m and n>=1,

(nz)’H csch (1/z)
822

. {41122 — 1+ 4z coth (1) — coth? (1)
z z
— 3 csch? <1> +0 (12>
z n

(TB), (nz+1) =

(23)

i () ro(2)}

Proof. Applying the Cauchy-Integral Formula to (2)

(TB),(z) 1 we*?  dw
nl 2mifeew—1 wl (24)

where C is a circle about 0 with radius <7. It follows from
(24) that

nl [ we=Dv gy
TB +1)= — | —+ ——. 25
(TB),(z+1) 2mi Jc ew —1 wnmt! (25)
With 2e¥ sinh w = e** — 1, (25) can be written as
n! we?  dw
TB +1)= — S 26
(TB),(z+1) 27ti ch sinh w wnt! (26)

Let f(w) = w/2 sinh w . The singularities of f(w) are the
zeros of sinh w, which are.

w; = jm, j € Z. Each of these singularities is a simple pole
of f(w) while 0 is a pole of order n+ 1 of the integrand of
(26).

Take z — nz and let nz — oo by letting n — co with
z fixed. Then in view of Theorem 1, we can write

(TB),(nz+1)= 2”7'1 ch(w)e"<wz-l°g ©) %w. (27)
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Fiure 1: Solid lines represent T, (nz + 1) for several values of #, whereas dashed lines represent the right-hand side of (12) with z = x, both

normalized by the factor (1 + |x/a|")™" where a=0.2.

With z™! not a pole of f(w), we can expand f(w) around
z7'. That is, if z7! is in the strip [Im z7'| <7 and |z7!| <
|z —w)| for all j=0,+1,42,---. It follows from Lemma
1, Lemma 2 and Theorem 1 of [19] that

(TB),(nz +1) = (nz)" iﬂk)(zl) p(n).

where p,(n) are given in (20). Writing the first few terms
of (28), we have

(1) (nz+ 1) = ) { £°() ()47 2220

nz
fAEY pm) (1
B (nz)2+o(n2>

"1 csch (1 1
= (n2)" csch (1/2) CSZC (1/2) {41122 —1+4z coth <7>
8z z

(2 s (2) 0(3)}

(29)

O

The following figure depicts the graphs of (TB), (nz + 1)
(in solid lines) generated using relation (8) and the graphs of
the approximate values of (TB),(nz+ 1) (in dashed lines)
generated using the expansion at the right-hand side of
(23). The graphs are generated using Mathematica.

The graphs show the accuracy of approximation (23) for
several values of n for real values of the uniformity parame-
ter z. For a real argument, the oscillatory region of (TB),
(nz+1) is also contained in |x| <7~!, whereas the mono-
tonic region contains |x| > 7!, Therefore, the accuracy of
approximation (23) is restricted to the monotonic region.

The following theorem contains the approximation
formula for Tangent-Genocchi polynomials This theorem

is proved similarly as the first two theorems so the proof
is omitted.

Theorem 3. For z€ C\ {0} such that |I,z7'|<mn/2 and
|z + (2i/m)| > 2/m and n>1,

(TG), (nz+1) = (nz)"{w

. sech’(1/z)(3 — cosh (2/z) + 2z sinh (2/z))

4nz3
1
+0 (?) }

(30)

Figure 2 below depicts the graphs of (TG),(nz+1)
(in solid lines) generated using relation (9) and the
graphs of the approximate values of (TG),(nz+1) (in
dashed lines) generated using the expansion at the
right-hand side of (30).

3. Expansion of Tangent, Tangent-Bernoulli,
and Tangent-Genocchi Polynomials with
Enlarged Region of Validity

The validity of the approximations obtained in Theorems 1,

2, and 3, are restricted to the region [z7!| < [z7! ~ wj for all

j=1,2,--- . However, the region |z7!| <|z™!

enlarged by isolating the contribution of the poles w;’s of
f(w). We will follow similar procedure done in [16, 19]
to prove our next three results. A detailed discussion can
be seen in Lemma 3.2 in [16] that allows us to write the
polynomial P,(nz) defined by

—wj| may be

P (nz) = b ch(w)ewz dw (31)

Wn+1

with a meromorphic function f(w) analytic in the origin
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FIGURE 2: Solid lines represent (TG), (nz + 1) for several values of n, whereas dashed lines represent the right-hand side of (30) with z =x,

both normalized by the factor (1 + |x/a|")™" where a=0.2.

with simple poles w,;,w,, :-- represented for each integer

m>0 as
P,(nz)=- Z rkemkl I'(n+1,wnz)
=1 W (32)
0 £(K) (,-1Y 4 k) (-1
ey ) D )
5 K(n2)

which is valid for all complex number z satisfying |z7!|
<|z7' ~w| for all j=m+1,m+2,-, such that C is a cir-
cle whose center is at the origin and contains no poles of
f(w) inside, I'(n + 1, wynz) is the incomplete gamma func-
tion, p,(n) are polynomials defined by the relation (20)

and h®(z71) is the kth derivative at z™' of the function

M=

h,,(w)=- . (33)
The following theorem contains the asymptotic expansion
of Tangent polynomials with enlarged region of validity.

Theorem 4. For z € C\ {0} such that |z7!| < |z7! + (2k+ 1)
(m/2)i| for k=0,1,2,---,m— 1. Then, as n — 00,
7Ti1’lZ>

2k +1

F(n+1,—

+1 )}
inz

- —1F<n +1,—

(=(2k + 1/2)7i)"™*

—1 40 1\k+1 2

+ (nz)" { sech (i) + 4D (2kJ;1)7rz
zZ) o 4+ (2k+1)n2?

+ $nz)2 { sech® (g) —sech (é) tanh? (é)
"l 32(=1)* (r + 2km)? [2(m + 2km)? - 12) z"}
[4+2%(m + an)z] ¥

—1 f e(2k+1/2)minz
T,(nz+1)=i - —
n( ) ];) ( ) ((2k+ 1/2)7‘[i)n+1

e—(2k+1/2)m’nz

3

Proof. To obtain the corresponding residues, we first let

fw)= COSL w % (35)
Then
re= P _ k=012 ym—1.  (36)

q’(wk) " sinh (wy)

Now, for k=0,1,2---.,m—1, sinh w, = (~1)¥i. Hence,
k+1 .
re=(-1)""1

On the other hand, for k=0,1,2---.,m—1, sinh

W_(j) = (=1)**'i. Thus, for k=0,1,2 - ,m—1,7, = (-1)ki.

Hence, for k=0,1,2 --- ., m — 1 we have
2k+1
re = (=1 iforw, = 3 i
(37)
2k+1

= (~1)Fiforw_; = - i

2

We then evaluate some derivatives of the function h,, (w)
defined in (33) at the saddle point z™!. Then for k=0, 1,2
- ., m— 1, we write

-1 m-1

Yy
w—wk w_w_k

k=0 k=0

hm(w) ==

(-1)%i

—1: k m-1
D s
Sw-(2k+12)mi Zw+ (2k+1/2)mi

(38)

m—1

- (1) 2k + 1)
Sow? + ((2k+1)*/4)m>
Using (37) we can compute some derivatives of 4, (w) and

evaluate it at the saddle point z™'. We obtain the results below.

" 32(=1)* (7 + 2km)? w

k0 [4w? + (7 + 2k7z)2]2

) (w) = ’ (39)



6
W) "l 32(=1) (7 + 2km)? [(m + 2k - 1207 o
k=0 [4w? + ( + 2km)?] ’
(40)
Equations (37) and (39) yield
m—1 k+1
4(-1)"" 2k + l)ﬂz (a1)
& 4+ (2k+1)°m2z2
m— k-
W) (1) = !32(=1) (7 + 2km)? (2% (r + 2k)? - 12]2*
k=0 [4 +22(m+ 2k7‘[)2] ’
(42)
Using (16) and (32) for k=0,1,2--- ., m — 1, we have
m-1 -1 k+1: (2k+1/2)minz 2 1
Tn(nz+1):—z( )i = F(n+1,k—+7rinz>
= ((2k+1/2)mi)" 2

3

-1 (_l)kie—(2k+1/2)ninz F( 1 2k+1 >
— _— n ,———TTINzZ
& (—=(2k + 1/2)mi)™! 2

+ (nz)" {f(zl) + hg!(zil)PO(n)
A0 )+ ()
1!(nz)
SO D ) (L)}
2\(nz)* n?
(43)
In Theorem 1, we have p,(n) =1, p,(n) =0,p,(n) =-n
f(z") =1/cosh (1/z), @ (z7") = —sech®(1/z) + sech (1/ )
tanh*(1/z) and using (40) and (41), we obtain (34). O

Figure 3 below depicts the graphs of T,,(nz + 1) (in solid
lines) generated using relation (6) and the graphs of the
approximate values of T,(nz+ 1) (in dashed lines) gener-
ated using the expansion at the right-hand side of (34). We
use Mathematica to graph the left-hand and right-hand side
of (34).

The graphs show the accuracy of approximation (34) for
several values of # for real values of the uniformity parame-
ter z. For a real argument, the approximation of T, (nz + 1)
with enlarged validity in the monotonic region is better than
the approximation in (12). It can also be observed that, in
the oscillatory region, even if the accuracy is not that good
the approximation is better compared to the approximation
in (12).

Now, let us consider the asymptotic expansion of Tangent-
Bernoulli polynomials with enlarged region of validity.

Journal of Applied Mathematics

Theorem 5. For z € C\ {0} such that |z7!| < |z7! + kn| for
k=1,2,---,m. Then, as n — oo,

k ghn(1+nz)
———TI'(n+1,knnz)

(TB)V:("Z+1 =T Z 1+ ezkrz (kﬂ)n+1
@krr(l nz)
+ S
(_kn,)rHI

csch (1/z) N i 2k 222

2z & (e + ebr) (22k°m? - 1)
n csch3(1/z)(3 + cosh (2/z) - 2z sinh (2/z))
2(nz)? 4z

" gghm i

2.4(,212_2
+z ﬂZ(ZkT[+32 +O(i2)
i1 (1+e) (sz2nz -1) n

I'(n+ 1,~knnz)] + (nz)"

(44)
Proof. To obtain the corresponding residues, we first let
w__pw)
- — 27 45
fw) 2 sinhw g(w) (45)
Then,
= PO L W 4o (46)
q' (wy) 2 cosh (wy)
Now, for k=1,2--- ., m—-1,
km —km
+
cosh wy, = cosh kr = % . (47)
Hence,
km
n=-—_ . 48
k ekm 4 e—km ( )
On the other hand, for k=1,2--- ., m,
kﬂ +e —km
cosh w_y =cosh (—=km), k=1,2,---m=cosh km= —————
® 2
(49)
Thus, for k=1,2---.,m
—kn
L= ekn 4 e—km ' (50)
Hence, for k=1,2--- ., m we have
k
e = % for wy, = krr,
et + e
(51)
— M forw, -k
Lk— W Orwfk—— 7T -

We then evaluate some derivatives of the function h,,(w)
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Ficure 3: Solid lines represent T, (nz + 1) for several values of #n, whereas dashed lines represent the right-hand side of (34) with z = x, both

normalized by the factor (1 + |x/a|")™" where a=0.2.

defined in (33) at the saddle point z'. Then for k=1,
2.+ ., m, we write

h(w) =~y Tk YTk

w-w, Sw-wy

o kmlekt + ek
- k; w -kt k;

_i kn 11
CEdmrelm \wrkr  w-kn

—krt/ek™ + e~k

w + k7t
(52)

2k
i (e + ) (k2n2 - w?)

Using (51) we can compute some derivatives of h,,(

w) and evaluate it at the saddle point z7!. We obtain
the results below.
& 4k w
P (w) = ) (53)

k=1 (@‘k” + @k”) (k2n2 - w2)2 ’

4eFmi? 2(k2n2 + 3w? )

= . 54
Z1+wﬂwﬂ—wf >4
Equations (51) and (53) yield
R 26222 (55)
& (e + ek (2K%n2 - 1)
o (z 1) R 4eM P2zt (22k2n2 +3) (56)

B k=1 (1 + @2"”) (22k27T2 - 1)3 '

Using equations (26) and (32) fork=1,2 --- ., m, we have

kn,/ekn + e—kﬂ) ekrmz
kT[ n+l
kﬂ/ekn+e—kn) —knnz

];1 ( kﬂ')n+1
+ (nz)”{f(0> (=) +h3 (2 )po(n)

ol
T () !

(TB),(nz+1)= i

k

I'(n+1, knnz)

I'(n+1,~knnz)

In Theorem 2, we have p,(n) =1,p,(n) =0, p,(n) =-n,
FO~z1) = (esch (1/2)/22),  fP(z7) = csch®(1/2)(3 + cosh
(2/z) -2z sinh (2/2))/4z and using (54) and (55), we
obtain the desired result. O

The figure below depicts the graphs of (TB),(nz + 1) (in
solid lines) generated using relation (8) and the graphs of
the approximate values of (TB),(nz+1) (in dashed lines)
generated using the expansion at the right-hand side of
(43). Using Mathematica, we obtain the graph below.

The graphs show the accuracy of approximation (43) for
several values of # for real values of the uniform parameter z.
For a real argument the approximation of (TB),(nz+1)
with enlarged validity in the monotonic region is better than
the approximation in (23). It can also be observed that in the
oscillatory region the accuracy is better compare to the
approximation in (23).

The next theorem contains the asymptotic expansion of
Tangent-Genocchi polynomials with enlarged region of
validity.
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FIGURE 4: Solid lines represent (TB),(nz + 1) for several values of n, whereas dashed lines represent the right-hand side of (23) with z=x,

both normalized by the factor (1 + |x/a|")™" where a=0.2.
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FIGURE 5: Solid lines represent (TB), (nz + 1) for several values of n, whereas dashed lines represent the right-hand side of (43) with z=x,

both normalized by the factor (1 + |x/a|")”" where a=0.2.

Theorem 6. For z € C\ {0} such that |z7!| < |z71 + (2k + 1)
(m/2)i| for k=0,1,---,m - 1. Then, as n —> 00,

on m—1 (_1)k+1
At o (2k+ 1)

; 2k +1
(TG),(TG), (nz +1) = {e2k+1’2’1’“2r<n+1, - m’nz)

2
+1 >]
TNz

. (nz)n{sech (1/z) . "‘214(—1)1‘”(1 + 2k)mz

+ (_1)n+le—2k+1/2nivle—~ (7[ +1,- 2k

z & 4+m(z+2kz)’

_n [sech3(1/z)(—3 + cosh (2/z) — 2z sinh (2/z))

2 nz)z 2z
N "l 32(-1)K(1+ 2kynz® -4+ 3n2(z + 2kz)’]
k=0 [4+7(z + 2kz)’) ’
1
+0 <7> }
(58)
Proof. We let
w w
flw)= P (59)

Then

r= P W oo w1 (60)
q' (wy) sinh (wy)

Now, for wy=(2k+1)(n/2)i,k=0,1,2--.,m—1, we

see from Theorem 4 that

sinh wy, = (—l)ki,

(61)
so that

_ (2k+1)(n/2)i _

1, = 1 (-1)*(2k +1)

. (62)

(SIS}

On the other hand, for w_, =—(2k + 1)(n/2)i,k=0,1,2
..« ,m— 1, we see from Theorem 4 that

sinh w_) = (—1)*"i. (63)
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FIGURE 6: Solid lines represent (TG), (nz + 1) for several values of n, whereas dashed lines represent the right-hand side of (58) with z =x,

both normalized by the factor (1 + |x/a|")™" where a=0.2.

This gives

_ 2k + 1)(2)i

e (-1)*(2k +1)

o]
—
N
~
S~—

Hence, for k=0,1,2--- .,m — 1 we have

s
for both
2k +1 2k+1
wy = kt miandw_, = — k2+ i - (66)

Evaluating some derivatives of the function k,,(w) at the
saddle point z! for k=0,1---.,m — 1, we have

§

o () 2k +1)(m2)
- (2k +1/2)mi

= (—-1)* 2k + 1) (n/2)
w+ (2k + 1/2)mi

k

0

-1
Zl 1) (1 + 2k)mw

o (m+ 2k71 +4uw?

(67)
which yields,
1 (= 14 k+1 (1+ Zk) [(7‘[ + 2kr[2)2 _ 4w2] 68)
k=0 [(7r + 2km)? + 4u?]
0 ) = 5 ROV 203 + 2km)? — ],
k=0 [(7r + 2km) + 4u?] ’
(69)
m-1 k+1
WO (1) = A=) (1+ 2k)mz )
& 4+ (z+2kz)?

" 32(=1)(1+ 2k)mz} [-4 + 372 (2 + 2kz)’]

hgj) (271) = 3
par) [4+7%(z + 2kz)’]
(71)
Using equations (2.18) and (32) for k=0,1,2--- ., m — 1,
we have
m—1 -1 k 2 1 2 (2k+1/2)minz
(TG), (nz+ 1) = ¥ LW @R+ D(2)e r

pard ((2k + 1/2)mi)"*!

+1 | )
ninz

~1)*(2k +1)(n/2) e
(—(2k + 172)mi)"™*!

2k+1 . »
An+1,- ninz | + (nz)

, {f<°> (z7) + B (27" )Py (m)

e~ (2k+1/2)minz

r

0!

+

(72)

In Theorem 3, we have p (n) =1,p,(n) =

0,p2 (1’!) =-n
FO(z1) = (sech (1/2)/2),

sech’(1/z)(=3 + cosh (2/z)
2z

-2z sinh (2/2))

>

()=
(73)

and using (58) and (73) for k=0,1,2---,m—-1, we
obtain (59). O
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The following figure depicts the graphs of (TB), (nz +1)
(in solid lines) generated using relation (9) and the graphs of
the approximate values of (TB),(nz+ 1) (in dashed lines)
generated using the expansion at the right-hand side of (58).

The graphs show the accuracy of approximation (58) for
several values of n for real values of the uniform parameter z.
In both monotonic and oscillatory regions, the approxima-
tion in (58) shows better accuracy than in (30).

4. Conclusion

Two sets of approximation formulas for Tangent polynomials,
Tangent-Bernoulli polynomials and Tangent-Genocchi poly-
nomials are obtained using the saddle point method and the
integral representation of these polynomials in terms of
hyperbolic functions. The last set of formulas which have
enlarged validity give more accurate approximations com-
pared to the first set of formulas as shown in Figures 1-6. It
is interesting to establish the asymptotic approximation of
other variations of Tangent polynomials like Apostol-Tangent
polynomials, Apostol-Tangent-Bernoulli polynomials and
Apostol-Tangent-Genocchi polynomials as well as the higher-
order versions of these polynomials.
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