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We propose a dynamic combined-mode traffic network model considering transfer behaviors. We assume that travelers can be
classified into two classes: one class is pure-mode travelers who complete a trip by single transportation mode, and another is
combined-mode travelers who cover a journey by car, bus, and so forth. *e multimode point queue model is used to model the
interaction of cars and buses on the network. We present an integrated variational inequality formulation to capture the complex
traveler choice behaviors such as departure time choices, transfer point, and route choices. Finally, a numerical example is given to
illustrate the effectiveness of the proposed heuristic algorithm and model.

1. Introduction

Over the past decades, many researchers have been devoted
to static multimodal network models and algorithms. Re-
cently, Bliemer [1] and Bliemer and Bovy [2] were among the
first to extend a single-mode macroscopic dynamic traffic
assignment model to multimode dynamic traffic model with
interacting user-classes and propose various algorithms to
solve the assignment problem. However, the previous
models have assumed that a trip from origin to destination is
completed by taking only one single mode (bus, car, etc.).
Fernandez [3] denoted a trip that occurs on one single mode
as a “pure-mode” trip. In recent years, with the continuous
increase of the city area and the rapid growth of the traffic
demand, for example, Beijing and Shanghai of China, the
traveler can use multiple transportation modes to take a trip,
such as a private car, bus, metro, or bike.

Meanwhile, the traffic authorities encourage people to
adapt combined modes for alleviating traffic congestion by
developing faster and more comfortable bus modes, in
conjunction with the use of convenient transfer facilities for
parking and pricing. Fernandez (1994) denoted a trip that

occurs onmultiple styles as a “combined-mode” trip.*us, it
is necessary to include more realistic mode choices and
travel choices in the model.

Garćıa and Maŕın [4] proposed a bilevel program model
to determine the capacities and fares of parking facilities for
park’n ride trips. *e lower-level program models the static
multimodal traffic equilibrium problem with combined
mode. *e upper-level program then minimizes the total
travel cost by using the capacities and fares of parking lots as
control variables. Huang and Li [5] transformed a multi-
modal network to one called state-augmented multimodal
system by using a state-augmented technique. In the Sam
network, the numbers and kinds of transfer and nonlinear
fare structures for buses can be captured. However, the
application of the approach is limited due to the difficulty of
the construction of the Sam network. Recently, Huang and
Li [5] presented a variational inequality formulation for
modeling a two-mode elastic demand transportation system
with park’n ride trips.

*e multiple traveler behaviors (mode, route, transfer
point choice, etc.) can be integrated into a general variational
inequality formulation.*e heuristic algorithm based on the
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block Gauss-Seidel decomposition approach was proposed to
solve the related problem. Kim et al. [6] used discrete choice
modeling to develop equivalent mathematical programming
formulations for the combined modal split and traffic as-
signment problem that explicitly considers mode and route
similarities under congested networks. Ryu and Chen [7]
provided an alternate weibit-based model for the combined
modal split and traffic assignment problem that explicitly
finds both similarities and heterogeneous perception vari-
ances under congestion. Liu et al. [8] presented a combined
modal split and traffic assignment model to evaluate the
impacts of park-and-ride behavior on the network flows. *e
models, as mentioned earlier for network equilibrium
problems with combined mode, are static. It is well known
that treating the problem from a static perspective might miss
essential dynamic aspects of the issues. To overcome the
limitation, the conceptual dynamic traffic network model
with the combined mode is proposed in this paper. *e ul-
timate aim of the proposed model is to evaluate the effects of
transport policies such as improving the transfer facility and
adjusting bus fare and capacity and so on.

In this paper, for the simplicity of the exposition, we
study a classical combined-mode problem. We classify
travelers into two classes: one is pure-mode travelers who
complete a trip by the private car, and another is combined-
mode travelers who take the first part of a trip by the private
car from origin r to parking lot t, walk to riding lot t’, and
then complete the remainder of the trip by the bus from
riding lot t’ to destination s. *ere exist two vehicle types in
the transportation system: cars and buses. *e single-mode
deterministic point queue model can be extended to a
multimode point queue model for modeling time and spatial
interactions between cars and buses on a network.

In this paper, we use the nested-logit-type functions to
capture the complex traveler choice behaviors for two classes
(departure time, transfer point, route choices, etc.). A dy-
namic traffic network model with combined mode under
hierarchical structures can be formulated in an integrated
way as a variational inequality problem.*e reminder of the
paper is as follows. In Section 2, we propose a conceptual
dynamic traffic network model with combined mode. Sec-
tion 3 discusses the complex travel behaviors and offers a
variational inequality formulation in an integrated way.
Further, in Section 4, the heuristic algorithm is described.
Finally, a numerical example is given to demonstrate the
effectiveness of the proposed model and algorithm.

2. Model Formulation

We consider a road networkG(N,A) composed of a finite set
of nodes, N, and a finite set of directed links, A. Let R be the
set of origin nodes and let r represent an origin r ∈ R. Let S
be a set of destination nodes and let s represent a destination
s ∈ S. Let a be a link, and let p be a route, which is simply an
acyclic ordered set of links, {a1, a2, . . ., an}, which connects
an origin r and a destination s. Prs represents the set of all
feasible routes (including combined routes for combined-
mode travelers) between an OD pair (r, s). Denote pb as a bus
line composed of a finite set of the road links. Pb, pb ∈ Pb,

represents the set of all bus lines. Here, two modes of
transportation are explicitly considered: bus and car. We
consider two kinds of link: one is the general road link used
by car and bus, and another is the transfer link (t, t’) used by
combined-mode travelers. Denote (t, t’) as a transfer link;
here t is a parking lot (transfer point) in the road network,
and t’ is a t-nearby riding lot (bus stop) in the road network.
Furthermore, denote Prs

1 as the set of routes used by pure-
mode travelers between OD Pair rs, denote Prs

2 as the set of
combined routes used by combined-mode travelers be-
tween OD Pair rs, and Prs � Prs

1 ∪Prs
2 ,∀rs ∈ RS. Denote Prs

2t

as the set of combined routes via transfer point t
used by combined-mode travelers between OD Pair rs;
Prs
2t ∈ Prs

2 ,∀rs ∈ RS. A combined route that used pt, pt ∈ Prs
2t,

by a combined-mode traveler between OD pair rs consists
of three parts: the road part by car from origin r to parking
lot t (let pc

t be the link set of the parts), the transfer part for
walking from parking point t to riding lot t’, and the road
part by bus from riding lot t’ to destination s (let pb

t be the
link set of the parts). *en we have pt � pc

t , (t, t′), pb
t )􏼈 . Trs

represents the set of all possible transfer points to be chosen
between OD pair rs. Both “path” and “route” are used
without difference in this paper.

*e studies’ horizon is discretized into m intervals of
length δ such that T � m · δ. In other words, we have in-
tervals, and index k represents the interval [(k − 1) · δ, k · δ).
Here, it is assumed that the study horizon is long enough to
ensure that all travelers can exit from the network after the
time T. On the other hand, it is also assumed that the value of
δ is small enough so that the discrete-time model can ap-
proximate its continuous-time counterpart. Further, it is
assumed that the flow rate, specified either by link or by
route, is constant during a given interval.

2.1. Dynamic Network Model. Li and Su, [9] and Li and Ju
[10] proposed a multimode stochastic dynamic simulta-
neous route/departure time equilibrium model and proved
that the multimode deterministic point model within each
mode-user meets the FIFO discipline, and the speeds of
different modes approach consistency during congestion.
Each link consists of two distinct segments.*e first segment
is the running segment of the link on which car (bus) can run
according to the free-flow velocity of cars (buses). In other
words, cars (buses) experience the constant running time
tc
a(tb

a) to the exit queue segment of link. *e second segment
is the exit queue segment (car and bus are assumed to be a
point without length). *e queue delay experienced by cars
(buses) is caused by the limited link exit capacity (in Pcu) or
the maximum link exit flow rate (in Pcu/h).

2.1.1. Link Dynamic Model. *e traffic flow of cars (buses),
uc

a(k1)(ub
a(k1)), entering link a during interval k1, experi-

ences the constant running time tc
a(tb

a) to arrive at the exit
queue of the link, and the arrival flow rate of cars (buses) to
the exit queue segment during interval k on link a is
uc

a(k − tc
a)(ub

a(k − tb
a)). *e departure flow rate of cars

(buses) from the exit queue segment during interval k is
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vc
a(k)(vb

a(k)). *us, the link dynamic model on link a can be
formulated as follows:

q
c
a(k) − q

c
a(k − 1)

δ
� u

c
a k − t

c
a( 􏼁 − v

c
a(k), ∀a, k, (1)

q
b
a(k) − q

b
a(k − 1)

δ
� u

b
a k − t

b
a􏼐 􏼑 − v

b
a(k), ∀a, k. (2)

where qc
a(k) (qb

a(k)) represents the queue length of cars
(bus) at the bottleneck of link an at interval k. Equations (1)
and (2) show that the queue length marginal change of cars
(bus) is equal to the difference between the arrival flow rate
of cars (bus) to exit queue segment during interval k − tc

a(k −

tb
a) and the departure flow rate of cars (bus) from exit queue
segment during interval k on link a [9, 10].

2.1.2. Link Exit Model. *e temporal and spatial interactions
of cars and buses mainly appear in the exit queue segment of
the link, if the sum of queue lengths of cars and bus, qa(k)

(here, let qa(k) � pcu · qc
a(k) + pcub · qb

a(k), in passenger car
units) is equal to zero. In other words, cars and bus will pass
the exit queue without delay. According to nonnegativity of
the queue lengths of cars and bus, we can obtain
qc

a(k) � 0, qb
a(k) � 0. Substituting it into equations (1) and

(2), we can obtain

v
c
a(k) � u

c
a k − t

c
a( 􏼁 +

q
c
a(k − 1)

δ
, ∀a, k, (3)

v
b
a(k) � u

b
a k − t

b
a􏼐 􏼑 +

q
b
a(k − 1)

δ
, ∀a, k. (4)

If qa(k)> 0 or the sum of arrival flow rates of cars and
buses to the exit queue segment va(k) � pcu · uc

a(k − tc
a) +

pcub · ub
a(k − tb

a) + (pcu · qc
a(k − 1) + pcub · qb

a(k − 1))/δ is
more than sa, then the arrival flow rate to the exit queue
segment must not wait, and the flow rate exiting from the
link exit queue segment is sa. According to the assumption in
(2), the link flow rates of cars and buses exiting from the exit
queue segment can be calculated as follows:

v
c
a(k) �

u
c
a k − t

c
a( 􏼁 + q

c
a(k − 1)/δ

va(k)
· sa, ∀a, k, (5)

v
b
a(k) �

u
b
a k − t

b
a􏼐 􏼑 + q

b
a(k − 1)/δ

va(k)
· sa, ∀a, k. (6)

Furthermore, equations (1) and (2) can be rewritten,
respectively, as follows:

q
c
a(k) �

u
c
a k − t

c
a( 􏼁 · δ + q

c
a(k − 1) −

u
c
a(k) · δ + q

c
a(k − 1)

va(k)
· sa, if va(k)≥ sa, ∀a, k,

0, otherwise,

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(7)

q
b
a(k) �

u
b
a k − t

b
a􏼐 􏼑 · δ + q

b
a(k − 1) −

u
b
a(k) · δ + q

b
a(k − 1)

va(k)
· sa, if va(k)≥ sa, ∀a, k,

0, otherwise.

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(8)

2.1.3. Link Travel Time. *e total link travel times for cars
and buses entering link a during interval k are the sum of the
travel times of the running segment and the queue delay, as
given below.

t
b
a(k) � t

b
a + d

b
a(k), t

c
a(k) � t

c
a + d

c
a(k) ∀a, k, (9)

where

d
c
a(k) �

qa k + t
c
a( 􏼁

sa

, ∀a, k, (10)

d
b
a(k) �

qa k + t
b
a􏼐 􏼑

sa

, (11)

where dc
a(k) and db

a(k) express the queue delays of cars and
buses entering link a during interval k which are dependent
on the link total queue length, respectively. *e cars and
buses entering link a during interval k will spend the travel
time tc

a, tb
a to arrive at the exit queue.
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2.1.4. Flow Conservation

uf
rs
ap(k) �

f
rs
p (k), a is first link on routep, ∀p ∈ P

rs
1 ,∀k ∈ K,∀a ∈ p,∀rs ∈ RS,

vf
rs
bp(k), b is link preceding link a on routep,

⎧⎨

⎩ (12)

uf
rs
aqt(k) �

f
rs
qt(k), a is first link on route qt, ∀qt ∈ P

rs
2 ,∀k ∈ K,∀a ∈ qt,∀rs ∈ RS,

vf
rs
bqt(k), b is link preceding link a on route qt,

⎧⎨

⎩ (13)

where equations (12) and (13) depict the flow conservation
constraints of pure-mode and combined-mode travelers
at the origin and the other nodes, respectively. ufrs

ap(k)

and vfrs
ap(k) are the inflow and departure flow rate of

pure-mode travelers entering link a of route p between
OD pair rs during interval k, respectively; ufrs

aqt(k) and
vfrs

aqt(k) are the inflow and departure flow rate of com-
bined-mode travelers entering link a of route q via

transfer point t between OD pair rs during interval k,
respectively; frs

p (k) represents the inflow rate of pure-
mode travelers entering route p between OD pair rs during
interval k. frs

qt(k) represents the inflow rate of combined-
mode travelers entering route q via transfer point t be-
tween OD pair rs during interval k.

*e flow conservation of buses can be expressed as
follows:

uapb(k) �
Fpb, a is first link on bus linepb, ∀a ∈ pb,∀pb ∈ Pb,∀k ∈ K,

vdpb(k), d is link preceding link a on bus linepb,

⎧⎨

⎩ (14)

where uapb(k) is the flow rate of buses entering link a of bus
line pb, which is the general road link during interval k.
vdpb(k) is the flow rate of buses exiting link d of bus line pb
during interval k. Link d is the predecessor of link a on bus
line pb. When link a is first link on bus line pb, the inflow rate

on link a of bus line pb is equal to the bus dispatching
frequency of bus line pb, Fpb.

2.1.5. 9e Route-Specific Link Flow. *e traveler flow rates
on the link can be given as follows:

uf
t
a(k) � 􏽘

rs∈RS

􏽘
pt

uf
rs
apt(k), ∀a ∈ t, t′( 􏼁, k ∈ K, (15)

uf
b
a(k) � 􏽘

rs∈RS

􏽘
t

􏽘
pt

uf
rs
apt(k), ∀a ∈ p

b
t , k ∈ K, (16)

uf
c
a(k) � 􏽘

rs

􏽘
p

uf
rs
ap(k) + 􏽘

rs

􏽘
t

􏽘
pt

uf
rs
apt(k) · ψa,pt, ∀a ∈ L, k ∈ K, uf

t
a(k), (17)

where uft
a(k) represents the flow rate of combined-mode

travelers entering transfer link (t, t’) during interval k.
ufb

a(k) represents the flow rate of combined-mode
travelers on bus entering link a during interval k. ufc

a(k)

describes the flow rate of travelers (including combined-
mode and pure-mode travelers) on the car entering link a
during interval k. ψa,pt �1 if link a lies on the link before

transfer link (t, t’) of route pt, a ∈ pc
t , and ψa,pt � 0 oth-

erwise, a ∈ pb
t . *e first term on the right side of equation

(17) expresses the flow rate of pure-mode travelers on link
a during interval k. *e second term on the right side of
equation (17) expresses the flow rate of combined-mode
travelers by the car at the first part of a trip on link a
during interval k.
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*e link inflow rates of cars and buses can be expressed
as follows:

u
c
a(k) � uf

c
a(k)/ϖrs, ∀a ∈ L, k ∈ K, (18)

u
b
a(k) � 􏽘

pb∈Pb

uapb(k), ∀a ∈ L, k ∈ K, (19)

where ϖrs is the fixed average car occupancy rate between
OD pair rs.

*e following relationship must hold to satisfy the FIFO
within each mode (car and bus):

vapb(k) �
uapb k1( 􏼁

u
b
a k1( 􏼁

v
b
a(k), k1 + t

b
a k1( 􏼁 � k, ∀a ∈ L,∀k ∈ K,∀pb ∈ Pb, (20)

v
rs
apc(k) �

u
rs
apc k1( 􏼁

u
c
a k1( 􏼁

v
c
a(k), k1 + t

c
a k1( 􏼁 � k, ∀a ∈ L,∀k ∈ K,∀p ∈ P

rs
,∀rs ∈ RS, (21)

where urs
apc(k) and vrs

apc(k) are the inflow and departure flow
rates of cars on link a of route p between OD pair rs during
interval k, respectively. urs

apc(k) � ufrs
ap(k)/ϖrs or

ufrs
apt(k)/ϖrs. Equations (20) and (21) represent the ways of

calculation of the route-specific link flow rate, respectively. A
similar way was used to determine the route-specific or
destination-specific link flow rate [11, 12]. Here, we assume

that cars and buses belonging to different routes are ran-
domly mixed in the link provided that they arrive at the link
at the same interval.

Substituting urs
apc(k) � ufrs

ap(k)/ϖrs or ufrs
apt(k)/ϖrs into

equation (21), the route-specific flow rates for pure-mode
and combined-mode travelers by private car on link a can be
calculated as follows:

vf
rs
ap(k) �

uf
rs
ap k1( 􏼁

u
c
a k1( 􏼁

v
c
a(k), k1 + t

c
a k1( 􏼁 � k, ∀a ∈ L,∀k ∈ K,∀p ∈ P

rs
1 ,∀rs ∈ RS, (22)

vf
rs
apt(k) �

uf
rs
apt k1( 􏼁

u
c
a k1( 􏼁

v
c
a(k), k1 + t

c
a k1( 􏼁 � k, ∀a ∈ p

c
t , k ∈ K, pt ∈ P

rs
2t, t ∈ T

rs
, rs ∈ RS, (23)

where equations (22) and (23) represent the ways of cal-
culation of the route-specific link flow rates associated with
pure-mode travelers and combined-mode travelers using
cars on link a. Furthermore, we assume that the pure-mode
and combined-mode travelers on different routes randomly

distribute themselves among cars entering link a at the same
interval.

Similar to equations (22) and (23), the route-specific link
flow rate of combined-mode travelers on buses can be
expressed as follows:

vf
rs
apt(k) �

uf
rs
apt k1( 􏼁

u
b
a k1( 􏼁

v
b
a(k), k1 + t

b
a k1( 􏼁 � k, ∀a ∈ pt, k ∈ K, pt ∈ P

rs
2t, t ∈ T

rs
, rs ∈ RS. (24)

Here, we assume that the combined-mode travelers on
different combined routes randomly distribute themselves
among buses entering link a at the same interval.

2.1.6. Transfer Link. Huang and Li [5] proposed several
different ways to model the transfer behavior of travelers
on the transfer link. In this section, the travel times ex-
perienced by combined-mode travelers on the transfer
link can be calculated based on the point queue model.

Firstly, we assume that the exit capacity of the transfer
link, sa, is the time-invariant constant. Combined-mode
travelers entering transfer link (t, t’) experience the
constant travel time tt

a (including parking time, walking
time from parking lot to riding lot t’, and average waiting
time for the bus at bus stop t’) to arrive at bus stop t’. Due
to the limited exit capacity of transfer link (t, t’), the
combined-mode travelers arriving at bus stop t’ must not
wait and form a queue.
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*e departure flow rate of combined-mode travelers on
transfer link (t, t’) is given as follows:

vf
t
a(k) �

uf
t
a k − t

t
a􏼐 􏼑 + q

t
a(k − 1)/δ, if uf

t
a k − t

t
a􏼐 􏼑< sa,

sa, otherwise,
∀a ∈ t, t′( 􏼁, k.

⎧⎨

⎩ (25)

*e link queue model on the transfer link can be
expressed as follows:

q
t
a(k) �

uf
t
a k − t

t
a􏼐 􏼑 − sa􏼐 􏼑 · δ + q

t
a(k − 1), if uf

t
a k − t

t
a􏼐 􏼑≥ sa,

0, otherwise,
∀a ∈ t, t′( 􏼁, k.

⎧⎨

⎩ (26)

where qt
a(k) is the number of combined-mode travelers

waiting at the bus stop (riding lot) t’ on transfer link (t, t’) at
interval k.

*e total travel time over link a for a combined-mode
traveler entering transfer link during interval k is given as
follows:

t
t
a(k) � t

t
a +

q
t
a k + t

t
a􏼐 􏼑

sa

, ∀a ∈ t, t′( 􏼁, k. (27)

*e second term on the right side of the above equation
expresses the overload delay time at the bus stop due to the
limited capacity of the transfer link.

*e following equation can give the route-specific link
flow rate of combined-mode travelers to satisfy the FIFO on
transfer link (t, t’) similar to equations (22)–(24):

vf
rs
apt(k) �

uf
rs
apt k1( 􏼁

u
t
a k1( 􏼁

v
t
a(k), k1 + t

t
a k1( 􏼁 � k, ∀a ∈ t, t′( 􏼁,∀k ∈ K,∀pt ∈ P

rs
2 ,∀rs ∈ RS, (28)

where we assume that the combined-mode travelers be-
longing to different routes are randomly mixed in the queue
of bus stop provided that they arrive at the transfer link at the
same interval. urs

apt(k1) and vrs
apt(k1)(a ∈ (t, t′)) are the

inflow rate and departure flow rate of combined-mode
travelers entering transfer link (t, t’) of route pt between OD
pair rs during interval k, respectively.

In the above studies, we use multimode dynamic traffic
flow model to model the interaction of vehicles such as
cars and buses. Further, the conversion between the
traveler flow and the vehicle flow can be realized at the
route-specific link flow and transfer link, and so forth. So
the problem with the parallel paths for buses can be
solved.

2.1.7. Link Travel Cost and Route Travel Cost. *e travel
costs for different travelers can be given on link a, which is
either a road link or transfer link, as follows. Also, we define
the unit of travel cost in money terms.

c
t
a(k) � ct · t

t
a(k) + ρt, ∀a ∈ t, t′( 􏼁, k, (29)

c
c
a(k) � α1 · t

c
a(k), ∀a ∈ L, k ∈ K, (30)

c
b
a(k) � α2 · t

b
a(k) + λ2

ufb
a(k)

ub
a(k) · cb

􏼠 􏼡

2

∀a ∈ L, k, (31)

where equation (29) represents the travel cost incurred by
combined-mode travelers entering transfer link (t, t’)
during interval k. Equation (30) represents the travel cost
incurred by travelers (including pure-mode and com-
bined-mode travelers) by a private car entering link a
during interval k. Equation (31) represents the travel cost
incurred by combined-mode travelers by bus entering
link a during interval k, where ct, α1, and α2 are the
coefficients that transform the travel time into the travel
cost, λ2 is a conversion coefficient too, and the parameter
ρt is the fare (RMB) associated with transfer link (t, t’)
such as parking fare. *e second term (ufb

a(k)/ub
a(k) · cb)2

on the right side of equation (31) expresses the discomfort
that is experienced by a combined-mode traveler by bus
on a link a.

Now we use the nested function to establish the route
travel times and route travel costs for pure-mode and
combined-mode travelers. Note that the calculation of
route travel time and travel cost for pure-mode travelers is
different from that for combined-mode travelers. *e
travel times required to traverse route p � {a1, a2, . . ., an}
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for pure-mode travelers entering the network during
interval k can be given as follows:

t
rs
p (k) � t

c
a1

(k) + t
c
a2

k + t
c
a1

(k)􏼐 􏼑 + · · ·

+ t
c
an

k + t
c
a1

+ t
c
a2

+ · · · + t
c
an−11

􏼐 􏼑, ∀rs ∈ RS, p ∈ P
rs
1 ,

(32)

where tc
a1

� tc
a1

(k), tc
a2

� tc
a2

(k + tc
a1

(k)). . .for short.
*e route travel cost experienced by a pure-mode

traveler entering route p between OD pair rs during interval
k is given as follows:

c
rs
p (k) � c

c
a1

(k) + c
c
a2

k + t
c
a1

(k)􏼐 􏼑 + · · ·

+ c
c
an

k + t
c
a1

+ t
c
a2

+ · · · + t
c
an−1

􏼐 􏼑, ∀rs ∈ RS, p ∈ P
rs
1 .

(33)

*e route travel time and route travel cost for a com-
bined-mode traveler can be classified into three sections
associated with the three parts of the combined route (from
origin r to parking lot t by car, from t to riding point t’ by
walk, and from t’ to destination s by bus). *us, the travel
time required to traverse route pt� {a1, a2, . . ., at, (t, t’), at’, ..,
an} for combined-mode travelers entering the network
during interval k can be given as follows:

t
rs
pt(k) � t

c
a1

(k) + t
c
a2

k + t
c
a1

(k)􏼐 􏼑 + · · ·

+ t
c
at

k + t
c
a1

+ t
c
a2

+ · · · + t
c
at−1

􏼐 􏼑

+ t
t
at

k + t
c
a1

+ t
c
a2

+ · · · + t
c
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􏼐 􏼑

+ t
b
a
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k + t

c
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+ t
c
a2

+ · · · + t
c
at

+ t
t
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􏼐 􏼑 + · · ·

+ t
b
a

t′
k + t

c
a1

+ t
c
a2

+ · · · + t
c
at

+ t
t
at

+ t
b
a

t′
+ · · · + t

b
an−1

􏼒 􏼓, ∀p ∈ P
rs
2 .

(34)

*e route travel cost experienced by a combined-mode
traveler entering route pt via transfer point t between OD
pair rs during interval k can be expressed as follows:

c
rs
pt(k) � c

c
a1

(k) + c
c
a2

k + t
c
a1

(k)􏼐 􏼑 + · · ·

+ c
c
at

k + t
c
a1

+ t
c
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+ · · · + t
c
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􏼐 􏼑

+ c
t
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k + t
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+ · · · + t
c
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􏼐 􏼑

+ c
b
a
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c
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+ t
c
a2

+ · · · + t
c
at

+ t
t
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􏼐 􏼑 + · · ·

+ c
b
a

t′
k + t

c
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+ t
c
a2

+ · · · + t
c
at

+ t
t
at

+ t
b
a

t′
+ · · · + t

b
an−1

􏼒 􏼓, ∀p ∈ P
rs
2 ,

(35)

Considering the schedule delay costs of arriving at
destinations as well as bus fare, we give the generalized route
travel cost functions for pure-mode and combined-mode
travelers as follows:

C
rs
p k, f, ft( 􏼁 � c

rs
p (k) +

β · k
∗
rs − Δrs − k − t

rs
p (k)􏽨 􏽩, if k + t

rs
p (k)< k

∗
rs − Δrs,

c · k + t
rs
p (k) − k

∗
rs − Δrs􏽨 􏽩, if k + t

rs
p (k)> k

∗
rs + Δrs,

0, otherwise,

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(36)

C
rs
pt k, f, ft( 􏼁 � c

rs
pt(k) + λb · ρt′s,b +

β · k
∗
rs − Δrs − k − t

rs
pt(k)􏽨 􏽩, if k + t

rs
pt(k)< k

∗
rs − Δrs,

c · k + t
rs
pt(k) − k

∗
rs − Δrs􏽨 􏽩, if k + t

rs
pt(k)> k

∗
rs + Δrs,

0, otherwise,

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(37)

where β is the unit cost of schedule delay time-early, c is the
unit cost of schedule delay time-late, and [k∗rs − Δ, k∗rs + Δ] is
the window of arrival times at destination s. k∗rs is middle
point of the time window and may represent the official
work start time for trips between OD pair rs. ρt′s,b in
equation (37) represents the nonadditive bus fare from
riding lot (bus stop) t’ to destination s and λb is a conversion
parameter. f(ft) is the vector of all route inflow rates for
pure-mode (combined-mode) travelers.

2.2. Traveler Choices. Figure 1 shows the nested choice
process of travelers during regular peak hour periods. Here,
we assume that the travel choice process can be broken down

into a sequence of mobility choices represented by a choice
tree. Pure-mode travelers who complete a trip by car first
decide what time to depart and then which route to follow;
otherwise, combined-mode travelers who complete a trip by
car and bus first determine what time to leave and then what
transfer link to choose and finally which route via transfer
link (t, t’) to follow.

2.2.1. 9e Traveler Choices for Pure-Mode Travelers. For
pure-mode travelers, their route and departure time
choices are random to a certain extent because they only
have partial information for decision-making. Here, we
assume that a pure-mode traveler first chooses what time
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to depart and then which route to follow. A nested-logit
formulation is used in modeling the sequential decision-
making process. *e behavior that a pure-mode traveler

departing during interval k between OD pair rs selects
route p can be expressed as follows:

f
rs
p (k) � qe

rs
1 (k)

exp −θrs
R · C

rs
p (k, ·)􏼐 􏼑

􏽐p∈Prs
1
exp −θrs

R · C
rs
p (k, ·)􏼐 􏼑

, ∀p ∈ P
rs
1 ,∀rs ∈ RS,∀k ∈ K, (38)

where qers
1 (k) is the number of pure-mode travelers during

interval k between OD pair rs. θrs
R is the parameter calibrated

on observed data that reflect the route travel cost uncertainty
on route choices of pure-mode travelers.*e larger the value
of θrs

R is, the smaller the perception error to route travel cost
is. When θrs

R leads to infinity, a pure-mode traveler will tend
to select the route with minimum generalized unit travel
cost.

*e expected minimum costs (EMC) for pure-mode
travelers departing during interval k between OD pair rs can
be given as follows:

μrs
1 (k) � −

1
θrs

R

ln 􏽘
p∈Prs

1

exp −θrs
R · C

rs
p (k)􏼐 􏼑⎛⎝ ⎞⎠

� C
rs
p (k) +

1
θrs

R

ln
f

rs
p (k)

qe
rs
1 (k)

􏼠 􏼡, ∀rs ∈ RS,∀k ∈ K.

(39)

*e departure time choice behaviors for pure-mode
travelers can be described as follows:

qe
rs
1 (k) � qe

rs
1

exp −θrs
D · μrs

1 (k)( 􏼁

􏽐k∈Kexp −θrs
D · μrs

1 (k)( 􏼁
, ∀rs ∈ RS,∀k ∈ K,

(40)

where qers
1 is the number of pure-mode travelers between

OD pair rs. *e parameter θrs
D reflects the travel cost sen-

sitivity on departure time choices. To ensure the validity of
formulations (38)–(40), θrs

R ≥ θ
rs
D must hold.

*e EMC for pure-mode travelers between OD pair rs is
given as follows:

μrs
1 � −

1
θrs

D

ln 􏽘
p∈Prs

1

exp −θrs
D · μrs

1 (k)( 􏼁⎛⎝ ⎞⎠

� μrs
1 (k) +

1
θrs

D

ln
qe

rs
1 (k) · δ

q
rs
1

􏼠 􏼡, ∀rs ∈ RS.

(41)

Substituting equation (39) and then equation (38) into
equation (41), we can obtain

μrs
1 � C

rs
p (k, ·) +

1
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R

ln
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rs
p (k)

q
rs
1 (k)

􏼠 􏼡 +
1
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1 (k) · δ

q
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1

􏼠 􏼡

�
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θrs
D

· C
rs
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R − θrs

D

θrs
D · θrs

R

ln 􏽘
p∈Prs

1

exp −θrs
R · C

rs
p (k, ·)􏼐 􏼑⎛⎝ ⎞⎠

+
1
θrs

D

ln
f

rs
p (k) · δ
qe

rs
1

.

(42)

*e above equation is similar to the result derived by
Huang and Li [5]. Here, following Huang and Li [5], for each
generalized unit route travel cost of pure-mode travelers
Crs

p (k), we define a so-called augmented travel cost that is
equal to the right-hand side of equation (42).

Combined mode Pure mode

Departure time

Route

Departure time

Route

Departure time

Transfer point (link)

Departure time

Transfer point (link)

Path via
transfer point

Path via
transfer point

Figure 1: *e nested choice process of travelers.
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􏽢C
rs

p (k, ·) �
θrs

R

θrs
T

· C
rs
p (k, ·) +

θrs
R − θrs

T

θrs
T · θrs

R

ln 􏽘
p∈Prs

1

exp −θrs
R · C

rs
p (k, ·)􏼐 􏼑⎛⎝ ⎞⎠ +

1
θrs

T

ln
f

rs
p (k) · δ
qe

rs
1

. (43)

Lam and Huang [13] indicate the equalization of aug-
mented travel cost 􏽢C

rs

p (k) for all used routes p and selected
departure time k implies a nested-logit stochastic dynamic
route and departure time equilibrium solution as given by
equations (38)–(40).

*erefore, the nested-logit stochastic dynamic route and
departure time equilibrium condition for pure-mode trav-
elers can be given as follows:

􏽢C
rs

p (k, ·)

� Ĉ
rs

min, if f
rs
p (k)> 0

> Ĉ
rs

min, if f
rs
p (k) � 0

⎧⎪⎪⎨

⎪⎪⎩
∀p ∈ P

rs
1 , k ∈ K, rs ∈ RS, (44)

where 􏽢C
rs

min � min 􏽢C
rs

p (k, ·), p ∈ Prs
1 , k ∈ K}􏽮 . Under the

equilibrium condition, the augmented travel cost experi-
enced by all pure-mode travelers between OD pair rs is equal
and minimum and less than (or equal to) the expanded
travel cost for pure-mode travelers on any unused routes.
Pure-mode travelers cannot modify departure time and
route choices to diminish the expanded travel cost.

*e above SUE-SRD equilibrium condition of pure-
mode travelers can be expressed by a finite-dimensional
variational inequality formulation.

Find a vector 􏽢f
∗
∈ Ω if and only if it satisfies

􏽘
rs

􏽘
p

􏽘
k

􏽢C
rs

p k, f
∗
, ft( 􏼁 f

rs
p (k) − f

rs∗
p (k)􏼐 􏼑≥ 0, ∀f ∈ 􏽢Ω,

(45)

where 􏽢Ω is a closed convex.

􏽢Ω � f | 􏽘
p

􏽘
k

f
rs∗
p (k) �

qe
rs
1
δ

, f
rs
p (k)≥ 0, ∀rs

⎧⎨

⎩

⎫⎬

⎭. (46)

2.2.2. 9e Traveler Choices for Combined-Mode Travelers.
A combined-mode traveler uses the car in the first part of the
trip, walks at the transfer link, and then uses the bus to
complete the trip. Here, we assume that a combined-mode
traveler first decides what time to depart and then which
transfer point to choose and finally which route via transfer
point to follow. Similar to pure-mode travelers’ travel choice
analysis, the sequential decision-making process of com-
bined-mode travelers results in a nested-logit formulation.
*e behavior that a combined-mode traveler departing
during interval k between OD pair rs selects route p via
transfer point t can be depicted as follows:

f
rs
pt(k) � qe

rs
2t(k)

exp −θrs,t
R · C

rs
p (k, ·)􏼐 􏼑

􏽐p∈Prs
2t
exp −θrs,t

R · C
rs
p (k, ·)􏼐 􏼑

, ∀p ∈ P
rs
2t, t ∈ T

rs
, rs ∈ RS, k ∈ K, (47)

where qers
2t(k) is the number of combined-mode travelers

during interval k between OD pair rs via transfer point t. θrs,t
R

is the parameter that reflects the travel cost sensitivity on
route choices of combined-mode travelers.

*e EMC for combined-mode travelers during interval k
between OD pair rs via transfer point t is given as follows:

μrs
2t(k) � −

1
θrs,t

R

ln 􏽘
p∈Prs

2t

exp −θrs,t
R · C
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pt(k, ·) +

1
θrs,t

R

ln
f

rs
pt(k)

qe
rs
2t(k)

􏼠 􏼡 ∀t ∈ T
rs

, rs ∈ RS, k ∈ K. (48)

Journal of Advanced Transportation 9



*e transfer point choice behaviors for combined-mode
travelers can be depicted as follows:

qe
rs
2t(k) � qe

rs
2 (k)

exp −θrs,t
T · μrs

2t(k) − χrs
t( 􏼁􏼐 􏼑

􏽐
t∈Trs

exp −θrs,t
T · μrs

2t(k) − χrs
t( 􏼁􏼐 􏼑

, ∀t ∈ T
rs

, rs ∈ RS, k ∈ K, (49)

where qers
2 (k) is the number of combined-mode travelers

during interval k between OD pair rs. θrs,t
T is the parameter

that reflects the travel cost sensitivity on transfer point

choices of combined-mode travelers. χrs
t represents the

relative attractiveness of transfer point t.
*e EMC for combined-mode travelers during interval k

between OD pair rs is given as follows:
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1
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T

ln 􏽘
t∈Trs
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T
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2t(k)
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2 (k)

􏼠 􏼡, ∀k ∈ K, rs ∈ RS. (50)

Finally, the departure time choice behaviors for com-
bined-mode travelers can be expressed as follows:

qe
rs
2 (k) � qe

rs
2

exp −θrs,t
D · μrs

2 (k)􏼐 􏼑

􏽐
k∈K

exp −θrs,t
D · μrs

2 (k)􏼐 􏼑
, ∀rs ∈ RS, k ∈ K,

(51)

where qers
2 is the number of combined-mode travelers be-

tween OD pair rs. *e parameter θrs,t
D reflects the travel cost

sensitivity on departure time choices. In order to ensure the
validity of formulations (47)–(51), θrs,t

R ≥ θ
rs,t
T ≥ θ

rs,t
D must

hold.
*e EMC for combined-mode travelers betweenOD pair

rs is given as follows:
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Substituting equations (48) and (50) into equation (52),
we can obtain
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Substituting equations (47) and (49) into equation (53),
we can obtain
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(54)
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We follow the analysis of the travel choice behaviors for
pure-mode travelers. For each generalized unit route travel
cost of combined-mode travelers Crs

pt(k, ·), we define a so-

called augmented travel cost that is equal to the right-hand
side of equation (54).
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(55)

Meanwhile, we can find the equalization of augmented
travel cost 􏽢C

rs

pt(k, ·) for all actually used route p via transfer
point t, chosen transfer point, and selected departure time k
implies a nested-logit stochastic dynamic route, transfer

point, and departure time equilibrium solution as the one
given by equations (47)–(51).

*erefore, the nested-logit stochastic dynamic route,
transfer point, and departure time equilibrium condition for
combined-mode travelers can be given as follows:

􏽢C
rs

pt(k, ·)
� Ĉ

rs

t,min, if f
rs
pt(k)> 0

> Ĉ
rs

t,min, if f
rs
pt(k) � 0

⎧⎪⎨

⎪⎩
∀pt ∈ P
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2t, t ∈ T

rs
, k ∈ K, rs ∈ RS, (56)

where 􏽢C
rs

t,min � min 􏽢C
rs

pt(k, ·), pt ∈ Prs
2t, t∈rs, k ∈ K}􏽮 . Under

the equilibrium condition, the augmented travel cost ex-
perienced by all combined-mode travelers between OD pair
rs is equal and minimum and less than (or equal to) the
expanded travel cost for combined-mode travelers on any
unused routes. *e combined-mode travelers cannot alter
departure time, transfer point, and route choices to diminish
the expanded travel cost.

*e above SUE-SRD equilibrium condition of com-
bined-mode travelers can be expressed by a finite-dimen-
sional variational inequality formulation.

Find a vector 􏽢f
∗
t ∈ Ωt if and only if it satisfies

􏽘
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pt (k)􏼐 􏼑≥ 0 ∀􏽢f ∈ 􏽢Ω,

(57)

where 􏽢Ωt is a closed convex.

􏽢Ωt � ft
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􏽘
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f
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qe
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2
δ

, f
rs
pt(k)≥ 0, ∀rs

⎧⎨

⎩

⎫⎬

⎭.

(58)

2.2.3. 9e Composite VI Formulation. *e composite VI
problem that integrates VI (45) with VI (57) is equivalent to
the above user equilibrium conditions (44) and (56)

*e composite VI model can be formulated as follows.
Find a vector (f∗ ∈ 􏽢Ω, f∗t ∈ 􏽢Ωt) that is a stochastic

dynamic user equilibrium pattern with combined mode if
and only if it satisfies the VI problem:

􏽘
rs

􏽘
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􏽘
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􏽢C
rs

p k, f
∗
, f
∗
t( 􏼁 f

rs
p (k) − f

rs∗
p (k)􏼐 􏼑 + 􏽘

rs

􏽘
p

􏽘
k

􏽘
t

􏽢C
rs

pt k, f
∗
, f
∗
t( 􏼁 f

rs
pt(k) − f

rs∗
pt (k)􏼐 􏼑≥ 0, ∀f∗ ∈ 􏽢Ω,∀f∗t ∈ 􏽥Ωt,

(59)

Here, we discuss the property of the solution to VI (59).
Huang [11] proved that the route travel cost functions are
continuous in route inflow rates for the simultaneous route
and departure time user equilibrium problem with single
user class. *e dynamic link model in this paper is similar to
the point queue model proposed by Huang and Williams
(2001). *us, we consider that the continuity of the

generalized unit route travel cost functions for pure-mode
and combined-mode travelers holds. Since 􏽢C

rs

ptk, ·) and
􏽢C

rs

pt(k, ·) are continuous andΩ is the compact convex set, VI
(59) admits at least a solution. In general, the monotonicity
of the generalized unit route travel cost functions cannot
hold; therefore, 􏽢C

rs

ptk, ·) and 􏽢C
rs

pt(k, ·) are not monotonic too.
Further, there exist multiple solutions in VI (59).
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3. Algorithms

In this section, we propose a heuristic algorithm to solve VI
(59). *e proposed algorithm is heuristic in that conver-
gence cannot be proved. Details of the heuristic algorithm
are described as follows.

Step.1 (Initialization): Choose initial route flow pat-
terns frs

p (k)(i), frs
pt(k)(i). Set the iteration index i� 1.

Step.2 (Dynamic network loading): Perform the dy-
namic network loading as described in (1)–(28)
according to the route flow pattern. Obtain the

corresponding route travel cost Crs
p (k)(i), Crs

pt(k)(i),
respectively.
Step.3 (Auxiliary route flow): Assign the demand of
pure-mode travelers qers

1(i) to the route by using
equations (38) and (40), and obtain the auxiliary route
flow rates of pure-mode travelers frs

p (k)∗(i). Assign the
demand of pure-mode travelers qers

2(i) to the route via
transfer link by using equations (47), (49), and (51), and
obtain the auxiliary route flow rates of combined-mode
travelers frs

pt(k)∗(i).
Step.4 (Method of successive average):

f
rs
pt(k)(i+1) � f

rs
pt(k)(i) +

1
i

f
rs
pt(k)
∗
(i) − f

rs
pt(k)(i)􏼐 􏼑, ∀pt ∈ P

rs
2t, t ∈ T

rs
, k ∈ K, rs ∈ RS,

f
rs
p (k)(i+1) � f

rs
p (k)(i) +

1
i

f
rs
p (k)
∗
(i) − f

rs
p (k)(i)􏼐 􏼑, ∀p ∈ P

rs
1 , k ∈ K, rs ∈ RS.

(60)

Step.5 (Convergence): If
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t,min(·)≤ ξ, stop;

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
(61)

otherwise, set i� i+1; then go to Step 2.

4. Simulation Examples

*e example network in Figure 2 consists of 9 nodes, 12
links, 2 bus lines, and 1 OD pair (1, 9).

*e route sets of pure-mode and combined-mode
travelers between OD pair (1, 9) are shown in Figure 3. *e
data associated with roads and transfer links of the network
are given in Table 1. *ese bus stops are not marked with a
superscript ” to avoid the confusion. Two bus lines are No.1
line� {5, 6, 9} and No.2 line� {5, 8, 9}. Hence, there are three
transfer points {5, 6, 8}. *e dispatching origins of two bus
lines are node 5. Let the dispatching frequency of two bus
lines be 12 (veh/h), and the capacity of the bus is 50 persons.
*e nonadditive bus fares (RMB/person) are as follows: for
bus lines No.1 and No.2, ρ5−6−9 � ρ5−8−9 � 1, ρ6−9 � ρ8−9 �

0.5. *e demands for pure-mode and combined-mode
travelers are 10000 and 4000, respectively.

*e example network with symmetric structure shows that
some routes and links will have the same traffic condition, such
as route and link inflow rate [11]. For pure-mode travelers, the
traffic conditions on routes 1 and 6 and routes 2, 3, 4, and 5 are
identical. For combined-mode travelers, the traffic conditions
on routes 2, 3, 4, and 5 via transfer point 5, on route 1 via
transfer point 6, and route 6 via transfer point 8, on routes 2
and 4 via transfer point 6, and on routes 3 and 5 via transfer

point 8 are identical.*us, we will discuss the numerical results
on routes 1 and 2 for pure-mode travelers, route 2 via transfer
point 5, route 1 via transfer point 6, and route 2 via transfer
point 6 for combined-mode travelers.

*e passenger car equivalents parameters of car and bus
are Pcu� 1 and Pcub � 2. Other input data are λ2 � 0.5, β � 8,
α1 � α2 � ct � 10, c � 22, Δm � 0.25 h, and km∗� 9.0 h. *e
study period is composed of four hours, from 6 : 00 am to 10 :
00 am, which is discretized into 400 intervals with
δ � 0.6min.

*e data associated with travel choices is as follows:

θ19R � 1, θ19,t
R � 1, θ19,t

T � 0.08, θ19D � 0.5, θ19,t
D � 0.5,

λ191 � 1, λ191 � 5, λ191N � 14.

(62)

*evalue of the convergence indicator is generally decreasing
as the iteration proceeds, although oscillations occur. While the
iteration number amounts to 50, the value of the convergence
indicator has a very small change in Figure 3. Figure 4 gives the
route inflow rates and the augmented travel costs on routes 1 and
2 for pure-mode travelers. We can find an approximate dynamic
equilibrium pattern for all route inflow rates of pure-mode
travelers betweenOD pairs (1, 9). Figure 5 shows the route inflow
rates and the augmented travel costs on route 2 via transfer point
5, route 1 via transfer point 6, and route 2 via transfer point 6 for
combined-mode travelers. From Figure 6, we can see that the
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equalization of the augmented travel costs for the chosen route via
transfer point, transfer point, and departure time can be obtained.
In other words, the stochastic dynamic user equilibrium for a
route via transfer point, transfer point, and departure time choices
of combined-mode travelers can be obtained.

Figure 6 shows the queue length of a car on some links at
all intervals. *e queuing peaks mainly occur on links 1 and
7. *ere are few queues on links 3(9), 5(11), and 6(12). Links
2, 4, 6, and 10 have a null queue. *ere are no passenger
queues on transfer links 55′, 66′, and 88′. *e queues of
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Table 1: *e link data.

Road network Transfer link
La tc

a tb
a Sa Ltt′

ttt′
Stt′

1 0.2 4000 55’ 0.01 1000
2 0.15 2000 66’ 0.01 1000
3 0.2 2500 88’ 0.01 1000
4 0.15 2000
5 0.1 0.15 2000
6 0.2 0.3 3000
7 0.2 4000
8 0.15 2000
9 0.2 2500
10 0.15 2000
11 0.1 0.15 2000
12 0.2 0.3 3000
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buses on links 5, 6, 11, and 12 are few due to the small bus
dispatching frequency at the origin of the bus.

5. Conclusions

In this paper, we propose an integrated variational inequality
formulation to model dynamic network equilibrium condi-
tions with combined mode. We classify travelers into two
classes: one is pure-mode travelers, and another is combined-
mode travelers. We use the nested-logit-type functions to
capture the complex traveler choice behaviors for two classes.
Finally, using a simple example demonstrates the validity of the
heuristic algorithms and model.

Future studies may focus on the extensions of the proposed
model, including individual transfer choices and the model
parameters calibrated. *e approach in this paper may be used
to assess the impacts of various traffic management policies
such as parking lot planning and park fare [14–17].
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