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Abstract. In this paper, we present some sufficient conditions for the
boundedness of convolution operators that their kernel satisfies a certain version
of Hérmander’s condition, in the weighted Lebesgue spaces L, ., (R™).

1. Introduction

Let R™ be n-dimensional Euclidean space, = (x1,...,2,), £ =
(€1,...,&,) are vectors in R™, x-& = 21& + ... + xp&n, |2| = (2 - 2)Y/2,
o =R™\ {0}.

Suppose that w be a positive, measurable, and real function defined
in R”, ie., is a weight function. By L, .(R™) we denote the space of
measurable functions f(x) on R™ with finite norm

1/p
ltyiae = ([ 1@Pstopte) 1< <.
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For w = 1, we obtain the nonweighted space Ly, i.e., L,1(R") = L,(R™).
We write f € LLOC(R”), 1 <p< oo, if f belongs to L,(F) on any closed
bounded set F' C R™.
Let K: Rl - R, K € L'*(R3), R} = R"\ {0}, be a function satisfying
the following conditions:

1) K(te) =K (txy,...,tx,) =t " K(z) for any t >0, x € R};

2) K(z)do(x) = 0;

|z|=1

1
3 [ it < oo where w(t) = sup KK )] for Ie] = ] =
o t le—n|<t
1.

Let f € L,(R"), 1 < p < o0, and consider the following singular integral
(1)
Tf(x)=pv. | K(z—y)fly)dy = lim K(z —y)f(y)dy.
R™ eV J{yeRn: |z —y|>e}
In the following theorem Calderon and Zygmund [5] proved the
boundedness of the operator T'.

Theorem 1. Suppose that the kernel K of the singular integral (1)
satisfies conditions 1) —3) and f € L,(R™), 1 <p < co. Then the singular
integral exists for x € R™ almost everywhere and the following inequalities
holds

ITfll,&y < Cillfllz,@n, 1<p<oo,
C
/ dir < 2 [ |f@)de,
{zER™ : |Tf(2)|>\} A Jgrn

where Cq, Cy > 0 is independent of f.

Hoérmander [13] imposed a weaker constraint on the kernel of the singular
integral (1), namely,

(2) /‘ K(z—y) — K(z)| dz < C,
{zeR™ : [z]|>2|y|}

where K € LP(Rj) and C > 0 is a constant independent of y. By
replacing condition 3) with condition (2), under conditions 1), 2) he proved
Theorem 1 for singular integrals with kernels satisfying condition (2). This
condition is related to condition 3), and under this condition, inequality (2)
holds ( see [19]).
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On the other hand, singular integrals whose kernels do not satisfy
Hormander’s condition (2) are widely considered, for example oscillatory
and some other singular integrals ( see [20]).

Suppose that K € Lo(R™) is a function, satisfying the following
conditions:

(K1) ||K]ls < C;

(K2) [K(z)| < B

(K3) There exist functions A1, ..., A,, € L (Ry), and the finite family
® = {¢1,...,¢0m} of essentially bounded functions in R™ such that
|det (¢ (yi)]|* € RHo(R™), y; €R™, ij=1,...,m;

(K4) For a fixed v > 0 and for any |z| > 2|y| > 0,

m

(3) K(z —y) - Z Ai(z) di(y)

=1

ol
<o
T eyt

where C' > 0 is a constant and I?({) :/ e T @O K (2)dx is the

Fourier transform of the function K. In gefleral, the functions A;,
@i, i =1,...,m defined in R are complex-valued.

Remark 1. Any kernel satisfying condition (3) also satisfies the condition

W /|r|>2y

Note that conditions (K1)— (K4) were imposed in [20] and condition (4)
was studied in [10]. For example, for m = 1, A;(z) = K(z), ¢1(y) =1
condition (4) yields Hoérmander’s condition (2). Note that, in this sense,
condition (4) is a generalization of Hérmander’s condition (2).

There exist other conditions stronger than condition (2) (see [9, 21]). The
function K(z) = (sinx)/x satisfies conditions (K1) — (K4) and does not
satisfy conditions 1), 2), and Hérmander’s condition (2) (see [3]).

m

K(z—y)—>_ Aiz)¢i(y)

i=1

dz < C, |z| > 2]y|.

Definition 1. [17] It is said that a locally integrable weight function w
belongs to Ap(R™), where 1 < p < oo, if

sup (|B|1/Bw(x)dm) <|B|1/Bw(yc)1fo’dgc>p1 < o0,

where the supremum is taken over all balls B C R™ and p' = %.
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For p=1, we say w € A;(R"), if

1
sup <|B|1/ w(x)dx) ess sup —— < 00,
B B B w(r)

or
|B|*1/ w(z)dx < Cw(z) ae.z €B
B

for any balls B C R™.

Suppose that the function K satisfies conditions (K1) — (K4). For
feL,(R"),1<p< oo define the following convolution operator generated
by the kernel K as

() Afw) = | Klw=y) fly)dy.
For the convolution operator (5), the following theorem holds.
Theorem 2. [20] Suppose that w € A,(R™), 1 <p < oo, and the kernel

of the convolution operator (5) satisfies conditions (K1) — (K4). Then the
following inequalities holds:

I1Afl L, ..y < CslfllL, . @), 1 <p<oo,

vz < S [ @)wle)de,

x/{wER":|Af(w)>)\} A R™

where Cs, Cy > 0 is independent of f.

Note that in the "nonweighted” case, when condition (K2) is not imposed
and condition (3) is replaced by condition (4), Theorem 2 was proved in [10].

Lemma 1. Suppose that 1 <p < g < oo and u(t) and v(t) are positive
functions defined on (0, 00).
(i) For the validity of the inequality

(/000 u(t) /Ot p(r)dr ' dt) v < K; </Ooo |<p(t)|1’v(t)dt) v

with a constant K1, not depending on ¢, it is necessary and sufficient that

1

sup (/too u(T)dT) o (/Otv(T)lp’dT) . < 0.
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(ii) For the validity of the inequality

</ooo u(t) /too o(r)dr ' dt) e < K, (/OOO |90(t)|pv(t)dt) 1/p

with a constant Ko, not depending on ¢, it is necessary and sufficient that

ig([jﬂﬂm>wq<lmwﬂlﬂM)%l<ux

Lemma 1 was established by Muckenhoupt [18] for 1 < p = ¢ < co and
J.S. Bradley [4], V.M. Kokilashvili [14], V.G. Maz’ya [16] for p < q.

Lemma 2. [15] Let u(t) and v(t) be positive functions on (0,00).
(i) If the following condition is satisfied

e 1
sup </ U(T)dT) ess sup —— < 09,
t>0 \J¢ re(0,2t) u(T)

then the inequality
t
/ F(r)dr
0

/000 v(t)

holds, where the constant ¢ > 0 does not depend on F.
(i) If the following condition is satisfied

¢ 1
sup (/ v(7)d7> ess sup —— < 00,
t>0 0 Te(%po) ’U,(T)

then the inequality
/ F(r)dr
t

/OOO v(t)

holds, where the constant ¢ > 0 does not depend on F.

ﬁ<cAwMMF@Mt

ﬁ<cAwMMF@Mt

Lemma 3. [1, 6] Suppose that 1 < p < q < oo and u(x) and v(x) are
positive functions defined on R™.
(i) For the n-dimensional Hardy inequality

)l dy) (o) do 1/qsc5 @) de)
/" /|y|<|m|/2 ;
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with a constant Cs, independent on f, to hold, it is necessary and sufficient
that the following condition be satisfied:

1/q 1/p'
sup </ w(x) dm) (/ o' (z) dm) < 0.
R>0 |z|>2R |z|<R

(ii) For the n-dimensional (dual) Hardy inequality

) o @) <o ([ e @)
" ly|>2|z| i

with a constant Cg, independent on f, to hold, it is necessary and sufficient
that the following condition be satisfied:

1/p’

1/q
12" (2) da 0.
an ([ ras) ([ wa)

Lemma 4. [8, 15] Suppose that 1 <p < oo, > 1, ¢ € A,(R"), and
suppose that w, uy are positive increasing (decreasing) functions defined
on (0,00). Suppose that w(z) = u(|z|)e(x), wi(x) = ui(|z])e(z) and the
weighted pair (w(x),w1(x)) satisfies the following condition:

(i) For 1 <p < o0, Ap(w,w1) < 0o, where

Ap(w,w1) = Sup( / wl(x)|x|’”pdx)( / wl,p/(x)dm)p—l

>0
|z|>2r |z|<r

(ii) For p=1, Aj(w,w1) < oo, where

A (w,w1) = sup (/ ‘ wl(x)|m|*"dm) ess sup
z|>2r

>0 lz|<r W(x)

(iii) For 1 < p < 00, Bp(w,w1) < 0o, where

’ ’ -1
Bp(w,wr) := sup( / wl(x)dx)( / WP ()| T"P dm)p
0 || <r |z|>27

(iv) For p=1, Bi(w,w1) < 0o, where

1
Bi(w,w1) := sup (/ w1 (x)dx) ess sup —————
r>0 |z|<r |z|>2r w(x)|x|



V.S. Guliyev 49

Then there exists a positive constant C' depending only on p, n such that,
for any t > 0, the following inequality holds:

u1(2t) < CAp(w,wr) u(t) (ur (t/2) < CBp(w,wr)u(t)).

In the case ¢ = 1 Lemma 4 was proved also in [11].

2. Main results

Theorem 3. Suppose that the kernel K of the convolution operator (5)
satisfies the conditions (K1) — (K4) and ¢ € A,(R"), 1 < p < 0. If
w(z) = u(z)p(x) and wi(x) = ui(x)p(x) are weight functions on R™,
satisfies the conditions

Ap(w,wi) < 00, Bp(w,w1) < 0o,
and there exist b > 0 such that

(6) sup ur(y) <bu(x) for ae. x€R™
] /4<]y|<4]x]

Then there exists a C7 > 0 such that, for any f € Ly ,(R™), 1 <p < o0
the following inequality holds

(7) / |Af (@)[P wr(z) de < Cr / |f (@) w(z) da.
Rn Rn
Moreover, the condition (6) can be replaced by the condition : there exist
b> 0 such that

1
up(x) sup —— | <b forae xzeR".
jal /a<yl<]=l u(Y)

Proof. For k € Z we define Ey = {z € R* : 28 < |z| < 2FH1}
Epi={r e R": |g| <281} Epo = {z € R": 271 < |z| < 2FH2},
Ers = {x € R" : |z| > 2¥*2}. Then Ejs = Ey_1 U E; U Egy1 and the
multiplicity of the covering {Ej 2}, ., is equal to 3.
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Let 1 <p<oo. Given f € Ly, (R™), we write

Af(@)| = > |Af(@)xe, (@)

keZ
< Y Afea @) X (@) + Y [Afr2(@)| x5, (@)
keZ kez
+Z|Afk3 N xE, (z)
keZ
(8) = Aif(x) + Ao f(2) + Asf(2),
where xg, is the characteristic function of the set Ey, fi: = fxE..,

i=1,2,3.

First we shall estimate [[Ayf]|, ., - Note that for x € By, y € E1 we
have |y| < 28! < |x|/2. Moreover, Ex, Nsuppfr1 =0 and |z —y| > |=|/2.
Hence by condition (K2)

ly|<|=|/2

| fre1(y)] )
A ¢ WELI g
1f($) S = (/]R"L |x _ y|n y XEk
< C/lewlfc—yl‘ If(y)ldy < 2"Clx|™ / |f (y)|dy

for any = € Ej. Hence we have

A f(2)|Pw;(2)dx < (27C)P d x| "Pwq(z)dx.
| as@ra@a <oy | </|y|<|ml/2|f(y)l y> o] ()

Since A,(w,w1) < oo, the Hardy inequality

[ wr@lal ( Lo If(y)ldy> do<Cy [ |f@)Pulads

holds and Cy < ¢/ A,(w,w1), where ¢/ depends only on n and p. In fact
the condition A,(w,wi) < oo is necessary and sufficient for the validity of
this inequality (see [1], [6]). Hence, we obtain

(9) /n |A1f(z)|Pwy(x)de < Cg/ |f (2)[Pw(z)dz.

n

where Cy is independent of f.
Next we estimate |\A3f||L . It is easy to verify, for z € Ey, y € Ej 3

we have |y| > 2|z| and |z — y| > ly|/2. Since ExNsuppfrz =0, for z € By
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by condition (K2) we obtain

Asf(x) < C WL 4, < oo £ @)yl dy.

—_ n
lyl>20e] 12—yl lyI>2le]

Hence we have

[ 1@ < oy [ ( [l |y|—"dy> n(e)da

Since Bp(w,w1) < 0o, the Hardy inequality

/ (/ If(y)IIyl‘”dy> wi(2)dz < C / (@) Pola)da
n ly|>2]z| n

holds and Cs < ¢’Bp(w,w1), where ¢’ depends only on n and p. In fact
the condition Bj,(w,w1) < oo is necessary and sufficient for the validity of
this inequality (see [1], [6]). Hence, we obtain

(10) | Mst@Pantes < ¢ [ If@)latads,

n

where Cy is independent of f.
Finally, we estimate ||Asf|| L., From the L, 4(R™) boundedness of T
and condition (6) we have

[ 1es@Pa@d = [ (Z (A fia(@) x5, <x>> n(w)da

keZ
- / <Z|Afk,2<x>|”xEk<x>>m(x)dx
R™ \rez
- Afia @)l ()0t
< ];xsggk uy (z) /Rn |Afr.2(z)” ¢(z)dx
< A Y swp e / Fra(@)? d(x)de
kez T€Ek "

— ALY s wily /E (@) Po()de

kez VEER
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where [|Allg = ||AllL, ,—L,.,- Since 2F71 < |z| <282z € Ey 5, we have
by condition (a)

sup u1(y) = sup  wui(y) < sup  wi(y) < bu(z)

yEEy 2k—1<|y|<2k+2 lz|/4<|y| <4|z|

for almost all x € Ej 5. Therefore we get

JREECIE N T Y MVEBINEEETE
keZ
(1) < Cu [ 1fe)Pu()s

since the multiplicity of covering {Ek,g}ke , is equal to 3, where Cip =
3| All5b.
Inequalities (8), (9), (10), (11) imply (7) which completes the proof. [

Analogously proved the following theorem.

Theorem 4. Suppose that the kernel K of the convolution operator
(5) satisfies the conditions (K1) — (K4), and w(z) = u(z)p(x), wi(z) =
ur(x)p(x) are weight functions on R™, ¢ € A1(R™). If the weighted pair
(w(z),wi(x)) satisfies condition (6) and

1
Aj(w,w1) = sup / wi(z)|x|~"dz | ess sup — < o0,
>0 |z|>2r lz|<r w(m)

1
Bi(w,w1) = sup / wi(z)dz | ess sup ————— < oo.
r>0 |z|<r |z|>2r w(x)|x|

Then there exists a C11 > 0 such that, for any f € Ly ,(R™), the following
inequality holds

(12) / ) da <@/ dz.
{zeR": \Af(a:)|>)\} n

Theorem 5. Suppose that the kernel K of the convolution operator (5)
satisfies the conditions (K1) — (K4), and ¢ € Ai(R™). Let u and uy
are positive increasing functions on (0,00), such that the weights functions
w(z) = u(|z])p(z) and wi(z) = ur(|z))e(z) satisfy the condition

Aj (w,wr) < 00

Then inequality (12) is valid.
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Proof.  Suppose that f € Lj ,(R™). Let u; are positive increasing
functions on (0,00) and A;(w,wi) < 00.

Without loss of generality we can suppose that w; may be represented
by

ur(t) = ur (0+4) + / b(r)dr,

where u1(0+) = limy—owui(t) and wui(t) > 0 on (0,00). In fact there
exists a sequence of increasing absolutely continuous functions w, such
that @, (t) < wi(t) and lim w@,(t) = wi(t) for any ¢t € (0,00) ( see
n—oo
[2, 11, 7, 8, 12] for details).
We have

w1 (z)dz u1(0+)/ ¢(z)dx
{zeR™:|Af(z)|>A}

||
4 / ( w(r)dr> 9(x)dz
{zeR™:|Af(z)|>A} 0
= J1+ Jo.

~/{a:€]R":|Af(w)>)\}

If u1(0+) =0, then J; = 0. If u;(0+) # 0 by the weak L; boundedness
of A, ¢ € A;(R™) thanks to Lemma 4

ho< Al [ 1f@)el)ds
< 54l [ 1@l (lahote)ds
< Sl [ 1F@ltd.

After changing the order of integration in Jo we have

/ T ( / 1A @) > A}¢<x>daz> dt
0 |z|>t

/Oow(t) (/ xA{z A Xy >t/21) (@) > A} o(a)da
0 |z|>t

Jo

IN

! / @ AU <) @1 > A ¢(x)d$> dt

= Jor + Jao.
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Using the weak L; boundeedness of A and Lemma 4 we have

M o0
ao< A5 [T </|y|>t/2|f(y)|¢(y)dy>dt

2|y|
_ ”A” £y )|<0 w<t>dt>¢<y>dy

Rn

< ”A”/ 1)l 2Ly b(y)dy

14l
T L @ty

<

Let us estimate Jop. For |z| > ¢ and |y| < ¢/2 we have |z]/2 < |z —y| <
3|z|/2, and so

64/0 v </|I|>t * {y : /y<t/2 [f @)l —y|™"dy > )\} ¢(x)dx> dt
65/ v { /Mgt/g [F )yl dy > A} ( /|x|>t¢(x>|x|—"dx> it

Jo2

IN

IN

C6

S [ ( | <x>|x|-"dx> ( /Iylﬁt/2|f(y)|dy> dt

The Hardy inequality

| o ( Lo If(y)ldy> ar<C [ Ul

for p =1 is characterized by the condition C' < ¢/ A’y (see [4], [14]), where

Ay

IN

o0 . 1

sup (/ . ( . \>t¢<f>'f' d”f) Wf) ess s T
|| 1

( el ( , W) df) ess sup 2y

ny, 1

ii%(/lw e P

1
/ w1(Jz|)|z|~"dx | ess sup = A (w,w;) < 0.
|a:|>2r (.13)

|z|<r W

sup
>0

sup
r>0
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Hence, applying the Hardy inequality, we obtain

C
J22 < Tm |f(@)|w(|z|)dz.
R7l
Combining the estimates of J; and Jo, we get (12) for wy(¢) = w1 (0+) +
fot Y(7)dr . By Fatou’s theorem on passing to the limit under the Lebesgue
integral sign, this implies (12). The theorem is proved. O

Analogously proved the following theorem.

Theorem 6. Suppose that 1 < p < oo, the kernel K of the convolution
operator (5) satisfies the conditions (K1) — (K4) and ¢ € Ap(R™). Let
u, wy are positive increasing functions on (0,00), w(x) = u(|z|)e(x),
wi(z) = u1(Jz))e(x) and Ap(w,w1) < co. Then inequality (7) is valid.

Theorem 7. Suppose that the kernel K of the convolution operator (5)
satisfies the conditions (K1) — (K4) and ¢ € A1(R™). Let u and uy
are positive decreasing functions on (0,00), such that the weights functions
w(x) = u(|z])p(x) and wi(x) =ui(|z|)p(z) satisfy the condition

Bi(w,w1) < oo

Then inequality (12) is valid.

Proof. Without loss of generality we can suppose that w; may be
represented by

wi(t) = wr (+00) + / " p(r)r,

where w(+00) = tlirgowl(t) and wi(t) > 0 on (0,00). In fact there
exists a sequence of decreasing absolutely continuous fuctions w, such
that w,(t) < wi(f) and lim w,(f) = wi(t) for any ¢t € (0,00)( see
[2, 11, 7, 8, 12] for details).nﬂoo

We have

/ wi(x)dx = u1(+oo)/ o(x)dx
{zeR™:|Af(z)|>A} {zeR™:|Af(z)|>A}

+/ ( w(T)dT> o(x)dz
{z€R™:|Af(z)|>A} |z
I + Is.
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If wui(+00) = 0, then I = 0. If ui(+o00) # 0, by the weak L;
boundedness of A, ¢ € A1(R™) thanks to Lemma 4

nos FlAlente) [ 1@l
< 5l [ 1@l (ahot)ds
< Sl [ 1F@h(e)da

After changing the order of integration in J; we have

/ T ( / ez |Af(@)] > A}¢<x>dx> dt
0 |z <t

/OO Y(t) </ x{z  [A(f Xy >t/21) (@) > A} d(a)da
0 |z <2t

’ / \<tX{x A X< (@)] > A ¢(m)dm> gt

= Iy + Ion.

Jo

IA

Using the weak L; boundedness of A and Lemma 4 we obtain

I A x z)dzr | d
a1 < ||/ </|x|<2t f(@)]o(x) ) t
= A x)|p(x dt | dz
I ||/n | f(z)|o( )( m/QT/J(t) t)

14 / @) ur(21/2) 6(z) da
bl / (@) u(lz]) 6
= bIIAII/Rnlfx ()

IA

IN
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Let us estimate Jaz. For |z| <t and |y| > 2t we have |y|/2 < |z —y| <
3|y|/2, and so

N / T u0) ( / . x{y : /| Ml =yl > A} ¢(x>dx> dt
c - : —d A x)dx | dt

. / w@)x{y /|y|>2t|f(y)l|y| y > }<m¢<> )

- 9 - x)dx -n .

- 2 [ e </|m|<t¢( )d></|y|>2t|f(y)l|y| dy>dt

The Hardy inequality

JAEC ( /. Iyl‘"lf(y)ldy> < [ 1#@llyiy

for p =1 is characterized by the condition C < /B’y (see [4], [14]), where

" 1
ap ([ ([ o) ot s 5
" 1
= o ([ oo ([ o) ) o L
1
(. i) s o

1
= sup w1(Jz|)dx | ess sup — < o0
r>0 |z|<r |z|>2r w(m)

Condition (¢’) of the theorem guarantees that B’ < B < oco. Hence,
applying the Hardy inequality, we obtain

I

IA

IA

B

IN

C
Iy < % |f (@) |w(|z])da.
]Rn
Combining the estimates of I; and I, we get (12) for w(t) = wi(4+00) +
f:o ¥ (t)dt. By Fatou’s theorem on passing to the limit under the Lebesgue
integral sign, this implies (12). The theorem is proved. O

Analogously proved the following theorem.

Theorem 8. Suppose that 1 < p < oo, the kernel K of the convolution
operator (5) satisfies the conditions (K1)—(K4) and ¢ € Ap(R™). Suppose



58

Two-weight inequalities

that w, uy are positive decreasing functions on (0,00), w(z) = u(|z|)p(z),
wi(z) = w1 (Jz|)e(x) and Bp(w,wi) < oo. Then inequality (7) is valid.

Remark 2. Note that for the case in which u = u; = 1, Theorem 3 was
proved in [20] by using different methods. Further, in the case 1 < p < oo
Theorems 6 and 8 was proved in [3].
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